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ABSTRACT. In this paper, for each of six families of three-valued m-sequence
correlation, we construct an infinite family of five-weight codes from trace codes
over the ring R = Fa + uF2, where u? = 0. The trace codes have the algebraic
structure of abelian codes. Their Lee weight distribution is computed by us-
ing character sums. Their support structure is determined. An application
to secret sharing schemes is given. The parameters of the binary image are
271 (2™ — 1),4m, 2™ (2™ — 27)] for some explicit r.

1. INTRODUCTION

Few weight codes form an important topic in secret sharing schemes [4, 7, 28,

30]. When using Massey’s secret sharing scheme [7], the minimality of codewords

for support inclusion is a crucial question, which is easier to elucidate in codes with
a small number of explicit weights, using the Ashikmin-Barg criterion [1].

A classical construction of codes over finite fields called trace codes is as follows

C:={(tr(dyz),...,tr(d,x)) | x € F},
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where F' is some extension of the alphabet field, ¢r is the trace function from F
down to the alphabet, and the set L = {ds,...,d,} C F is the defining set. Many
few-weight codes can be produced by this method [30, 7].

In recent papers [21, 20, 26, 29], the notion of trace codes has been extended from
finite fields alphabets to a ring R. Then a linear Gray map constructs codes over
a finite field from codes over R. The Lee weight over R is the Hamming weight
of the Gray image. They are part of a general research program where a variety of
few weight codes are obtained by varying the base ring and the defining set. Let
F, denote a finite field with ¢ elements. We can summarize the outcome of this
research program as shown below:

[20]: L =R, R =TFa + uFy + vFy + uvFa(u? = v? = 0, uv = vu);

[21]: L =R}, R =TFs + uF2(u? = 0);

[22]: L = uQ + (1 — u)Fym (Q denotes the squares of Fym), L' = Ry, R = F), +
ulF, (u? = u);

[23]: L = R*,L' = D x Fom X Fom --+ X Fom (D = (a™°) C Fym, where « is
a fixed primitive element of Fom and Ny | (2™ — 1)), R = Falu1, ug, ug]/(u? =
0 and u;uj; = uju,; for i,j in [k]). Let R be the ring obtained by replacing Fy by
Fom in the definition of Ry;

[24): L=R:,, L' = QX F3m xF3m (Q denotes the squares of Fzm ), R = Fs+uF3+
w?Fs(u® = 1);

[14]: L={a+bu+cv+duv:a € Q,b,c,d € Fym} (Q denotes the squares of Fpym), R =
Fp, + ulf, 4 oF, 4+ uvl, (u? = v* = 0, uv = vu);

25]: L = {a+bu+cvo+duw :ac DbedecFym} (D={dj =aV0Dj=
1,2,---,m} COYN C Fpm), L' ={a+bu+cvo+duv:a€Fy.,bcdeFym}, R=
F, + uF, + vF, + uvF,(u? = v* = 0, uv = vu);

[26]: [R},: L] =2,R =T, + uF,;

[27]: L = Q X Fam X Fam -+ X Fam (Q denotes the squares of Fpm), L' = {ag +
aju+ -+ ag_yup—y: ag € Fpm,a; € Fpm,i=1,2,--- [k =1}, L" = D + uFpm +
Py (D ={dj =o' U j=1,2,-- ;n} COY CFpm), R =T, +uF, +
u?Fp, + -+ uF1F, (uf = 0);

[29]: L =R:,, R=TFy+ vFy + v2Fa(v3 = 1).

Here, L, L', L" are called the defining sets of trace codes, R, denotes an m-extension
of the ring R with m > 1 and R}, its set of units. The symbol [A : B] denotes the
index of the subgroup A of B.

In the present paper, we define a trace code by replacing the linear form d;z in
the above definition by a binomial (a polynomial with exactly two monomials) in
x. In particular, we use the binomials of the form z + 2 (the integer d is called
the decimation) that occur in the evaluation of pairs of m-sequences with a three-
valued correlation. Seven infinite families of such binomials are known [3, 5, 9, 12,
17, 19], and they are conjectured to be the only ones. See [10, 13] for a survey on

low correlation sequences. In this paper, we manage to give a unified proof that
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six of them yield five-weight binary codes when R = Fy + ulF2, and L = R},. In
contrast with most constructions of few-weight codes our trace codes are not visibly
cyclic [2], but they are provably abelian.

