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Abstract— The increasing urbanization, population, and travel
demand lead to a higher density of trains in subway or tramway
lines, which weakens the energy-feeding dc substations of these
city transportation means. Under such circumstances, voltage
sags in the upstream ac grid, resistive voltage drops in dc feeders,
and constant power load (CPL) nature of subway and tramway
traction units can lead to momentous fluctuations in the dc-link
voltage. To rectify this problem, a supercapacitor-based active
stabilizer (SBAS) with a two-mode control strategy (TMCS) is
proposed in this article. It is shown that the proposed SBAS
exhibits the behavior of a varying capacitance at the bus side.
This feature is used in conjunction with the proposed TMCS
based on model predictive control (MPC) to improve the stability
of the system and to mitigate the variations of the dc-link voltage.
The effectiveness of the proposed method is demonstrated by
simulation of a typical subway system as well as by a series of
experiments on a scaled prototype. The results show that the
dc-link voltage drop never exceeds 2% when the proposed SBAS
is used. In addition, the real-time feasibility of the proposed
MPC-based TMCS is demonstrated by real-time hardware-in-
the-loop (HIL) experiments.

Index Terms— Constant power load (CPL), model predictive
control (MPC), railway traction system, supercapacitor.

I. INTRODUCTION

C ITY transportation systems such as tramways and
subways are normally supplied through passive rectifier

substations connected to medium voltage (MV) distribution
grids. The traction units of tramway or subway trains mostly
include ac electric motors driven by variable frequency con-
verters, which are commonly fed through 600–2000-V dc bus
of the rectifier substations [1], [2]. As the density and power
of the trains become more and more significant due to the
increasing travel demand, the voltage fluctuations along the
travel lines become a serious problem [3], [4]. In fact, due
to the constant power load (CPL) nature of the closed-loop
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traction converters, the electric motor and conversion system
exhibit negative incremental impedance behavior, which can
intensify the level of the voltage drop on the bus side [5]. In
addition, power quality issues such as voltage sag incidents
on the upstream ac grid can also result in a substantial
voltage drop on the dc bus of the weakened traction system.
The voltage drop may even become worse with the unusual
presence of two or more trains at the same location (for
instance, due to an unexpected accident or traffic jam) [2].
In order to guarantee the stability of the system under such
conditions, some limits are usually imposed on the level of
voltage drop in traction substations. For instance, standard
EN 50163 defines minimum long-term, dc-link voltage of
1000-V dc for traction substations with a rated voltage of
1500-V dc. In addition, standard EN 50388 specifies that there
must be a mechanism to adapt the power consumption of the
train depending on the overhead contact line voltage under
steady-state conditions. Although these standards mitigate the
problem to some extent, the voltage drop still results in the
degradation of train performance, e.g., the train will be forced
to travel at a lower speed. A solution to this problem is to add
new rectifier substations. However, the foregoing method has
infrastructure laboriousness and very high costs. In addition,
the destabilizing behavior of the CPLs cannot be diminished
by the aforementioned approach. Another alternative is to
use supplementary energy storage systems (ESSs) to improve
the voltage profile [2], [6]–[15]. The latter solution has been
studied in a number of works, which are briefly reviewed in
the following.

