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with diffusions: error expansions and impact of
learning rate schedules
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June 16, 2021

Abstract

Applying a stochastic gradient descent method for minimizing an
objective gives rise to a discrete-time process of estimated parameter
values. In order to better understand the dynamics of the estimated
values it can make sense to approximate the discrete-time process
with a continuous-time diffusion. We refine some results on the weak
error of diffusion approximations. In particular, we explicitly compute
the leading term in the error expansion of an ODE approximation
with respect to a parameter h discretizing the learning rate schedule.
The leading term changes if one extends the ODE with a Brownian
diffusion component. Finally, we show that if the learning rate is time
varying, then its rate of change needs to enter the drift coefficient in
order to obtain an approximation of order 2.

Introduction

Consider a d-dimensional discrete-time stochastic process x = (Xn)nen, With
dynamics

Xn+1 = Xn — nnvf'y(n)(Xn)a ne NO7 (Ol)
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where (f,),er is a family of differentiable functions from R? to R, (1,)nen,
is a sequence of positive reals, and (v(n)),en, is an ii.d. sequence of I'-
valued random variables. We interpret (x,)nen, as the sequence of estimated
parameters when applying a stochastic gradient descent (SGD) method! for
minimizing the objective I%I Y icr fi- We refer to n, as the learning rate in
the nth step and f,,) as the loss due to the n-th sample of the data or mini
batch. In the following we simply call y a SGD process.

Sometimes it is convenient to approximate the discrete-time process y
with a continuous-time stochastic process in order to make tools from Stochas-
tic Analysis available for studying its dynamics. In a series of papers, Li, Tai
and E ([8], [9]) have shown that one can approximate the distribution of x
with the distribution of a processes solving a stochastic differential equation
(SDE) driven by a Brownian motion. In the following we refer to solutions
of such SDEs as diffusions. We remark that the approximating diffusions are
also called stochastic modified equations (SME), e.g. in [8] and [9].

In this paper we aim at refining some results on diffusion approximations
of the SGD process (0.1). In order to take into account a time varying
learning rate from the outset, we assume that the progression of the learning
rate can be described in terms of a continuous function w : [0,00) — (0, 1].
We may refer to u as a learning rate schedule. We assume that there exists
a positive real h such that for all n € Ny the nth step learning rate satisfies

We interpret h as a discretization parameter and use it for measuring errors
of diffusion approximations. One can also view h as the maximal learning
rate, since u is bounded by 1.

Let (x") be the solution of (0.1) with initial condition x! = z € R? and
with learning rates satisfying (0.2). Moreover, let (X"), h € (0, 1] be a family
of diffusions with X" satisfying an SDE of the form

where W represents a Brownian motion, and b and ¢ are some suitable
coefficients. We say that the family X", h € (0,1], is a weak approximation
of order [ € N if for all T € (0, 00) and bounded smooth functions g : R — R
there exists a constant C' such that for all h € {T'/n : n € Ny} we have

[E(9(x74)) — E(g(X7))| < CH. (0.4)

Tt should be pointed out that by requiring v(0),v(1),... to be i.i.d. we are essentially
only considering SGD with replacement (and variants thereof) as opposed to SGD without
replacement which is more commonly used in practice. However the analysis of the latter
is more complicated, so we will not consider it here.




By choosing b}'(x) = b(z) = —E[V f,(z)] and o4(z) = 0 in (0.3) one obtains
an ODE approximation of order 1. In our first main result we provide, for this
first order ODE approximation, an explicit expression of the asymptotically
minimal constant C' in the error estimate (0.4). We remark that the minimal
constant corresponds to the leading term in a Taylor expansion of the weak
error in h. Such error expansions for numerical schemes of SDEs are referred
to as Talay-Tubaro expansions (see [10]).

We then consider the diffusion family (0.3) with b(z) = —E[V f,(z)] and
oi(x) = o(x) given by the square root of the covariance matrix of V£, (x). In
our second main result we show that this family is again an approximation
of order 1, however with a different leading error term in the weak error
expansion. Thus, we confirm a conjecture proposed by Feng et al. in [2]
(Remark 2.2.).

Finally, our third main result provides a second order approximation of
x". In particular, the result reveals that if the learning rate is time varying,
then its rate of change needs to enter the drift coefficient of any approxima-
tion of order 2.

The idea to use diffusion for approximating SGD processes goes back to
[8], [9]. Their approximation results are rigorously shown under the assump-
tion that the learning rate is constant and hence only for diffusion fami-
lies that are time-homogeneous. In contrast, we allow for a time-dependent
learning rate, and thus fall back on inhomogeneous diffusions for the weak
approximation of SGD processes.

The article [5] considers weak approximations of order 2 for SGD pro-
cesses with constant learning rates. Our third main result can be seen as a
generalization of [5, Theorem 1] to the case with non-constant learning rates.

The article [3] also considers diffusion approximations for SGD processes
with time-dependent learning rates, assuming that the sequence of learning
rates satisfies 1, = y(n+ 1)~ for some v € (0,00) and « € [0, 1). [3, Propo-
sition 25] provides an asymptotic estimate of the weak error as « converges
to zero. It is remarkable, that the same article also contains a strong ap-
proximation result (see [3, Theorem 1]) based on a coupling technique. In
contrast to [3], we provide explicit formulas for the leading error terms, we
do not make a specific assumption on the learning rate schedule u, and we in-
corporate the rate at which the learning rate changes into the drift coefficient
in order to obtain a second order approximation.

In [1] An et al. extend the diffusion approximation framework to the
setting of asynchronous SGD, where estimates of the gradient V f, arrive
time-delayed by a random staleness process 7. This version of SGD is impor-
tant in the distributed setting, when learning is done on multiple machines at



once. The resulting diffusion dynamics are a system of two SDEs describing
the expected read, i.e the (conditional) expectation of the parameters delayed
by the staleness, and time-difference quotients of the expected reads scaled

by the discretization factor At = /(1 — u)n. Here, i is the mean of the stal-

eness. For h =1 ~ 1 — i this is comparable to our setting as At ~ v/h% = h.
An approximation error of order 1 is then derived in a strong sense, which is
also possible for our first-order diffusion approximation as remarked there.

In our first two main results we provide explicit formulas for the leading
terms of weak error expansions along the parameter h. The leading terms
are given in terms of integrals of the ODE solution, and thus bear similarities
with the formulas of the leading weak error term when approximating SDEs
with an Euler or Milstein scheme (see [10]). Indeed, our first two results can
be seen as describing the leading term in the Talay-Tubaro expansion of the
weak error. We remark, however, that the error estimate in our second main
result is given with respect to a family of SDEs, whereas the error considered
in [10] refers to a single SDE.

In [2] Feng et al. propose a method for approximating the limiting station-
ary distribution of SGD processes. The method is based on a series expansion
of the backward Kolmogorov equation of a second order diffusion approxi-
mation. Convergence of order 2 is shown under a convexity assumption of
the cost functions guaranteeing that the gradient process is bounded.