The manuscript is organized as follows. Basic notations and definitions are
provided in Section 2. Section 3 shows that the codes and their binary images are
abelian. The main result, the Lee weight distribution of these codes, is presented
in Section 4. Some results on the dual distance and on the support structure of the
binary images and an application to secret sharing schemes are given in Section 5
and Section 6.

2. PRELIMINARIES

We consider the local ring Fo 4+ uFy denoted by R, with u? = 0. For any
positive integer m, we construct an extension of degree m of R as R, = Fom +ulFom
with again u? = 0. This is a local ring with maximal ideal (u), and a chain ring of
depth two. Furthermore, there is a conjugacy map F which maps z = a + Su onto
F(z) = a® + B?u for a, B € Fam. The Trace of z, denoted by Tr(z) is then defined

as the sum of its conjugates.

Ju

m—

Tr(z)=Y_ Fi(2).

Jj=0

The connection with the standard trace tr() of Fam down to Fy is as follows
Tr(a+ pu) = tr(a) + tr(B)u,

for all «, 3 € Fom. The trace from Fom to a subfield Fos will be denoted by tr7()
and sometimes by tr,,() if s = 1.
For convenience, let M denote the maximal ideal of R,,, i.e.,

M = (u) = {Bu| B € Fam},
and let M* denote the nonzero elements of M. The group of units in R, is
Ry, ={a+pu|acFsn., [ Fom},

where I3, is the the set of nonzero elements in Fom. It is easy to check R}, = F3.. X
Fom and |R,| = (2™ —1)2™. Hence, R}, is not a cyclic group and R,,, = R}, UM.
A linear code C over R of length n is an R-submodule of R". If z = (z1,%2, + ,Tn)
and y = (y1,Y2, - ,Yn) are two elements of R™, their standard inner product is
defined by (z,y) = >, #;y;, where the operation is performed in R. The dual
code of C is denoted by C* and defined as C+ = {y € R" | (x,9) = 0,Vx € C}.
For z = (z1,22,...,20),y = (Y1,Y2,---,yn) € F3,du(z,y) = {i | 2 # vi}l
is called the Hamming distance between = and y and wy(z) = dg(z,0), the
Hamming weight of . The Hamming weight of ¢ = (¢1,¢a,...,c,) of F} can also

be equivalently defined as the number of nonzero components of c.



4 MinJiA SHI, LIQIN QIAN, TOR HELLESETH AND PATRICK SOLE

For any * = o + fu € R, we define the Gray map ® : R — F3, ®(a + fu) =
(8, a+p), where , 8 € Fo. This map can be extended to R™ in the natural way [21].
From the definition of Gray map, we know that ® is a bijection and linear. Then ®
is a weight-preserving map from (R", Lee weight) to (F3", Hamming weight), that
is, wr(z) = wy(P(x)),x € R™.

Given a finite abelian group G, a code over R is said to be abelian if it is an
ideal of the group ring R[G]. In other words, the coordinates of C' are indexed by
elements of G and G acts regularly on this set. In the special case when G is cyclic,
the code is a cyclic code in the usual sense [18].

3. SYMMETRY

For a,b € R,,, we define the vector Ev(a,b) by the following evaluation map:

Fv(a,b) = (Tr(az 4 bx?))pers -

m

Define the code Ty(m) by the formula
Ta(m) = {Ev(a,b) | a,b € R, }.

Thus Ty(m) is a code of length |RY,| over R.
Proposition 3.1 The group of units R}, acts regularly on the coordinates of Ty(m).

Proof. For any v',u' € R, the change of variables z — (u’/v’)x permutes the
coordinates of Ty(m), and maps v’ to «'. Such a permutation is unique, given

v, O

*

~,- In other

The code Ty(m) is thus an abelian code with respect to the group R
words, it is an ideal of the group ring R[R},]. As observed in the previous section,
R}, is not a cyclic group, and thus T,;(m) may not be cyclic. The next result shows
that its binary image is also abelian.

Proposition 3.2 A degree two extension of R}, of size 2| R, | acts regularly on the

coordinates of ®(Ty(m)).

Proof. Tt is similar to the proof in [21], and we omit it here. O

4. THE VALUES OF THE LEE WEIGHT

In this section we determine, for some specific values of d, the Lee weight distri-
bution of the code Ty(m) of length |R},| over R defined by

Ty(m) = {Ev(a,b) | a,b € R},
where the evaluation map Fv(a,b) is given by
Ev(a,b) = (Tr(ax + bxd))zenfn.

