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ABSTRACT
The expected event rate of lensed gravitational wave sources scales with the merger rate at redshift z ≥ 1, where the optical depth
for lensing is high. It is commonly assumed that the merger rate of the astrophysical compact objects is closely connected with
the star formation rate, which peaks around redshift z ∼ 2. However, a major source of uncertainty is the delay time between the
formation and merger of compact objects. We explore the impact of delay time on the lensing event rate. We show that as the
delay time increases, the peak of the merger rate of gravitational wave sources gets deferred to a lower redshift. This leads to a
reduction in the event rate of the lensed events which are detectable by the gravitational wave detectors. We show that for a delay
time of around 10 Gyr or larger, the lensed event rate can be less than one per year for the design sensitivity of LIGO/Virgo. We
also estimate the merger rate for lensed sub-threshold for different delay time scenarios, finding that for larger delay times the
number of lensed sub-threshold events is reduced, whereas for small-delay time models they are significantly more frequent.
This analysis shows for the first time that lensing is a complementary probe to explore different formation channels of binary
systems by exploiting the lensing event rate from the well-detected events and sub-threshold events which are measurable using
the network of gravitational wave detectors.

Key words: gravitational waves – large-scale structure of Universe.

1 IN T RO D U C T I O N

Gravitational lensing of gravitational waves (GW) is an inevitable
consequence due to the intervening matter distribution between
the GW source and observer (Schneider, Ehlers & Falco 1992;
Wang, Stebbins & Turner 1996; Nakamura 1998; Takahashi &
Nakamura 2003; Bartelmann 2010; Dai, Venumadhav & Sigurdson
2017; Broadhurst, Diego & Smoot 2018; Diego 2019; Mukherjee,
Wandelt & Silk 2019; Oguri 2019; Mukherjee, Wandelt & Silk 2020;
Mukherjee et al. 2021). The lensing of the GWs can lead to the
magnification of the strain of the GW signal which can be described

� E-mail: s.mukherjee@uva.nl

by strong or weak lensing depending on strength of the magnification
factor. Though there is no confirmed detection of lensed GW sources
from O1 + O2 (Hannuksela et al. 2019) and O3a observations of
the LIGO/Virgo collaboration (Abbott et al. 2021), detection of
lensed systems is likely in the future (Dai et al. 2017; Broadhurst
et al. 2018; Ng et al. 2018; Broadhurst, Diego & Smoot 2019;
Broadhurst, Diego & Smoot 2020; Diego 2020; Mukherjee et al.
2021). In the future, GW detectors such as Einstein Telescope and
Cosmic Explorer will be able to detect a large number of lensed
events (Piórkowska, Biesiada & Zhu 2013; Biesiada et al. 2014;
Ding, Biesiada & Zhu 2015).

The number of lensed GW events with magnification factor μ

which are detectable is going to depend on the instrument sensitivity,
lensing optical depth, and the merger rate of GW sources at high
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redshift. While the estimation of the instrument sensitivity and
lensing optical depth is possible, the largest uncertainty is associated
with the merger rate of the GW sources at high redshift. An upper
bound on the lensing event rate is possible to impose from the
detection (or in the absence of detection) of the amplitude of the
stochastic gravitational-wave background as shown by Mukherjee
et al. (2021). Using the data from O1 + O2, Buscicchio et al.
(2020b,a) imposes an upper bound on the lensing event rate for
binary black holes and binary neutron star events.