1 Main results

We let N={1,2,...} and Ny = {0,1,...}. Let d € N. We write g € C" if
the function ¢ is [-times continuously differentiable on its open domain. We
may extend this to closed domains, such as [0, 7] x R%, by requiring g € C! in
the interior and a continuous extension of g and its derivatives to [0, T] x R<.

Further, we write g € G(D) if g has (at most) polynomial growth, i.e.
there exists a constant C' > 0 and x € Ny, such that

lg(z)| < C(1+ |2]7) (1.1)

for all z in the domain D of g. Typically, D = R? or D = [0,T] x R%. The
infimum of all such C’s for a given & will be denoted by |[[g||, . We also
sometimes write g € G.(D) if ||g]|,, < oo, especially for k = 1. We write
g € GYD) if g € CY(D) and all its partial derivatives up to order [ are in
G(D).

Now, let (2, Fq,P) be a complete probability space, [' be a measurable
space and (y(n))nen, be a sequence of i.i.d. I'-valued random variables. We



can view y(n) as the sample or mini-batch chosen in the n-th iteration of
stochastic gradient descent (SGD). Also let F = (F;)i>o be a filtration on
(Q, Fo,P) independent of 7 satisfying the usual conditions and W be an
Ré-valued F-Brownian motion.

Let w: [0,7] — (0,00) be a function.
Assumption (Al) We have u € C*, such that u is constant or strictly
decreasing, and takes values in [0, 1].

The function u is a learning rate schedule and represents the change of
the learning rate over time. For all A € (0,1) we consider the sequence of
learning rates

nﬁ = hu,,, n € Nj.

The parameter h € (0, 1) acts as discretization parameter or maximal learn-
ing rate and is essential in describing the diffusion approximation.

Recall that v maps into I'. Let H : I' x R? = R¢. Now, given an initial
value # € R? define (generalized) stochastic gradient descent by

Xo =X+ Hym (), xo=w. (1.2)

Assumption (A2) The function H satisfies H € G1(R?) uniformly in
r €1, i.e. there exists a constant C' > 0, such that

[H ()] < C(1+ [2]),

for allr € T and x € RY.

The prototypical example to keep in mind is plain (online) SGD. Given
a sequence of differentiable error functions fi, ..., far : R — R, where M is
the sample size of our data set, we set H,)(z) := =V fy»)(x) and choose
v(n) to be uniformly distributed on {1,..., M}. Finally, set

H:=EH,m R’ = R,

and B
Y= E(H, @ — H)*® : R? - R™4.

Here 22® = 2z for any 2 € R?. These functions appear in the coefficients
of various ODE and SDE approximations of SGD. By Assumption (A2) we
have H € G (R?).

Since ¥ is positive semi-definite and symmetric, a unique matrix square
root V'3 exists.
Assumption (A3) The functions H and V'S are Lipschitz continuous and
in C*°, such that all their partial derivatives are bounded.

b}



A first order ODE approximation
We first show that the solution of the ODE

is a weak first order approximation of y. For convenience, we will restrict
the set of acceptable learning rates to

H:={he(0,1):T/h € N}. (1.4)

Let g € G°(R?) and fix a time horizon T > 0. For all (t,z) € [0,T] x R? we
define

(@) = g(Xp(x)), (1.5)

where X'(x) denotes the solution of (1.3) on [¢t,7] with initial condition
X!(x) = 2. One can show that y € C°([0,T] x RY). Moreover, the partial
derivatives of y with respect to time and space have polynomial growth in the
space variable, uniformly in time. Hence, y € G*([0,T] x R?) in the sense
that for every k € Ny and multi-index® o C {1,...,d} there exist constants
C € (0,00) and k € Ny such that

10F Oaye()] < C(1+ |]"), (1.6)
for all ¢ € [0, 7] and z € RY. Then, we define the function®

1 - - 1
pu(x) =5ui [ V() (H(2)* + 5(2))] + wd Vy(x) " H(z) + 507 (@),
(1.7)
with (t,z) € [0,7] x R?. Whenever we want to stress the dependence of ¢
on g we write 9.
Theorem 1.1. Assume (A1), (A2) and (A3). Denote by X the solution of
(1.3) with initial condition Xo = x. Then for all g € G®(R?),

T

Eg(xtn) — g(X2) = h / o1(X,) di + O(h?), (18)

for all h € H, i.e. all discretization parameters h such that % s an integer.
The parts of assumption (A3) concerning VE are superfluous for the proof

of this theorem. Recall that the discretization parameter h € H can also be
viewed as the maximal learning rate of SGD.

2See the appendix before Theorem 6.2 for a definition of (unordered) multi-indices.
3Here, V denotes the gradient V2 and the Hessian matrix with respect to = and 22® :=
22T € R4 for all z € RY.



A first order SDE approximation
For all h € H U {0} we consider the SDE

dXI = w,H(XDP) dt 4w/ RE(X]) dW,. (1.9)

Notice that as h — 0 the diffusion term in (1.9) vanishes and hence (1.9)
becomes the ODE (1.3).

For (t,z) € [0, T] x R? we denote by X™!(z) the solution of (1.9) on [t, T
satisfying the initial condition X}"'(z) = z.

Now let g € G*(R?) and T' > 0. For all h € HU{0} and (t,z) € [0, T|xR?
we define

yi (x) = E[g(X7" (). (1.10)

As in the ODE case one can show that y € G*®([0,T] x R?Y) in the sense that
(1.6) holds uniformly in A € H. We further define, for all h € H U {0}, the
functions

1 _ _ 1
Ph(a) =50 V2 (@) 2 (@) + w OVl ) B @) + S0l (a),  (L11)

with (t,2) € [0,7] x RY. Whenever we want to stress the dependence of ¢
on g we write @9,

Theorem 1.2. Assume (A1), (A2) and (AS3). For all h € H denote by X"
the solution of (1.9) with initial condition X = x. Then for all g € G®(R?),

T

Eg(xn) — Eg(X2) = h / SO(XO)dt + O(h?), (1.12)

for all h € H, i.e. all discretization parameters h such that % s an integer.

A second order SDE approximation

For all h € (0,1) we consider the SDE

axh = (utH(Xth) ~ WA + i) (X[‘)) 0t + gy /A (XP) AW,
(1.13)
where Vg : R — R%*? denotes the Jacobian of a function g : R? — R?, i.e.
(Vg)i; = 0;f; for all i,j € {1,...,d}. Crucially, observe the occurrence of
the @ term in (1.13). If u is constant, then @ vanishes. Therefore, this term
was not present in previous works such as [9]. To exhibit this term we use an
[t6-Taylor approximation for a time-inhomogeneous SDEs (cf. Lemma 5.1).
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Theorem 1.3. Assume (A1), (A2) and (A3). Forallh € (0,1) let X" be the
solution of (1.13) with initial condition X = x. Then for all g € G*(R?)
and T > 0,
max Eg(x") — Eg(X")| € O(h?),
e [EI(G) — Eg(Xap)| € O(17)
as h | 0.
Remark 1.4. To simplify the notation we consider u not depending on

h in Theorem 1.1, 1.2 and 1.3. However, the results can be extended to u
depending on h, as long as u and its partial derivatives are bounded in h. <

