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Abstract

Silicon nitride (SiN) mechanical resonators with high quality mechanical properties
are attractive for fundamental research and applications. However, it is challenging to
maintain these mechanical properties while achieving strong coupling to an electrical
circuit for efficient on-chip integration. Here, we present a SiN drum resonator covered
with an aluminum thin film, enabling large capacitive coupling to a suspended top-gate.

Implementing the full electrical measurement scheme, we demonstrate a high quality

arXiv:2104.07142v2 [physics.app-ph] 16 Jun 2021

factor ~ 10* (comparable to that of bare drums at room temperature) and present our
ability to detect ~ 10 mechanical modes at low temperature. The drum resonator is
also coupled to a microwave cavity, so that we can perform optomechanical sideband
pumping with a fairly good coupling strength G and demonstrate mechanical parametric
amplification. This SiN drum resonator design provides efficient electrical integration

and exhibits promising features for exploring mode coupling and signal processing.
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Introduction

Silicon nitride (SiN) strings and membranes, fabricated from pre-stressed thin films, have
emerged as promising devices'?. They have nanogram (ng) effective mass m.; and easily
achieve MHz range resonance frequency with high quality factor @, as the pre-stress is well
known for diluting the dissipation.?* SiN based micro- and nano-electromechanical systems
(MEMS and NEMS) allow electrical signals to couple with a mechanical degree of freedom
and give access to electrical integration on-chip. They are of interest for both fundamental
science and applications, from room temperature (RT) to mK temperature. Because of
those unique properties mentioned above, SiN nano-electromechanical resonators have been
exploited through their coupling to a microwave cavity, implementing an electric analog of
optomechanics®®. Based on this platform, a mechanical resonator has been cooled down to
microkelvin temperature, been exploited for on-chip thermometry, and been built as a highly
sensitive detection scheme at RT.™

However, the insulating feature greatly limits implementations of SiN mechanical res-
onators in electrical systems, because a purely dielectric actuation and detection scheme is
particularly weak. Up to now, composite SiN doubly-clamped beams are one of the sim-
plest and widely used device structures, in which the suspended beam is covered with a thin
metal layer to generate the capacitive coupling with a side-gate. Ameliorations of coupling
capacitance, for a beam structure, are normally achieved by increasing its length through
lowering the resonance frequency (£2,,) or using a demanding technique to reduce the vacuum
gap.'® Non-metallized SiN beams, driven by dielectric force, provide an alternative electrical

integration scheme with a high Q feature ~ 10° at RT.!! Unfortunately, its typical coupling



factor is quite low in microwave optomechanical platforms ~ 70 Hz/nm.® Therefore this
MEMS/NEMS conception based on a doubly clamped beam structure leaves limited space
for making trade-offs among the coupling strength, €2,, and (). For this reason, SiN mem-
branes with the specificity of a high surface-to-volume ratio motivate researchers to explore
electrical integration, because they can have strong coupling with the surrounding electri-
cal circuits. A SiN-Graphene electromechanical resonator has been demonstrated with an
electrical readout through a back-gate structure.!? In very recent years, flip-chip techniques
are used to achieve electrical integration through creating a capacitive coupling between a
SIN membrane coated with an aluminum (Al) thin layer and a 3-dimensional microwave
cavity.” Although these previous works pave the way toward the electrical integration, it is
still a challenge for these SiN membrane devices to serve in today’s microelectronics and
quantum engineering. In these fields, it is essential to build scalable architectures, to achieve
multiple device integration, and to have well controlled capacitive coupling. Thus, there
is a strong motivation to explore new types of membrane resonators, with large electrical
coupling effects and good mechanical properties at RT and low temperature.