The Lee weight distribution has so far not been determined for T;;(m) for any d.
The determination of the Lee weight distribution of Ty(m) over R also determines
the Hamming weight distribution of the binary code ®(T4(m)) of length 2|R%,|.
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We consider the following seven values of d (called decimations) given by d;, i =
1,2,---,7,

m

d7—22+1—|—3 wherem—2 (mod 4).
Note that it is well known that ged(d;,2™ —1)=1fori=1,2,---,7.
The main result in this paper is to show that each of the codes Ty(m) have

1) dy = 2% + 1, where Zed(imy 18 odd.

2) dy = 22k 2% + 1, where (i 18 odd.

3) ds = - + 3, where m is odd.

4) dy =2 " 42" — 1, where m=1 (mod 4).
5) ds =277 +237r§1 —1, where m =3 (mod 4).

6)d6—22+ =2 (mod 4).
7)

five Lee weights and to determine their Lee weight distributions for any d € D* =
{di1,d2,d3,dy4,ds,ds}. The last value of d = d; does not lead to a five weight code
Ty(m). Actually to find the Lee weight distribution of T,, appears to be a very
hard open problem and is left as a challenge to the reader.

In the following we define a family of binary codes Bg(m) of length 2™ — 1 that
are related to the family of codes T;;(m) of length |R%,| over R. Let By(m) be the
binary code

By(m) = {v(a,b) | a,b € Fom },
where
v(a,b) = (tr(ax + bxd))xe]pgm.

Let
Cd(a,b) — Z (_1>tr(am+bmd).
2€F%,
The exponential sum Cy(a,b) is fundamental for determination of the cross correla-
tion between two binary m-sequences of period 2™ — 1 that differ by a decimation
d.

The weight distribution of the code Bgy(m) is completely determined by the
values taken on by the exponential sum Cy(a,b),a,b € Fom since wy(v(a,bd)) =
w. Let D = {d;,da,d3,dy4,ds,ds,d7} and note that the following lemma
shows that d € D are all the known values for Cy(a,b) to take on three different
values when a,b € Fom. In particular, it follows that the corresponding binary
codes Bgy(m) have only three nonzero Hamming weights for d € D. It has been
conjectured by Dobbertin [8] that the set D of seven families of decimations gives
all three-valued Cy(a,b).

To find values of d leading to a three-valued C/(a, ) has been a research problem
for more than 50 years [9, 12, 15]. These results have numerous applications in
communication systems, sequence designs, coding theory and cryptology [10]. In
particular, this has led to families of sequences applied in GPS, and in many other

mobile communication standards [13].
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The important role of d € D to construct binary codes with few weights of period
2™ — 1 make these decimations good candidates for finding other codes with few
weights among the codes Ty(m) of length |R% | = 2™(2™ — 1).

Lemma 4.1 [1, 3, 8, 5, 9, 12, 13, 17, 19] Let D = {dy,d2,d3,d4,ds,ds,dr}, then
the seven values d € D have the property that ged(d, 2™ — 1) = 1. The distribution
of
Cala,1) = 3 (1)t
C€FL,

when a runs through F%.., is three-valued and has the following distribution:

-1 occurs My times,
—1+4+2" occurs M, times,
—1—2" occurs M_ times,

where r = m;ea My =2m —2m"° — 1, M+ = gm—e—1 + 2WL726727 M._ = 9m—e-1_

m—e—2

Furthermore, e = ged(m, k) for the cases dy and dz, e = 1 for the cases d3, dy
and ds, and finally e = 2 for the cases dg and d7.

Note that since ged(d, 2™ — 1) = 1 for d € D, then Cy(a,b) = Cq(ab~7,1).

In the analysis of the Lee weight distribution of Ty(m) it is important to know

ged(d — 1,2™ — 1) that is given in the following lemma.

Lemma 4.2 The following holds:

1) ged(d; — 1,2™ —1) =1 fori=1,3,4,5.
2) ged(dy — 1,2™ — 1) = 28cd(km) _ 1

3)

ged(dg — 1,2™ — 1) = {

(mod 8),

2
6 (mod 8).

4) ged(dy —1,2™ —1) = 2% + 1.

Proof. We only provide a short proof for the cases involving d4 and ds and omit
the other and more trivial cases.