2 Moment estimates and growth conditions

Let I be a set and X = (X} );cr4>0 be an I-indexed family of continuous-time
stochastic processes. Given p € [1,00) we define

t 1/p 1/p
||X||,,,t=s,up(E / rxypds) , ||X*||p,t=s,up<E sup |X;rp) .
el 0 el

s€[0,¢]

Although usually X will be R%valued and then | - | refers to the Euclidean
norm, these definitions naturally extend to R%* >4 _valued processes as well.
Similarly, given an I-indexed family of discrete-time stochastic processes X
we define

4 1/p
1X*,,, = sup (]E max |Xf1,|p> :
’ il n/ n}
Given an [-indexed family of random variables Y = (Y);c; we also let

Iy, = slely(E|Yi|p)l/p'

2.1 Stochastic Gradient Descent

Recall the definition of x in (1.2), as well as Assumptions (Al) and (A2).
We shall prove growth results concerning stochastic gradient descent. Denote
the SGD iterations starting at time n with initial value z € R? and maximal
learning rate h € (0,1) by x""(x). Given a discrete process Y indexed by
he(0,1),eg Y =y, we write

AY M (a) = Vi (x) = Y (), (2.1)

for all h € (0,1),n € N and initial values z € RY. We let AY," := Ay,
Observe that AV, (z) = V4 (x) — .

8



Lemma 2.1. We have

(Axh”)2® =(1) (E+H2®).

Proof. Straightforward.
Lemma 2.2. The following estimates hold true:

(i) For every T >0 and p > 1 there exists a constant C' > 0, such that

sup || x"(2)*
he(0,1)

NS < C(1+ |z]),

for x € R,

(ii) There exists a constant C' > 0, such that
A" ()] < hC(1+ |a]),

for all h € (0,1), n € N and v € R%.

Proof. (i) Let p € N. For every h € (0,1) and n € Ny,

1/p
O = (E,, e bal)

If we let xy_1 = 0, then

IXE P <IXE 4 0 H oy ()P

<|X |p+z< )|Xn|p ' nn)i|H’y(n)(X2)|i

Now, for i € {1,...p}, h € (0,1) and n € Ny,

= B0 O, < P G, (0 1)

_1
< S (x ’+|X R
<A+ )

p,n



with ¢ := 2|[H||,, and using the inequalities y” + y? < 2(1 + y?) for
0 <p<gqandy>0. Therefore,

O I L i
p
P 0k i
+En’e£?f,n}; (i)(nz') o 17 Sy O )|
p
<locy i"+z( ) ) e P Sy ) )",
=1
<[l §n+0h L+ [l ))
=(1+Ch) [|(x") i,n+0h,

where C':=>"" | (’;) ¢'. By induction over n,

n—1
"L+ Ch (Z (1+Ch) >
=0

for all h € (0,1) and n € N. Consequently,

o<1+ Ch)"||(x

p?n

")

7]
I 2y < @ el jep + Cn Yo+ Cny

=0

X" (z

T
(1+Cn)w|z|P + Chﬁ 0
_ (CT + |I|p)€log(1+0h)%

< (CT + Ja|")e ",

IN

(1+Ch)

for all h € (0,T) and z € RY, since log(1 +y) < y for all y > —1.
Now, the inclusion follows for p € N. For arbitrary p > 1 we have
Y[, < [Y*|[,; and thus the result is proven.

(ii) We have
laxie @), = [[H @), < bl Hllg, (1 + ),

for all z € R? and h € (0,1).

10



2.2 Diffusion Approximations

We shall now consider moments and growth conditions for solutions of (fam-
ilies of) stochastic differential equations that will act as approximations to
SGD. Let I € Ny. We write f € Lip’ if f € C*([0,T] x R%) and there exists a
C > 0 such that

|0afi(z) = Oufi(y)] < Clz =y,

for all t > 0 and multi-indices o with size #a < [. Also set Lip := Lip°.
Given an index set I, these conditions extend to I-indexed families of func-
tions (f;)ier in a uniform sense. We shall consider stochastic differential
equations with (families of) coefficients

b:Ix[0,T] xR* =R o:1x[0,T] xR — R™.

Proposition 2.3. Let | € N,p > 1 and b,o € G1(R?) N Lip', such that b is
Re-valued and o is R -valued. Let X be the unique solution to the family
of stochastic differential equations

Xy (x) = bi(XP" (@) dt + of (X" () AW, X0°(2) = 2.
and g : I x R = R € GY(R?). Define
v(2) = Eg'(X"(2).
Then v € G'(RY).

Note that the polynomial growth of v and its partial derivatives up to
order [ is considered uniformly in ¢ € I and s,t € [0, 7.

Proof. Let a be a multi-index. By induction one can show Ed,g(X) =
0,Eg(X) using Theorem 6.2. By the higher chain rule,

#a
1000y =E|0ag" (X)) <Y Vg (X, Y N (e, B) T 105X |y s

j=1 Besy BeB

where S is the set of all partitions of « into ¢ multi-set multi-indices (each
partition being a multi-set as well), N(a,B) € N, #B is the size of the
partition and the product ] sep Tespects the multiplicities of 8 € B. Since

g € GY(R%) and by Theorem 6.2 we conclude 9,v € G(R?). O

11



Remark 2.4. Assume now we are given an SDE with separable coefficients,
specifically
dXt = U/tB(Xt) dt + UtS(Xt) th,

where B, S € LipNG*. Further, suppose Assumption (Al) holds. Given
g € G*(R?) we want to show that y defined by

y" =Eg'(X}")

satisfies y € G*([0,T] x RY).
To this end let U : Imu — R be, such that

- {u ou~!, w strictly monotone

0, 1 constant
Then U is continuous, bounded and
duy = U(uy) dt.
Consider the system

dZt = b(Zt) dt + E(Zt) th,

(1))~ (8)20)- (%)

Then b,Y € G(R?). If the coefficients of an autonomous SDE

with

are in G* and g € G*°(RY), then clearly also Azg € G*([0,T] x R?), where
Ay is the infinitesimal generator of Z. By Proposition 2.3 then EAzg(Z) €
G=([0, T|xRY). If g € G®(RY), then y" := Eg'(X}"") satisfies the Feynman-
Kac equation*

Oy + Lxy: = 0,yr = g,

where L% is the infinitesimal generator of X". In particular,
OEg(X7) = OEg(Z1) = 0Bg(Zy ) = Lz(Eg(Zp_,) € G(0,T] x RY),
with the understanding that g(z,y) := g(z). Inductively,
0.0;Bg(X7) = 0 LyE(9(Z7,)) € G([0,T] x R).

All in all we have y € G®([0,T] x R%), i.e. y is smooth in time and space,
and all its derivatives have polynomial growth (uniformly in time). &

4cf. [4], Theorem 7.14 and Remark 7.6.

12



Next, we will refine the families of stochastic differential equations in
consideration to equations of the form

dX! = (XM dt + Vho! (XY dw,

indexed by a discretization parameter h € (0,1). Given the family of solu-
tions X of an h-indexed family of stochastic differential equations we define
the family of discrete processes

X5 () = Xy (), (2.2)
with h € (0,1),z € R and n € {0,...,|T/h]}. Then,

AXZ”(x) = Xfl‘h(a:) — .