In this work, we report on the electrical integration of a SiN drum resonator with mi-
crowave reflectometry and a microwave cavity forming an optomechanical platform. We
present a scalable SiN drum resonator capacitively coupled to its suspended top-gate, which
has been achieved through a standard top-down nanofabrication process. Both low and high
stress drums were studied. This ultra-clean process yields quality factors Q ~ 10* at RT,
which is comparable with that of bare SiN drums.'® By using microwave reflectometry, we
are able to characterize the basic mechanical properties, investigate Duffing nonlinearity, and
detect 10 mechanical modes. By means of the optomechanical platform, we clearly demon-
strate optical damping through sideband pumping of the cavity, giving coupling strength
values in accordance with our nanofabrication parameters. These studies indicate that this
new type of SiN drum resonators can be an excellent device for studying mechanical mode

coupling, exploring signal processing and quantum engineering.



DEVICE FABRICATION AND MEASUREMENT SETUP

The device fabrication process starts with a silicon substrate (~ 10k Q-cm) covered with ~
100 nm stoichiometric SiN thin film. Inspired by previous work of SiN drum,!® we define
diameter of the drum by using electron beam (EB) lithography to pattern circularly sym-
metric holes with 200 nm in diameter and 1.5 pym in spacing distance on the CSAR 62 resist

coated on a SiN/silicon wafer!?.

We take this resist as an etching mask and the drum is
released from the Si substrate by reactive ion etching of the SiN layer followed by a selective
XeF, silicon etching through these holes. An Al thin film, around 25 nm in thickness, is
deposited on the top of the suspended SiN drum, as shown in Fig.1.(b). The drum’s sus-
pended top-gate is fabricated by using PMMA (polymethyl methacrylate) resist, ~ 500 +
50 nm, as a top-gate support through soft-bake and reflowed process'®. Then, the top-gate
design is patterned on the second layer of MMA (methyl methacrylate) resist, deposited on
the top of the PMMA layer. The fabrication process is finished by deposition of ~ 600 nm
Al thin film followed with lift-off process. This lift-off process also removes the gate support
resist, forming a suspended top-gate structure. Figure 1.(c) shows a SEM (scanning electron
microscope) image of the final device, in which SiN drum in the bottom is connected with
two electrodes and capacitively coupled with its suspended Al gate on the top. In this work,
we fabricate SiN drum with a low (~ 0.6 GPa) and a high (~ 1.0 GPa) tensile stress SiN
thin film, respectively.

The experimental setup is schematically depicted in Fig. 1 (d). The SiN drum is electri-
cally integrated with a printed circuit board (PCB), which is designed to be compatible with
both microwave optomechanical platform and reflectometry measurement scheme, as illus-
trated in Fig. 1 (d). We are using a quarter wavelength (A/4) resonator, shorted microstrip
transmission line, to build a microwave cavity on PCB.® It has a resonance frequency w, ~
5.2 GHz with a quality factor Q). ~ 85 at RT, which is measured by standard transmission
scheme. All the measurements are performed under vacuum (~ 107% mbar) to minimize air

damping.
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Figure 1: (a) schematic diagram of lateral device structure, (b) SEM image of the suspended
SiN drum covered with 25 nm Al thin film. In order to minimize the contribution of the metal
to the damping, it is absent in most of the clamping region.'® This Al thin film is connected
with the outside electrodes through two rectangle Al electrodes. (¢) SEM image of the final
device structure, in which Al/SiN capacitively couples with a suspended top-gate, and (d)
schematic diagram of measurement setup, in which the microwave cavity on the PCB part
is marked in caramel color. The microwave cavity makes capacitive coupling with SiN drum
(purple color) via bonding wires connecting to its suspended top-gate. The SiN drum, covered
with Al thin film, connects to two microstrip transmission lines through bonding wires. One
is for driving the mechanical resonator and the other one is for detecting mechanical motion
through microwave reflection scheme!”. More details are shown in the supporting information
(SI:Nanofabrication, The setup and modeling of microwave reflectometry).