1 m—1

Consider the case dy = 2%7 +2%7 —1, m =1 (mod 4). Let z = 2(m~1/% and
observe that dy — 1 = 2% + 2 — 2 and ged(dy — 1,2™ — 1) = ged(2? + 2 — 2,22 — 1).
The extended Euclidean algorithm leads to

31 = (10z + 21) (22" — 1) — (2023 + 2222 + 18z + 26) (2% 4+ 2 — 2),

and therefore ged(dy — 1,2™ — 1) divides 31 .
Let t = (m — 1)/4. If 31 divides 2™ — 1 = 24*! — 1 we have t = 1 (mod 5). In
this case, dy — 1 = 2% 42! =2 =4 %0 (mod 31), and thus ged(dy —1,2™ —1) = 1.
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m—1 3m—1

Consider the case d5s =277 +275 —1,m=3 (mod 4). Let z = 20m+1/4 and
observe that in this case ged(ds — 1,2™ — 1) = gcd(% + % -2, % —1). We obtain

(
— 2 4 _ 9\ _ 3 2 3 2 _
62 = (92° + 20z + 21)(z" — 2) — (92° + 11z + 10z + 26)(z° + 2= — 4)

and thus A = ged(ds — 1,2™ — 1) divides 31.
If A =31 then 2* =2 (mod 31) and 2 + 22 = 4 (mod 31). The first equation
has only the two solutions z = +2%. Inserting the value x = 2% in the second

equation gives

=02+ (22 =4+8=12#4 (mod 31).

m—+1

Then we try z = —2* = 15 (mod 31) which is impossible since z = 273 # 15
(mod 31). Hence, we conclude that ged(ds — 1,2™ — 1) = 1. O

We first recall the following classic lemmas, which play an important role in
determining the Lee weight distribution of Ty(m).
Lemma 4.3 [18, (6) p.412] If y = (y1,¥y2, - ,yn) € FY, then 2wpy(y) = n —

> (=1

i=1

Lemma 4.4 [18, Lemma 9 p.143] If 2 € F5,., then > (—1)"(?) = 0.
rEFym

We next will discuss the Lee weight distribution of Ty(m) for d € D*. Note that
the Lee weight distribution of two codes Ty(m) can be different even though the
corresponding two codes By(m) have the same Hamming weight distribution. This
implies that the determination of the Lee weight distribution of T,;(m) is not solely

a direct function of the Hamming weight distribution of Bg(m).

Theorem 4.5 Let a,b € R,,, and let d € D* = {dy,ds,ds,dys,ds5,dg}. Let
(e,r, My, My, M_) be as given in Lemma 4.1. Furthermore, let s be defined by
ged(d — 1,2™ — 1) = 2° — 1 which by Lemma 4.2 holds for all d in D* for some
s depending on d. Let A;(z) denote the number of codewords of Lee weight ¢ in
T4(m) coming from case x.
(i) fa=0,b=0, then wr(Ev(a,b)) =0 and Ay(i) = 1.
(ii) Ifb=0,a # 0,
1) a € M*, then wr,(Ev(a,b)) = 2% and Agem (id,1) = 2™ — 1.
2) a € Ry, then wr (Ev(a,b)) = (2™ —1)2" and Agm am _1)(ii,2) = 2™ (2™
1).
(iii) If a = 0,b # 0,
1) b € M*, then wi,(Ev(a,b)) = 2™ and Agem (iii, 1) = 2™ — 1.
2) b € R, then wy (Ev(a,b)) = (2™ —1)2™ and Agm gm _y) (iid, 2) = 2 (2™ —
1).
(iv) If a #£ 0,0 # 0,
1) a € M*,b € M*, then wr,(Ev(a,b)) = 22m 22m — or+m op 22m 4 9r+m and
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A22m (iv, 1) = (2“171)]\4-()7 A22m+27~+m (Z"U7 1) = (2m71)M_ and A22”m,2'r+”m (iv, 1) =

(2m —1)M,.
2) a € M*,b e R}, then wr(Ev(a,b)) = (2™ — 1)2™ and Agm(gm_1)(iv,2) =
(2m — 1)22m,
3) a € Ry,, b€ M*, then wr(Ev(a,b)) = (2™ — 1)2™ and Agmgm_1(iv,3) =
(2™ —1)%2m.