Lemma 2.5. Let
b:(0,1) x [0,T] x R* = R% 5 : [0,T] x R = R™* € G;(R?) N Lip
and X be the unique solution to to stochastic differential equation
dXP = (X! dt + Vho (XD dw,.
Then for all p > 2 there exists a C' € G(R?), such that

HAXZ’”

< hC,
p

for all h € (0,1) and n € {0,...,|T/h]}.
Proof. We have

it

<
p

(n+1)h
[ e

(n+1)h
/ (X)) AW,
h n

h

+Vh
p

p

On the one hand

(n+1)h
/ b (XMt
nh

- (n+1)h L/p
<h' / bk (X)) P dt
nh
p

1/p
<h (E sup |b?<Xt>|p)
th

=h[|b(X)

*Hp’

13



and z — [[b(X(2))*]|, € G(R?) by Theorem 6.1 and since b € G1(R?). On
the other hand,

< Pl =1)
= 9

(n+1)h
\/E / Ut<Xth) th

h B o),

p

<cih|lo(X)

Il
where we have used I[t0’s isometry and Jensen’s inequality. [
Proposition 2.6. Let | € N, k € Ny,
b:(0,1) x [0,7] x R = R% 5 : [0,T] x R — R™ ¢ G, (R?) N Lip'*™,
and let X be the unique solution to the stochastic differential equation
dX = (XM dt + Vho (XD dW,.
Suppose further we are given
f:Ix(0,1) x NxR? = R, (4, h, k,z) = fi"(z) € GFL(RY),

and that there exists a function C' € G(R?), such that

[E(Ax; )" = E(AX*)| <h™C g <1

+1 +1
H <h™C,p € {2,210 + 2},
p

o] s

for all h € (0,1) and k € {0,...,|T/h|}. Then there exists a function
C € G(RY), such that

ELEO0F)) — BAMXIE) < BiHC,
forallh € (0,1),i €I and k € {0,...,|T/h]}.

Proof. By Taylor’s theorem there exists GAXZ,IC, HAXZ,;L € (0,1) for every h €
(0,1) and k, such that

Felxet) = FeXRE) =fOaet) = fo — (X5 = o)
= 3 SO (AN - (AKX

0<#a<l

£ S L0kl +0nD)D?

!
#B=I+1 DEAY},AZ}, 5'

14



Since f € G'"1(R?) there exists a C € G(R?), such that

[E(0pf (2 + 0pn D" () D" (2)°)] <195 llg,, (1 + 27" |2|" + 2°7" [ D(@)]3)

|ID()[|5

<c(1+ |z|" 4 C(2))h T C(z),
for #8 =1+ 1, D € Ay, AX and some ¢ > 0 and k € N. Therefore,

[Ef (i (@) = Ef (X @) e Y0 [10afllg, (1+ |2)n*C

0<#a<l

+e Y 110sfllg, (1+|l*+ C)nFC,
#p=1+1

for some ¢ > 0. L]

Proposition 2.7. Let | € N and g € G'"L(R?). Suppose X is given as in
Proposition 2.6 and for every sequence v : I x (0,1) x R? — R € G'*1(R?)
there exists a function C € G(R?), such that

|Evi’h(XZf1> - Evlh(Xme < e,

forallieI, he(0,1) and k € {0,...,|T/h]}. Further, let
9-Flalz) = [ gl) Plole,dy) = Bg(X24(2),
R

where P is the transition kernel of (n, X, and suppose
g.P: (k,n,h,z) — g.P,(z) € G (RY).
Then there exists a function C € G(RY), such that

max Ea(x") — Ea(X™M)| < KO
ne{0,..., [T/hJ}| g(XTL) g( n)|_

on R
Proof. We have

g.P: (k,n,h,z) — g.P,(z) € G (RY)

15



by Proposition 2.3. Given n € N, Eg(X,,) — Eg(x») equals

n—1
> (Eg(XE " xkm1) — Eg(XExk)) + Eg(Xp " xnm1) — Eglxn)
k=1
n—1 o ~ ~
=Y EE(g(XEXT " xum) X x0m1) — EE(g(XE k) xx)
k=1

+ Eg.Pn,n(XZ_IXn—ﬁ - ]Eg‘Pn,n(Xn)

= (Bg.Pen(X} Xe1) — Bg.Prn(x),
k=1

regardless of initial value z € R? or discretization parameter h € (0,1).
There exists a function C' € G(R?), such that

for all h € (0,1) and k € {0,...,|T/h]}. Hence,
N 5
[Eg(X}) —Bg(xp)| <D WHEC(x ) < WTC,

k=1

by Lemma 2.2, for some C' € G(R?), all h € (0,1) and n € {0,...,|T/h]},
since

EC(xk-1) <lICllg, 1 +Ehg ") < ICllg, (1 5 "X*Hz,LT/hj)
(0,

<c(1+ |xol");
for some ¢ > 0,k € Ny all h € (0,1) and k € {0,..., [T/h]}. O

3 Proof of the ODE approximation

We shall give a proof of Theorem 1.1. Fix g € G*®(R?) and define once more
yi(z) := g(XkL(x)), where X is the solution to the ordinary modified equation
(1’?))7

dX, = u H(X,)dt.
We then have y € G*°([0,T] x R?) by Proposition 2.3 and Remark 2.4 and
since we have H € G*°(R?) by Assumption (A3). Further, y satisfies the
Feynman-Kac equation

Oye(x) + Vye(w) weH(z) =0, yr(z) = g(x). (3.1)

16



From now on let x* and X denote the solutions of (1.2) and (1.3), respec-
tively, with the same fixed initial condition y, € R%.

Lemma 3.1. Let £ : H — R be the function such that for all h € H

=N

-1

Eg(xXpn) — 9(X1) = B> Epn(xk) + h*¢(h),
k=0

where ¢ is defined as in (1.7). Then & is bounded.

Proof. By Taylor’s theorem,

h2
Yeen(@ +0) = () =hdyyi(x) + Z O ()0; + - O y(w)

1
+h Z Orjys ()05 + B Z 05,5y ()69,
j=1 1,5
+ R"(9)
h2
RO ()"0 + 5 ()™
+R"(0),

where

RM( Z > 7 k'a Osye-ron(x + 05)h*6”

k=0 #8=3—k

for some 6 € (0,1), all h € (0,1) and § € RY. By choosing t = kh, § = Ax"
and applying expectation we get

Eyron(ien) — By () = hAT + h*(A + Ay + AY) + ER(Axy),
where
AT = E[Dyin (X)) + h™ V(i) TAXG,
Ay = S BV () + (o — H)())2)]
A% = wen B[O, Vyin ()T H (X1,

1
Al = SB[y ()

17



Using (3.1) we can simplify
AV =E[E(Bwen(x3) + Ven () wnn 2 (1) X)) = 0,
and further
A5 = E V() + 2) (D)
Moreover, for k € {0,...,3} and #8 =3 — k,
ER*(Axy)" = W02~ () " EH (x;,)” = O(K?),
since |us| <1 and