In [2], a fixed energy storage substation based on the
supercapacitor has been installed at the end of the line to
rectify the problem of the weak traction system. In [6],
effective control and energy management methods for subway
trains equipped with onboard supercapacitor banks have been
proposed to smoothen the dc bus voltage profile. In [7],
a control strategy for a tramway network equipped with a
supercapacitor-based substation has been proposed. In this
article, the energy flow between the moving tramcars and
substations is optimized to improve the voltage fluctuations
and energy efficiency. An innovative subway traction system
based on supercapacitor ESSs without supply rail between
two stations has been proposed in [8] and [9]. The ESSs are
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charged using supply rails, which are solely placed at the loca-
tion of the substations. In [10], an effective method has been
proposed for choosing the fundamental characteristic para-
meters of the supercapacitor-based energy storage substations
in dc traction networks. In [11], optimal sizing and energy
management of the stationary supercapacitor banks for subway
systems have been fulfilled using the genetic algorithm. Using
supercapacitor-based solutions, the aforementioned methods
mitigate the problem of dc-link voltage variations to a great
extent. However, in none of the reviewed works, the problem
of instantaneous CPLs has been addressed. In fact, in the
dc traction systems, the upstream converter (source converter
consisting of a front-end diode rectifier with a bulk LC filter)
and the downstream converter (load converter consisting of a
closed-loop traction converter of the train) form a cascaded
system. Thus, since the closed-loop load converters have CPL
nature, it has been shown that despite the individual stability of
each converter, the overall cascaded system can be destabilized
when the output impedance of the source converter intersects
with the input impedance of the load converter [12, Ch. 1].
This circumstance can take place, for example, when the
traction converter of the train operates under overload con-
ditions [13], [14]. The problem of the CPLs in the dc traction
systems can be resolved from two perspectives. In the first
perspective, a passive bulk capacitor can be added between the
LC filter of the source converter and the CPL. Although the
passive approach is very simple, it reduces the response speed
of the system under normal operating conditions and decreases
the energy efficiency. The second perspective is to actively
control either the output impedance of the source converter
or the input impedance of the traction converter. Accordingly,
Zhang et al. [15] proposed an active approach using a new
three-phase power configuration. In Zhanh’s method, the con-
ventional diode rectifier in the dc substation was replaced by
an active three-phase power buffer to enable the regulation of
the input impedance of the CPL for maintaining the stability.
A battery ESS with a bidirectional dc–dc converter was also
utilized to regulate the dc-link voltage. Since most of the
already in-service dc traction systems include passive rectifier
substations, implementation of this method for the already con-
structed infrastructure is difficult. In addition, the battery ESSs
have relatively low power density and can be damaged under
frequent deep charge/discharge conditions. On the other hand,
the supercapacitors have better potential to cover peak power
demands [16]–[21], [27].

In this article, a new method based on the utilization of
onboard supercapacitor-based active stabilizers (SBASs) is
proposed for dynamic stabilization of the dc bus in the dc
traction systems. To achieve this goal, a new two-mode control
strategy (TMCS) based on model predictive control (MPC)
is proposed. Explicitly, this article provides the following
contributions.

1) Firstly, this article addresses the problems of dc-link
voltage fluctuations and dc-link voltage instability in the
dc traction systems at the same time.

2) Secondly, a new TMCS based on the MPC is proposed.
3) Thirdly, the real-time feasibility of the proposed

method is demonstrated by a series of

hardware-in-the-loop (HIL) experiments on a scaled-
down laboratory prototype.

The rest of this article is structured as follows: In Section II,
the problems of dc-link voltage variations and dc-link insta-
bility in dc traction networks are discussed. In Section III,
the operating principles of the proposed approach are pre-
sented. The simulation and experimental results are provided
in Section IV. Finally, Section V provides the main conclusions
of this article. In addition, some mathematical proofs are
provided in Appendixes A and B at the end of this article.

II. PROBLEM DESCRIPTION

Fig. 1(a) shows the schematic of a typical dc traction
system. A rectifier substation supplies the dc feeders through
a ring ac grid. In addition, a three-phase, full-bridge, dc–ac
inverter is used to drive the ac traction motors. The equiv-
alent circuit model of the traction system is also depicted
in Fig. 1(b), where va , vb , and vc are the three-phase input
voltages of the rectifier substation, Rs is the resistance of the
ac feeders, Ls is the inductance of the ac feeders, D1 D6 are
power diodes of the three-phase full-bridge diode rectifier,
LFilter is the inductance of the LC filter of the rectifier
substation, CFilter is the capacitance of the LC filter, Rfeeder
and Lfeeder are, respectively, the maximum resistance and
inductance of the dc feeder, Cd is the input capacitance
of the traction converter, Vbus is the dc-link voltage, and
S1–S6 are the insulated gate bipolar transistors (IGBTs) in the
traction converter. Moreover, ia , ib, and ic are the three-phase
motor currents and ωrotor and θrotor are the angular speed and
position of the rotor, respectively. With regard to the structure
of Fig. 1(b), two problems need to be addressed.