4) a € R, b € R, then wr,(Ev(a,b)) = 2™ (2™ —1),2™(2™ — 2%) or 2°™ and
A2m(2m71)(l”u’4) = 22m<2m _ 1)227::11 (23 _ 2), Agzm (iv,4) = (2m — 1)222m—s
_ @ropmes
- -1 :

and AQm(Qm_Qs) (Y:U, 4)

Proof. (i) If a =0,b =0 then Ev(a,b) = (0,0,---,0). So wr(Ev(a,b)) = 0.
——
IR |
Hence, this case contributes with Ag(7) = 1.
(ii) Let b= 0,a # 0.
1) For a € M*, let a = ayu,a1 € Fbn, © = 20 + 21u € R}, 20 € Fi. So we

have ax = ayxou, Tr(azx) = tr(ajxo)u. Taking Gray map yields
®(FEv(a,b)) = (tr(a1z0), tr(a120)) g2, -

Using Lemma 4.3 and Lemma 4.4 we have

2R, | - 2wr(Bu(a,b) = 2 > > (=1)trlmm)
IQGF;m, x1EFom

— _2’m+1

Then wy(Ev(a,b)) = |RE,| + 2™ = 22™.

Therefore this case contributes with Agzm (i4,1) = 2™ — 1 = |M*|.

2) Fora € RY,, let a = ap+ a1u € RY,, * = x0 + x1u € R},. So we have ax =
(ap+aru)(zg+z1u) = agzo+ (apx1 +ar12zo)u, Tr(azx) = tr(agzo) +tr(agxi +a1zo)u.
Taking Gray map yields

®(Ev(a,b)) = (tr(apz1 + a1xo), tr(aozo) + tr(aoz1 + a120))zg 2, -
From Lemma 4.3 and Lemma 4.4, and the fact that ag # 0, we have

2[R, — 2we(Bu(a,b)) = Y D (~1)frleemtero) g

zo€FSm ®1€Fm
E E (_l)tr(agzo)+tr(aom1+alzo)
CE()G]F;m x1EFom

= 0.

Then wr,(Ev(a,b)) = |RE,| = (2™ — 1)2™.
The contribution from this case is therefore Agm(om_1)(ii,2) = 2™(2™ — 1) =
Rl

(iii) In the case a = 0 and b # 0.
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1) For b € M*, let b = byu, by € Fn, © = xo + 11w € R}, 0 # 0 . So we have
T (bx?) = tr(byxd)u. Taking Gray map yields

®(Ev(a,b)) = (tr(blxg),tr(ble)l))mo,xl.

From Lemma 4.3 and Lemma 4.4, we have since by # 0, and ged(d,2™ — 1) = 1
that

2|R | — QwL(Ev(a, b)) = 2 Z Z tr(blmo)
20€Fm x1€Fam

— _ 2m+1

Then wr(Ev(a,b)) = |RE,| + 2™ = 22™.

Therefore this case contributes with Agzm (i4i,1) = 2™ — 1 = |M*|.

2) Forbe R}, let b="by +biu € RE, bp #0. Let . =29 +z1u € RY,. So we
have bz = (by 4 byu)(xd + ded " 21u) = boxd + (b1xd + bodxd™ 1 )u. Hence, since
d is odd then Tr(bz?) = tr(boxd) + tr(b1xd + boxl ‘21 )u. Taking Gray map yields

®(Ev(a,b)) = (tr(blxg + bofcg_lxl),tr(boxg + blxg + boxg_lml))movzl.

From Lemma 4.3 and Lemma 4.4, we have since by # 0, that

E E tr blzo+b0:1:0 1w1)+

Zo EFQW, €1 E]Fz'm

Z Z tr(b0x0)+tr(b1w0+bow5 lml)

20€Fm z1€Fm
= 0.

2[R;u| — 2wi(Ev(a, b))

Then wr,(Ev(a,b)) = |R: | = (2™ — 1)2™

The contribution from this case is therefore Agmom_1(444,2) = 2™(2™ — 1) =
Rl

(iv) In this case a # 0,b # 0.

1) For a € M*,b € M*, let a = aju,b = byu,a1,by € Fhn,x = 9 + z1u € R,
xo # 0. Therefore we have

ar +bx? = ayu(ze + ziu) + bu(ze + zyu)?

(a1xo + brzd)u.

Hence,
Tr(az + bx?) = tr(ayzo + bizd)u.