E(|H (xk)?)/#8 Shs%pn | H(x")*
(0,

#6,| T |

#@LZJ)

by Lemma 2.2. Since 0F92~*y € G([0,T] x R?) for all k € {0,1,2}, the
remainder satisfies ER"(Ax") = O(h3). Therefore, there exists a function
C € G(RY) with

<l (1+ s 10

<c(1+ |xol),

Eg(X7n) — 9(X1) =Eyr(X7t/n) — Eyo(xo)

T
Iy

= Eygerin(Xie1) — Eyrn(Xh)

=h*Y  Epwm () + O(h?),

for all h € H. O

The bound on the function ¢ in Lemma 3.1 only depends on the growth
of g and its derivatives as well as H and ¥. We use this fact in the next step,
where we apply Lemma 3.1 to the family of functions (@,n)n>0ne-

For all n > 1 and h € ‘H define ,(h) as the real such that

n—1

Epnn(x) = €an(X0n) = h* Y Btbnn (x3) + h€n(h) (3:2)

k=0

18



with

() ::%uf (r(V22,,(2) (H2 + 5)(2)) + wdhV s (2) H (2)

1
+ 58,5225’15(.%'),
Zet =ps(XD).
Now choose a constant B € [0, 00) such that for all n and h we have

[En(h)] < B. (3-3)

We this estimate we can bound the differences of the form Eg,;(x") —
Qpnh(th)'

Lemma 3.2. There exists a constant C > 0 such that

=N

—1
IEonn(X2) — 0un(Xon)| < C

S
I
o

forall h € H.
Proof. By (3.2) and (3.3)

-1 -1 n—1

h h

D [Eeun(xn) = ean(Xan)| <B* D Y Elthanin(xi)| + Bh
n=0 n=0 k=0

<C HrlLB]tCXEth,kh(XZ)L
for some C' > 0 and all h € (0, 1).

Because 9702 %y € G([0, T] xR?) for all k € {0,1,2}, g € G(RY), u € L™
and H,Y € G(RY) we have p € G([0,T] x R?). With Lemma 2.2,

j

for some C' > 0,x € N and all h € (0, 1). O

mé}cXE‘@bnh,kh(XZ” <l¢lg, <1 + sup ||(x")*
n, he(0,1)

<C(1+ |xol"),

Proof of Theorem 1.1. Let g € G*°(R%). Then Lemma 3.1 implies

\T/h|—~1
Eg(xXpyn) — 9(X7) =h > hEpan(xh) + O(h?),

n=0
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Using Lemma 3.2,

nl T 71
n=0 0 n=0
%_1 T
+ h(pnh(th> - / SDt(Xt) dt,
n=0 0
with
T _
h
Z E@nn(X") = @un(Xan)| <hC,
=0
%71 T
|h90nh(th> - / (Pt(Xt) dt| Shcl
n=0 0
Hence,
T
Bg(in) ~ 90Xr) =h | (X de+ O(12),
0
for all h € H. O

4 Proof of the first-order SDE approximation

The proof to Theorem 1.2 is somewhat analogous to the ODE case. The dif-
fusion coefficient makes the Feynman-Kac formula slightly more complicated,
but the proof works essentially the same way.

One notable difference however comes from the newly acquired depen-
dence of the solution X on h € H. This carries over to y and by extension
to the function

1 _ _ 1
P () =5t (Vg (@) P2 (2) + w0, V() L (2) + 508 (o).

Note the absence of the ¥ term compared to the ODE case. By using argu-
ments as in Section 3, we arrive at an approximation of the form

Eg(xtn) — Eg(XL) = h / Bl (XP) dt + O(h?). (4.1)

We then need to improve the estimate to
T
Bg(in) ~ Eg(XF) = [ ob(X0)dt + O(1%),
0
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This requires an additional estimation of the difference p(X[") — ©9(X?).
Let us be more specific now.

First, to deal with the dependence of the integral in (4.1) on h we extend
our definition of G. If we are given a family of functions

foIx[0,T] xR = R, (i,t,2) — fi(z)

and write f € G([0,7] x R?), then this implies the existence of a constant
C > 0 and x € N, such that

[fi (@) < C(A+ Jz["), (4.2)

for all z € R% ¢t € [0,T] and i € I. Usually, we have I = H or I = (0,1).
Again, we define [|g||, as the infimum of all C’s in (4.2). The notation
f € G=([0,T] x R?) is defined analogously. If we write f € G(R?) (e.g.)
without introducing f explicitly as a family, then we mean f: RY = R € G
as introduced before.

Now let g € G®(R?) and define, for all h € [0,1), t € [0,T] and z € R,

yi(z) = Eg(X7" (),

where X"!(x) denotes the solution of (1.9) on [t,T] with initial condition
X]"'(z) = z. Then y € G=([0,T] x R?), as defined in (4.2) with I = #, and
it satisfies the Feynman-Kac equation

Owye(x) + Vy! (z)u H(x) + %hu? tr(V2y,(2)2(z)) =0, yr(z) = g(z).

Given a family (f}*)re(0,1),1>0 of continuous-time stochastic processes (or merely
functions) we define for every h € (0, 1) the discrete-time process

rh h
f,n = nh,n € N.

From now on let x* and X" denote the solutions of (1.2) and (1.9), respec-
tively, with the same fixed initial condition yy € R? and h € H. Then we
have the following.

Lemma 4.1. We have

n—1

Eg(xX3/n) — Bg(Xh) = b > EOR(x}) + O(h?),
k=0

for all h € H, where ®" := ph.
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Proof. Follow the proof of Lemma 3.1. Setting Y := ¢, the Taylor expansion
of y gives us

EY{ (xp1) — EYR (X)) = hAY + W2 (AL + Al + Al + ERM(AX]),

as before, except with

_ 1
AL =@ O) + VY 00) T AXE + Shai, (VY ()2 0a)))
=0

by (4.3) and to compensate for the additional term
1 _
Ag = §UihE tr(V2Ykh(XZ)H2®(XZ)).

]

Again, we could have stated Lemma 4.1 with g depending on h and ¢, so we
may show the following.

Lemma 4.2. With the conditions as in Lemma 4.1 we have

T
Ty

> IERL(x;) — B (X))] < O(1)

forall H>h 0.

Our initial approximation follows just as in the ODE case, so we shall omit
the proof of the following lemma.

Lemma 4.3. For all g € G*®(R?) and h € H,

By~ EoCch) = h [ BN @00, ()

0

where
1 _ _ 1
Pl () =5 (V2 (@) 2% (2)) + O,V (o) H () + 508k (o).

Next we shall improve Inequality (4.4) in order to arrive at the inequality
in Theorem 1.2. An additional step compared to the ODE approximation is
then deriving an estimate of [E@(X/*) —ph(X?)| to get rid of the dependence
of the integral fOT [EQM(X[)|dt on h € (0,1). First, consider estimating the
difference 3" — 3 and its derivatives up to order 2.
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Lemma 4.4. Let y!'(z) = Eg(X}'(z)). Define the H-indexed family
d"(z) = M
h
Then d € G*([0,T] x RY).
Proof. For every s € [0,T] and h € H, such that 7 € Ny we have

T—s
I=sa

h,s h,s
|y2 - y2| S Z |]Ey2+(n+1)h(Xs+(n+1)h) - Ey2+nh(Xs+nh)|7

n=0

where this is meant as an inequality of functions on R?, the set of possible
initial values. To shorten notation, throughout this proof we omit the initial
value in X"*(x).