One of the ways forward to understand the lensing event rate is
to motivate the expected event rate for the astrophysical black holes
(ABHs) by the star formation rate. However, one of the key aspects
to relating the time of the formation of the stars to the time of the
black hole merger is the unknown delay time between formation and
merger of the black holes (Banerjee, Baumgardt & Kroupa 2010;
O’Shaughnessy, Kalogera & Belczynski 2010; Dominik et al. 2012;
Dominik et al. 2015; Lamberts et al. 2016; Mandel & de Mink 2016;
Cao, Lu & Zhao 2018; Elbert, Bullock & Kaplinghat 2018; Eldridge,
Stanway & Tang 2019; Vitale et al. 2019; du Buisson et al. 2020;
Santoliquido et al. 2021). In this paper, we investigate the impact of
different delay time models between the formation and merger of the
ABHs, and their impact on the lensing event rate. For different models
of the astrophysical delay time between the formation and merger, we
show how the expected lensing rate for different magnifications can
be affected. This analysis provides us a more realistic understanding
of the expected event rate of the lensed systems.

By using the strongly lensed events, we can infer the high redshift
merger rate of the GW sources using both well-detected events as
well as using the sub-threshold events. As a result, with the detection
of lensed GW events (or even in the absence of detection of lensed
GW events), it is possible to infer (or constrain) different delay
time scenarios using the lensing statistics. Measurement of different
delay times is a direct probe of different formation scenarios of
the binary systems. We show in this work for the first time that
lensing is a complementary probe to infer the delay time distribution
and explore different formation channels of binary systems. This is
particularly informative for learning about the high redshift merger
rates, which are not accessible from the unlensed low-redshift well-
detected events.

2 A STRO P HYSICAL DELAY TIME BETWEE N
T H E FO R M AT I O N A N D M E R G E R O F B B H S

The probability distribution of the delay time between the formation
of the progenitor star and the merger of the black holes is not well
known. From population synthesis, it is expected that the delay time
can range between a few 100 Myr to about the age of the Universe.
The probability distribution on the delay time is not trivially derived
and depends on the stellar metallicity Z� of the host galaxy and
also on the mass of the BBHs. However, if we are interested in
the lensing event rate, marginalized over the mass distribution and
stellar metallicity of the host galaxy, then we can define a probability
distribution of an effective delay time parameter teff

d as

P
(
teff
d

) =
∫

dMd Z�feff (M, Z�)P (td (M, Z�)), (1)

where feff (M, Z�) is the efficiency with which black holes form and
merge of chrip mass M. The probability distribution of the effective-
delay time parameter is not yet known from observations and needs
to be modelled.

The total merger rate of GW sources of astrophysical origin can
then be modelled as

RGW (zm) = N
∫ ∞

zm

dz
dtf

dz
P
(
teff
d

)
RSFR(z), (2)

where N is the normalization such that the merger rate today
(z = 0) agrees with the observations from GWTC-2 rGW (0) =
23.9+14.3

−8.6 Gpc−3 yr−1 (Abbott et al. 2020). RSFR(z) is the star-
formation rate which is well described by the (Madau & Dickinson
2014) relation

RSFR(z) = 0.015
(1 + z)2.7

1 + ( (1+z))
2.9

)5.6 M�Mpc−3yr−1. (3)

The model of the merger rate of BBHs in equation (2) depends only
on the model of the probability distribution for the delay time. The
total volume averaged merger rate of the BBHs can be written as

RGW(z) =
∫

dzm

RGW (zm)

1 + zm

dV

dz
. (4)

We consider two models for the delay time probability distribution
P (teff

d ) in our analysis, with the values of the delay time which are
motivated by stellar population synthesis namely,

P
(
teff
d

) = 1√
2πσteff

d

exp

⎡
⎣− (

tf − tm − teff
d

)2

2σ 2
teff
d

⎤
⎦ Model-I,

P
(
teff
d

) = (
1/teff

d

)α
, teff

d > tmin
d , α ∈ {0.5, 1} Model-II, (5)

where, tf is the time of formation of the star and tm is the time
of merger, the value of σ

