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CENTRAL LIMIT THEOREM FOR KERNEL ESTIMATOR OF INVARIANT
DENSITY IN BIFURCATING MARKOV CHAINS MODELS.

S. VALERE BITSEKI PENDA AND JEAN-FRANCOIS DELMAS

ABSTRACT. Bifurcating Markov chains (BMC) are Markov chains indexed by a full binary tree
representing the evolution of a trait along a population where each individual has two children.
Motivated by the functional estimation of the density of the invariant probability measure which
appears as the asymptotic distribution of the trait, we prove the consistence and the Gaussian
fluctuations for a kernel estimator of this density based on late generations. In this setting, it
is interesting to note that the distinction of the three regimes on the ergodic rate identified in
a previous work (for fluctuations of average over large generations) disappears. This result is a
first step to go beyond the threshold condition on the ergodic rate given in previous statistical
papers on functional estimation.

Keywords: Bifurcating Markov chains, bifurcating auto-regressive process, binary trees, fluc-
tuations for tree indexed Markov chain, density estimation.

Mathematics Subject Classification (2020): 62G05, 62F12, 60J05, 60F05, 60J80.

1. INTRODUCTION

Bifurcating Markov chains (BMC) are a class of stochastic processes indexed by regular binary
tree and which satisfy the branching Markov property (see below for a precise definition). This
model represents the evolution of a trait along a population where each individual has two chil-
dren. The recent study of BMC models was motivated by the understanding of the cell division
mechanism (where the trait of an individual is given by its growth rate). The first model of BMC,
named “symmetric” bifurcating auto-regressive process (BAR), see Section 3.2 for more details in
a Gaussian framework, were introduced by Cowan & Staudte [6] in order to analyze cell lineage
data. In [11], Guyon has studied more general asymmetric BMC to prove statistical evidence of
aging in Escherichia Coli. We refer to [2] for more detailed references on this subject. Recently,
several statistical works have been devoted to the estimation of cell division rates, see Doumic,
Hoffmann, Krell & Roberts [10], Bitseki, Hoffmann & Olivier [4] and Hoffmann & Marguet [13].
Moreover, another studies, such as Doumic, Escobedo & Tournus [9], can be generalized using the
BMC theory (we refer to the conclusion therein).

In this paper, our objective is to study the functional estimation of the density of the invariant
probability measure p associated to the BMC. For this purpose, we develop a kernel estimation in
the L?(p) framework under reasonable hypothesis (which are in particular satisfied by the Gaussian
symmetric BAR model from Section 3.2). This approach is in the spirit of the L?(u) approach
developed [1]. In BMC model, the evolution of the trait along the genealogy of an individual taken
at random is Markovian. Let us assume it is geometrically ergodic with rate o € (—1,1), with p is
its invariant measure. In [1], three regimes where identified for the rate of convergence of averages
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2 S. VALERE BITSEKI PENDA AND JEAN-FRANCOIS DELMAS

over large generations according to the ergodic rate of convergence o with respect to the threshold
1/4/2. It is interesting, and surprising as well, to note that the distinction of those three regimes
disappears for the rate of convergence when considering the kernel density estimation of the density
of p, see Theorem 3.6. However, let us mention that some further restriction on the admissible
bandwidths of the kernel estimator are to be taken into account in the super-critical regime (i.e.
a > 1/4/2), to be precise see Condition (14) which is in force for Theorem 3.6. Furthermore, we
get that estimations using different generations provide asymptotically independent fluctuations,
see Remark 3.9 (see also the form of the asymptotic variance in Theorem 3.17 and Remark 3.18 in
a more general framework); this phenomenon already appear in [7]. The convergence of the kernel
estimator in Theorem 3.6 relies on different type of assumptions:

e Geometric ergodic rate a € (0,1) of convergence for the evolution of the trait along the
genealogy of an individual taken at random, see Assumption 2.4.

e Regularity (density and integrability conditions) for the evolution kernel P and the initial
distribution of the BMC, see Assumptions 3.1, and 3.2. The former is in the spirit of [1]
(see Assumption 3.11 which is a consequence of Assumption 3.1 as proven in Section 4.1).

e Regularity (isotropic Holder regularity) of the density of p with respect to the Lebesgue
measure on S = R, see Assumption 3.4 (i).

e Regularity of the kernel function K and on the bandwidth given in Assumption 3.3 and
Assumption 3.4 (ii)-(iii).

e A condition on the bandwidth given in Equation (14) which add a further restriction only
in the super-critical regime o > 1/+/2.

Eventually, we present some simulations on the kernel estimation of the density of y. We note
that in statistical studies which have been done in [10, 4, 5], the ergodic rate of convergence is
assumed to be less than 1/2, which is strictly less than the threshold 1/+/2 for criticality. Moreover,
in the latter works, the authors are interested in the non-asymptotic analysis of the estimators.
Now, with the new perspective given by the present results, see in particular Remark 3.7, we think
that the works in [10, 4, 5] can be extended to the case where the ergodic rate of convergence
belongs to (1/2,1).

The paper is organized as follows. We introduce the BMC model in Section 2 as well as the L?
ergodic assumption. We define the kernel estimator and state the main results on the estimation of
the density of u, see Lemma 3.5 (consistency) and Theorem 3.6 (asymptotic normality), in Section
3.1. The proofs of those result rely on a general central limit theorem, see Theorem 3.17 in Section
3.4. In Section 3.2, we illustrate our results by studying the symmetric BAR, and we provide a
numerical study in Section 3.3. The Sections 4-7 are dedicated to the proofs of the main results.

2. BIFURCATING MARKOV CHAIN (BMC)

We denote by N the set of non-negative integers and N* = N\{0}. If (E, £) is a measurable space,
then B(E) (resp. By(E), resp. B (F)) denotes the set of (resp. bounded, resp. non-negative)
R-valued measurable functions defined on E. For f € B(E), we set || f |, = sup{|f(z)], = € E}.
For a finite measure A on (E, &) and f € B(E) we shall write (), f) for [ f(z)d\(z) whenever this
integral is well defined, and || f||;2(,) = (A, f?)Y/2. For n € N*, the product space E" is endowed
with the product o-field €®". If (E,d) is a metric space, then & will denote its Borel o-field and
the set Cp(E) (resp. C4(F)) denotes the set of bounded (resp. non-negative) R-valued continuous
functions defined on E.

Let (S,.7) be a measurable space. Let @) be a probability kernel on S x ., that is: Q(-, A) is
measurable for all A € ., and Q(z,-) is a probability measure on (S5,.7) for all x € S. For any
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f € By(S), we set for z € S:

(1) Q) () = /S £(8) Q. dy).

We define (Qf), or simply Qf, for f € B(S) as soon as the integral (1) is well defined, and we
have Qf € B(S). For n € N, we denote by Q™ the n-th iterate of Q defined by Q° = I, the identity
map on B(S), and Q"1 f = Q"(Qf) for f € By(9).

Let P be a probability kernel on S x .®2 that is: P(-, A) is measurable for all A € .%2 and
P(z,-) is a probability measure on (S2%,.%2) for all x € S. For any g € B,(S®) and h € By(S5?),
we set for z € S:

@ (Po@ = [ oe.2) Pladyds) and (Ph) = [ hiy.2) Pla.dy.do)
We define (Pg) (resp. (Ph)), or simply Pg for g € B(S?) (resp. Ph for h € B(S?)), as soon as the
corresponding integral (2) is well defined, and we have that Pg and Ph belong to B(S).

We now introduce some notations related to the regular binary tree. We set Top = Go = {0},
Gr = {0,1}* and T}, = Uogrgk G, for k € N*, and T = |J,.cyy G. The set Gy, corresponds to the
k-th generation, Ty to the tree up to the k-th generation, and T the complete binary tree. For
i € T, we denote by |i| the generation of ¢ (|¢{| = k if and only if ¢ € Gy) and A = {ij;j € A}
for A C T, where ij is the concatenation of the two sequences i,j € T, with the convention that
0i = i) = 1.

We recall the definition of bifurcating Markov chain from [11].

Definition 2.1. We say a stochastic process indexed by T, X = (X;,i € T), is a bifurcating Markov
chain (BMC) on a measurable space (S,.#) with initial probability distribution v on (S,.”) and
probability kernel P on S x .72 if:
- (Initial distribution.) The random variable Xy is distributed as v.
- (Branching Markov property.) For any sequence (g;,i € T) of functions belonging to
By(S3), we have for all k > 0,

B[ T 9:(X: Xio, Xoo)lo (X535 € Tw)| = ] Pai(X0).
i€Gy i€Gy
Let X = (X;,i € T) be a BMC on a measurable space (.S, .%) with initial probability distribution
v and probability kernel P. We define three probability kernels Py, P, and Q on S X .¥ by:
1
Py(z,A) =P(x,AxS), P(x,A)=P(x,SxA) for(z,A)eSx. and Q= i(PO + Pp).

Notice that Py (resp. Py) is the restriction of the first (resp. second) marginal of P to S. Following
[11], we introduce an auxiliary Markov chain Y = (Y,,,n € N) on (5,.%) with Y, distributed as
Xy and transition kernel Q. The distribution of Y;, corresponds to the distribution of X, where
I is chosen independently from X and uniformly at random in generation G,,. We shall write E,,
when Xy = x (i.e. the initial distribution v is the Dirac mass at x € 5).

Remark 2.2. By convention, for f, g € B(S), we define the function f®g € B(S?) by (f®g)(z,y) =
f(z)g(y) for z,y € S and introduce the notations:

foumg=3(f@g+90f) md [&'=[oF
Notice that P(g ®sym 1) = Q(g) for g € B4(S). For f € B(S), as f @ f < f? Qgym 1, we get:
3) P(fe*) = P(f @ f) < P(f* ®yym 1) = Q(f?).
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Remark 2.3. If the Markov chain Y is ergodic and if p denotes its unique invariant probability
measure, then Guyon proves in [11] that, when S is a metric space, for all f € C;(5),

|A, |~ Z f(Xyu) —— (u, f) in probability, where A,, € {G,,,T,}.
n—oo
u€A,
One can then see that the study of BMC is strongly related to the knowledge of 1. However, when
it exists, the invariant probability p is generally not known. The aim of this article is then to
estimate p and study, under appropriate hypotheses, the fluctuations of the estimators of .

We consider the following ergodic properties of Q, which in particular implies that y is indeed the
unique invariant probability measure for Q. We refer to [8] Section 22 for a detailed account on
L?(p)-ergodicity (and in particular Definition 22.2.2 on exponentially convergent Markov kernel).

Assumption 2.4 (Geometric ergodicity). The Markov kernel Q has an (unique) invariant prob-
ability measure p, and Q is L?(u) exponentially convergent, that is there exists a € (0,1) and M
finite such that for all f € L?(u):

(4) 19" F = (s F) L2y < Ma™ [ fll 2y for alln € N.
Remark 2.5. By Cauchy-Schwartz we have for f,g € L?(u):
(5) P(f@g)l? <P(f7@1)P(1®g%) <49(f*) Ag®),
(6) (b POf@9)) <20 f 2y 19llp2u) -

3. MAIN RESULT

3.1. Kernel estimator of the density p. The purpose of this Section is to study asymptotic
normality of kernel estimators for the density of the stationary measure of a BMC. Assume that
S = R?, with d > 1, and that the invariant measure u of the transition kernel Q exists is unique
and has a density, still denoted by p, with respect to the Lebesgue measure. Our aim is to estimate
the density p from the observation of the population over the n-th generation G,, of over T,,, that
is up to generation n. For that purpose, assume we observe X" = (X, )yca, , where A,, € {G,,, T, }
i.e. we have 2"+t —1 (or 2") random variables with value in S. We consider an integrable kernel
function K € B(S) such that [¢ K(z)dxr =1 and a sequence of positive bandwidths (h,,n € N)
which converges to 0 as n goes to mﬁmty. Then, we can define the estimation of the density of u
at x € S over individuals A,, € {T,,, G, } with kernel K and bandwidth (h,,n € N) as:

(7) ﬁA,L (.’1?) = |An|_1h;d/2 Z Khn (3j - Xu)a
UEA,

where for h > 0 the rescaled kernel function K, is given for y € S by:
Kn(y) = h™"2K(h ™1 y).
Those statistics are strongly inspired from [14, 16, 17]. For h > 0 and u € T, we set:

Kpxp(z) =E,[Kp(z — X /Khx— (y) dy.