RESULTS AND DISCUSSIONS
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Figure 2: Fundamental modes of SiN drums, measured at RT. (a) Quality factors of low-
(square) and high-stress (circle) drum resonators with diameters from D=20 pm to 50 pm,
corresponding to different colors. The mechanical responses are measured at V=0, V,.=15
mV and 0.5 mV for low- and high-stress drums. (b) Resonance frequency of a high-stress
SiN drum (D=30 pm) under modulation of the V. when the device is driven by an ac signal
with an amplitude of V,.=0.5 mV. The red line is a quadratic fit and the inset figure is
a resonance response corresponding to Vz.=0. (c¢) Nonlinear response of a high-stress SiN
drum. Both black and red lines are fitting curves (see the text and SI:Electrostatic force on
frequency modulation, Nonlinear fit Duffing parameter)

Our drum resonators have diameters of order 10 to 100 pym and thicknesses ~100 nm.
Therefore, they can be accurately modeled as circular membranes. The eigenfrequency of
such a membrane is strongly dependent on its diameter D and tensile stress o, and is given
by

Here, the eigenfrequency €2, ,, is designated by (n, m), where n index represents the az-
imuthal mode number and the m index denotes the radial mode number. The cgp = /o /p
is the phase velocity, p is the effective mass density, and (,,, is the mth zero of Bessel func-
tion.'® In this experiment, mechanical vibrations of the suspended Al top-gate have been
observed in few devices, exhibiting resonant frequencies and quality factors much lower than
their coupled SiN drums, due to the low residual stress in the Al films!®?° and the large
clamping losses. We, therefore, focus on investigations of the SiN drum resonators through

electrically driving them around their resonance frequencies, avoiding unwanted effects from



their suspended gates. We first characterize the fundamental mode €y, of the resonators
at RT. The measurement is performed by applying a dc signal V. combined with an ac
signal V. to drive the resonator and by utilizing the microwave reflectometry to detect their
mechanical responses, as shown in Fig.1 (d). We measure several resonators with different
D varying from 20 pum to 50 pum and observe that both 2y, and @) exhibit clearly a size
dependence, as expected, for the low-stress and the high stress drums, as shown in Fig. 2
(a). By using Eq.1, the average phase velocities are evaluated to be ~ 212 m/s and ~ 313
m/s for the low and the high stress SiN drum, which could be attributed to a reduction of
tensile stress generated by our specific drum release geometry?!. Besides, the Q value de-
creases as the diameter of the drum decreases, because clamping losses dominate mechanical
dissipation. The average () of the high stress devices reaches ~ 10*, two orders of mag-
nitude higher than that of low stress resonators. It is well known in studies of SiN beam
and membrane resonators that high tensile stress can result in higher ), which has been
attributed to the enhancement of the stored energy from the stress.?1¢ As discussed above,
the quality factor of a vibrating membrane depends on device dimension and tensile stress
of the material. We therefore choose results reported in the literature from a SiN membrane
with similar dimensions and tensile stress to make a reasonable comparison. In our work, the
quality factor of a high-stress drum covered with 25 nm Al thin film (D = 20 pm) reaches
the value of ~2.4 x 10* at RT, which arrives at the value of a bare SiN drum detected by
optical interferometry.!® Our ultra-clean nanofabrication process enables SiN drums to have
capacitive coupling without adding additional dissipation to the device.

Figure 2.(b) shows typical resonance responses of a SiN drum resonator as a function of
the voltage V. applied to the drum. The quantity ¢ f is the shift of the resonance frequency
relative to the maximum value, where 270 f = Qu; - Qe It follows a quadratic behavior
stemming from the electrostatic force F'(z) = 9(Cy(2)V?/2)/dz, where V' = V. + Vo and
is the displacement of the membrane. The bias voltage shifts {2y;, by changing the intrinsic

spring constant of the drum resonator k, described by Q,, ~ Qo1(1 + 0k/(2k)). The 0k =~



—0F/0z is the small variation of the k. If we consider the case Vg > |V,.|, the shifts of
Qo1 are mainly dominated by the V2 term in the expression for F. The 2V,.V,. and V2
terms can be exploited to drive the resonator with a force oscillating at frequency ~ €2, or
to perform parametric amplification by modulating k at frequency ~ 2, (see more details
in SI). The gate coupling scheme gives thus access to a diversity of operations of mechanical
resonators. The measurement results are fit based on these expressions and we obtained the
average intrinsic spring constant k£ ~17 N/m and ~ 90 N/m for the low- and high-stress SiN
drum with D = 30 um, respectively.