t
eff
d

is considered as 20 per cent of the

mean value in this analysis. We consider a minimum delay time of
10 Myr in this paper and a maximum delay time of the age of the
Universe, to make sure that the BBHs are going to merge within the
Hubble time. The models with a longer delay time lead to a greater
shift in the peak of the BBH distribution value to a lower redshift
from the SFR peak (which is around redshift zp ≈ 2). In contrast,
for smaller delay time, the BBH merger rate follows the Madau–
Dickinson redshift dependence in the lower redshift and the peak
shifts to a lower value than zp = 2. We show the variation of the
BBH merger rate for different scenarios in Fig. 1. The delay time
distribution between formation and merger depends on the formation
channel (Banerjee et al. 2010; O’Shaughnessy et al. 2010; Dominik
et al. 2012; Dominik et al. 2015; Lamberts et al. 2016; Mandel &
de Mink 2016; Cao et al. 2018; Elbert et al. 2018; Eldridge et al.
2019; Vitale et al. 2019; du Buisson et al. 2020; Santoliquido et al.
2021), and its imprint on the GW merger rate for different form of
the probability distribution is shown in Fig. 1. The scenarios with a
delay time distribution 1/teff

d is expected for the formation scenarios
if the distribution of the initial binary separation is flat in log-space
(O’Shaughnessy et al. 2010; Dominik et al. 2012). However, there is
a significant variation in the delay time distribution possible for other
distributions of the initial separation, stellar metallicity, and property
of the host galaxy (Lamberts et al. 2016; Cao et al. 2018; Elbert et al.
2018; Eldridge et al. 2019; Vitale et al. 2019; du Buisson et al. 2020;
Santoliquido et al. 2021). The scenario with 1/teff

d and a minimum
delay time of 0.5 Gyr is usually assumed as a standard scenario from
stellar population synthesis (Banerjee et al. 2010; O’Shaughnessy
et al. 2010; Dominik et al. 2012). In Fig. 2, we show the peak
position of the GW merger rates for the Gaussian model (Model-I)
as a function of the mean value of the delay time. For the power-law
model (Model-II) with a fixed minimum value of the delay time of
0.5 Gyr, the GW merger rate peaks around redshift z ∼ 1.1 for α =
0.5 and z ∼ 1.2 for α = 1, respectively.
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Figure 1. We show the merger rate of the GW sources for different astrophysical delay time models. For sources with small delay time values, the merger rate
is higher at a higher redshift, whereas for larger delay time the merger rate at high redshift is significantly reduced. We have chosen the local merger rate of the
GW sources according to the estimation from GWTC-2.

Figure 2. We show the position of the peak redshift of the GW merger rate for different delay time values for the Gaussian model (Model-I).

3 IMPAC T O F A STRO PHYSICAL DELAY TI ME
O N T H E L E N S I N G E V E N T R ATE O F G W
S O U R C E S

Gravitational lensing of GWs due to the intervening structure leads
to lensed GW sources. Lensing of GWs leads to magnification of
the GW strain which can be written in the inspiral phase of the

coalescing binaries as (Hawking & Israel 1987; Cutler & Flanagan
1994; Poisson & Will 1995; Maggiore 2008)

h±(f )(n̂) = √
μ

√
5

96

G5/6M2
z(fzMz)−7/6

c3/2π2/3dL

I±(L̂.n̂), (6)
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where μ is the magnification factor, fz = f/(1 + z) is the redshifted
frequency, dL is the luminosity distance to the gravitational wave
source, Mz = (1 + z)M is the redshifted chirp mass, and I±(L̂.n̂)
captures the projection of the angular momentum vector L̂ on the line
of sight n̂. After the inspiral phase of the coalescing binaries, it goes
through the merger and ringdown phase, which we model according
to the IMRPhenomA model (Ajith et al. 2008). The observed GW
signal for all the three phases (inspiral, merger, and ringdown),
after including the detector response function F±(θ , φ, ψ) can be
written as hobs = ∑