We have the following bias-variance type decomposition of the estimator fia, (x):

(8) L, (z) — p(x) = Bn, (x) + Vi, n, (2),
where for A > 0 and A C T finite:

Bi(z) = b~ 2Ky, » p(w) — p(x) and  Vip(z) = A2y (Kh(x ~X,) — K * ,u(a:)).
u€A
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Our aim is to study the convergence and the asymptotic normality of the estimator fia, (z) of
w(z). This relies on a series of assumption on the model, that is on P, Q and u, and on the kernel
function K as well as the bandwidth (h,,n € N).

We first state a series of assumption of the density of the kernel P and the initial distribution v
with respect to the invariant measure.

Assumption 3.1 (Regularity of P and vg). We assume that:
(i) There exists an invariant probability measure p of Q and the transition kernel P has a
density, denoted by p, with respect to the measure u®?, that is, for all x € S
P(z,dy,dz) = p(x,y, z) p(dy)p(dz).
(ii) The following function b defined on S belongs to L*(u), where:

(9) b(x) ( / q(x,y)zu(dy)>1/2,

with q(z,y) = 27" [o(p(z,y, 2) + p(x, 2,y)) p(dz), the density of Q with respect to .
(iii) There exists ky > 1 such that b, € L°(u), where for k € N*:

by = Q" 'h.

(iv) There exists ko € N, such that the probability measure vQ* has a bounded density, say vy,
with respect to :

v (dy) = vo(y)u(dy) and |l < +oc.

On one hand, Conditions (i), (ii) and (iv) can be seen as standard L? condition for ergodic
Markov chains. On the other hand, even in the simpler symmetric BAR model presented in
Section 3.2, it may happens that h has no finite higher moments (which are used in the proof of
the asymptotic normality to check Lindeberg’s condition using a fourth moment condition, see also
Assumption 3.11). This motivated the introduction of Condition (iii).

Then, we consider the real valued case, and assume further integrability condition on the density
of P and Q, and the existence of the density of u with respect to the Lebesgue measure.

Assumption 3.2 (Regularity of x and integrability conditions). Let S = R? with d > 1. Assume
that Assumption 3.1 (i) holds.

(i) The invariant measure u of the transition kernel Q has a density, still denoted by p, with
respect to the Lebesgue measure.
(ii) The following constants are finite:

(10) Co = sup (1(x) + q(z, y)p(y)),

(11) C1 = sup / da p(x)u(y)u(z)p(e, y, 2),
y,z€R JRR4

(12) o= [ depe) sup( dyu<y>h<y>u<z>(p<x,y,z)+p<x,z,y>)) |
R4 zER4 R4

Following [15, Theorem 1A] (which we consider in dimension d, see Lemma 4.1 below), we shall
consider the following assumptions. For g € B(R%), we set lgll, = (S5 lgy)P dy)*/P. Then, we
consider condition of the kernel function.

Assumption 3.3 (Regularity of the kernel function and the bandwidths). Let S = R? with d > 1.
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(i) The kernel function K € B(S) satisfies:

(13) K|y < oo, || K, <400, || K, < 400, /K(m) dr=1 and lim |z|K(z)=0.
s

|| —+o0
(i1) There exists v € (0,1/d) such that the bandwidths (h,,n € N) are defined by h,, = 27"7.

The following regularity assumptions on u, the kernel function K and the bandwidth sequence
(hn,n € N) will be useful to control de biais term in (8). We follow Tsybakov [18], chapter 1. For
s € Ry, let | s| denote its integer part, that is the only integer n € N such that n < s <n+1 and
set {s} = s — |s] its fractional part.

Assumption 3.4 (Further regularity on the density u, the kernel function and the bandwidths).
Suppose that there exists an invariant probability measure p of Q and that Assumptions 3.2 (i) and
3.3 hold. We assume there exists s > 0 such that the following holds:

(i) The density ;i belongs to the (isotropic) Hélder class of order (s,...,s) € R%:
The density p admits partial derivatives with respect to x;, for all j € {1,...d}, up to the
order |s| and there exists a finite constant L > 0 such that for all x = (x1,...,14), € RY,
teRandje{l,...,d}:

obsly obslp

OV S e
8xJLSJ ! 8xJLSJ

()] < Llay —t]©,

where (z_;,t) denotes the vector x where we have replaced the jth coordinate x; by t, with
the convention 3°1/dx9 = p.

(ii) The kernel K is of order (|s],...,|s]) € N%: We have [, |z|*K(z)dz < oo and
foé?K(z)dxj =0foralke{l,...,|s]} and j € {1,...,d}.

(iii) Bandwidth control: The bandwidths (hy,,n € N) satisfy lim,,_, |G, | h25+4 = 0, that is
v >1/(2s+d).

Notice that Assumption 3.4-(i) implies that p is at least Holder continuous as s > 0.

First, we have the following result which provides the consistency of the estimator fi, (z) for z
in the set of continuity of u. Its proof is given in Section 4.2.

Lemma 3.5 (Convergence of the kernel density estimator). Let X be a BMC with kernel P
and initial distribution v, K a kernel function and (hp,n € N) a bandwidth sequence such that
Assumptions 2.4 (on the geometric ergodicity), 3.1 (on the regularity of P and of v), Assumptions
3.2 (on the density of u and P), Assumptions 3.8 (on the kernel function K and the bandwidths
(hn,n € N)), and Assumptions 3.4 (on the density p, K and (hyp,n € N)) are in force.

Furthermore, if the ergodic rate of convergence o (given in Assumption 2.4) is such that o >
1/3/2, then assume that the bandwidth rate v (given in Assumption 3.3 (ii)) is such that:

(14) 21 > 202,
Then, for x in the set of continuity of p and A, € {G,, Ty}, we have the following convergence in
probability:

lim fis, () = ().

n—oo

We now study the asymptotic normality of the density kernel estimator. The proof of the next
theorem is given in Section 4.3.
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Theorem 3.6 (Asymptotic normality of the kernel density estimator). Under the hypothesis of
Lemma 3.5, we have the following convergence in distribution for x in the set of continuity of u
and A, € {G,, T, }:

1/23,d/2 (7 (d)
(15) |An[=hy = (s, (7) — p(2)) —— G,

n—o0
. . . . . 2
where G is a centered Gaussian real-valued random variable with variance || K ||5 p(z).

Remark 3.7. The bandwidth must be a function of the geometric ergodic rate of convergence via
the relation 27 > 2a? given in Equation (14). Notice this condition is automatically satisfied in
the critical and sub-critical case (o < 1/4/2) as v > 0. In the super-critical case (a > 1/+/2), the
geometric rate of convergence « could be interpreted as a regularity parameter for the bandwidth
selection problems of the estimation of u(x), just like the regularity of the unknown function p.
With this new perspective, we think that the results in [5] could be extended to v € (1/2,1) by
studying an adaptive procedure with respect to the unknown geometric rate of convergence a.

Remark 3.8. We stress that the asymptotic variance is the same for A, = G,, and A,, = T,,. This
is a consequence of the structure of the asymptotic variance o2 in (24) and (33), and the fact that
lim, 00 |Th|/|Gr| = 2.

Remark 3.9. Using the structure of the asymptotic variance o2 in (24) (see also Remark 3.18 or

consider also the functions f;, = g”hnift given by (32) in the proofs of Lemma 3.5 and Theorem 4.3),

d/2 j~

it is easy to deduce that the estimators |G,_.|*/2h ", (i, ,(7) — p(z)) are asymptotically inde-

pendent for £ € {0,...,k} for any k € N.
3.2. Application to the study of symmetric BAR.

3.2.1. The model. We consider a particular case from [6] of the real-valued bifurcating autoregres-
sive process (BAR), see also [1, Section 4]. More precisely, let a € (—1,1). We consider the process
X = (Xy,ueT)on S =R where for all u € T:

XuO = aXu + €wo0,
Xu1 = aXy + €ut,

with ((ey0,€u1), v € T) an independent sequence of bivariate Gaussian N(0,T') random vectors
independent of X with covariance matrix, with ¢ > 0:

o 0
F_<0 (72)'

Then the process X = (X,,u € T) is a BMC with transition probability P given by:

P(z,dy,dz) =

! 5 exp (— (y = az)” + (2 = az) ) dydz = 9z, dy)Q(x, dz),

2o 202
where the transition kernel Q of the auxiliary Markov chain is defined by:

exp (_M> dy.

202

Uz, dy) = 7—;

We have Qf (z) = E[f(axz + 0G)] and more generally:

(16) Q"f(zx) =E {f (a"m +4v1—a?" O'aG):| ,
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where G is a standard N(0,1) Gaussian random variable and ¢, = o(1 — a?)~'/2. The kernel Q
admits a unique invariant probability measure p, which is N(0, 02) and whose density, still denoted
by u, with respect to the Lebesgue measure is given by:

V1-—a? 1 —a?)a?
(1) () = Y= ey (L2
V21o? 20
The density p (resp. q) of the kernel P (resp. Q) with respect to u®? (resp. u) are given by:
(18) p(z,y,2) = q(z,y)q(z, 2)
and
2 2y,2
q(;z:, y) — 1 exp ([ — (y — a‘r) + (1 —a )y _ 1 e*(a2y2+a2x272azy)/252 '
Vi-a? 202 202 V1—a?

In particular, we have:

w(@) q(z,y) = \/2;7 exp (W) .

3.2.2. Regularity of the model, and verification of the Assumptions. We first check that Assumption
2.4 on the geometric ergodicity holds. Since ¢ is symmetric, the operator Q (in L? (1)) is a symmetric
integral Hilbert-Schmidt operator. Furthermore its eigenvalues are given by 0,(Q) = (a”,n € N),
with their algebraic multiplicity being one. So Assumption 2.4 holds with a = |a| as a € (—1,1).

We check Assumption 3.1 on the regularity of P and vy. Condition (i) therein holds thanks to
(18). Recall b defined in (9). It is not difficult to check that for z € R:

2 2y .2
_ 4\—1/4 a*(1—a®)
(19) bo) = (1) e (T ).
and thus h € L?(p) (that is [, q(z,y)? p(z)u(y) dedy < +00). Thus Condition (i) holds.
We now consider Condition (iii), that is by = Q¥~'h belongs to L%(u) for some k& > 1. We
deduce from (16) and (19) that there exists a finite constant C}, such that:
2k .2

Akl B a*"x
be(z) = Q" "h(z) = Crexp <2Ug(1—|—a2k)> .
So we deduce that by belongs to L®(y) if and only if a?* < 1/5, which is satisfied for k large enough
as a € (—1,1). Thus, Condition (iii) holds.

Remark 3.10. As we shall see, Assumption 3.1 (iii) (the 6th moment of hj being finite for some
k € N*) is used to check (21) and (22) from Assumption 3.11, see Section 3.4. So one could ask if
those two inequalities could hold without Condition (iii). In fact, using elementary computations,
it is possible to check the following. For k; = 1, (21) holds for |a| < 3='/* and (22) also holds for
la| <0.724 (but (22) fails for |a| > 0.725). (Notice that 271/2 < 0.724 < 371/4)) For k; = 2, (21)
holds for |a| < 371/6 and (22) also holds for |a] < 0.794 (but (22) fails for |a| > 0.795). So we
see that checking (21) and (22) is rather tricky. This motivated the introduction of the stronger
Condition (iii) from Assumption 3.1.

We now comment on Condition (iv) from Assumption 3.1. Notice that »Q¥ is the probability
distribution of a*Xy + 0,V1 — a?* G, with G a N(0,1) random variable independent of Xy. So
Condition (iv) holds in particular if v has compact support (with kg = 1) or if v has a density with
respect to the Lebesgue measure, which we still denote by v, such that ||dv/dp||, is finite (with
ko = 0). Notice that if v is the Gaussian probability distribution of N(mg, p2), then Condition (iv)
holds if and only if pg < 0, and my € R, or py = o, and mg = 0.
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We now check Assumptions 3.2 on the regularity of u and on the integrability conditions on the
density of P and Q. Condition (i) holds, see (17) for the density of u with respect to the Lebesgue
measure. We now check that Condition (ii) holds, that is the constants Cy, Cq and Cs defined in
(10), (11) and (12) are finite. The fact that Cy is finite is clear. Notice that:

C1 = sup /Rd do p(z)p(y)p(z)p(z, y,2) = sup /Rd da p(x) p(y)(2)g(x, y)q(x, z) < CF.

y,zER4 y,zERY

We also have, using Jensen for the second inequality (and the probability measure u(y)q(z,y) dy):

Cy =4 / dep(z) sw ( / dy () (y >u<z>q<x,y>q<x,z>)2

z€R4

<402 dw (/ dy u(y (x,y)>2

<4C3 || f) 172y -
So, we get that the constants Cp, C; and Cs are finite, and thus Condition (ii) holds.