A. Increasing Voltage Drop Across the DC Feeder and
Voltage Sag in Upstream AC Grid

According to Fig. 1(a), as the train travels toward the end
station, the series resistance of the feeder (RFeeder) between
the starting station and the train will be increased. Therefore,
the traction inverter experiences an increasing voltage drop
across its dc-link. In addition, in some dc traction systems,
the traction network might not have a dc substation at the end
station [2]. In such cases, the acceleration of the train from
standstill conditions at the end station significantly increases
the voltage drop across the line. Furthermore, the voltage sag
incidents in the upstream ac grid can also result in a substantial
voltage drop on the bus side in a weakened traction system.
The foregoing issues can lead to the degradation of the train
performance and instability of the dc-link.

B. Destabilizing Effects of the CPLs

In the closed-loop form, the traction unit and the electric
motor exhibit the behavior of a CPL. The incremental resis-
tance of the CPL can be calculated as follows:
RCPL = Vbus

ICPL
= PCPL

I 2
CPL

PCPL=constant⇒ ∂ RCPL

∂ ICPL
= −2PCPL

I 3
CPL

(1)

where RCPL, ICPL, and PCPL are the resistance, current, and
power of the CPL, respectively. According to (1), the CPL



Fig. 1. (a) Structure of a typical dc traction network. (b) Equivalent circuit model of the traction network.

has a negative incremental resistance, which reflects that any
voltage drop resulting from the feeder resistance, voltage
sags in the ac grid, etc. increase the CPL current, which in
turn increases the voltage drop and aggravates the divergence
from the nominal operating point of the dc-link voltage.
This phenomenon can lead to system instability when the
output impedance of the source converter ZOS intersects with
the input impedance of the traction converter ZIL [refer to
Fig. 1(b)] [12]. Since the source converter in the traction
system is a passive converter, ZOS usually remains constant.
However, the dc-link still can be destabilized when ZIL
reduces under heavy-load conditions.

III. OPERATING PRINCIPLES OF THE PROPOSED METHOD

The operating principles of the proposed SBAS are
explained in Sections III-A–III-F.

A. Criterion for DC-Link Stability

The presence of cascaded converters in Fig. 1(b) can lead
to dc-link instability when the output impedance of the source
converter ZOS intersects with the input impedance of CPL ZIL
(detailed discussions on the stability of cascaded converters
can be found in [12] and [15]). As discussed before, a well-
known approach for increasing the stability margin is to add a
large passive capacitor to the dc-link, across the terminals A
and B in Fig. 1(b). The equivalent circuit model of the system
in the presence of the passive capacitor is shown in Fig. 2(a). In
Fig. 2(a), RESR is the ESR of CFilter and Vbus is the voltage of
the dc bus on the inverter side. Considering that the impedance

Fig. 2. (a) Equivalent circuit model of Fig. 1(b) considering the passive
capacitor Cbus added across the terminals A and B. (b) Approximated
equivalent circuit model of Fig. 2(a).

of the filter capacitor ZCFilter is very larger than the impedance
of the source and the feeder, the equivalent circuit model of
Fig. 2(a) can be simplified as shown in Fig. 2(b), in which
Leq is the equivalent inductance of the source converter, filter,
and the dc feeder (Leq = Ls + LFilter + LFeeder) and Req
is the equivalent resistance including the source resistance
and the feeder resistance (Req = Rs + RFeeder). With some
simplifications and considering that the maximum of ZOS(s),
i.e., |ZOS,max|, occurs at S = 1/(LeqCFilter)

1/2 (with S being
the Laplace index), one can write

|ZOS,max| = Leq

(CFilter + Cbus)(Req + RESR)
. (2)