+, −F±(θ , φ, ψ)h±. The detection of a GW signal
depends on the matched-filtering signal-to-noise ratio ρ which can
be obtained by taking an inner product with the GW waveform W(f)
as (Sathyaprakash & Dhurandhar 1991; Cutler & Flanagan 1994;
Balasubramanian, Sathyaprakash & Dhurandhar 1996)

ρ2 ≡ 4Re

[ ∫ fmax

0
df

hobs(f )W ∗(f )

Sn(f )

]
, (7)

where Sn(f) is the noise power spectrum. A GW signal with ρ >

ρ th is considered to be a detected signal, so, we can define the
detector response function S(θ, zs, μ) ≡ H (ρ(μ, dL,Mc) − ρth)1

which ensures that only the gravitational wave sources for which
ρ(μ, dL,Mc) ≥ ρth, can be detected as individual events.2 In this
analysis, we model the strain of the GW signal following (Ajith et al.
2008) (which is known as the IMRPhenomA model) and include all
the three phases inspiral, merger, and ringdown of the waveform.3

The value of fmax in equation (7) is chosen as fmax = fcut ≡ c3(a1η
2

+ a2η + a3)/(GπM) in this analysis (Ajith et al. 2008), where η =
m1m2/M2 is the symmetric mass ratio and M = m1 + m2 is the total
mass of the GW system.

The expected number of lensed GW sources which can be detected
depends on the lensing optical depth denoted by τ , the merger rate of
GW sourcesRGW (z), and the detector response function.S(θ, zs, μ).
It can be estimated as

Ṅl(≥ μ) ≡ dN

dt
(≥ μ, zs) =

∫ zs

0
dz

∫
dθ

Cosmology︷ ︸︸ ︷
dV

dz
τl(≥ μ, z)

×

Astrophysics︷ ︸︸ ︷
p(θ )

RGW (z)

(1 + z)

Detector response︷ ︸︸ ︷
S(θ, z, μ) , (8)

where the redshift of the GW source is denoted by zs, differential
volume factor at a comoving distance is denoted by dV/dz, the
probability distribution of the GW source parameters is denoted by
p(θ ). The lensing optical depth is defined as

τl(≥ μ, z) =
∫ z

0
dzl

dτ (≥ μ, z, zl)

dzl

, (9)

where dτ (≥ μ, z, zl)/dzl is the differential lensing optical depth which
can be written as (Turner, Ostriker & Gott 1984)

dτ (≥ μ, z, zl)

dzl

= 1

AT (zs)

dV (zl)

dzl

∫
dM

dN

dMdz
AN (μ, M, zl, zs),

(10)

1Heaviside step function H(x) = 1, only when the argument satisfies the
criterion x ≥ 1.
2We have considered the value of ρth = 8.
3We assume here that the IMRPhenomA waveform can reliably model the
inspiral, merger and the ringdown phase for LVK detectors, and we can
extract the GW source properties using this waveform. Effect of waveform
systematic on the lensing event rate will be explored in a future work.

where AT(zs) is the area of the spherical shell at redshift zs in physical
units, dV (zl )

dzl
is the differential volume fraction at the redshift of the

lens zl, dN
dMdz

is the halo mass function per unit halo mass and
redshift, and AN(μ, M, zl, zs) is the area for magnification higher
than μ computed in the image plane, but divided by the factor μ to
account for the equivalent area in the source plane. The estimation
of the lensing optical depth as a function of the magnification factor
and cosmological redshift is shown in Fig. 3. More details on the
estimation of the lensing optical depth can be found in these (Watson
et al. 2014; Diego 2019, 2020).

Equation (8) indicates that the total number of lensed events
detectable depends on the interplay between the lensing optical depth,
the merger rate of the BBHs, and the detector response function. The
main part which decides the number of the detectable lensed event
is the overlap in the redshift distribution of the GW merger rate and
the lensing optical depth when the detector response function (i.e.
S(θ, zs, μ)) is one.