Since the function u given in (17) is of class C>° with all its derivative bounded, we get that the
Holder type Assumption 3.4 (i) holds (for any s > 0).

Many choices of the kernel function, K, and of the bandwidths parameter -y satisfy Assumption
3.3 and Assumption 3.4 (ii) and (iii). Eventually, as d = 1 and « = |a|, we get that Equation (14)
becomes 27 > 2a?, which holds a fortiori if 2a® < 1.

3.3. Numerical studies. In order to illustrate the central limit theorem for the estimator of the
invariant density p, we simulate ng = 500 samples of a symmetric BAR X = (X,(La), u € T,) with
different values of the autoregressive coefficient « = a € (—1,1). For each sample, we compute the
estimator fis, (z) given in (7) and its fluctuation given by

(20) = |An|"?R (g, (2) — p(=))
for z € R, the average over A,, € {Gn, T, }, the Gaussian kernel

1 2
K(z)= ——e /2
(2) = -
and the bandwidth h,, = 27" with v € (0,1). Next, in order to compare theoretical and empirical
results, we plot in the same graphic, see Figures 1 and 2:

e The histogram of (,, and the density of the centered Gaussian distribution with variance
w(x) ||K||§ = p(x)(24/7)~! (see Theorem 3.6).
e The empirical cumulative distribution of (,, and the cumulative distribution of the centered
Gaussian distribution with variance p(x) || K ||§ = p(z)(2y/7)7t
Since the Gaussian kernel is of order s = 2 and the dimension is d = 1, the bandwidth exponent
~ must satisfy the condition v > 1/5, so that Assumption 3.4-(iii) holds. Moreover, in the super-
critical case, v must satisfy the supplementary condition 27 > 2a?2, that is v > 1+ log(a?)/log(2),
so that (14) holds. In Figure 1, we take oo = 0.5 and a = 0.7 (both of them corresponds to the
sub-critical case as 2a? < 1) and v = 1/5+1073. The simulations agree with results from Theorem
3.6. In Figure 2, we take a = 0.9 (super-critical case) and consider v = 0.696 and v = 1/5+1073.
In the former case (14) is satisfied as v = 0.696 > 1+1og((0.9)%)/log(2), and in the latter case (14)
fails. As one can see in the graphics Figure 2, the estimates agree with the theory in the former
case (v = 0.696), whereas they are poor in the latter case.
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R e — 12 _ empirical vs theoretical 0 g o empirical vs theoretical
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FIGURE 1. Histogram and empirical cumulative distribution of ¢, given in (20)
with z = —1.3, n = 15, A, = G,, and v = 1/5+ 1073. We consider the (sub-
critical) ergodic rate of convergence: « = 0.5 and « = 0.7.

00 1A _ empirical vs theoretical N _ empirical vs theoretical
a=09z=-13 A, =Gy; cumulative distribution a=09 z=-13 Ar =G5 cumulative distribution
< | =
“ “ |
- % < %
(=] -+ (=]
=
B2 i o ©
7o ® ° 7 2 ® <
& =2 2 . 23
n S
= ~ ~ !
3 z S
e o ° o
< < < —T T e R
2 -1 0 1 2 2 -1 0 1 2
X X X X
(A) v = 0.696 (B) y=1/5+10"3

FIGURE 2. Histogram and empirical cumulative distribution of ¢, given in (20)
with = —1.3, n = 15, A,, = G,, and the ergodic rate @ = 0.9 (super-critical
case). We consider the bandwidth exponent v = 0.696 (which satisfies (14)) for
the two left graphics and v = 1/5+ 1073 (which does not satisfy (14)) for the two
right.

3.4. A general CLT for additive functionals of BMC. The proof of Lemma 3.5 and Theorem
3.6 rely on a general central limit result for additive functionals of BMC. In the spirit of [1],
we introduce the following series of assumptions in a general L?(u) framework, with increasing
conditions as the geometric ergodic rate o exceed the critical threshold of 1/ V2. In fact, we believe
that the general framework presented in this section may be used also for others nonparametric
smoothing methods for BMC than the one presented in Section 3.1.

Let X = (X,,u € T) be a BMC on (S,.#) with initial probability distribution v, and probability
kernel P. Recall Q is the induced Markov kernel. In the spirit of Assumption 2.4 and Remark 2.5
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in [1], we consider the following hypothesis on asymptotic and non-asymptotic distribution of the
process.

Assumption 3.11 (L?(p) regularity for the probability kernel P and density of the initial distri-
bution). There exists an invariant probability measure p of Q and:

(i) There exists k1 € N and a finite constant M such that for all f,g € L*(u):

(21) 1PQ" f @ Q" g) [l 2y < MILF N2y 19122
and for all h € L?(u), and all m € {0,... k1 }:
(22) [P (Q"P(QM f Dsym 99) Bsym Q1) [l oy < M UF L2y 190 L2y 101l 2y -

(i) There exists ko € N, such that the probability measure v has a bounded density, say vy,
with respect to p:

vQ* (dy) = vo(y)u(dy) and ||| < +oc.

The next family of three assumptions are related to the sequence of functions which will be
considered.

Assumption 3.12 (Regularity of the approximation functions in the sub-critical regime). Let
(fen, n>0€>0) be a sequence of real-valued measurable functions defined on S such that:
(i) There exists p € (0,1/2) such that sup,,s ;027" || fenlleo is finite.

y 1/2
(ii) The constants ca = sup, ¢ | fenllr2(n and g2 = sup,>es0 [12(f7,,) Hoé

(iii) There exists a sequence (8pn,n > £ > 0) of positive numbers such that A = sup,,>y>q 0¢n
is finite, lim;,, o0 8¢, = 0 for all £ € N, and for alln > £ > 0:

<M7 |f£,n‘> + |</~L7 ?(fé,n®2)>‘ < 5é,n;
and for all g € B(5):
(23) 1P el @sym Q) 2y < O 19112, -

(iv) The following limit exists and is finite:

are finite.

2 1 v 2
(24) o= nlggo ;2 | fe.n ||L2(H) < Fo0.
=0

Remark 3.13. We stress that (i) and (ii) of Assumption 3.12 imply the existence of finite constant
C such that for allm > ¢ > 0:

(0, fim) < N fenllielu, f2n) < C 3227 and  (u, fp,) < C 3247

We will use the following notations: for n € N, set f,, = (f¢,n, ¢ € N) with the convention that
fen = 0if £ > n; and for k € N*:

1/k
(25) cr(fn) = sup | fen ll e,y and  ae(fn) = sup [ Q) 1 -
£>0 £>0
In particular, we have ¢z = sup,,>q c2(f») and q2 = sup,,~o q2(fn)-
For the critical case, 202 = 1, we shall assume Assumption 3.12 as well as the following.

Assumption 3.14 (Regularity of the approximation functions in the critical regime). Keeping
the same notations as in Assumption 3.12, we further assume that:
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(v)

. —1/2 _
(26) lim. n;2 Sem =0,

(vi) For alln > £ > 0:
(27) 19( fe.n oo < e

For the super-critical case, 2a? > 1, we shall assume Assumptions 3.12, 3.14 as well as the
following.

Assumption 3.15 (Regularity of the approximation functions in the super-critical regime). Keep-
ing the same notations as in Assumption 3.14, we further assume that Assumption 2.4 holds with
202 > 1 and that:

(28) sup (2@2)”_55271 < +oo and, forall £ €N, lim (20[2)"452” =0.

0<t<n n— o0

Notice that condition (28) implies (26) as well as A < +oo and lim,, o ¢, = 0 for all £ € N
(see Assumption 3.12 (iii)) when 2a? > 1.

Following [1], for a finite set A C T and a function f € B(S), we set:
(29) Mu(f) =) _ f(X0).

€A

We shall be interested in the cases A = G,, (the n-th generation) and A = T,, (the tree up to the
n-th generation). We shall assume that p is an invariant probability measure of Q. In view of

Remark 2.3, one is interested in the fluctuations of |G,|™! Mg, (f) around {(u, f). So, we will use
frequently the following notation:

(30) f=F—(uf) forfeL' ().
Let f = (fs, ¢ € N) be a sequence of elements of L' (x). We set for n € N:

(31) Nuo(F) = Gnl 72> " Mg, _,(fo).
=0

The notation NV, p means that we consider the average from the root () up to the n-th generation.

Remark 3.16. The following two simple cases are frequently used in the literature. Let f € L'(u)
and consider the sequence f = (f¢,£ € N). If fo = f and f, = 0 for £ € N*, then we get:

Noo(f) = |Gl /2 M, ().
If fp = f for £ € N, then we get, as [T, | = 2"*t! — 1 and |G,,| = 2™:
Npo(H) = Gl V2 Mr, (f) = V2 =277 [T, |72 M, (f).
Thus, we will easily deduce the fluctuations of M, (f) and Mg, (f) from the asymptotics of N,, (f).

The main result of this section is motivated by the decomposition given in (8). It will allow us
to treat the variance term of kernel estimators defined in (7). The proof is given in Section 5 for
the sub-critical case (a € (0,1/4/2)), in Section 6 for the critical case (o = 1/+/2) and in Section
7 for the supercritical case (a € (1/v/2,1)), with a the rate defined in Assumption 2.4. Recall
N, 0(f) defined in (31).
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Theorem 3.17. Let X be a BMC with kernel P and initial distribution v, such that Assumption
2.4 (on the geometric ergodic rate o € (0,1)), Assumption 3.11 (on the regularity of P and of v)
and Assumption 3.12 (on the approzimation functions (fen,n > € >0)) are in force.

Furthermore, if a = 1/\/§ then assume that Assumption 3.14 holds; and if a > 1/\@ then
assume that Assumption 3.14 and Assumption 3.15 hold. Then, we have the following convergence
in distribution:

(d)

Ny g (fn) — G,

where §, = (fon, £ € N) and the convention that fi,, = 0 for £ > n, and with G a centered
Gaussian random variable with finite variance o defined in (24).

Remark 3.18. Assume o7 = lim, || fo,n ||22(#) exists for all £ € N; so that 02 defined in (24) is
also equal to ), 2403. According to additive form of the variance o2, we deduce that for fixed
k € N, the random variables (|Gn|‘1/2MG”4(fg,n), tefo,..., k}) converges in distribution, as n

goes to infinity towards (Gy, £ € {0,...,k}) which are independent real-valued Gaussian centered
random variables with variance Var(Gy) = 2~%02.

4. PROOF OF LEMMA 3.5 AND THEOREM 3.6

4.1. Checking Assumptions 3.11, 3.12, 3.14 and 3.15. We shall check that Assumptions 3.1,
3.2 and 3.3, and Equation (14), for the density estimation, implies the more general Assumptions
3.11, 3.12, 3.14 and 3.15.

We check that Assumption 3.1 implies Assumption 3.11 on the L?(u1) regularity for the probabil-
ity kernel P and density of the initial distribution. Notice that Assumption 3.1 (iv) and Assumption
3.11 (ii) coincide. So, it is enough to check that Assumption 3.1 (i)-(iii) implies Assumption 3.11 (i).
Since |Qf| < || fll2(,) b, we deduce that |QF1f| < I f L2y by - We deduce that:

IPQ" f © QM 9) |l 12y < 11 F lp2y 19112y 1P (OR @) [l 2, -
Then use (3) to get that HT(hk1®2) ||L2(p) < HQ (b%l) HLQ(M) < ”hil ||L2(u) < H hkl ||§15(;L) < +o00.
This gives (21). Similarly, we have:
1P (27 P2 f Dsym 9 9) Dsym Q1) [l
< Npagy 190z 1112y 1P (7P (01, ©%) @syan b ) [l 2, -
On the other hand, using (5), the Holder inequality and (3), we also have:
m 2 m
1P (QP(fo) Dugm 90) 22y < 40, A(Q"P(f2%)?) (D))
< 4, P(Fo2°)*)?* (u, Qg3)*)
< 4{u, f)* ( g)M .