Taking Gray map yields

®(Ev(a,b)) = (tr(arzo + blxg), tr(aixo + blxg))m,ml.
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Combined with Lemma 4.3 and Lemma 4.4, we have

9 Z Z (_l)tr(almoerlmg)

xo EIF;m x1EFom

_ 2m+1 Z (71)tr(a1mo+b1$g)'

zo€FSm

2Ry, — 2w (Ev(a,b))

This means that wr(Ev(a,b)) = |RE | — 2mCy(a1,b1) = 2™(2™ — 1 — Cy(a1,b1)).
Therefore Lemma 4.1 implies that wz (Ev(a, b)) = 22™,22™ £ 2r+m,

Since Cy(ay,by) = Cq(c,1) where ¢? = af/b; it follows that ¢ runs through all
elements in [F5., exactly 2" — 1 times when a1, b; run through F3...

Hence, it follows from the cross correlation distribution in Lemma 4.1 that the
contribution to the weight distribution in this case is: Ag2m (iv,1) = (2™ — 1) M,
As2m yorsm (10,1) = (2™ — 1)M_ and Asem _grim (iv,1) = (2™ — 1) M.

2)Fora e M*,be R}, leta=aju,a1 € F5n,b=bo+b1u € R}, x = xo+z1u €

R>,. Thus we have by, zg € F3,. and since d is odd we obtain

ar +bz? = aru(zg + zyu) + (bo + byw)(zo + :Elu)d

= boa:g + (@120 + blxg + boxg_lxl)u,

Tr(ax + bz?) tr(boxd) + tr(aizo + briad + bozd 1z )u.

Taking Gray map yields
®(Ev(a,b)) = (tr(azo+biazd+bozdLay), tr(boxd)+tr(a1zo+b1 i +boxd 1)) wy ., -
In the light of Lemma 4.3 and Lemma 4.4, it follows from by # 0 and xy # 0, that

2|R: | — 2wr (Ev(a, b)) = Z Z (_1)tr(a1$0+b1$3+bow3713¢1) +

zo€FSm ®1€Fm

§ § (_1)tr(b0mg)+tr(a1r0+blrg+box(d)71xl)

) G]F;m z1EFom

= 0.

Thus, wr,(Ev(a,b)) = |R}, | =2(2™ —1).
Hence, this case contributes with Agm (om _1)(iv,2) = (2™ — 1)22™ = [M*||R},|.
3) Now we deal with the case a € RY, and b € M* with a = ag + aju € R},,b =

*

biu,ap,b1 € ¥,z =20+ z1u € R}, x0 € F5.n. Deduce from computing

ar + bzx? = (ap + aru) (o + z1u) + byu(xo + zu)?

= apxo + (@120 + apx1 + blxg)u
that Tr(az + br?) = tr(agzo) + tr(a1zo + aory + biwd)u. Taking Gray map yields
®(Ev(a,b)) = (tr(a1zo + apry + b1xd), tr(azo) + tr(aizo + aor1 + b128)) vy 2 -

According to Lemma 4.3 and Lemma 4.4, we have since ag # 0,
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2IR;,| — 2wr(Ev(a, b)) = Z Z yir( (ar@otaoz+big)) |

2o €FSm z1E€F2m

E 2 tr (aozo +tr(a1m0+aom1+b1m0))

zo€FYm 1 E]FQ'm

= 0.

Then wr,(Ev(a,b)) = |RE,| =2™(2™ — 1).
Hence, this case contributes with Agm om_1)(iv,3) = (2™ — 1)22™ = [M*||R |.
4)Fora € R},,b € R}, let a = ap+aiu € RY,,b=bo+biu € R, v =xo+z1u €
Rr., ao,bo, zo € F5m. So we have since d is odd that

ax + bzt = (ag+ aju)(zo + z1u) + (bo + bru)(zg + z1u)?
= (apmo + boxg) + (apz1 + a1z + blxg + bodxdflxl)u,
Tr(ax + be?) = tr(apxo + boxo) + tr(apzy + a1z + blmo + boxd 1 x1)u.