In the presence of delay time between the formation of a star and
the merger of BBHs, the redshift distribution of the merger shifts
towards a low redshift. For a delay time greater than 1 Gyr, the merger
rate decreases for redshift z ∼ 1. Whereas, the lensing optical depth
is an increasing function of redshift (as shown in Fig. 3). So, the
product between the lensing optical depth and merger rate reduces
if the delay time between the formation and the merger is large,
whereas when the delay time between formation and merger is small
the product between them increases. We have shown the product
between the merger rate and the lensing optical depth in Figs 4(a)
and (b) respectively for μ = 2 and μ = 30, as two representative
cases. The value of magnification factor μ = 2 is representative of
lower redshift events (typically z = 1 or less), while μ = 30 is more
representative of higher redshift events (z= 2 or larger). The nature of
the plot will remain the same also for the higher magnification factor.
The only change for higher magnification factors will be reflected
in the overall amplitude of the product of the signal, which will be
governed by the value of τ . If the product between the lensing optical
depth and GW merger rate is less (or more), then the total number
of detectable lensing events reduces (or increases). We examine in
the next section the event rate of lensed GW sources for the LIGO-
design sensitivity4 (Aasi et al. 2015; Acernese et al. 2015; Abbott
et al. 2018)

4 L E N S I N G E V E N T R ATE FO R L I G O - D E S I G N
SENSITIVITY

We calculate the total number of lensed GW events for LIGO-
design sensitivity (Aasi et al. 2015; Abbott et al. 2018). We consider
simulated GW signals using the analytical GW waveform from Ajith
et al. (2008) for sources in the mass range mi ∈ {5, 50} M� with
a power-law distribution on both the masses mi ∝ 1/m2.35

i . The
GW sources are considered to be non-spinning and the inclination
angle is random. Using the probability distribution of the effective
angle parameter � = 2[F 2

+(1 + cos2 i)2 + 4F 2
× cos2 i]1/2 (Finn &

Chernoff 1993; Finn 1996) as P(�) = 5�(4 − �)3/256 for � ∈ [0, 4]
(Finn & Chernoff 1993; Finn 1996), we integrate over the distribution
of � to estimate the number of lensed events. The corresponding plot
as a function of the lensing magnification factor for different models
of delay time is shown in Fig. 5 for both the models. For models
with a small delay time, the number of detectable lensed events is
large in comparison to the models with a larger delay time. For the

4https://dcc.ligo.org/LIGO-T1800044/public
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Delay time and lensing event rate 3755

Figure 3. The lensing optical depth τ as a function of redshift for different magnification factors is shown. The lensing optical depth is an increasing function
of redshift and saturates above redshift z = 2.

models with variation in the delay time, the event rate of lensing can
vary by order of magnitude even for the same detector configuration.
This variation in the lensing event rate is directly related to the high
redshift merger rate (see Fig. 1).

The estimation of the lensing event rate due to delay time is
modelled in this analysis as an effective parameter after integrating
the mass dependence and the metallicity dependence. However, this
is going to be an additional variation in the delay time parameter
depending on the GW source properties and the environment of its
formation.

5 L E N S I N G E V E N T R ATE FO R
SUB-THRESHOLD EVENTS AT LIGO-DESI GN
SENSITIVITY

The shift in the peak of the GW merger rate to a lower redshift
leads to a reduction in the lensed event rate and hence one may need
to wait longer to detect a lensed GW source. However, one of the
promising avenues to search for the lensed events is to look for the
sub-threshold lensed signals. The sub-threshold lensed signal is the
lensing events for which the matched-filtering signal-to-noise ratio
of the detection of the signal is 4 ≤ ρ < 8. For the sub-threshold
events with a lower detection threshold and the same magnification,
lensed events from high redshifts can be detected. The change in the
number of lensed GW events with change in the detection threshold
depends on the product of the GW merger rate RGW(z) and the lensing
optical depth, which are shown in Fig. 6 for μ = 2 and μ = 30 for
Model-I. We have chosen the maximum magnification factor μ =
30 as a representative value for showing the variation of the signal
with different detection thresholds. For μ = 30, the sub-threshold
detection is O(100) per year, for the small values of the time-delay
parameter. For the higher magnification factors, the sub-threshold
lensing rates will be even smaller. So, by using the sub-threshold

lensing event rate, we can directly probe the redshift evolution of
the GW merger rate and hence the formation channel of the binary
systems.