Taking fO =4go = hk1 gives that || P (QmT<hk1®2) sym hkl) ||L2(N) <2 || hkl ”iﬁ < 4o0. This gives
(22). Thus, Assumption 3.11 (i) holds.

We suppose that S = R? and that Assumptions 3.1, 3.2 hold. Let K be a kernel function
satisfying Assumption 3.3 (i) and bandwidths (h,,n € N) satisfying Assumption 3.3 (ii). For
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x € S, we define the sequences of functions (f, £ € N) given by:
—d/2 r—=y
fEW) = Kn,(x —y) = h, "’ K (m> for y € R%.

Then, we consider the sequences of functions (fg};;ft, n>0>0), (fid Yy 2 ¢ >0) and (f[ >
£ > 0) defined by:

(32) it = iz fi =1 and fP, = filg—o.

Under those hypothesis, we shall check that Assumptions 3.12, 3.14 and 3.15 hold for those three
sequences of functions. We first check that (i-iii) from Assumption 3.12 and (v-vi) from Assumption
3.14. We consider only the sequence (fr,, n > £ > 0) with f,,, = f55f the arguments for the

Ln >
other two being similar. We have || f¢, ||, = d/2 | K|, =20=94/2| K| . Thus property (i)
of Assumption 3.12 holds with p = dv/2. We have

d/2
I e lly = B2 Ky = 27702 K and | fenlly = 1K, -
This gives || fr.nl72(, < I fem 3 1]l < Co || K [l5 and

2
122 e < Il fenlly sup q(,y)u(y) < Coll K|l -
z,y€R
We conclude that (ii) of Assumption 3.12 holds with ¢o = g9 = 03/2 | K|y We have (u,|fen]) <
Co || K |l, k%2, and |(p, P(fo.n®2))| < Cy || K ||? he_,. Furthermore, for all g € B, (RY), we have

B/2 Bd 2
1P(1fen] @sym Q) [l 20y < Cob 2 1 K Iy | 2y We also have [|Q(|fenl) o < Coll K |, By
This implies that (iii) of Assumption 3.12 and (vi) of Assumption 3.14 hold with d¢, = chffl =

2~ (n=047/2 for some finite constant ¢ depending only on Cy, Cy,Cs and || K ||,. With this choice
of d¢ ,,, notice that (v) of Assumption 3.14 also holds as dy < 1.

Recall that dy < 1. Moreover, if Equation (14) holds,, that is 247 > 202 where « is the rate
given in Assumption 2.4 (this is restrictive on « only in the super-critical regime 2a? > 1), then
Assumption 3.15 also holds with the latter choice of 6y .

Eventually we prove (iv) of Assumption 3.12. We recall the following result due to Bochner (see
[15, Theorem 1A] which can be easily extended to any dimension d > 1).

Lemma 4.1. Let (h,,n € N) be a sequence of positive numbers converging to 0 as n goes to
infinity. Let g : R* — R be a measurable function such that [5,|g(z)|dx < +00. Let f: R - R
be a measurable function such that || fl, < 400, [pa|f(y)|dy < 400 and lim, 4o |2]f(x) = 0.
Define

=nt [ 10w = sty

Then, we have at every point x of continuity of g,

nggrrloogn =gz /f

Let = be in the set of continuity of p. Thanks to Lemma 4.1, we have:

Jim 7 12 = Jim G, (f5)%) = ) [ KI5
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We deduce that the sequences of functions ( Zhnift, n>0>0), (fd V> £ 2>0) and (fe e > 0>
0) satisfy (iv) of Assumption 3.12 with o2 defined by (24) respectively given by:
(33) (o) = 2u(@) [| K [[3, (™) =2u(x) | K|; and (0°)° = () | K|
4.2. Proof of Lemma 3.5. We begin the proof with A, = T,,. We have the following decompo-
sition:

A VIGn|
(34) fir, (z) — p(z) = WNn,@(fn) + B, (%),

where f,, = (fen, ¢ € N) with the functions f;, = féfln defined in (32) for n > ¢ > 0 and fg, =0
otherwise; N, ¢ is defined in (31) with f replaced by f,; and the bias term:

B, (x) = T, Ihd/QZ 2", fon) — @) = (u hy UK (hy (@ = ))) — p(e).

Thanks to Section 4.1, we have under the assumption of Lemma 3.5 that Assumptions 3.11, 3.12,

3.14 and 3.15 hold. Since lim,, o |G, |h? = 00 as v < 1, we get that lim,, oo |G, |*/?/|T,, \hd/Q 0.
Thus, we get, as a direct consequence of Theorem 3.17 the following convergence in probability:

AL AT

n—oo T, |hd/2

Next, it follows from Lemma 4.1 that lim,,_,o, B, (z) = 0. By considering the functions fr,, = féom
defined in (32), we similarly get the result for the case A, = G,,.

4.3. Proof of Theorem 3.6. The sub-critical case and A,, = T,,. We keep notations from
the proof of Lemma 3.5. Recall that f, = (fen, £ € N) with the functions f, = }fin defined in

(32). Using the value of o = ¢'¢ in (33), thanks to Theorem 3.17 and the decomposition (34), we
see that to get the asymptotic normality of the estimator (15) it suffices to prove that:

@ T [T 202 ) =

Using that

d
/j‘(l' - hny) - IU,(IE) = Z(N’(‘rl - hnyh sy Tj — hnijxj+1a s ,.’Ed)
j=1

— /.L(J)1 — hnyl, . ,Z‘j_l — hnyj_l,xj,xj+1, ‘eny xd)),

the Taylor expansion and Assumption 3.4, we get that, for some finite constant C' > 0,

T2 B ) = /1Tl | [ 3K (= 9)a(y)dy — ()

Tn Ihd

— hay) = () dy|

oS (hnly;l)®
|Tn‘h% ; /Rd K(?J)Tdy
< Cy/|T,| A2t

Then Equation (35) follows, since lim,, o0 |G, |s2*7% = 0. This ends the proof for A, = T,.
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The sub-critical case and A,, = G,,. The proof is similar, using instead the functions f; , = f?, n
defined in (32).

The critical and super-critical cases. The proof follows the same lines, using Theorem 3.17
in the critical and super-critical cases and the decomposition (34).

5. PROOF OF THEOREM 3.17 IN THE SUB-CRITICAL CASE (2a? < 1)

Recall the definition of My given in (29) and of f = f — (u, f) in (30). In order to study
the asymptotics of Mg, ,(f) as n goes to infinity and ¢ is fixed, it is convenient to consider the
contribution of the descendants of the individual ¢ € T,,_; for n > ¢ > 0:

(36) Nﬁ,z(f) = |Gn‘_1/2MiGn—\z‘|—z (f)a
where iG,,_j;—¢ = {ij, j € G,,_jij—¢} C Gn—¢. For all k € N such that n > k 4 £, we have:
Mg, (/)= VIGal Y Nui(f) = VIGal Ny ().
1€Gy

Let f = (f¢, ¢ € N) be a sequence of elements of L' (x). We set for n € N and i € Ty,:

n—|i| n—|i|
(37) Noi() = Y N (fo) =1Gnl ™2 > Mic,_,_,(fo).
£=0 £=0

We deduce that Y ;e Nni(f) = |Gn| /2 " Mg, _,(fi). For k =0, we recover Equation (31).

We consider the notations of Theorem 3.17. Recall that f, = (f¢,n, ¢ € N) with the convention
that f,, = 0 for £ > n. In the following proofs, we will denote by C any unimportant finite
constant which may vary from line to line (in particular C' does not depend on n nor on f,).

Remark 5.1. Recall kg given in Assumption 3.11 (iii). Recall that from Assumption 3.12 (ii), the
sequence f, is bounded in L?(u). We have

ko—1

(38) Nop(fn) = NS () + [Gul Y2 Y Me, (Fatm),
£=0

where we set:

’I’L—k?o

NEI(G) =16l 72 Y. Ma,_, (fon)-
=0

Using the Cauchy-Schwartz inequality, we get

ko—1 ko—1
(39) G| 721 Me, (faem)| < Coa(DIGa ™2 + |Gul ™2 > Me, (| fasenl)-

£=0 £=0
Since the sequence f, is bounded in L?(y) and since ky is finite, we have, for all £ € {0, ..., ko —1},
limy, 00 |G| ™2 Mg, (|fu—t.n]) = 0 a.s. and then that (used (39))

ko—1
: ~1/2 7 _
lim |G|V ez_; Mg, (fa-0)] =0 aus.

Therefore, from (38), the study of N, ¢(f,) is reduced to that of Nr[f;] (fn)-
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Let (pn,n € N) be a non-decreasing sequence of elements of N* such that, for all A > 0:
(40) Pn<m, lim p,/n=1 and lim n—p, — Alog(n) = +oco.
n—roo n—r oo
When there is no ambiguity, we write p for p,,.

Let 4,7 € T. We write ¢ < j if j € ¢T. We denote by 7 A j the most recent common ancestor of
1 and j, which is defined as the only v € T such that if v € T and v < 4, v < j then v < u. We
also define the lexicographic order i < j if either i < j or v0 < ¢ and vl < j for v =i A j. Let
X = (X;,i €T) be a BMC with kernel P and initial measure v. For i € T, we define the o-field:

Fi = {Xu;u € T such that v < i}.
By construction, the o-fields (F;; i € T) are nested as F; C F; for ¢ < j.
We define for n € N, i € G,,_,, and f, the martingale increments:
(41) An,i(fn) = Nn,i(fn) = E[Nni(Fn)| Fi]  and = Ap(fn) = Z An,i(fn)-
ieGW—ZDn

Thanks to (37), we have:

Pn n
> Nailfn) = [Gal V2D Me,_ (fon) = 1Gal ™ > Mo, (farn)-
1€Gn_p, £=0 k=n—pn

Using the branching Markov property, and (37), we get for ¢ € G,,_,, :

Pn
E [Npi(Fn)| Fi] = E [N (Fa) | Xi] = |Gn‘71/2 ZEXi [MGpn—e(fNﬂn)] '
£=0

Assume that n is large enough so that n — p, — 1 > ky. We have:
k
NEF) = Au(f) + R () + Ri(n),
where A, (f) and R;y(n) are defined in (41) and:

n—pn—1
R*(n) = |Gnl ™% Y~ Mg, (far) and Ri(n)= Y E[Nn(fa) Fi].
k=ko iEGn—pn

We have the following result:

Lemma 5.2. Under the assumptions of Theorem 8.17 (2o < 1), we have that

lim E {(Ngfg](fn) = An(fn)>2] —0.

n—oo

2
Proof. We deduce from Remark 5.5 in [1] that E {(Nilk%] (fn) — Ap (fn)) } < ag .y, ¢3 for a sequence

(@ao,n,n € N) which converges to 0 and does not depend on the sequences f,. O

We consider the bracket of the martingale Ay (fy) given by V(n) =32, E (A (F0)2154].
Using (37) and (41), we write:

Pn 2
(42) V(n)=IG.™" > Ex, (ZM«;pne(fz,m) — Ry(n) = Vi(n) + 2Va(n) — Ra(n),

i€Grnpn =0
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with:

W =Gl Y S, [Me, ()],

1€Gp_p, £=0

VQ(n) = |Gn|_1 Z Z EXi {MGpnfz (f@,n)MGpnfk(fk,n)} )

i€Gp_p, 0<E<k<pn

Ry(n) = Z E[NnZ(fn”XZF

iEanpn

Lemma 5.3. Under the assumptions of Theorem 3.17 (2a® < 1), we have that Ra(n) converges
in probability towards 0.

Proof. We deduce from Remark 5.7 in [1] that E[|Rz(n)|] < C¢3a,, for a sequence (a,,,n € N) which
converges to 0 and does not depend on the sequence f,. O

Lemma 5.4. Under the assumptions of Theorem 3.17 (2a2 < 1), we have that Va(n) converges in
probability towards 0.

Proof. First, we have the following preliminary results. Let f € L?(u1) and recall that f=r —{p, f).
We deduce from {u, f) = (u, Qf) < | Qf o < 1Q(f?) HclxéQ that:

(43) 197110 <2020 1 and 1207l < 4120/ -

Note that thanks to Assumption 3.12 we have, for all k, ¢, € N, and j > 0:
(44) Tim (1, fion® fondl =0 and  lim ({1, P (9" fon @m 9 fo )] = 0.