Set AP =y, (X/'5) — 9P (X[**). Since y° € G*([0,7] x R?), applying

Taylor’s theorem to it implies

S S S ]‘ S S
A =07 (XP)h + VY (XP)AXE" + o (V2] (X7 (AX)*)
+ PR (AX])

with some remainder term R : H x [0,7] x R* — R € G([0,T] x R?) and
AX]* = ijh — X/"*. By the Feynman-Kac formula (4.3),
EA! =E[Vy} (X;")(AX}"" — hu H(X[™))]
1
+ LBV (AXDE - RSO+ ER}(AX]).

With an It6-Taylor expansion (e.g. by using Lemma 5.1 below) we see that
there exists a C' € G(R?) with

IE(AX" — hu, H(X]"*))| <Ch?,
IE((AX}"*)*® — R2uS(X[]""))| <Ch?,

for all h € (0,1) and s,t € [0,7] with s < ¢. Since Vy° and V%" are
bounded, uniformly in space and time, we conclude

T
|y;‘ — y2| < EChZ < TCh,

for some C' € G(R?), all h € H and s € [0,T] such that + € Ny. For general
t € [0,7] with nh <t < (n + 1)h a Taylor approximation yields

[ = yun| < (t = nh)|Oy| + PR
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for some remainder R € G([0,T] x RY). Since d,y € G([0,T] x R?) and
(t — nh) < h we conclude the existence of a C' € G(R?) with

[ = yonl < Ch,
for all h € H. A similar argument applies to the difference y) — 3°,. Hence,
e = 2| < 1yt — yonl + [Ynn — Yol + lymn — 92| < Ch,

for some C' € G(R?), all h € H and t € [0,T).
Now, consider partial derivatives of y. For j € {1,...,d} define

wy(z,y) = E[Vg(X7' ()70, X7" (2, y)],

where the derivative Y, := 9; X" (x, y) satisfies the SDE

dY, = u, VH(X" (2))Y, dr + u,VhV\/ (X (2))Y, dW,,

with initial condition Y; = y and

(VVE(2)y)i; = Z 9i\/ 2() j kY

for all x,y € R? and i,j € {1,...,d}. Note that w"(z,1) = 9;y"(x). The
Feynman-Kac equation applies to the system (X! 9;X™') giving us

0 =0 (2, y) + uiV w2, y) H ) + Vyul (2, y)yd; H(x)
1

T2

hug tr (V2w (z,y)S(z,y)),

with

Sa.9) ::( S@) o VE@VEE )
’ VVE@yyE()  (VVE@)y)(VyE(@)y)”

Similarly to the above argument, using Taylor’s theorem we can show

1
Z HE’Ew?-i-(n—i-l)h(X[L-i-(n-i-l)h(x)7 anlgl-i-(n—&-l)h(a:a 1)) (45)
- Ew?Jrnh(XzLJrnh(I)? anZLJrnh(I? 1))| S G(Rd) (46)

and conclude, using a telescoping sum,
1
EW;‘?J? — 99/ € G(R?).
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By differentiating the process X once more, an analogous argument works
for any second space-derivative to prove

10i5 — O3] € GRS,
with 4,5 € {1,...,d}. Then use the Feynman-Kac equation for y to conclude
Lo — Bt € GRY),
We can then do essentially the same for 9,0,y with j € {1,...,d} and 9}y. O
Consider the linear operator
F:G*[0,T] x R — G([0,T] x RY)
given by

Fuf (@) 1= Su () FP2(2) + wdfV (@) A () + 308 fla),

We have already seen it in action. Notice for example that ¢'(z) = Fy"(z)
for all t € [0,7] and x € R% In the next lemma we consider spaces of the
form

GL([0,T] x RY) = {f € C'([0, T} x RY) : |07 0uf|;, < 00,k <1|a] <1—k}.
This is a Banach space when equipped with the norm

l
Ifllgy == > [|0F0af|

k=0 |o|<I—k

Gk’

This works regardless of whether we consider functions f : [0,7] x R — R
or families of function, such as f : H x [0,7] x R? — R with polynomial
growth uniformly in # and [0, 7]. Of course, by construction

G'([0,T] x RY) = | ] GL([0,T] x RY).

kENp

Lemma 4.5. Let k € Ny. The function
F :GA([0,T] x RY) — G,i2([0,T] x RY)
with
1 _ _ 1
Fif(zx) = éuf tr[V2 fi(x) H*® ()] + w0,V fo(x)T H () + 583]%(:6).

is a continuous linear operator. The statement applies for spaces of families
of functions as well (cf. (4.2)).
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Proof. The linearity of F is trivial. Now, given f € G2([0,7] x R%) we have

9 : . -
F Fllgy s <5 Ml > 0usf g, || Hill g |12l
1,5

_ 1
llg, + 51527,

d
+3lulle Y 180 g,

=1

From this we can see that || F f||, |, < 00, so F is well-defined. Furthermore,
the bound on [[F ||, ,, is a scalar multiple of the norm on G%([0,77] x R%)
proving the continuity. O

Corollary 4.6. There exists a function C € G(R?), such that
i () = ¢} ()] < hC/(2),
for allt € [0,T),z € R? and h € H. Consequently,
[Epr (Xy') — Epy(Xy)| € O(h) (4.7)
for allt € [0,T] and h € H.
Proof. With d defined as in Lemma 4.4 we have

" — ¥ = hFd.

Now apply Lemma 4.4 and the fact that F maps into G([0,7] x RY). With
this Inequality (4.7) follows from Theorem 6.1. O

Lemma 4.7. We have
[Ep (X]) — @) (X7)] € O(h) (4.8)
for allt € [0,T) and h € H.

Proof. If we replace x! by X " in Lemma 3.1 and its extension in (3.2),

then the proof proceeds the same way. We use the Ito-Taylor approxima-
tion Lemma 5.1 to calculate E(AX"|X") and E((AX")*®|X"), and estimate

HXhH using Theorem 6.1.
#B

This lets us derive the expression

n—1
B0, (X0) — o0, (X0,) = h° ZE‘I’Zk<XZ) + O(h?),

k=0

26



where
Ul () = Fin (B, (X15) ().

and we consider X as a random field with variable initial value z € R<.
Then the H x [0,T]-indexed family v/ (z) := E@2(X™*(x)) satisfies v €
G>=([0,T] x RY) by an extension of Remark 2.4. So Lemma 4.5 implies

U5 1 (@)] = [(Fit™"") ()] < C 1+ |2]"),

for some C' > 0 and k € N. Now consider an arbitrary ¢t € [0,7] with
nh <t < (n+ 1)h. Then Taylor’s theorem, the Cauchy-Schwarz inequality
and the fact that (¢t —nh) < h imply