Using equation (8), we estimate the number of expected lensed
events for different sub-threshold cutoffs ρ th. In Fig. 6, we show the
expected lensing event rate for the sub-threshold events for different
delay time models for the magnification factors μ = 2 and μ = 30,
respectively. For a fixed value of the magnification factor μ, if the
GW merger rate increases with redshift, then the number of sub-
threshold lensed events also increases with redshift. Whereas if the
number of lensing events decreases at high redshift (like for the case
with delay time td = 10 Gyr), then the event rate of sub-threshold
lensed sources is also less, even for the same magnification factor,
as shown in Fig. 6. As a result, the population of the sub-threshold
lensing events for different magnification factors can provide direct
access to the high redshift merger of the GW sources. In a future
analysis, we will show how one can use sub-threshold events to
reconstruct the merger of GW sources at higher redshift. Several data
analysis methods are developed to search for sub-threshold lensed
events from the GW data (Li et al. 2019; McIsaac et al. 2020). By
applying these techniques to the future data of LIGO/Virgo, we can
search for the sub-threshold lensed events and can explore the high
redshift of the merger rate of GW sources.

6 C O N C L U S I O N S

We have shown that predictions for the number of lensed gravitational
wave events are sensitive to the delay time between binary formation
and coalescence controlling the redshift evolution of detectable
events. If the delay time between formation and merger of the
GW sources is large, then the peak merger rate shifts to lower
redshift which in turn means fewer lensed GW events are predicted
as magnification by lensing. This accesses higher redshifts, z > 1,

MNRAS 506, 3751–3759 (2021)
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3756 S. Mukherjee et al.

Figure 4. We show the product between the GW merger rate for Model-I and the lensing optical depth for the magnification factor (a) μ = 2 and (b) μ = 30
for different values of the delay time parameter.
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Figure 5. We plot the expected lensing event rate as a function of magnification for different values of the delay time parameters, which can be detected with
the matched-filtering SNR ρth ≥ 8 with the LIGO-design sensitivity.

Figure 6. We show the lensing event rate as a function of matched-filtering SNR ρth, for different values of the magnification factor μ = 2 and μ = 30 and for
different values of the delay time parameter teff

d = 0.1 Gyr and teff
d = 10 Gyr.

where the optical depth for lensing peaks. Hence, if lensing is to be
significant, then a relatively short delay time-scale will be implied
for BBH merger events.

We have estimated the impact of the delay time on the lensing event
rate for the LIGO design sensitivity for different models of delay time

ranging from 10 Myr to 10 Gyr encompassed by stellar population
synthesis (Banerjee et al. 2010; O’Shaughnessy et al. 2010; Dominik
et al. 2012; Dominik et al. 2015; Lamberts et al. 2016; Elbert et al.
2018; Eldridge et al. 2019; du Buisson et al. 2020; Santoliquido et al.
2021). We show that the expected event rate of lensed events can

MNRAS 506, 3751–3759 (2021)
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vary by order of magnitude depending on the delay time between
the formation and merger of compact objects. If the delay time is
more than a few Gyr, then most of the binary mergers happen at
redshift below z ≈ 1, and for which the probability of lensing is
suppressed by the low optical depth. Whereas, if the delay time is
less, then the peak of the merger rate of the GW sources is going to be
close to the star formation peak. As a result, the event rate of lensed
sources can be high. Along with the well-detected lensed events,
there can also be sub-threshold lensed GW sources. We estimate
the sub-threshold lensed events detectable from the LIGO-design
sensitivity for different delay time models. With the sub-threshold
events, we can detect the merger rates from the sources which are at
higher redshift. If the GW merger rates increase at high redshift (or
for the short delay time scenarios), then the event rate of the lensed
sub-threshold events is going to be large. In the opposite limit, when
the delay time is large, then the expected sub-threshold lensed events
are going to be small.