To guarantee the stability of the dc-link, ZIL and ZOS should
have no intersection [12], which can be realized when the
following condition is satisfied:

|ZOS,max| ≤ Z I L = V 2
bus

PCPL
. (3)



From (2) and (3), the minimum required capacitance of Cbus
for maintaining the stability of the dc-link can be obtained
using the following condition:

Cbus ≥ Leq PCPL

V 2
bus(RESR + Req)

− CFilter. (4)

From (4), it can be seen that based on the values of Vbus
and PCPL, the required Cbus varies. In fact, as the level of
voltage drop increases, a larger dc-link capacitance is needed
for satisfying (4). Hence, in the passive solution, the value
of Cbus should be selected considering the worst conditions
(maximum load and worst case voltage sag conditions), that is,
a passive capacitor with a relatively large capacitance should
be inserted at the dc-link to guarantee the stability under all
the operating conditions. However, a large capacitor is bulky
and it also lowers the efficiency and response speed of the
system, which is undesirable. In this article, the value of Cbus
is adaptively controlled using the proposed SBAS with TMCS.

B. Proposed SBAS With TMCS

The schematic of the proposed SBAS is depicted with the
gray color in Fig. 2(b). A supercapacitor bank is connected
across the terminals A and B through a dc–dc bidirectional
buck-boost converter. The SBAS is installed onboard at the
dc-link of each traction inverter. Since it is assumed that the
supercapacitor has a lower voltage profile than the dc-link,
the SBAS is controlled in the boost mode whenever the dc-link
voltage is below the rated voltage. The proposed TMCS con-
sists of two separate control algorithms, namely primary and
secondary control modes, to address the stability and voltage
regulation tasks, respectively. In the primary control mode,
an effective control method is used to adaptively control the
value of Cbus for maintaining the system stability. The primary
control is fulfilled by controlling the SBAS current iSBAS
using an MPC-based control approach. When the stability of
the system is assured by the primary control mode, small
deviations from the reference dc-link voltage is compensated
by controlling the output voltage of the SBAS in the so-
called secondary control mode. The switching between the
two control modes is decided based on the derived stability
criterion in (4). The structures of the proposed SBAS and the
TMCS are shown in Fig. 3. The threshold for determining
the control mode is conservatively selected based on (4),
as follows:

threshold =
�

Cbus − γ

�
Leq PCPL

V 2
bus(Rs + Req)

− C

��
. (5)

In (5), γ is considered to be 1.2 for keeping a reasonable
stability margin. The threshold value of (5) is computed
in real-time to determine the control mode. When the
threshold ≥ 0, the system operates under stable conditions,
and thus the secondary control mode is activated to tightly
regulate the dc-link voltage. When the threshold < 0, the pri-
mary control mode is activated to maintain the stability of
the system by increasing the value of Cbus. As soon as the
stability criterion is satisfied, the secondary control mode is
activated once again to minimize the difference between the

Fig. 3. (a) Structure of the proposed SBAS. (b) Proposed TMCS.

dc-link voltage and its reference value. A hysteresis function
is used to avoid unwanted chattering between the two control
modes when the threshold value is relatively small. When a
control mode is deactivated, its respective controller is turned-
off to increase the computational efficiency. In the primary
control mode, the SBAS is treated as an adaptive capacitor,
and thus one can write

iSBAS = −Cbus × dVbus

dt
. (6)

Based on (5), the required value of Cbus is conservatively
decided by the following equation:

Cbus = 1.2

�
Leq PCPL

V 2
bus,worst(Rs + Req)

− C

�
(7)

where Vbus,worst denotes the worst dc bus voltage condition.
Thus, the reference current of SBAS for the primary control
mode is constructed based on (6) and (7) and the instantaneous
values of the dc-link voltage and the CPL power. In addition,
the reference voltage in the second control mode is set to the
rated dc-bus voltage. In both the control modes, MPC-based
control schemes are adopted to effectively avoid any unwanted
transient response such as overshoots, which can increase the
risk of system instability. The model derivation and MPC
formulation are discussed in Section III-C.