[E@f (X]') — Egn, (X0 <h|EDY, (X1)] + HVW?m(XZh)H2 HAX:LLhHQ
+O(1?),
with some remainder R € G([0,T] x R%). So,
[E? (X1') — Egp, (Xl € O(h)

for all h € H by Lemma 2.5, Theorem 6.1 and since ¢° € G([0,T] x R?).
Similarly
|20 (X7) — onn(Xan)| € O(h),
for all h € H. Hence,
[EQ?(Xy) — of (XD)] <[Ef(XP) — Eh, (X))
+ [Eppn(X7) — onn(Xon)|
+ 167 (X7) = @nn (X))
€O(h)

for all t € [0,T] and h € H. O

Proof of Theorem 1.2. Combining inequalities (4.7) and (4.8) gives us
[Egy (X7') — ot (X)) <[Bep (X7) — By (X7)] + [Ee) (X7) — o (X7)]
€O(h)

for all h € H. We conclude with the help of (4.4),

T

Eg(xn) — Eg(X2) = h / S(X0)dt + O(h?).
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5 Proof of the second-order SDE approxima-
tion

In this section the solution to an SDE X depends on both the time ¢ € [0, T
as well as the initial value x € R%. For example given functions f;, fo : R —
R and t € [0, 7] the equation

fi = fa(Xy)

means
fi(z) = fo(Xi(2)),
for all x € R, and similarly for the SGD iterations x".

Lemma 5.1. Let °,b',0 € G1(]0,00) x R%) N G>([0,00) x RY), such that
b0, bt are Re-valued and o is R4 valued. Let h € (0,1),n € N and consider
the stochastic differential equation

dX, = (b2 + b)) (XY dt + Vho (X! dW,, X, = =,
with t € [nh, (n+ 1)h]. Then there exists a function C € G(R?), such that
- 1 .
BAXE" <1, + L, + (V00 + 1) + HC
E(AX]")?® =h* (1°)** + 070) , + hC,
for all h € (0,1).

Proof. For any multi-index « define

d
me(2) == (z —x)* H — ;)20

7=1
Then for any other multi-index /3,
d B()
Opmia(z H H —k+1)(z —2)*F 2 e RY,
Jj=1k=1

where it is understood that y*~# = 0 if a(j) < 8(j) for any j € {1,...,d}.
Further, (AX"m) = 7710[(X(’;h+1 ). Write

Ax =0, + -AX,O + h.AX,l
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with

1
Axog = (0 +h")'Vg, Ax 19 = 3 tr(c’ o V?g).

Denote by A% the i-th fold iteration of Ax and observe that Axg already
depends on time even if g does not. An It6-Taylor expansion implies (cf.
Theorem 6.3)

2 op (k+1)h
— Z ﬁAmea (nh, z) / / / EAYm, (u, X,,) dudsdt.
i=1 nh Jnh

We have

Ax(my)(nh, x) =Axo(m;)
:b?zh(x)j + hb}lh(x)]'
A% (my)(nh, z) =(A% o + Ax1Ax0 + O Ax ) (m;) (nh, )
=(Vb°0° + (V' + Vb'0°) + h2Vb'0') . (2);
+ %h tr(V200" 0 ) () + %hZ tr(V2bio"o)(x)
+ by () + by, (),

where V?g; is simply the Hessian of g; : R — R. Therefore,

1
Z s () =ty (o) + 1 (8 + S0+ 58 ) (0
+ h*C(x),
for some C' € G(R?). By Lemma 6.4, A%m; € G([0, 7] xR?) and by Theorem

6.1 we have

[[(Axm;(s, X))||, < CA+1X]"]) < CA+ |2]7),

(k+1)h
/ / C(z)dudsdt
nh Jnh

=h3C'(x),

for some constant C' > 0. Hence,

(k+1)h

E.A m;(u, Xy,) dudsdt
h

nh Jn

with C,C" € G(R?), and so

EAX", =ht?, + - h2 <2b}m (Vbobo)nh+l52h>+h3(](m),
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for some C' € G(R?).
Now, let us consider a multi-index o = {j1,72}. Writing fun(x)s =

[fan(®)]5, 5, and (fa)nn(®) = (fi1.42)un (), We have
Ax(my)(nh,z) =Ax1(nh, m,) = %h(UTU)nh(SC)a

A% (mg)(nh, ) :(.A_%(,O + AxoAx1 + Agﬂ + Ot Ax 1)(my)(nh, x)
=(B°(°)" 4+ BB (") + b (B7)T) + B2 (B") T ) (2)a

d d
1 0 T 2 1 T
+§ <h;blﬁl(a 0)a+h ;19131(0 U)a) (x)

nh

1
+ ZhQ tr(V2(0'0) 0o o) ()

1
+ §hat(0T0)nh(x)a,

where V(o7 0), is the Hessian of (¢70) and so again using Lemma 6.4,

Ji.J2»
E(AX})® =h* ((1°)** +0"0) . +h°C,
for some C' € G(R?). O

Remark 5.2. With Lemma 5.1 and 2.1 we may compare SGD with the
solution of the family of SDE’s
dXP = () + Wb} (XY dt + Vho(XPYaw,, XD, =z,

n

with the choice 77,}; = Ry,
EAX} — EAX""™ =h(unH —b2,) + %lf(%;h + (VOOB0),, + B2, + H3C,
E(Ax!)?® — E(AXZ’”)ZX) =R} (2% — oo + ulH?® — (b°)*®),, + h*C.
This gives us an idea of how to choose the coefficients 0°,b! and o, which is
W, b= _% (VA + i), o= uVE.
Note that the conditions
H,VY € Gi(RY, H,S € G*(RY),u € C=(]0,1] x [0,T])

are enough to satisfy the assumptions of Lemma 5.1 for all h € (0,1) and

nel{0,...,|T/h]}. &
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We are finally ready to prove Theorem 1.3.
Proof of the Main Theorem 1.3. By Rem. 5.2

[E(AXL™)® — E(AX]™)*| < h°C,
for #a < 2 and by Lemma 2.2 and 2.5
n||3 n 3
v flaxtel < wec

for all n € N,k € (0,1) and some C € G(R?). Therefore, given any g €
G>=(R?), by Proposition 2.6 with I = {(i + 1,n) € N> : i < n},

h.k h,kh
)Eg'P/?—l—l,n(XkJrl) - Eg'P£+1,n(X(k+1)h)) S h,SC

for some C' € G(R?), where P" are transition kernels of (X, ),en,. Then, by
Proposition 2.7 together with Lemma 2.2 and Proposition 2.3,

mae | [Eg(X) ~ Ey(xh)| <I°C
ne{0,..., LT/hJ}| g( nh) g(X )|_

for some C' € G(R?) and all h € (0,1). O

Remark 5.3. We can improve Theorem 1.3 to include random initial values.
Let £ € L? be independent of v and the filtration F. Then,

s B0 (€) — Eg(X, ()
[E(Eg(xi(2)) — Eg(Xnm (@))€ = )]

= max
nef{0,...,|T/h]}

= (ne{orfli}%/m} [Eg(xn () = Eg(Xp(2))] ¢ = x)

for all z € R and h € (0,1) and some C' € G(R?). O

6 Appendix

Theorem 6.1. Let b,o € G1([0,T] x R%) N Lip, such that b is R%-valued
and o is R™yalued. Then, for every p > 2,7 > 0 and random field
@ QA x[0,T] x RT = R with [|p*||,; < oo, the stochastic differential
equation

dXt == bt(Xt) dt + O't(Xt) th, X() =
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admits a unique® solution X on [0,T], such that the family of solutions
X = (Xi)i>0 satisfies || X, < oo and

X,z < T+ le*ll,2)-

The same bound holds if we consider I-indexed families b,o,¢ and X for
some index set I.