Nonlinearity is also one of the important features of a mechanical resonator in applications
of signal processing and sensing. Therefore, we also drive the fundamental mode (0,1) of a
drum resonator (D = 30 pm) to the nonlinear region through upward frequency sweeping, as
shown in Figure 2(c). Here, the displacement of the drum is recalculated from the amplitude
of electrical signals in microwave reflectometry (see details in SI) and the driving force was
created by varying V. from 0.5 mV to 4 mV and keeping V. = 2 V >> |V, |. The nonlinear

mechanics of a mode can be modeled by a well-known motion equation

k F t
T+ YT + x+o¢x3:L(M), (2)
Meff Mefy

where meys is the effective mass of the mode, x is mechanical displacement and « is the
Duffing parameter. As mentioned above, the F is the driving force. For the first mode (0,1),
mess is calculated by taking the proper mode shape factor 0.269 to multiply the drum’s
mass??2. The measurement results are fit by utilizing secular perturbation theory to solve
the Eq.2 and treat the drive force, () and « as parameters to be fit. The best fitting results
are attained within ~ 5% error bar, which give a reasonable Duffing parameter (normalized
to the mode mass, ~ 3.4x107! kg) a ~ 3.2 x10*m~2572 . This value is however about 10

times smaller than the simple theoretical estimate?’, which we could attribute to the tiny

holes structure on the membrane which certainly disturb the biaxial stress pattern.
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Figure 3: (a) Response of fundamental mode and other higher orders mechanical modes.
The device is driven by V,.=75 mV and Vg ;=0 V at 4.2 K and measured with microwave
reflectometry. The identified eigenmodes, corresponding to the azimuthal and radial mode
number, have been marked. There are several unknown modes, requiring further investiga-
tions in the future. (b) Quality factor value corresponds to each mode, which is measured
under weak ac signals to avoid the nonlinearity. (¢) Mechanical displacements correspond to
different modes, depicted here from simulations

We characterize eigenfrequencies of a low stress SiN drum with a diameter D ~ 40 pm
at 4 K temperature by using the microwave reflectrometry scheme, in which the mechanical
modes are excited one after the other by sweeping up the frequency of a large ac signal.
Ten eigenmodes have been identified from 4.8 MHz to 24 MHz by comparing the value of
these measured harmonics over the fundamental mode with the value of (,,,/(op1. Thanks
to the large coupling capacitance between the drum and its gate and suitable mechanical
properties of the drum, we could detect such tiny differences in the displacement generated
by mechanical modes, as shown in Fig. 3. (c). We examine the @ of each mode in the linear
region, as shown in Fig. 3. (b), and find the @ of low azimuthal harmonics corresponding
to m = 1 rising as their azimuthal number n increases. A similar phenomenon has been
observed in SiN drums with large diameters and is attributed to the destructive interference
of the radiated waves.??! For higher harmonics, e.g. n = 2, m = 3, the @Q value falls back to

a value similar to the fundamental mode. It could be due to the mechanical displacement



induced local strain, which has been well studied in doubly-clamped SiN beams.* The fQ
factor of this low stress SiN drum reaches ~10"* Hz at 4 kelvin, which is of the same order
as for the high stress SiN drum at RT.