The analysis presented in this paper makes it possible to estimate
the lensed events for future GW observations which are motivated by
the astrophysical merger rate including the delay time. By measuring
the lensed events (or in the absence of a detection), we can infer the
high redshift merger rate of the GW sources. By using both well
detected and sub-threshold events, we can make a reconstruction
of the high redshift merger rate of the GW sources. By combining
the number of GW sources with a different magnification factor,
we can estimate the typical delay time values. A detailed method
for estimating the high redshift merger rate from the population of
lensed sources will be studied in future work.

One of the key aspects which the study of the detected lensed
events and the sub-threshold lensed events can bring to us is the
information of the merger rate of high redshift sources. As shown
in Figs 5 and 6, the lensing event rate varies very strongly with the
value of delay time. So assuming the formation of BHs traces the star
formation rate, and given the local GW merger rate, we can infer the
delay time parameter from the observed (and sub-threshold) lensed
events, which can be detected with different magnification factors by
the LIGO/Virgo detectors in its design sensitivity (Aasi et al. 2015;
Acernese et al. 2015; Abbott et al. 2018). Vice versa, if the delay time
is known from local observations, and assuming this is maintained
over time, one could use the observed rate of lensed events to infer
the intrinsic rate of BH formation at redshifts beyond the reach of
the detector sensitivity (thanks to magnification).

Our calculations are in the context of evolution set by the empirical
Madau Dickinson relation fitted to the measured evolution of the
integrated star formation rate with redshift (Madau & Dickinson
2014). More steeply evolving evolution may be expected in the
context of BBH origin in star clusters that preferentially form early
(globular clusters in particular, or nuclear star clusters), for which the
formation of binaries may favour large delay times for early ejected
binaries (Sigurdsson & Hernquist 1993) and small delays for those
retained (Banerjee et al. 2010). More recent N-body simulations
favour shorter BBH coalescence time-scales for the most massive
star clusters, >106M� due to the high escape velocity, so that BBH
binaries are typically retained (Morscher et al. 2013; Rodriguez et al.
2018), allowing the perturbing effects of stellar encounters in dense
cores, leading to earlier BBH coalescence. This star cluster channel
may deserve more exploration in the context of lensing, and with
the growing interest in hierarchical BH growth for understanding the
most massive BBH events (Di Carlo et al. 2019; Rodriguez et al.
2020).

While our paper was in preparation, a new study (Fishbach &
Kalogera 2021) has explored the delay time from individual GW

events, including the released O3a data, which imposes a bound
on the delay time parameter of teff

d < 4.5 Gyr at 90 per cent CL,
under the assumption that lensed events are not present, in agreement
with recent results (Abbott et al. 2021). Similar constraints teff

d =
6.7+4.22

−4.74 Gyr on the delay time parameter are also obtained from the
upper limit of the O3 stochastic GW background data (Mukherjee &
Silk 2021). This limit and subsequent tighter constraints using the
full GW data will translate into a lower bound on the lensing event
rate for GW sources, given the assumed star formation rate evolution.
Future studies that include both the unlensed and lensing detections
will provide a self-consistent estimate of the delay time parameter
with implications for the formation route of GW binary events, which
are likely to have dependence also on the host environment (Banerjee
et al. 2010; O’Shaughnessy et al. 2010; Dominik et al. 2012; Dominik
et al. 2015; Lamberts et al. 2016; Elbert et al. 2018; Eldridge et al.
2019; du Buisson et al. 2020; Santoliquido et al. 2021).
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