Proof. This essentially a standard result, cf. [7] Theorem 3.1 and 3.2 for
example. The extension to an index set I and from an initial value z € R¢
to a process ¢ is discussed in [9] Theorem 18 and 19. O

A (unordered) multi-index o C {1,...,d} is a multi-subset of {1,...,d},
i.e. a function « : {1,...,d} — Ny. The size #« of « is given by

#ai=3 alj).

Every subset A C {1,...,d} becomes a multi-set by identifying it with its
indicator function. Given multi-indices o and 5 we write o < S if a(j) < 5(5)
for all j € {1,...,d} and in that case the multi-index 5 — « is well defined
by component-wise. Further, write j € « if {j} < a and set a —j := a —{j}
in that case.

If a function f : R? — R is I-times continuously differentiable, then by
Schwarz’s theorem the partial derivative with respect to a multi-index a with
#a < [ is well-defined recursively by

Oaf = 0;00—if,00f = f.
where j is any j € {1,...,d} with j € a. Given x € R% and multi-index «

we define
% = H x?(j).

J=1

Theorem 6.2. Let | € N,p > 1 and b0 € G1([0,T] x R%) N Lip', such that
b is Ri-valued and o is R -valued. Let v € R% s € [0,T] and X be the
unique solution to the family of stochastic differential equations

dXt = bt(Xt) dt -+ Ut(Xt) th, Xs = X.

50f course, we mean unique up to indistinguishability.
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Then X is l-times continuously differentiable w.r.t. x at any (t,x) € [s,T] X
R?, a.s. and for every multi-index o with 0 < #a < I, 0,X satisfies the
stochastic differential equation

t t
0u Xt = Vo + / Vb, (Xy)0, X, du + / Vo, (Xy)0a Xy dW,,

s

where |[¢}]], € G(RY) for all p > 2. Moreover,
]E(aaXt> == QQ]E(Xt),

for allt > 0. Again, the results extend readily to I-indexed coefficients and
processes for some index set I.

Proof. For the proof cf. [7] Theorem 3.4. More specifically, for every [ € N,
assuming the result holds for all I’ < [ define

.....

where the last partial derivative is of the order [ — 1. Then Y satisfies the
stochastic differential equation

e ¢ Vb, (X,)0: X,
Y = ' + 1 + / (%) du
0 Vd....d Vi, (Xu) 04, aXu
ou(Xy)
t VO'U(XU>81XU
n / | aw,,
Vl_10u<Xu)8d ..... qu
where the processes 91, ..., 14, 4 consists of additional integrals fst du and

fst dW.,, of the remaining terms induced by repeated application of the chain

rule. The terms within fst du and f: dW, respectively are seen to be func-
tions of u and the state Y, satisfying the conditions of [7] Theorem 3.4. By
applying it again to the SDE governing Y the result follows via induction on
[. O

Given a set A the Kleene closure is the set of all A-tuples of arbitrary

length, i.e.
A= An

n>0
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where A° = {()}. We let |(ay,...,a,)| =n and |()] = 0 be the length of such
a tuple.

We care about the set of (ordered) multi-indices {0, ..., d}*, where R?
is the state space of W. As the same implies now (1,2) # (2,1) , unlike
the (unordered) multi-indices considered before. Given a multi-index a €
{0,...,d}* of length | = |a| > 0 we define the left- and right deletions

o = (Oél,...,Oélfl),iOéI (052,...,041) € {O,...,d}lil.

Let H0 be the set of all continuous stochastic processes and define
t
HO = (X e HO: / | Xs|ds < 00,a.s.,t >0},
0
t
HY = {X e HO / |X,|?ds < 00,a.s.,t > 0}.
0

Also for convenience set H) := HW for all j € {1,...,d}.

We let W02 = t,t > 0. Given a progressively measurable stochastic process
X :Qx[0,00) = R and a € {0,...d}* with [ = |a| we define the multiple
Ito integral

] [E[EXawe awe,  |a| > 0,

as long as X € H®, where the latter is the case exactly when

. t
/ X dWe = (/ XdW“‘) e M,
s s t>0

Further, given f € C*2([0,00) x R?) define

Axf =Lf ::g—{ + Vb + %tr(VQfaaT),

d
Lf =] Vf=Y 0p;0ufjc{l....d}.

k=1

For any « € {0,...,d}* set

a(0) == #{j : o; = 0}.
Given f € C0):2(al=a0) ([0, 00) x R?) we define the Ité coefficient function

ap. )1 laf =0,
L= {ml(z‘af), la| > 0.
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Theorem 6.3. Let b,o € G1([0,T] x RY) NLip, such that b is R%-valued and
o is R™yalued, 0 < s <t < T,z € R? and let X be the unique solution to
the stochastic differential equation

dXt = bt<Xt) dt+0t(Xt) th, X() = T.
on [s,T]. Then given f € C*©:2(al=2O) ([0 00) x R?) we have
T T
fxn = 3 [ e xgave s 3 [ e x)awe,
la|<t”® |Bl=1+1"7

Further, applying expectation yields

! i
mAT ) =30 A6, X)

2!
=0
T Uy uy
+/ / / EAZ)—(Hf(Ul-i-laXqu)dUl—i-l-~-du1-

Proof. See [6] Theorem 5.5.1 (p. 182). All the iterated integrals are defined
since L*f (-, X.) € H* for all @ with |a| < [. As the hierarchical set choose
A :={a:|a| <1}. For the second statement note that

T Ul Uj—1 1 )
/ / / 1dui...du1:,—'(T—s)Z,
S S S 2

and that any integral fST dW* with a(0) < |a| has expectation zero. O

Lemma 6.4. Consider the stochastic differential equation
dX: = b(Xy) dt + o4(Xy) dWA,
where
b:[0,T] x R* - R% 5 :[0,T] x R* = R>? € G,([0,T] x R?) N Lip

and additionally

b,o € G'([0,T] x RY) N ([0, T] x RY).
Let f:[0,T] x R* = R € GY([0,T] x RY) N C"H[0,T] x RY). Then,

Lf € GEN YN0, T) x RY),

for all i € N with ¢ < % A1, where Ax is the infinitesimal generator of X.
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Proof. Suppose the statement holds for all ¢/ < i. Then A% f = Axg for
some g € CV=0=11=2-1)([0, T] x RY) with g € G"~20~D(R?). Then,

d
Ax,og _ Z bjgjg e GZ_QH_I(Rd),

j=1
d
Ax19=> (070);x0ikg € G (RY),

j7k

and 0,9 € CV~4=2+2([0, T] x R%). Combining all three statements yields the

result. Il
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