Besides microwave reflectometry, our measurement design also gives the ability to interact
with the device through an optomechanical platform thanks to the capacitive coupling to
a microwave cavity, as shown in Fig.1.(d). It offers a method to project thermal Brownian
motion of the mechanical resonator onto Stokes and anti-Stokes sideband peaks detected in
the microwave spectrum, by means of an appropriate pumping of the cavity®. In addition,
when the cavity is sideband pumped at w. £ €2,,, optical damping modifies the intrinsic
mechanical linewidth~y,, by an amount 9+, yielding the effective linewidth e r="m+0vm.

Under blue sideband pumping (i.e. at w. + €,,,), the dv,, is given by

h 4P, 1
5 = —G? : - s
7 (2mefonm)(th(Qnm2 + (%)2))(

where G=-0w./0z is the coupling strength between the mechanical resonator and the cavity,
h is the Planck constant, and P, is the input pump power®. Obviously, the v.;; decreases
with increasing pumping power Pj,, since the §+,, is negative. In order to demonstrate this
phenomenon, we pumped the cavity at its blue sideband and measured the Stokes peak
around w,, as shown in Fig.4 (a). Figure 4. (b) shows spectra density of the first mechanical
mode €2 corresponding to different pump powers. The optical damping effect is clearly
observed.

The coupling strength GG is an important parameter in optomechanical systems, which
can be obtained from the slopes of the 7.y versus P, curves based on the Eq.3. Figure 4.(c)
shows the linewidth of three different mechanical modes under blue sideband pumping con-
dition. Through fitting these experimental results, slopes of -16.1, -20.6, -27.1 kHz/uW are
obtained corresponding to the mode (01), (11) and (21). The mess in Eq.3, corresponding

to each mechanical mode, has been calculated by taking a mode-shape factor 0.2695, 0.2396
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Figure 5: (a) Schematic diagram of microwave optomechanical operations. (b) Signal gain
as function of the normalized pump amplitude, measured at non-degenerate condition. The
mechanical resonator is parametrically pumped at two times the resonance frequency, €2, =
201 and is probed by a small ac signal with § = 40 Hz detuning from €2,,/2. Black squares are
the measurement results of the signal gain corresponding to the ratio between pump on and
off. The red line is theoretical fitting curves (see SI: Theory of non-degenerate mechanical
parametric amplification) (c) Power spectral density of mechanical resonator measured at
anti-Stokes peak w, + €lp; when cavity was pumped at its resonance frequency w.. Gray
squares are spectral density of the thermal noise occupied by the mechanical resonator,
without parametric pump. Dark blue squares are measured when the mechanical resonator
is parametrically pumped at 2€2y; with a normalized amplitude of the ~ 0.92.
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and 0.2437 to multiply the drum’s mass?2. These values give the coupling strength G =~
645 kHz/nm, ~ 591 kHz/nm and ~ 647 kHz/nm for the mode (01), (11) and (21). From
the definition of G, we can re-write it as G = Cyw.2Z/(4d), where Z is the impedance of
microwave cavity and d is the distance between SiN drum and its top-gate. Following this
expression, these values of the coupling strength GG yield the d in the range from 450 nm to
500 nm, which is in accordance with our nanofabrication parameter. The coupling strength
of our drum is ~ 10 times larger than that of a typical doubly clamped beam structure with
a similar resonance frequency that is fabricated without the presented demanding fabrica-
tion techniques.®® Although it is two orders smaller than the largest value achieved by Al
drumhead resonators (with d ~ 50 nm and Z > 50 Ohm)?3, we can further increase G' by
optimizing device design as d ~ 550 nm and Z = 50 Ohm are far from our technical limit.
In the final part of this paper, we investigate mechanical parametric amplification per-
formed with the V. signals modulating the spring constant, while measuring the motion with
the optomechanical platform. To do so, we gently pump the microwave cavity at the w,. to
avoid cavity damping effects on the mechanical resonator and measure the anti-Stokes peak
around w,. + Qg;. First, we perform a non-degenerate mechanical parametric amplification
by pumping at €2, = 2 Qy; and slightly probing the resonator at the frequency Qg = €2,/2+¢
with 6 = 40 Hz, avoiding limitations due to phase sensitivity?*. Because of the frequency
mixing, the probe signal €2y is up converted into the microwave cavity and therefore the
signal gain can be measured by tracing the frequency at €25 + w,. The signal amplitude
gain is given by Gy = |1/(1 + 0k*/16mZ; Q2. (0 + v /2)?)|. More derivation details are
given in the SI. Figure 5.(b) shows the signal amplitude gain as function of the pump am-
plitude, which is fitted by this analytical expression. The non-degenerate amplitude gain is
saturated at the 6.7 dB when device is pumped with a normalized amplitude ~ 0.89. This
is because the resonance frequency is shifted due to the nonlinearity. Then, when removing
this probe signal, the mechanical parametric amplification of the thermal noise itself can also