C. SBAS State-Space Model and MPC Formulation

As seen in Fig. 3(a), at a given operating point
(ICPL = PCPL/Vbus), the CPL is approximated by a nega-
tive resistance paralleled by a constant current source (see
Appendix A). In order to implement the proposed TMCS,
the state-space model of the SBAS should be derived. In the
following, the system modeling and formulations of the control
algorithm for the primary control mode are presented. Later,
it will be shown that the same model and formulations can be
used with simple variations for designing the second control



mode. Using the averaging concept, the large-signal state-
space model of the SBAS shown in Fig. 3(a) is obtained as
follows:⎡

⎢⎣
diL

dt
dVc

dt

⎤
⎥⎦

=
⎡
⎢⎣ 0

−(1 − D)

Lc
(1 − D)

Cc

−1

RCPLCc

⎤
⎥⎦


iL

Vc

�
+

⎡
⎢⎣

1

Lc
0

0
−1

Cc

⎤
⎥⎦ 


Vin
ICPL

�

y = iSBAS =



0
1

RCPL

� 

iL

Vc

�
+ �

0 1

 


Vin
ICPL

�
(8)

where iL and Vc are the inductor current and the output
capacitor voltage of the SBAS, which are considered as the
state variables of the system. In addition, the SBAS current
is considered as the model output, D is the duty cycle of
the switch SW, and Vin (the same Vsc) is the measurable
supercapacitor voltage. The state-space equations of (8) are
linearized around an equilibrium point using the small-signal
approach. The small-signal model of the SBAS is obtained as
follows:⎡
⎢⎢⎣

dîL

dt
dV̂c

dt

⎤
⎥⎥⎦ =

⎡
⎢⎣ 0

−(1 − D)

Lc
(1 − D)

Cc

−1

RCPLCc

⎤
⎥⎦


î L

V̂c

�

+
⎡
⎢⎣

−Vc,ss

Cc
IL ,ss

Lc

⎤
⎥⎦ d +

⎡
⎢⎣

1

Lc
0

0
−1

Cc

⎤
⎥⎦ 


v̂in

îCPL

�

y = îSBAS =



0
1

RCPL

� 

î L

V̂c

�
+�

0 1

 


v̂in

îCPL

�
(9)

where V̂c, î L , v̂in, and îCPL are, respectively, the values of
Vc, iL , Vin, and ICPL in the small-signal analysis. In addition,
Vc,ss, IL ,ss, and D are the steady-state values of Vc, IL , and
duty cycle of the switch SW. Using the Laplace transform,
the control for Vc transfer function of the SBAS small-signal
state-space model can be obtained as follows:

S2Vc(s)

= − (1 − D)2

LcCc
Vc(s) + (1 − D)

LcCc
Vin(s) − (1 − D)Vc,ss

C2
c

d(s)

− 1

RCPLCc
SVc(s) − 1

Cc
SICPL(s) + IL ,ss

Lc
Sd(s) (10)

where S denotes the Laplace index. Substituting
Vc(s) = RCPL(ISBAS(s) − ICPL(s)) yields

ISBAS(s)



S2 RCPL + S

1

Cc
+ (1 − D)2 RCPL

LcCc

�

= d(s)



IL ,ss

Lc
S − (1 − D)Vc,ss

C2
c

�
+ Vin(s)

(1 − D)

LcCc

+ ICPL(s)



S2 RCPL + (1 − D)2 RCPL

LcCc

�
. (11)

For the implementation purpose, (11) should be written in
the discrete form as follows:


RCPL

Ts
+ 1

TsCc
+ (1 − D)2 RCPL

LcCc

�
� �� �

K1

ISBAS(k)

=



2RCPL

Ts
+ 1

TsCc

�
� �� �

K2

ISBAS(k − 1) + −RCPL

Ts� �� �
K3

ISBAS(k − 2)

+



IL ,ss

Ts Lc
− (1 − D)Vc,ss

C2
c

�
� �� �

K4

d(k) + −IL ,ss

Ts Lc� �� �
K5

d(k − 1)