Indeed, we have thanks to Assumption 3.12 (iii):

1/2

oo

|<:U/7 fk,ngjfe,n” S || Qfl,n ||oo </1*a |fk,n <M7 |fk,n

We also have thanks to Assumption 3.12 (iii), for g = Q9| f,.,| and r = 0:

) <4)9f7, |

) < 442 Ok -

|</La P (Qrfk,n ®sym ijin)>| < <p,, P <|fkm| ®sym Qg>>
< (1 P (1 @sym ) (s [ frenl) + 1P fr ] Dsym Q9) 172,

<292y Skm
S 2C2 5k,n7

and for r > 1 using (43) and that (u, P(1 ®sym h)) = (i, h) :
2, (2 Fen Doy Vo )| < (1P (L Doy W) 19" o, < 202 00,0
Then use that for all k € N fixed, we have lim,,_, o, dx,,, = 0 to conclude that (44) holds.
Using (100), we get:
(45) Va(n) = Vs(n) + Vs(n),
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with

Vi) = [Gal ™" D0 D 2 (fnQt ) (X0,

1€G, _p 0<U<E<p
P 1

—k—
Vo(n) =G,|~0 > Y ) orrtirgrrtn(k) (93 (Qrfk,n ®sym Q’“*“”fe,n))(xi).

i€Gp—p 0<U<k<p 7=0
First, we consider the term Vg(n). We have:

V(i(n) = |Gn—p|71MGn7p(H6,n)»

with
Hﬁ’” - Z hl(:l?,r 1{T+k<p} and hl(:l?,r = 27“74 Qpili(wrk) ((P (Qrfk,n ®sym Qkiprrfﬁ,n)) .
0<t<k
r>0
Define
(46) Hé"](fn) = Z hior Lirtk<pys
0<t<k
r>0

with hk,é,'r‘ = 2T_Z<,U7 P (Qrfk,n ®sym Qk_é+rf€,n)> = <,u7 hgfg)’r>

We set Agn(fn) = Hon —H([)-"} (fn) = Zogkk(h;ng »—hi,e.r) Lrqk<py, 80 that from the definition
r>0 ™
of Vg(n), we get that:

Vo(n) = Hg (1) = Gy Me, , (A n(fn))-
We now study the second moment of |Gy, —,|™* Mg, _, (46,5 (f)). Using (101), we get for n—p > kq:

n—p
_ -~ . ) 2
‘Gn—p| ’E [Manp(AG,n(fn))Q] <C |Gn—p| ! Z 2/ || Q’ (A&n(fn)) ”Lz(#) .
§=0

We deduce that
197 (A (n)) g2 < > 1Q7REY, = hies

|L2 (1) 1{T+k<P}

0<t<k
r>0
<c Z 97—l @P=1=(r+h)+] || p (Qrﬁw Sepm Qk—E—H’fl,n) [ P
0<t<k L2(pn)
r>0
(47) <Cgal Yo 2 lapm TR
0<t<k
TZkl
(48) +Cad Y 27taP R (QT Frn @sym Qk*‘”fe,n) I, rek<p)
0<t<k ()
0<r<k;—1

where we used the triangular inequality for the first inequality; (4) for the second; (21) for
r > ki and (4) again for the third. The term (48) can be bounded from above using (43) and
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1P(Q" frm @sym 7 o) 1oy < 1190 lloe 1P(Q7 Frin @sym 1) [l 2,y < 202¢2 as k > £, and
thus (47) and (48) imply that

[ QJ (A6.n(fn)) HLZ(M) < Cea(ca + o) @ Z or—L o p—(r+k) o k—t+2r 1 hep)

0<t<k
r>0

(49) < CCQ(CQ + qg) o’

where we used that Yo, ;. 502" ‘a2 is finite for the last inequality. As Y27%(20%)7 is
finite, we deduce that:

60 B | (V) = B 5)°| = G0y E [, (Aanl3a))?] < Celen + an)? 2707,

We now consider the term V5(n) defined just after (45):
Vs(n) = |Gnp|™ Mg, _, (Hs n),
with
Hyn= > b Ly and by =27007F (.08 f ).
0<t<k
We consider the constant

(51) HM () = ji: hiolipepy With  hye =27, frnQ" " fon).
0<t<k

We set As . (fn) = Hsn — Hén] (fn) = ZO<€<k(hk ¢ — Pre) Lip<py, so that from the definition of
Vs(n), we get that:

Va(n) = HJ" () = Gyl ™ Me,, (As.n(in))-
We now study the second moment of |G, _,|™* Mg, _, (A5, (f»)). Using (101), we get for n—p > kq:

n—p

‘anpr? E [Manp(A&n(fn))Q] < C |anp|_1 Z 2j || Qj(A5,n(fn)) ||2L2(H)

=0
We also have that:
199 (A5 () 2y < > 11907 ~

0<t<k

(52) <C Z Z_Z ap_k+j H fkak_efl,n ||L2(u) 1{k§p}a
0<e<k

L2(p) l{kSP}

where we used the triangular inequality for the first inequality and (4) for the last. The term
(52) can be bounded from above using || fkak’lfg,n ||L2(“) o Sc2q2 as
k > £. This implies that

|| QJ (A5,n(fn)) ||L2(“) < Ceaqa o
As 3777 1(202) is finite, we deduce that:

(33) E [(%(n) -y’ (n))Q] = |Gu—p| 2E [Me, _, (A5.0(1a))?] < Cagp 2”7,
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We deduce from (50) and (53), as Vo(n) = Vs(n) + Vs(n) (see (45)), that:
2
50) B |(Val) - 1500 < (h+ ) 200wk ) = B ) + )

Since according to (ii) in Assumption 3.12 ¢y and g9 are finite, we deduce that lim,, o Va(n) —
["] (fn) = 0 in probability.
We now check that lim,,_, H2 (fn) = 0. Using (46) and (51), we get that:

RS DI R s S D DI (] G N s T

k>0>0 k>0>0
r>0
Recall the definition of A in Assumption 3.12 (iii). Thanks to (4) and (6) we have:
(55) |</Lafank7 f£n>|<c2 ke Z?

|</.L, P (Qrfk,n ®sym Qk_£+rf€,n) >| < C () ak—£+2r.

Since Yo pop 27T+ 3 0<par 27 a7 s finite, we deduce from (46), (51), (44) and dom-
- r>0

inated convergence that lim,, HQM (fn) = 0. This implies that lim,, ., Va(n) = 0 in probabil-
ity. O

Lemma 5.5. Under the assumptions of Theorem 8.17 (2a? < 1), we have that V (n) converges in
probability towards o? defined by (24).

Proof. Using (99), we get:
(56) Vi(n) = Vs(n) + Va(n),
with

Va(n) = [Gul ™" Y0 D 277 QP (L) (),

i€Gpn—p =0
1 £—1

Va(n) = |G| Z ZPZ op—L+k Qp—1—(L+k) (g; (Qkfl,n®2)>(Xi)-
1€Gn_p =0 k=0

We first consider the term Vy(n). We have:
V4(7’l) = |Gn—p|71MGn,p(H4,n)>

with:
Hyn = Z hénk) Lit+r<py and h(n) k=t gr1=(EHh) (fP (Qkfe®2))-
>0, k>0
Define the constant

(57) H () = Z ho Lioprepy With hep =280 (u,® (Qkfe,n®2>>-
£>0,k>0

We set Aygr(fn) = Hap —HF] (fn) = Zezo,kzo(hglk) —he k) Lot r<p}, s0 that from the definition
of Vy(n), we get that:

Vi(n) — HY" (5a) =[Gyl ™' Ma,_, (Asn(fn).
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We now study the second moment of |G,,—,| ™' Mg, _ (A4, (fn)). Using (101), we get for n—p > ko:

n—p
_ B S 9
‘Gn—p| 2 E [MG"_p(Aﬁl,n(fn))Q] <C |Gn—p| ! Z 2’ || Q7 (A4,n(fn)) ”Lz(“) .
=0
Using (3) and (43), we obtain that for all 0 < k < kn, [|P(Q* fen®@? | 12,y < 127,
We deduce that:

1Y A ey € Do NP = hekll o, Liesnen
>0, k>0
<C Z okt op=1=(t+h)+] || p (Qkﬂ)n®2) I
>0, k>0
< C Cg Oéj Z 2k—£ ap_(“k)a% 1{Z+k<p}
>0, k>k1
O Z ok—L op—(E+k) |P (Qkﬂ’n(@z) I

>0
0<k<k:

L2y < 4q3.

1
Lo RSP

1
L2 () {e<p}

< C(c3+4a3) o,

where we used the triangular inequality for the first inequality;(4) for the second; (21) for k > ky
and (4) again for the third; (3) and (43) for the last. As 372 (2a%)7 is finite, we deduce that:

68) | (viln) ~ #75)) | = 160opl 2B Mo, (Aan(5))?) < € (6 + ) 2707,

We now consider the term V3(n) defined just after (56):

Va(n) = [Gnp|™ Mg, _, (Hs,n),

with
Hyp = 0" 1geyy and A" =207 (f2,).
>0
We consider the constant
(59) () = helyeyy with e =27, f7,) = (u.h{").
£>0

We set As ,,(f,) = Hspn — HP[,n] (fn) = Zzzo(hén) — h¢) 1{y<py, so that from the definition of
Va(n), we get that:
(60) Va(n) = Hy' (fn) = Gyl Me,, (A3 n(fn))-
We now study the second moment of |G, _,|™* Mg, _, (A3, (f»)). Using (101), we get for n—p > kq:

(61) ‘anp|_2 E [MGn—p(AB,n(fn))Q] <cC Ianp|_1 Z 2 || Qj(AB,n(fn)) ||i2(ﬂ) :

=0
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Recall ¢ (fn) and gx(f,) defined in (25). We have that

197 (A (B [l 2 < DN QB = Bl o) ey
£>0

(62) <O 2 PG| o Lespy With g = 2,
>0

p
=277 (1G]l L2y Lig=oy + 2 NP 1QG | Loy Lsap—ts0)
=0

< CAE(n) 2 1oy +C Y 27 QG| 1
£>0
< Cci(fn) 27p1{j:0} + ng(fn) Oéjv
where we used the triangular inequality for the first inequality; (4) for the third and (43) for the
last inequality. As 3772 ((2a?) is finite, we deduce that:
(63)

2
- [(Vg(n) L R) } = Gnp| PE[Ms, ,(A3.n(7a))?] < Ci(in) 27" + Cg3(fa) 2777,

As Vi =V, + V3, we deduce from (58) and (63) that:
: [(an) — Hy" m)ﬂ < C (i) + @i () 2777 + ()27,

with H" () = HS" (f) + H{" (). Since cd(fn) < cB(fn) ¢ (fa) < Cp cB(Fn) 227 with p € (0,1/2)
and some finite constant C, according to (i) in Assumption 3.12, and since lim,_,o p/n = 1 so
that 2-"(1=20) < 2=(n=P) (at least for n large enough), we deduce from (ii) in Assumption 3.12
that:

2
(64) E {(Vl (n) — H"(5)) ] <C (343 +Cpe3) 277
and thus lim, . Vi(n) — H; [n] (fn) =0 in probability.
We check that lim,,_, H[n] (fn) = 0°. Recall (see (59) and (57)) that:

H (o) = D27 e fE ) Ly and (PRI D0 257 (0, P (95 Fen?)).

£>0 >0, k>0
Thanks to (3) and (4), we have:

. 2
[P (9 Fen@® ) S Q" fen lagy < € 0™ | fem g < Ca®* e,
Using Assumption 3.12 (iii), we get that

(65) |<,U,, g)(f[,n®2)>‘ < |<,LL, j)(ff,n®2)>| + </’[” f@,n>2 < (1 + A)(Sf,n-

We deduce from (44) (for k > 1) and the previous upper-bound (for k& = 0) and dominated
convergence that lim,, . H4 (fn) =0.