be performed, as shown in Fig. 5.(c). In conclusion, we have demonstrated the capabilities
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of the gate coupling scheme in a new type of high-quality SiN mechanical resonators, which
support rather good optomechanical coupling and allow to perform mechanical parametric

amplification in this hybrid platform.

SUMMARY

In summary, we reported on a SiN drum electromechanical resonator, which is realized
by semiconductor industry compatible nanofabrication process. It leaves desirable space
for engineering trade-off among the quality factor, the resonance frequency, the coupling
strength and the nonlinearity. In addition, the circular geometry gives the drum resonator
a reasonable nonlinearity and an abundance of mechanical modes, which is attractive for

25727 More importantly, this

exploring reservoir computing and phononic mode coupling
device facilitates the applications of SiN based membrane NEMS to be no longer limited to
optical fields, but also can be extended to electronics with full electrical integration, such
as microwave reflectometry and optomechanical devices. It brings efficiency in sensing and

manipulations because of the large coupling between mechanical displacement and electrical

signals.
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Nanofabrication

Figure S1 (a)-(g) shows fabrication process of SiN drum resonators. We define the diameter
of the drum by using electron beam (EB) resist CSAR62 to pattern circularly symmetric
holes. The drum is released from the Si substrate by reactive ion etching (RIE) of the SiN

layer (SFg : Ar = 10 scem : 10 scem, for 6.5 min) through these opened holes, followed by a

arXiv:2104.07142v2 [physics.app-ph] 16 Jun 2021

selective XeFs silicon etching. These holes occupy about 40 % ~ 45 % of the SiN drum area.
Its suspended top-gate is fabricated by using EB resist PMMA as a top-gate support through
soft-bake at the temperature of 140 °C and reflowed at 180 °C. Then, we deposit the second
layer EB resist MMA (methyl methacrylate) on the top of the support resist and pattern the

gate structure. For the metal depositions, we first perform Ar ion etching process to clean
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Figure S1: (a-g) Schema of fabrication processes. (a) starting from SiN/Si wafer, (b) pattern
holes for etching process (c¢) release SiN from Si substrate, (d) deposit Al thin film (e) pattern
EB resist as a support (f) pattern top-gate and deposited Al metal (g) final device structure.
(h) SEM image of the suspended SiN drum, (i) SEM image of the bottom Al/SiN drum

the sample and then use with electron beam evaporation to deposition the thin films. All

bonding pads on the chip are designed to be 50 Ohm impedance for microwave signals.

The setup and modeling of microwave reflectometry

The microwave cavity is built based on a microstrip line with A/4 wavelength on PCB,
capacitively coupled to two parallel microstrip lines, as shown in Fig.S2. Its quality factor
is obtained through standard transmission measurement. The optomechanical platform is
built by connecting the cavity to the top gate of the mechanical resonator through a bonding
wire. Both the microwave reflectometry detection line and the driving line connect to the
SiN drum through microstrip lines with 50 Ohm impedance on the PCB. The measurement
is performed using an ROHDE & ACHWARZ SMA100B microwave signal generator, an
Agilent spectrum analyzer MXA N9020A and a Zurich Instruments UHFLI lock-in amplifier.