+ (1 − D)

LcCc� �� �
K6

Vin(k) +



RCPL

Ts
+ (1 − D)2 RCPL

LcCc

�
� �� �

K7

ICPL(k)

+ −2RCPL

Ts� �� �
K8

ICPL(k − 1) + RCPL

Ts� �� �
K9

ICPL(k − 2) (12)

where Ts is the sampling time, k is the time index, ISBAS is
the controlled output, and d is the control input. In addition,
Vin and ICPL are considered as the measurable system dis-
turbances. The proposed MPC-based control algorithm for the
primary control mode consists of applying a control sequence,
which minimizes a multistage cost function (CF) as follows:

J (N1, N2) =
N1�
j=1

σ1[ ÎSBAS(k + j |k) − ω(k + j)]2

+
N2�
j=1

σ2[�d(k + j − 1)]2 (13)

where σ1, σ2, N1, N2, and ω are the normalized output
weighting factor, normalized control weighting factor, predic-
tion horizon, control horizon, and desired reference trajectory,
respectively. In addition, ÎSBAS(k + j |k) denotes the prediction
of the output ISBAS at the sample (k + j) on the premise that
the history of ISBAS up to the instant k is available. In the
CF of (13), the prediction of ISBAS for 1 ≤ j ≤ N1 must be
obtained. To fulfill this task, the SBAS model of (12) can be
rearranged as follows:

(K1 − K2z−1 − K3z−2)� �� �
A(z−1)

ISBAS(k)

= (K4 + K5z−1)� �� �
B(z−1)

d(k) + K6����
D1(z−1)

Vin(k)

+ (K7 + K8z−1 + K9z−2)� �� �
D2(z−1)

ICPL(k) (14)

where z−1 is the unit back-shift operator and A, B , D1,
and D2 are z-polynomials. In addition, Vin(k) and ICPL(k)
denote the measurable disturbances of the system in sample k.
Typically, a general formulation for the output predictor can
be obtained using the well-known Diophantine equation [22].



Here, the following Diophantine equation is considered:

1 = E j (z
−1) Ã(z−1) + z− j Fj (z

−1)

where Ã(z−1) = �A(z−1). (15)

The polynomials E j and Fj have degrees of j − 1 and
two (the same degree of polynomial A), respectively. These
polynomials can be easily obtained by dividing 1 by Ã(z−1)
until the remainder can be factorized as z− j Fj (z−1) [22]. The
polynomial E j (z−1) is equal to the quotient of the division.
Multiplying (14) by �E j (z−1)z j , one can write

E j (z
−1) Ã(z−1)ISBAS(k + j)

= E j (z
−1)B(z−1)�d(k + j − 1)

+ E j (z
−1)D1(z

−1)�Vin(k + j)

+ E j (z
−1)D2(z

−1)�ICPL(k + j). (16)

Using (16) and with some manipulations, the expected value
of ISBAS(k + j) can be obtained as follows:

ÎSBAS(k + j |k) = E [ISBAS(k + j)] = Fj (z
−1)ISBAS(k)

+ E j (z
−1)B(z−1)�d(k + j − 1)

+ E j (z
−1)D1(z

−1)�Vin(k + j)

+ E j (z
−1)D2(z

−1)�ICPL(k + j). (17)

By changing the polynomials E j (z−1)D1(z−1) =
H1 j(z−1) + z− j H

�
1 j(z

−1), E j (z−1)D2(z−1) = H2 j(z−1) +
z− j H

�
2 j (z

−1), and E j (z−1)B(z−1) = G j (z−1)+ z− j G
�
j (z

−1),

the prediction equation of (17) ( ÎSBAS(k + j |k)) can be
rewritten as follows:

ÎSBAS(k + j |k)

= G j (z
−1)�d(k + j − 1) + H1 j(z

−1)�Vin(k + j)

+ H2 j(z
−1)�ICPL(k + j) + G�

j (z
−1)�d(k − 1)

+ H �
1 j(z

−1)�Vin(k) + H �
2 j (z

−1)�ICPL(k)