Taking Gray map yields ®(Ev(a, b)) = (tr(aoz1 +aizo+bixd+bozt ta1), tr(agwo+
boxd) + tr(apzy + a1zo + brxd + boxg_lxl))xmxl. Using Lemma 4.3 and Lemma 4.4,
we obtain

d d—1
2ARL |~ 2wp(Bu(a,b) = 3 D0 (~pfrleomitersotbisfitocy o |
2QEFSy, ®1EFgm

3 3 (_1)tr(aozo+b0zg)+tr(aozl+a1xo+blzg+bozg_1

xq e]F;m xq EFgm

z1)

Observe that

Z (_1)tr(a1m0+blzg) Z (_1)t7‘((a0+b0zg*1)m1) +

20 EFGm z1 EFym

2|R;.| — 2wr (Ev(a,b))

) (—1)tr((ar+ag)zo+(b1+b0)z) 3 (—1)tr((eo+bozg ™ 1)

mOEF;m x1 EFgm

d d
N Z (—1ytr(areo+brag) () 4 (_q)trlaozo+boz)y
zgEU

_  gmtl Z (71)tr(a110+b11g)
€U

where U = {x € F5.. | ag + boz?~! = 0}. Since ged(d — 1,2™ — 1) = 2° — 1 for any
d € D*, it follows that %! and 22 ! run through the same nonzero elements in
F%.. when z runs through F%.. and therefore

ao

U={zeF}, |22 1=
bo

.

Note that U depends on ag and bg.
First, consider the case U = () that occurs if and only if ‘;—g £ ~2 =1 for any

v € F5... In this case

wr,(Bv(a,b)) =R}, | =2"(2™ —1).
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The number of choices of ay,b; € Fom and ag,by € Fi.» with the condition ‘;—3 #*

72" =1 for any 7 € Fj.. is 22™(2™ — 1)2=L(2° — 2). Hence, this contributes

2m—1
25 -1

Agim(gm_1y(iv,4) = 2°™(2™ — 1) (2° —2).

Note that this case never occurs for s = 1.

Next consider the case U # (), then ‘;—8 =~2"~1 for some y € F3.., and we have

U={z €Fsn |z =r0, where ¢ € F3.},

2°— 23—1628—1 2°—-1 _

1
=7 =7
Then, let ¢ = (a1 + bl‘g—g) , we observe that when aj,b; run through Fom and

. aog *
since x o for any 6 € F3m.

agp, bp run through F3,. with the condition ‘;—3 = 42"~1 for some v € F.., then each
value of ¢ € Fam occurs equally often with multiplicity

2m —1

25 —1°

2m (2™ — 1)

The continuation of the calculations above gives,

wi(Bo(a,b) = Ry = 2" Y7 (~1)rlesothe)

zo€U

SCIREAD MG
zo€U

— ‘R* | _9gm Z (_1)tr((a1+b1 ‘;—3)75)
roceU

= Rl -2m Y (1))
STy,

— 2m(2m _1— Z (_1)trs(6tr;”(c))).

SRy,

Note that, well-known properties of the trace function give

Z (71)”5(5”?(6) _ { -1 if Tri*(c) #20 that occurs 2™ —2™7°  times,

s 3 m _ m—s .
SeFas 2°—1 if Tr*(c)=0 that occurs 2 times.

These two values of the trace function lead to Lee weights 22™ and 2™ (2™ — 2%)
and the final contributions to the weight distribution in this case becomes:
Agam (iv,4) = (2™ — 1)%22m~,

(2m _ 1)222’”’7,78
25 —1 '
The discussion above shows that the code has the following five nonzero weights:

Agm(gm_gs) (iv, 4) =

{22m _ 2771-‘,—r7 2m(2m _ 28)7 2m(2m _ 1)’ 22m, 22m =+ 2m+r}'

Furthermore, the number of codewords of each Lee weight from each case above has

been determined. O
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The complete Lee weight distribution for T,;(m) follows easily in the following

corollary by adding up the information in the previous theorem .

Corollary 4.6 Let (e,r, My, My, M_) be as given in Lemma 4.1 and furthermore
let s be defined by ged(d — 1,2™ — 1) = 2° — 1 which by Lemma 4.2 holds for all
d in D* for some s depending on d. Let A; denote the number of codewords of
Lee weight ¢ in Ty(m). The Lee weight distribution of the code Ty(m) over R for
d € D* ={dy,ds,ds,d4,ds,ds} is given by:

Ao =1,

Ag2m _gm+r = (2™ — 1) M,

Agn(gm_gny = (2™ —1)* Foy,
Agmam_1y = 22™(2™ —1)(2 4 (2" — 1)32:?)7
Agem = (2™ — 1)(Mp + 2 + (2™ — 1)22m79),
Asg2m yom+r = (2™ — 1)M_.

In particular the code ®(T;(m)) has parameters [27F1 (2™ —1), 4m, 2™ (2™ —27)].