The mechanical resonator can be treated as a movable capacitor C,,(z), which connects a
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Figure S2: Transmission measurement of the microwave cavity. The inset figure is schema
of the cavity, fabricated on the PCB.
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Figure S3: Left, equivalent circuit of reflectometry. The Z; = 50 Ohm is the impedance of
the detection part and V,, is the microwave amplitude with frequency w delivered to the
mechanical resonator. Right, its equivalent parallel RC circuit.
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stray capacitor C induced by electrode pads. From Norton’s theorem, it can be transferred
to a parallel circuit, as shown in Fig.S3, where the total capacitance Cy = Cs+C,,(z) and
equivalent resistance R., = 1/(w?C?Z,). As the C,,(x) is a function of the mechanical
displacement x(t), we rewrite it as Cy = Cy-Cp,z(t) /d where Cyg is the total static capacitance
and d is the initial distance between the drum resonator and its coupling gate. It can be

described by a motion equation of the flux ¢ biased on the C,,(x),

Cpnx ., 0? Cy, Ox 0 10
((]to__x)_gb___w_QSJr ¢

dor T a oot T Root (8.1)

where I; = iwC;V,,,, which can be written in form of I(t) = %]e’i“t + c.c.. Here, the I
is the complex amplitude of the current. The mechanical displacement is written as x(t)
= %A(t)e‘mmt + c.c. with A the (complex) amplitude translated in frequency around the

mechanical resonance frequency 2,,,. We can thus find an exact solution using the ansatz:

+oo +oo
60 =Y 0a(t) =3 grin(t)e 0 e (S:2)

We look for the solution V,,; corresponding to the frequency w + €2,,, which was measured
in the experiment. By solving motion equation S.1 and considering input-output theory!,

the output signal is given by
Chn | 7]

‘/out == szF?‘/,ufw‘ (Sg)

Here, we take several reasonable approximations, w/(w + €2,,) ~ 1 and wCyZy < 1. This
is because the w > (), and typical stray capacitance of Cy is in pF range. Based on
Eq.S.3, we can obtain the mechanical displacement of x through this microwave reflectometry
scheme. In the setup, we use the ac signal generated by the Lockin to excite the mechanical
displacement z(t) and probe it through a microwave signal V,,, with power of 10 dBm and
frequency w = 4.8 GHz. As explained above, it generates a reflected signal around V,,;. For

the measurement, we convert the V,,; to a low frequency signal around 2,, by demodulating
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it with a signal w through a frequency mixer.

Electrostatic force on frequency modulation

The electrical signals driving on the mechanical resonator, V = V. + V., generates the

static force F(z) = -2 (C,(z)V?/2). It shifts the mechanical resonance frequency through

modulating the spring constant of the resonator,

5kdc

Q. ~ Q(1
m °(+2k

), (S.4)

where, both {2y and k correspond to the intrinsic resonance frequency and the intrinsic spring
constant. The modulation of the spring constant can be obtained by k4. ~ —9F/0x. Then,
we treat the resonator as a movable capacitor, which can be depicted as Cy,(z) = Cio/(1 +
x/d).The d is the initial distance between the drum and its top-gate which determines the
initial capacitance C,,o and x is the small mechanical displacement. It gives 0F/0x =
V2C,n0/d?. Thus, Eq.S.4 becomes

CroV?
O = Qo1 = 20). (S.5)

If we consider the experimental parameters, V. > V,., and expand V2=V2 + 2V, V,. + V2

it is not difficult to find that the modulation of resonance frequency is mainly dominated by

the V2 and therefore the V2 in Eq. S.5 can be replaced by V.
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Nonlinear fit Duffing parameter

We consider a Duffing nonlinear mechanical resonator, driven by an external sinusoidal force.