We now prove that lim,,_, o H. 3[)"] (fn) = 0% We define 02 = 3"} 27| fon ||L2(u)’ so that by
Assumption 3.12 (iv), lim,, ., 02 = 02. We have:

|1 (5,) — 02| < Z 27, f2,) +Z2 (t, fon)? < 327 P+A22 80,0
t=pt1 £=0
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Then use dominated convergence to deduce that lim,,_, |H£n] (fn) — 02| = 0. This implies that
lim,, 00 V1(n) = 0% in probability.
U

Using (42), we have the following result as a direct consequence of Lemmas 5.3, 5.4 and 5.5.
Lemma 5.6. Under the assumptions of Theorem 3.17 (2a% < 1), we have that V(n) converges in
probability towards o defined by (24).

We now check the Lindeberg’s condition using a fourth moment condition. We set

(66) Z E nzfn ]

1€Gn_p,
Lemma 5.7. Under the assumptions of Theorem 3.17 (202 < 1), we get lim,, ,, R3(n) = 0.
Proof of Lemma 5.7. We have:

)<16 > E[Nyi(fa)?]

1€Gp P
<16(p+1) Z > ENL(fen)]
L=04i€Gp_p

where we used that (3", _,ar)* < (r+1)3Y,_, at for the two inequalities (resp. with r =1 and
= p) and also Jensen inequality and (41) for the first and (37) for the last. Using (36), we get:

E[Nei(fen)'] = Gl ZE [hne(Xi)],  with hn,e(@) = Ba [Mg, ., (fen)]
so that:

n) <Cn*> " > |G| T2E [hne(X0)] -

£=0i€Gp_p
Using (101) (with f and n replaced by hy, ¢ and n — p), we get that:

(67) Ry(n) < Cn* 270 S B, [ Mg, (fon)'] -
=0

Now we give the main steps to get an upper bound of E,, [Mgp%(fg,n)‘l] Recall that:

|| ff,n ||L4(u) < CC4(fn)-
We have:
(68) E. [Me, (fon)'] < Celli) forte {p—ki—1,....p}.

Now we consider the case 0 < ¢ < p — k; — 2. Let the functions v¢;,_,, with 1 < j <9, from
Lemma 8.3, with f replaced by fo,,, so that for £ € {0,...,p —k; — 2}
9

(69) E, {M«;p,z(fz,n)‘l} = b po)-

j=1
We now look precisely at the terms in (69). We set hy = Qk’lfgm so that for k € N*:
(70) I hnll 2 < Cafes and [l pag,) < C ea(fn)-
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We recall the notation f® f = f®2. We deduce for k > k;+1 from (21) applied with hy, = Q¥ hy_4,
and for 1 < k < k; from (3) and (43) that:

Ca*c fork >k +1,

71 Phe@) |0, <
(7) | (’“®)|L<M>—{ng for k€ {1,...,ki}.

Upper bound of (u, |11 p—¢|). We have:
(72) (1, [r pel) < C2P75 (u, QP (fL)) < C 207 ().

Upper bound of (11,12, _¢)|. We set g = (fr,)>. Then we have

p—L£—1
(s Y2} < €220 37 27K (1, Q4P (@75 1((fon)?) @iy - )|
k=0
p—L€—1
= 02270 N 2R, P (9P TH(G) @y hpek))]
k=0
p—L—1
(73) <0270 N 2RO R G o ekl 2
k=0
p—~L—1
<0220 N 2R g o | fen N2
k=0

<O e (5,) o2,

where we used that (1, P(1 Qsym hp—r—k)) = 2{i, Qhp_s—) = 0 for the equality, (6) for the second
inequality, (4) and (70) for the third.

Upper bound of (u, |1)3,_¢)|. Using (6), we easily get:

p—L£—1

(74) (1 [ pel) < C2O70 37 27k gy, QR (QP=E1 ()2,
k=0

We deduce from (74), distinguishing according to k = p — ¢ —1 (then use (6)) and k <p — £ —2
(then use [Q(f7,,)| < 443, see (43)) that:

(75) (s 3 pel) < C2c(in) + C 2P0 g3,
Upper bound of (i, |14 ,—¢)|. Using (6) and then (71) with p — £ —1 > kq + 1, we get:
(s [ p—el) < C 22070 (u, P (|P(hyp—r-1®%) @7 )
(76) < C2 || P(hy 1)
< 0 24P=0) 2p=0) I

<220,

2
22y

Upper bound of (i, |15 ,—¢)|. We have:
p—fl—ki1—1k—1 p—~L0—1

k—1
(1, s pel) < C200=0 N7 N Pl 4o o2t S NPl
k=2 =0

k=p—L—k;—2 r=0
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with
FE,]T _ 272k<ﬂ’ P (Qkiril|fp(hp_[_k®2)|®2)>.
Using (6) and then (71), we get:
(77) TP, < €272 | Py -4 72,
Using (3) and (ii) of Assumption 3.12, we get, for m € {0,...,k; —1}, T(megm(g)Z) < QmQ(on) <
4q3 and then, for all k € {p — € — k1 — 2,...,p — £ — 1}, we deduce that

p—L—k—1 ¢ 2 <
(78) 12 (@ fon?) I, < O
Using (21) and (4), we get, for all k € {2,...,k — ¢ —k; — 1},
(79) Ff] < O 2 AP t=h) 4

From (78) and (79) we deduce that
(s 15, p—el) < C 22079 (a3 + c3).

Upper bound of (i, |16 —e]). We have:

p—0—1k—1

</~La |¢6,p7£|> < 023(1176) Z Z 9-T PE,]T?

k=1 r=0
with
T, = 275 (11, 979 (951 (y--182) | Bagm 777 (FE,))).
Using (6) and then (71), we get:
(50) L < 02 P (o) gy 19 (P g -
Distinguishing the cases k > p—{—k; —1 and k < p—¢—k; —1 and using that || Q7 (f2,) |
442 min(qg, ¢2) for all j € N* (see (43)), (78) and (71), we get:

<
L2(p) —

FE’}T <C27F q2 min(qz, ¢2) Lpsp_r—k,—13 + C 27k q2p=t=k) c% q% Lik<p—t—ki—1}
From the previous inequality, we conclude that

{1, W pel) < C 22079 g3,

Upper bound of |{u, 7 ,—¢)|. We have:

p—€—1k—1

(81) ‘<,u7 ¢7,p—€>| < 023(1)_() Z Z 9= FEZ]T’

k=1 r=0
with

(82) FEZ,]T = 27k|<p“a QP (Qkiril? (hp—é—k ®sym Qpiz*kil(f?»g)) ®sym hp—f—'r')”-
When k& > p— £ — kq, setting g =P (Qp_é_k_lfg,n ®sym Qp_e_k_lfzn), we get that:
Fg]r = 2_k|</% P (Qk_r_lg Bsym hpfffr)ﬂ

= 2_k|<ua P (Qk_r_lg ®sym hpfffr)ﬂ
(83) <27 Qg | oy I hp——r L2 ()



CLT FOR KERNEL DENSITY ESTIMATOR OF BMC 27

where we used for (u, P(1 ®sym hp—¢—r) = 0 for the second equality; (6) for the first inequality;
Using (4) twice (for the first and the last inequality), (5) and (ii) of Assumption 3.12 for the second
inequality, we get
12571 g [l 2
Using that p — ¢ — ky < k < p— £ — 1 and putting the last inequalities in (83), we deduce that

M < ey g3 20002000 g,

2]

We now consider £ < p —¥¢ — ki — 1. We have:
o <ork|e (hp,H ®sym Qp—f—k—l(fzn)) I

< CO‘k_T”gHL%/L) < ngak_rylp and ” hpféfr ||L2(H) < CC2OCP_Z_T~

L2() [ Pp—e—r ||L2(u)

S C2ik || hp—é—k—l ”LZ(#) H Qpieikiz(fé%n) ”Lz(p) H hP—Z—T ||L2(“)
<C27F | hppy ||L2(#) a5 | hp—e—r ||L2(#)
<Cr P g

where we used (6) for the first inequality; (21) for the second; and (70) for the two lasts. We
deduce from (81) that:

|k, 1/)7,p—£>‘ < Cor—tone ¢ + O 92(p—0) cgq%

Upper bound of (i, |1)s ,—¢|). We have:
p—L—1k—1r—1

(84) i s pel) < 2200 3 3OS 0irl

k=2 r=1;j=0

with

Fgf,]r,j < 2_k_r<p,, Qip (|QT_'j_1fP (hp7[7r®2) | ®eym |Qk—j—lfp (hp757k®2) |)>
When k> p—£¢—k; and r > p — £ — ky, we have, according to (3) and (43):
(85) P (hp—t—1®?) < Q(h2_y ) <4q5 and P (hp——,®%) < Q(h5_,_,) < 4q5.

Distinguishing the three cases k <p—¥¢—ki, k>p—C—kiandr >p—{€—ky, k> p—{—k; and
r <p—{—ky, using (6), (71) and (85) (noticing that p— € —r > k1 +2if k <p— £ — k1), we get:

Tty < C275 1P (hpmer®) | 1P (Apme-k@) |l

k,r,j
C g2 kT atr=0a=20k47) if k< p— 1 —k
(86) < CcEqi2 kT a2lr—t=r) ifk>p—Cl—kiandr<p—0—Fk
Cqs2 k- ifk>p—f—kiandr>p—0—k.

We deduce from (84) that:
_ 2
(s s piel) < C22P70 (& + a3)”

Upper bound of (i, |19 ,—¢|). We have:
p—L—1k—1r—1

(87) (s o) < 2100 3 3OS 0l

k=2 r=1j=0
with
FLQ,] < 27]677" <,u, ijP (Qrijilw) (hp—é—r ®sym Qkirilﬂ) (hp—l—k®2)) | ®sym |h;o—é—j|)>'

O
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Forr<k—Fk;—1,wehaver <p—+{¢—ky; —1 and:

9 —k—r e
]‘—‘Ec]rj <C27 | T( p—t—r Osym 9 P (hpfffk®2)) HLz(“) [ hp—o—j HLz(M)
(88) <Cc27h [ hp—e—r—1 ||L2(H) 1P (hp—é—k®2) ”Lz(#) | hp—e—; ||L2(u)
4 9—k—r 4(p—£) —2(k+r) 3 _y_
(89) < Cc52 o Zozr) %fp {—k >k
Cc3q32~ p- ifp—0—k <k,

where we used (6) for the first inequality; (21) as p—f—r > k;+1 and k—r—1 > k; for the second;
and (70) (two times) and (71) (one time) for the last. For r >k —k —land k<p—0¢—k; — 1,
we have:

9 r —r—
E’c]r] <C2” k= || P ( p—Ll—r Qsym Qk 1:}) (hp—f—k®2)) HLZ(M) || hp—e—j HLZ(#)
(90) <C27h [ Pep—t—r—1y ||L2(M) | Pop—t—k—ky ||iz(u) [ p—e—; ||L2(#)

< CC% 27k7r Oé4(p7£) a72(7‘7k)7

where we used (6) for the first inequality; (22)! as p—¢—k > k; +1 for the second; and (70) (three
times) for the last. For r >k —k; — 1 and k > p — ¢ — k1 — 1, we have:

9 r -r—
FL]TJ < c2” k= || P (h ( p—Ll—1 ®sym Qk 19} (hpfsz®2)) HLZ(M) H hpizij ||L2(U)
<co2kT |9 (IQ Lo Qpr—t-2 (Qfﬁn)) 12 Wil

(91) < Cq2 27k | Qp_e_r_lfé,n ||L2(M) | hp——j ||L2(u)
<C2—k rq2 2 2(p 0) —r—j,

where we used (6) for the first inequality, (3) (with f replaced by fy.,) for the second, (43) for the
third and (70) (two times) for the last. We then deduce from (87) and the computations thereafter,
that:

(1 [0 p—e]) < C 22070 2 (3 4 q3) .

In conclusion, we get that:

p—ki—2 9
Ry(n) < Cn’27" 7P | ci(fn) + Z s Vjp—t)
=0 j=1
p—k1—2
< CnP27n? <c4(fn) + (2774 (C4(Fn) + cilTn)ez) + 22070 (3 + q%)ﬂ)
£=0

< Cnd (2*"“*2@ +2=P) (2 4 q%)) (¢3 +a3),
where, we used (67), (68) and (69) for the first inequality; and c}(f,) < C¢322* and ¢§(f,) <

C ¢ 22" with p € (0,1/2) thanks to Remark 3.13 and (i) from Assumption 3.12 for the last one.
As p € (0,1/2) by Assumption 3.12 (i), we deduce that lim,_,~ R3(n) = 0. O

INotice this is the only place in the proof of Theorem 3.17 where we use (22).
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We can now use Theorem 3.2 and Corollary 3.1, p. 58, and the Remark p. 59 from [12] to deduce
from Lemmas 5.6 and 5.7 that A, (f,) converges in distribution towards a Gaussian real-valued
random variable with deterministic variance o defined by (24). Using Remark 5.1 and Lemma
5.2, we then deduce Theorem 3.17.