+ Fj (z
−1)ISBAS(k) (18)

where degrees of H1 j(z−1), H2 j (z−1), and G j (z−1) are j −1.
In (18), the last four terms on the right side of the equation
depend on the past values of the SBAS output, the CPL
current, the supercapacitor voltage, and the input duty cycle,
which are all known quantities. Since the values of Vin and
ICPL experience a negligible change during each epoch of
the control algorithm, one can deduce that �Vin(k + j) =
�ICPL(k + j) = 0. Therefore, only the term �d(k + j − 1)
depends on the future values of the control signal, which is
obtained by substituting (18) in CF of (13) and solving the
CF. Considering a prediction horizon equal to two (N1 = 2),

the needed predictor equations are calculated as follows:
ÎSBAS(k + 1|k)

= K4

K1����
G1(z−1)

�d(k) + K4

K1����
H11(z−1)

�Vin(k + 1)

+ K7

K1����
H21(z−1)

�ICPL(k + 1) + K5

K1����
G �

1(z−1)

�d(k − 1)

+
�

K8

K1
+ K9

K1
z−1

�
� �� �

H �
21(z−1)

�ICPL(k)

+
�

K1 + K2

K1
− K2 − K3

K1
z−1 − K3

K1
z−2

�
� �� �

F1(z−1)

ISBAS(k) .

(19)

The procedure for deriving the predictor equations are
explained with details in Appendix B. The CF and predictor
equations of (13), (19), and (20), as shown at the bottom of
the next page, are related to the primary control mode. The
CF of the secondary control mode can be written as follows:

J �(N �
1, N �

2) =
N �

1�
j=1

σ �
1[V̂c(k + j |k) − �(k + j)]2

+
N �

2�
j=1

σ �
2[�d(k + j − 1)]2 (21)

where σ �
1, σ �

2, N �
1, N �

2, and � are the normalized output
weighting factor, normalized control weighting factor, predic-
tion horizon, control horizon, and the desired dc-bus voltage
trajectory, respectively. The prediction model of V̂c(k + j |k)
can be easily deduced using the prediction model of ÎSBAS(k)
obtained in (17). In fact, according to the second formula
in (9), V̂c can be written as a function of ÎSBAS as follows:

V̂c = RCPL(îSBAS − îCPL). (22)

Thus, the prediction equation for V̂c can be obtained as
follows:
V̂c(k + j |k)

= Fj (z
−1)Vc(k) + RCPL E j (z

−1)B(z−1)�d(k + j − 1)

+ RCPL E j (z
−1)D1(z

−1)�Vin(k + j)

+ RCPL E j (z
−1)(D2(z

−1) − A(z−1))�ICPL(k + j).

(23)

The one-step ahead and two-step ahead prediction models
of V̂c can then be easily derived using (23), (B.2), and (B.3).
The detailed calculations are not included here due to the
space limit.

D. Discussion About the Selection of CF Parameters
and Constraints

As a general rule, longer prediction and control horizons
may provide a better control performance. However, increasing



the prediction and control horizons reduces the computa-
tional efficiency. Therefore, a tradeoff between the needed
control performance and computational cost should be made.
Moreover, the control horizon must be necessarily shorter
than the prediction horizon. Based on these considerations,
the prediction and control horizons of the CFs J and J � are
selected as follows:

N1 = N �
1 = 2, N2 = N �

2 = 1.

The normalized weighting factors σ1, σ2, σ �
1, and σ �

2 determine
the relative importance of their corresponding terms in the
CFs. The parameters σ1 and σ �

1 are normalized by the steady-
state value of ISBAS. In addition, σ �

1 and σ �
2 are normalized to

the rated value of the control action (duty cycle = 1). Using the
method in [23], the weighting factors are chosen as follows:

σ1 = 0.6, σ �
1 = σ2 = σ �

2 = 0.5.