It is described by the motion equation

F t
T+ Y@ + T+ ar® = M. (S.6)
Meyf Meyyf
A well-known secular perturbation theory is used to simplify it to be
2
af? = ; (S7)

(20 & 3lal?)? + 17

where, g = F'y/aQ3 /m? /0, Qp = Qun(Q — Q) /Qpm, and a = 2/ aQm /[ (meps2,)%. The
Q. is the linear resonance frequency of the resonator. By taking 2Q), + % = 0, the maxi-
mum frequency of the Duffing curve can be obtained. The symbol of '+ and '—’ in Eq.S.7
corresponds to softening and hardening nonlinear response, respectively. The solutions of
the steady-state amplitude for Duffing equation are used for fitting the measurement data,

which are obtained by taking the positive real roots of x in solving Eq.S.7.

i Low stress drum
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Figure S4: The nonlinear response of the low-stress drum driven under 220 pN force. The
red line is the fitting curve.

By using Eq.S.3, we convert the amplitudes of the electric signals V,,; to the mechanical
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displacement x. The values of C,,, and d are calculated based on nanofabrication parameters.
Figure S4 shows a nonlinear response of the low-stress drum driven by an electrical force ~
220 pN (Ve = 0.7V, V,. = 10 mV). The fitting results give a duffing nonlinear parameter a &
2.2 x 10?"m~2s72, the fitted quality factor Qs ~ 4000 and the fitted mechanical resonance
frequency €44 ~ 4.843 MHz. In all nonlinear parameter fits, both Q)¢ and €2 are within

the 5% discrepancy with the measured values.

Theory of non-degenerate mechanical parametric amplifi-
cation

We start with the well-known motion equation of a parametrically pumped mechanical res-
onator,

Meffl + Mefym® + (kK + 0kSin(Qpt))z = FyCos(€t), (S.8)

where ¢k is the variations of the spring constant modulated by a pump with frequency €2,
and FyCos(Qst) is the driving force. We consider following frequency detuning condition:
Q- Q,/2 = A, Q- Q,/2 =0Q,/2-Q; =0, where ,, is the resonance frequency of the
interested mechanical mode. Because the frequency detuning, an idler signal is generated at
;. Thus, we look for the solutions of the x corresponding to the frequency of the driving

signal z,=p,e %! /2 + c.c and to the idler x;=p;e™"%*/2 + c.c. Then, Eq.S.8 becomes

ok

2 QX shbs — Q—Zuf = Iy, (S.9)

ok
2mefr Qu Xibi — Z“d =0, (S.10)

where,

B Yom
XSfA—5—27, (S.11)

B A
XZ-—A—|—5—27. (S.12)



The amplitude gain Gy, is given by the ratio of the amplitude || with and without the

parametric modulation dk,

1

1— — o0k ]
o, o,

The critical driving amplitude, which starts to drive the resonator into self-auto oscillation
state, is obtained by taking the denominator of Eq.S.13 = 0 at the degenerate condition ¢

= 0. It gives the critical modulation :

L2k [ 4

Sk 1+ .
Q V2,

(S.14)

The pump amplitude is normalized by the critical pump amplitude p,. triggering the self-auto
oscillation, which is obtained from the expression of the 6k & (Vyump+ Vie)?*Cino/d?. In order
to generate non-degenerate parametric amplification in the experiment, we probe the drum
resonator by V,,.p.Cos(§2t) with a frequency detuning =40 Hz from the €y; and pump the
spring constant by V,um,Cos(201t). Here, the € is the resonance frequency of the first
mode. An ac signal with amplitude Vo = 200 pV is used to probe the drum resonator
and the pump amplitudes Vi, are in the range from 5 mV to 18 mV, mixed with Vg, = 6

V. The measurement results are fitted by taking A = 0 and k£ ~ 21 N/m.
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