Proof. This result is a simple consequence of the previous theorem that study several
cases and determine, in each case, the number of codewords in T,;(m) of Lee weight
i in case x, denoted by A;(z). Adding the number of codewords of weight i in each

case completes the proof. O

A concrete example is as follows.
Example 4.7 Let m = 5,e =1, r = 3, s = 1. Then we obtain a binary code of
parameters [1984, 20, 768]. The weights are {768,960, 992, 1024, 1280}.

5. DUAL DISTANCE

Proposition 5.2 The dual distance of T;;(m) is 2.

Proof. We exhibit a codeword of weight 2 in T;(m)* supported by x,y € L. Assume
y = (1 +u)z. Because d is odd, we have y¢ = (1 + u)xz?. Hence the relation

(z, 2N + (1 +u)(y,y?)t = 0.

Thus there is a codeword of shape (1, 14+u,0"~2) in Ty(m)*. Since wr, ((1, 1+u)) = 2,
the result follows.

We construct a projective code related to Ty(m), by removing half the columns
of its generator matrix. Write L = L’U(1+wu)L’ (this writing is non unique). Define
a trace code HT4(m), of defining set L’ by the relation

HTy(m) = {(Tr(azx 4+ bx)per | a,b € Ry}

Proposition 5.3 The dual distance of HTy(m) is > 3. Each weight in HTy(m) is
half the weight of some weight in Ty(m) with the same frequency.
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Proof. By construction the codewords of weight 2 in HT;(m)", similar to those
described in Proposition 5.2 cannot occur. It is easy to exclude the shapes (u, 0"~ 1)
or (1,1,0"~2). Hence the dual distance of HT;(m) is > 3. The relation between the
weights of HTy(m) and those of Ty(m) is immediate. O

6. APPLICATION TO SECRET SHARING SCHEMES

In this section, we first introduce the support structure. Let g be a prime power,
and n an integer. Let F, denote the finite field of order ¢. The support s(z) of a
vector z in Fy is defined as the set of indices where it is nonzero. We say that a
vector x covers a vector y if s(z) contains s(y). A minimal codeword of a linear
code C'is a nonzero codeword that does not cover any other nonzero codeword. In
general determining the minimal codewords of a given linear code is a difficult task.
However, there is a numerical condition, derived in [1], bearing on the weights of
the code, that is easy to check.

Lemma 6.1 (Ashikmin-Barg) Denote by wy and ws, the minimum and maximum
nonzero weights, respectively. If
wo a=1
Woo q

then every nonzero codeword of C' is minimal.

9

We can infer from this the support structure for the codes of this paper.
Proposition 6.2 All the nonzero codewords of ®(Ty(m)), and of ®(HT;(m)), for

m > 2 and m is odd, are minimal.

Proof. Based on the introduction of Lemma 6.1, then wg = w1, wse = ws and g = 2.

Next we need to prove the inequality %; > % is true for m > 2. Thus, we obtain
3m+1
)

2wy —ws = 227 —27F ) - (22 42
= 22"(1-3-2'"™) > 0.

3m-+1
2

Hence the statement on ®(7;(m)), is proved. The analogous statement on ®(HT4(m)),

follows similarly by Proposition 5.3. O

A secret sharing scheme (SSS) is a protocol involving a dealer and S users.
Massey’s scheme is a construction of such a scheme where a code C' of length n
over F,, gives rise to a SSS with S = n — 1. See [30] for a detailed explanation of the
mechanism of that scheme.

Now, the coalition structure is related to the support structure of C. In the
special case when all nonzero codewords are minimal, it was shown in [7] that there
is the following alternative, depending on the dual distance d':

e Ifd’ > 3, then the SSS is “democratic”: every user belongs to the same number

of coalitions.

e If d = 2, then there are users who belong to every coalition: the “dictators”.
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Depending on the application, one or the other situation might be more suitable.
By the results of the preceding section we see that ®(Ty(m)) leads to a dictatorial

scheme, and ®(HT,;(m)) to a democratic one.

7. CONCLUSION AND OPEN PROBLEMS

In this paper, we have studied a family of trace codes over Fy + ulFy, based
on six of the seven known families of decimations leading to three-valued cross
correlation of m-sequences. These codes are provably abelian, but not visibly cyclic.
Using a character sum approach, we have been able to determine their Lee weight
distribution of T;;(m), and we have obtained a family of abelian binary five-weight
codes by the Gray map. The same study for the seventh decimation is challenging,

and is likely to lead to binary codes with many more than five weights.
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