6. PROOF OF THEOREM 3.17 IN THE CRITICAL CASE (202 = 1)

We keep notations from Section 5. We assume that Assumption 2.4 holds with o = 1/v/2. Let
(femn, n > € > 0) be a sequence of function satisfying Assumptions 3.12 and 3.14. We set fy, =0
for £ >n >0 and f, = (fen, ¢ € N). Recall the definition of ¢ (f) and gx(f) in (25). Assumption
3.12 (ii) gives that c¢o = sup, ¢y c2(fn) and g2 = sup,,cy ¢2(fn) are finite. Recall from Remark 5.1

that the study of N, ¢(f) is reduced to that of NT[LITS] (fr)-

Lemma 6.1. Under the assumptions of Theorem 3.17 (202 = 1), we get lim,, o, E[RE (n)?] = 0.

Proof. Assume n —p > ko. We write:

n—p—1
R (n) = |Gu| ™2 > N Mg, (fa—ion)-
k=ko ’iGGkO

We have that ZiEGkO E[Mig,_y, (Fro—km)?] = E[Mg,, (hk,n)], where:

hk,n(x) =E, [MGk—kO (fn—k,n)2]-
We deduce from (101), that E[Mg,  (hxn)] < C(u, hi,n). We have also that:

k
~ ~ 2
<,LL7 hk,n> - Eu [MGk—kO (fn—k,n)2] S C 2k Z 22 || Qlfn—k,n ||L2(,u)
£=0

k
<C28cj(5n) Y 2%
£=0

< Ck2% &3 (fn),

where we used (101) for the first inequality (notice one can take ko = 0 in this case as we consider
the expectation E,), (4) in the second, and 2a? < 1 in the last. We deduce that:

n—p—1
_ 1/2 _
(92) E[RE (n)°]Y% < |Gal ™% 3 (2ME [Ma,, (hin)])? < Cean'/? 277/,
k=ko
As lim, 00 p/n =1, we get lim, oo n27P = 0 and this ends the proof using (92). O

Lemma 6.2. Under the assumptions of Theorem 3.17 (202 = 1), we get lim,,_,o E[R1(n)?] = 0.
Proof. Notice that (27) implies that:

(93) 19Fem Nl L2y S NQFenll 2y < I1Q(FenD N2 < Sen-
We deduce that for £ € N:
(94) I Qkfgm |L2(#) < ak7155,n1{k21} + c21lk—0)-
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We set for p>£€>0,n—p> ko and j € Gg,:
Ryj(tn)= > E[N.,(fen)lFi],
1€JGn—p—1kg
so that Ri(n) =>"1_, > jety, B1.i(€n). We have for i € Gy,
(95)
(Gl *E [Nf o (fen) | Fi] = E [Mis, (o) 1 Xi] = Ex, [Ms, , (fen)| = 1Gpel 9~ fon(Xs),

where we used definition (36) of Nf;yi for the first equality, the Markov property of X for the second
and (98) for the third. Using (95), we get for j € Gy,:

Ry j(6,n) = |G| ™2 |Gpi| My, (9" f).

We deduce from the Markov property of X that E[R; (¢, n)%F;] = 27" F20=0 ph, . (X;) with
hen(z) = E, [MG Q7= £,)2|. Using (101), we get:

n—p—kq
> B[Ry ()% = 270 E (M, (hen)] < C27H070 (),
J€Gk,

Using (101), we have:

n—p—ko
<,u, hé,n> = Eu |:MG7L—p—k0 (Qpiefl,n)Q] < ca2nr Z 2k ” QkaiZfZ,n ”iz(#) .
k=0
Using (4) and (94), the latter inequality implies that:
n—p—ko
(he) <C270 N7 28 |QRQP L a
k=0
n—p—ko
< 02717}70‘2@4) Z 2k042k72 || Qfé,n ||iz(#) 1{k+p—€21} +c2m? ” fé,n ||2Lz(ﬂ) 1{Z:p}
k=0

<C(n—p)2" P57, + 02" P31,

Using the following inequality,
1/2

E[Rmnﬂ“sf 2 ST E[Ren)?] ]
=0

JEGk,
we have
P
E[Ri(n)2)2 <C 3 (- 92" 8 + 1y 273)
£=0
<C (2_p/2C2 + \/’EZ 242 (5&71) .
£=0
Then use (26) to conclude. O

Lemma 6.3. Under the assumptions of Theorem 3.17 (2a® = 1), we get lim,,_,o, E[Ra(n)] = 0.
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Proof. Using (98), we have:

S )
E[Ry(n)] = |G,|™" > E|E ZMiGM(ﬁ,nﬂxz’]
i€G,-p | Le=0
F )
= |G,|™! Z E (ZExi {MGpe(fe,n)D
i€Gnp | \E=0
p N2
= (Gl €y 2" ((Z (Gpme @ Fy) >>.
=0

Next, using (iii) from Assumption 3.11 and (94), we deduce that:

P 2 p—1 2
E[Ry(n)] < C277 (ZIG,,_eI ||Q“fe,n||Lz<m> <C327 +C <Z 2”25e,n) :

£=0 £=0
Now, the result follows using the fact that lim,_, p = co and the dominated convergence theorem.
O

We now consider the limit of V5(n).

Lemma 6.4. Under the assumptions of Theorem 3.17 (202 = 1), we get lim,,_,o Va(n) = 0 in
probability.

Proof. To prove that lim,_,~ Va(n) = 0 in probability, we give a closer look at the proof of (54).
Using 202 = 1, we get that the upper bound in (50) can be replaced by C¢2(f) (c2(f) + q2())* (n—
p)2~("=P) and the upper bound in (53) can be replaced by Cc3()g3 () (n — p)2= "), As Vo =
Vs + Vs, we deduce that (compare with (54)):

(Cg (fn) + C% (fn) q% (fn)) (n—p) 9—(n—p)

(2 +c3a3) (n—p)2- 7,

2
E {(%(n) — 1y (5.)) ] <C
<C
with H (1) = HI"(5,)+ HM (4,). Since according to (ii) in Assumption, 3.12 ¢, and gy are finite,
we deduce that lim,_,o, Va(n)— H2[n] (f») = 0 in probability. We now check that lim,, H2[n] (fn) =
0. From (51), we get that [HL" (1) < S4s im0 2 1t fon @ frn)l, and using (44) and (55)
which are a consequence of Assumption 3.12, and the fact that Zk>420 2=tk =t is finite, we get

by dominated convergence that lim,, .., H, 5["} (fn) = 0.
Using (46), we get that:

(96) |Hf[3n] (fn)| S 2r74|<“,33 (Qrfk,n ®sym Qkiz+r.f2,n>>‘~
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Using (6) and (27) (or more precisely (93)) , we obtain:

p—k—1

HP GO < DT ST 29 Frn g 125 Fen 2

k>0>0 r=0
p—k—1

SD D D B P

E>£>0 r=0

§1l§§:27£@ur
{=0

Then, use (26) to conclude. 0
Lemma 6.5. Under the assumptions of Theorem 3.17 (22 = 1), we get lim,, s Vi (n) = o2 in

probability.

Proof. To prove that lim,, ., V1(n) = 02 in probability, we give a closer look at the proof of (64).
Using 2a% = 1, we get that the upper bound in (58) can be replaced by C (¢ + q3) (n—p)2=("~P)
and the upper bound in (63) can then be replaced by C cj(f,)n2™ ™. As Vi = V4 + V3, using (i)
from Assumption 3.12, we deduce that (compare with (64)):

2
B[(viw - #1) ] <€ (o) (- )20 40wt
<C (3+a3) (n—p)2” P 4 Cn2 0%,

with H™ (5,) = H"(§,) + H(f,,). This implies that lim,,_. Vi (n) — H"\(§,) = 0 in probability.
See the proof of Lemma 5.6 to get that lim,_, HP[,"] (fn) = 2. Recall (57) for the definition of
H(5). We have:

IS 2 27 P (9 P Lesicn

£>0; k>0
p—1
S Z 2k_éa2k || Q‘f@,n| Hoo 1{K+k<p} + Z 2_é|</1’7 T(f@,n®2)>|
£>0; k>1 =0

SOnY 2%, + C(1+A)) 2760
£=0 £=0

Thanks to (26) from Assumption 3.14, we get lim,_, oo Hé[ln] (fn) = 0, and thus lim, H{n] (fn)
o?. This finishes the proof.

o

As a conclusion of Lemmas 6.3, 6.4 and 6.5 and since V(n) = Vi(n) 4 2Va(n) — Ra(n) (see (42)),
we deduce that lim,, ., V(n) = o2 in probability.

We now check the Lindeberg condition using a fourth moment condition. Recall R3(n) =
>icG,_, E [Ay,i(fn)?] defined in (66).

Lemma 6.6. Under the assumptions of Theorem 8.17 (2a% = 1), we get lim,, o, R3(n)= 0.

Proof. Following line by line the proof of Lemma 5.7 with the same notations and taking a = 1/v/2,
we get that concerning |1, v; p—¢)| or (i, [ti p—e|), the bounds for i € {1,3,4} are the same; the
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bounds for i € {2, 5,6} have an extra (p—£) term, the bounds for i € {7, 8,9} have an extra (p—£)?
term. This leads to:

Ry(n) < Cn® (277 () +27"cl(n) 2 + 27079 (3 + 03) ).
Then conclude as in the proof of Lemma 5.7. O

Then, we end the proof of Theorem 3.17 with 2a? = 1 by arguing as in the (end of the) proof
of Theorem 3.17 with 2a2 < 1.

7. PROOF OF THEOREM 3.17 IN THE SUPER-CRITICAL CASE (222 > 1)

We assume o € (1/4/2,1). We follow line by line the proof of Theorem 3.17 in Section 6
with a > 1/\/5 instead of o = 1/\/§7 and use notations from Sections 5. We recall that ¢y =
sup{ca(fn), n € N} and q2 = sup,cy¢2(fn) are finite thanks to Assumption 3.12 (ii). We will
denote C' any unimportant finite constant which may vary line to line, independent on n and f,.
Let (pn,n € N) be an increasing sequence of elements of N such that (40) holds. When there is no
ambiguity, we write p for p,,.

Lemma 7.1. Under the assumptions of Theorem 3.17 (2a% > 1), we get lim,,_,o, E[RE°(n)?] = 0.
Proof. Mimicking the proof of Lemma 6.1, we get, as lim,, o, p/n = 1:

lim E[RE(n)?] < C lim &(f,)(2a%)"P27P < Cc2 lim (2a%)" P27 = 0.

n—00 n—00 n—oo

O
Lemma 7.2. Under the assumptions of Theorem 3.17 (202 > 1), we get lim,, o, E[R1(n)?] = 0.

Proof. Following the proof of Lemma 6.2 with a? > 1/2, we get:

p

_ et _ 1/2

E[Ri(n)]> < C Y (270 (20%)" 7462, + Ly py277c3) "
£=0

<C (21’/%2 +) 27t (2a2)<"‘)/25@,n> .

£=0
Then use (28) and dominated convergence theorem to conclude. 0

From Lemmas 7.1 and 7.2, it follows that
. k
lim E[(N}5)(F) = An(fa))?] = 0.

n—oo

Lemma 7.3. Under the assumptions of Theorem 3.17 (2o > 1), we get lim,,_,o, E[R2(n)] = 0.
Proof. Following the proof of Lemma 6.3, we get

E[Ry(n)] < Ce3277 + (Y 272(2a2)P=0/25, )2,
=0

Then use (28), 2% > 1 and dominated convergence theorem to conclude. U

We now consider the limit of Va(n).

Lemma 7.4. Under the assumptions of Theorem 3.17 (2% > 1), we get lim,,_,o, Va(n) = 0 in
probability.
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Proof. Using with a > 1//2, we get that the upper-bound in (53) can be replaced by C'¢3q% a2("—P),
We get that for r > kq:

H JD(Qrfk,n ®sym Qk_e—i_rfl,n) ||L2(P«) < Ca27‘+k—€6k7n§e’n < C(2a2)_n 2(€+k)/2a2(7‘+k)’

where we used Assumption 3.14 (vi) for the first inequality and Assumption 3.15 for the second.
Thus the bound (47) can be replaced by C (2a2)~(*~P)aJ. The term (48) is handled as in the proof
of Lemma 6.4. This gives that (49) can be replaced by C a?. Therefore the upper bound in (50)
can be replaced by C a2("=P) As Vj = Vi + Vs, we deduce that E[(Va(n) — H" (7,))?] < Ca2(—P).
(Compare with (54) and replace f by f,,.) It follows that lim,,_,c Va(n) —Hén] (fn) = 0 in probability.
As in the proof of Lemma 6.4 we also have lim,,_ H5["] (f») = 0. Using (6) and (93) , we deduce
from (96) and Assumption 3.15 that:

p—k—1
PG <O Y 27 b S 40 YD Y 2 e
0<e<k<p 0<t<k<p r=1
<C Z 9=k é ) (n— i/2+C« Z —(n— P)o— (L+Ek)/2
0<t<k<p 0<t<k<n

< O (202)~ (=P,

Since HQ[n] (fn) = Hé"] (fn) + Hén] (fn), it follows that lim,_, . |H£”] (fn)] = 0. We deduce that
lim,, 00 V2(n) = 0 in probability. O

Lemma 7.5. Under the assumptions of Theorem 3.17 (2a® > 1), we get lim, s Vi(n) = o2 in

probability.

Proof. We follow the proof of Lemma 6.5 with a > 1/4/2 and use the same trick as in the proof of
Lemma 7.4 based on Assumption 3.15. We get, with the details left to the reader:

E[(Va(n) — HY(f0))%) < Ca).
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We set g, = fgn From (62), we have for j € {0,...,n—p}:

p P
197 (Agn (Fu))ll 2y < C > 27 197~ Gen [l 2y Lij=o0y + C > ot 19747~ Genll 2y L1y

—0 £=0
p—1
= C27 Gpnllzg =0y + € 327 19771 Q1) N2 Lii=0)
£=0
p .
+C ZQ‘Z Q7P (Qg ) ||L2(M) Lij>1y
£=0
p—1
<C2P | fllag 1g=0y + C Y2 0”1 QGenll 2 Lii=0p
£=0
p .
+ C Y 27 PN |Qgg |2 Lz
=0

P

< C27 | fonllTag Lij=0p + C (a5 +¢3) Z 2~ ol Pt

=0

<Ce3) 2772 10y + C (a5 + ¢3) 7 *P,
where we used Remark 3.13, (ii) of Assumption 3.12, (4) and (43). From the latter inequality, we
get using (60) and (61):

E[(Vs(n) = Hy" (1))*] < C(27 072" 4 0?),

The latter inequalities imply that lim,_,ec E[(Vi(n) — H™ (},))2] = 0, with H™(5,) = HI"(5,) +
HI(5,). From the proof of Lemma 5.6 we have lim,, oo H"(f,) = 2. Next, we have

HP S D 2P (9 Fen®? ) Lesnery

£>0, k>0

p—1
<C Z 00 1{€+k<p} + CZ 27[|<M’ T(f@,n®2)>|
0>0,k>1 =0
p—1
<C Y 2 (207) T Ly + C1+A) Y D 27(20%) (0702
>0, k>1 =0

< C(202)~"7P) £ O(1 4 A) (2a%) 72,

where we used (57) and the definition of hyj therein for the first inequality; (6) for the second;
Assumption 3.12 (iii), Assumption 3.14 (vi), (65) and Assumption 3.15 (twice) for the third. We
deduce that lim,_ o [HY" (7,)| = 0. This ends the proof. O

We now check the Lindeberg condition. For that purpose, we have the following result.
Lemma 7.6. Under the assumptions of Theorem 3.17 (2o > 1), we have lim,,_,, R3(n) = 0.
Proof. From (67), (68) and (69), we have

p 9
Rs(n) < Cn®2 " Ped(5) + 027" 57 (b p0)

=0 j=1
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Now, we will bound above each term in the latter sum. For that purpose, we will follow
line by line the proof of Lemma 5.7 and we will intensively use (27) and (93). We will also
use the fact that for all nonnegative sequence (a¢,¢ € N) such that > ,.,ar < 0o, the sequence
o ag(2a2)”*45§7n, n € N) is bounded as a consequence of the first part of (28) from Assumption

3.15. (Notice that by the second part of (28) and the dominated convergence theorem, the latter
sequence converges towards 0; but we shall not need this.). Recall from Assumption 3.12 that

p€(0,1/2).

The term n327""Pc}(f,). From the first inequality in Remark 3.13, we have

n32 " PEk(,) < Cnd2(1=20)n—p,

The term 13277 S"P=3 (11 |41 ,_4|). Using (72) and Remark 3.13, we get:

p

WY 1 by pel) < Cen2m 020
£=0

The term n327""P Zlg;g |{tt, Y2 p—e)|. Distinguishing the case k=p—¢—land k <p—{—2
in (73) and using Remark 3.13 and (27), we get:
(s Y2,p—e)| < C 2071227 4 C (20)*P~02%067 .

This implies that

p—3 p—3 p—3
n39—"n—p Z<M7 |w2,pfﬂ|> < Cn32—n(1—2p) 22—2 +Cn32—n(1—2p) ZQ—Z (2a2>p—652n
£=0 £=0 £=0

< Cnipn-20)
The term 132777 P2 (11, |43 ,_4|). From (75) we have

p
n39—n-p Z(M, 3. p_e|) < Cn32-(=20n 4 ¢ p39—n+p
£=0

The term n®27" "% 30~ (11, |4, —¢|). From (76) we have
{1y [thap—i]) < C22P=O((2a2)P~*67 )2 < C 2270

and thus
p—3
P27 PN, [ape]) < C0P27P
=0

The term n32-""P Zf;gm, |5 p—e|). From (77) and distinguishing the case k > p—¢—Fk; —1
(and then using (ii) of Assumption 3.12) and k < p — ¢ — 1 (and then using (21), (4) with Qf;,
instead of f, (27) and (28) of Assumption 3.15), we get (u, |5 p—¢|) < C22P~9 and thus

p—3
P27 (g, s pel) < CnP27P
£=0
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The term 132777 S"P=3 (11, |46 p_4|). Very similarly, from (80), we have

p—3

227" PN ", g pil) < CnP27 P
=0

The term n*27""7 Z;z;g ‘<H7¢7,p—é>|- We set Jkn = P (hp—é—k ®sym Qpieikil(f?,n)) ’ USing
that (i, P(1 Qsym hp—e—r) = 0, (82) and (6), we obtain
7 - —r—1/~ —l—r—1/7
I = 2751, P (Ghm) Baym @ (Fen)))|
(97) < O2H D G g 112772 (2 )
For k> p—+{¢— Kk — 1, we have
FZL < c2F [ Q’“’T’l(ﬁk,n) ||L2(u) [ Qp7€727r(Qf£’n) ”LZ(u) < Cv27(1776)0[2(p7£—7~)(527122pn7

HL2(#)'

where we used (4), (93) and the following inequalities:
1P (e Daym (FE) gy < € 80022
which is a consequence of (i) and (iii) of Assumption 3.12, (27) from Assumption 3.14 and
1P fein] @symn fi) 2y < CNRSenl) Q1 L0V 12y =C N2 fenl®) Nl 2y < Cden2,
and
IPQ = 5 fon @ayan (R S C 0300 forallk <p—C—k—2.
which is a consequence of (ii) of Assumption 3.12, (27) from Assumption 3.14. Next, for k& <

p— L€ — k1 — 2, using (97) for the first inequality, (4) and (93) twice (for the second and the last
inequality) and (ii) of Assumption 3.12 for the third inequality, we obtain:

Il < 02 Q5 o) oy 112772 Q) 2
< C27 " gk nll L2y b0
< 2Rk 6y 0PN Q ) g 190l
< C27ka2r=trIgE
Thanks to Assumption 3.15, it follows from the foregoing that

p—l—1k—-1
L, ,(/}7 < 023(p—€) 2—7‘F[7] < C22(p—£) a2(p—é)52 22np + 2&2 p—é§2 ,
D k,r 4n 4,n
k=1 r=0

and thus, we obtain

n39—n— pZ| 7 ot | < On3 ( —(1—2p)n+2—n+p).

The term 132777 S0 =2(;i |1hg , 4|). From (86) we have,

FEE]T,J < C27R AP0 "20HgE gy

+C27 Rt T5en1{k>p f—ki—1;r<p—f—Fk;—2} + 02200t 1{k>p f—ki—1;r>p—f—ki—1}s
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where we use (21), (4) and (93) for the cases k < p—¢—Fk;—2and {k > p—L—Fk;—1; r < p—0—k1—2},
and we used in addition (78) for the case {k >p—¢ — k1 —1;r > p— € —k; —1}. From (84), the
latter inequality implies that

p—3

m2T Y s i) < C P27
£=0

The term n?27""P ZIZ;SOM [tbg p—e|). From (88), (90) and (91), using (4), (93) and (78), we
obtain

9 —k—r — — T —k—r — —r—3
FL,]W <027 Rt 002 MGE Ay o j oy + C27F QPP G 0T sy ey

Using (87), it then follows that

p—3
R (s [ p-el) < Cn*2 7.
£=0
From the previous bounds, we deduce that lim,_, . R3(n) = 0. O

Finally, arguing as in the (end of the) proof of Theorem 3.17 (sub-critical case), we end the
proof of Theorem 3.17 in the super-critical case.

8. APPENDIX

In this section, we recall useful results on BMC which are recalled in [1].

Lemma 8.1. Let f,g € B(S), x € S and n > m > 0. Assuming that all the quantities below are
well defined, we have:

(98) E. [Mg, (f)] = [Gn| Q" f(x) = 2" Q" f (),
(99) E, [Mg, (f)*] = 2" Q"(f*)(z) + Y 2"k Qn*=1 (P (Q"f @ 9*f)) (a),
k=0

(100)  E[Mg, (f)Mg,,(9)] =2"Q™ (9Q""™f) ()

—

m—

+ 2n+k Qm—k—l (g) (ng ®sym Qn—m+kf)) (l’)
k=0

Lemma 8.2. Let X be a BMC with kernel P and initial distribution v such that (iii) from Assump-
tion 3.11 (with ko € N) is in force. There exists a finite constant C, such that for all f € B (S)
all n > kg, we have:

(101) |Gl 'ElMe, (N S C I fllprgy and |Ga|'E[Mg, (f)’] <C Y 2* IIQkaiz(M)-
k=0

We also give some bounds on E, [Mg, (f)?*], see the proof of Theorem 2.1 in [3]. We will use
the notation:

g®2=g®g.
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Lemma 8.3. There exists a finite constant C such that for all f € B(S),n € N and v a probability
measure on S, assuming that all the quantities below are well defined, there exist functions ;.
for 1 <5 <9 such that:

9
E, [Mg = (W, in)
Jj=1

and, with hy, = Q¥=1(f) and (notice that either |1;]| or |(v,4;)| is bounded), writing vg = (v, g):
|w1,n| S C2nQn(f4)v

n—1
Vs ] < C22" 3" 27 FUQRP (9" F1(f2) @yun B k) |,
k=0
n—1
|/(/)3,n| < C’2Qn Z Q_k QkT (Qn—k—l(f2)®2) ’
k=0

[an| < C2 P (|P(hp-1®7) ®7 ),
n—1

k—1
|'(/)5,n| < 02471 ZZQ 2k— rQrop (Qk7r71|g)(hn_k®2)|®2)’

k=2 r=
n—1k—

|w6,n| < 023n Z Z 27k7rQr|fP (Qkfrfltp (hn—k®2) ®Sym anrfl(f2)) ‘7
k=1 r=0
n—1k—1

| < C 2 N2 R QTP (QF TP (g @y QT (f?)) @sym Bnr) |,

k=1 r=0
n—1k—1r—1

[sn] < C22 Y NN " 27FTHIQIP (1Q7 TP (B ®2) | @aym |98 (B @) )
k=2 r=1 j=0
n—1k—1r—1

[tho.n| < C 247 27k P(Q" TP (B Rgym Q5P (hp—®?)) Rgym Bn—j) |.
k=2 r=1 j=0
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