In the proposed TMCS, some constraints are also considered
for protection purposes. For example, in order to avoid the
gain polarity inversion and the excessive inductor current,
the maximum value of the control action (duty cycle) dmax
is limited during the optimization of the CFs. In addition,
two constraints on the output variables ISBAS and Vc are
considered. Based on a worst case scenario in which the
dc-link voltage can be as low as 0.67 p.u. (according to the
standard EN 50163, for the considered 1500-V dc traction
substation, the lowest steady-state dc-link voltage can be
1000-V dc), the maximum and minimum values of ISBAS
and Vc are set to 1.1 and 0.67 p.u., respectively. Finally, the
supercapacitor Depth-of-Discharge (DoD) is set to 0.7 p.u.

E. Kinematic Model of the Vehicle

In this section, the dynamic tractive requirements of the
electric train are modeled. Fig. 4 shows the different forces
acting against the electric coach. These forces include four
different components as follows [16], [24], [25].

Fig. 4. Forces acting against the electric coach.

1) Rolling Resistance Force: The rolling resistance force is
the required force for overcoming the friction between the rail
and the wheels of the train. The rolling resistance force can
be represented as follows:

Fr = Krollingmgcosθslope (24)

where Krolling is the rolling resistance coefficient, m is the
overall weight of the coach (kg) including the passengers’
weight, g is the gravitational constant (m/s2), and θslope is
the slope angle of the traveling path (degree).

2) Gradient Force of the Travel Path: As seen in Fig. 4,
when the coach travels along a steep path, a gradient force
will be created by gravity, which acts against the train. The
gradient force can be expressed as follows:

Fg = mgsinθslope. (25)

3) Aerodynamic Resistance Force: The aerodynamic force
is created by the airstream, which acts against the electric
coach. The aerodynamic force can be modeled as follows:

Fa = 1

2
ρCd A f v

2 (26)

where ρ is the air density (kg/m3), Cd is the drag force
coefficient, A f is the frontal area of the coach (m2), and v
is the linear velocity of the electric train (m/s).

4) Transient Force: The transient force is the force act-
ing during the acceleration or deceleration of the train and
can be simply written according to the well-known second
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Fig. 5. Traction characteristics of two 250-kW motors (at different dc-link
voltage levels) and the overall resistive torque.

law of Newton as Ftransient = ma with a being the train
acceleration (m/s2).

Therefore, the overall drive force needed for the propulsion
of the electric coach can be obtained as follows:
Fd =m

dv

dt
+Krollingmgcosθslope+mgsinθslope+ 1

2
ρCd A f v

2� �� �
resistive forces

.

(27)

Therefore, at each instant, the required tractive force of
the train can be obtained using (27). The tractive force
can be simply transformed into the tractive torque using
Td = Fd × rwheel, in which rwheel is the radius of the wheel of
the coach. Finally, the motor torque can be easily calculated
taking the gear ratio into account as follows:

Tmotor = Td/(gear ratio). (28)

Consequently, to simulate the kinematics of the electric
train, the model of the traction system in Fig. 1(b) is used and
the motor load changed continuously during the simulation
according to (27) and (28). In this article, the electric train
described in [6] is considered for the simulations. The train is
manufactured by CAF S.A. (Construcciones y Auxiliar de Fer-
rocarriles) and is currently in operation on Rome underground
lines [6]. The electric train consists of six railroad coaches,
each having a full load translating mass of m = 46300 kg.
In addition, each coach is equipped with two 250-kW electrical
traction motors, which enables the train to reach a maximum
acceleration rate of a = 1.2m/s2 and a top speed of 80 km/h.
The electrical substation has a rated dc-link voltage of 1500 V
and the electrical resistance per kilometer of the contact line
is 27.6 m 
/km. In Fig. 5, the traction motor characteristics at
different dc-link voltage levels and the overall resistive torque
for one of the railroad coaches are provided. From Fig. 5,
it can be deduced that the two 250-kW traction motors are
sufficient to meet the dynamic tractive requirements for one
electric coach.

F. Typical Design Example of the SBAS

Generally, the SBAS should be designed based on the
specifications of the traction system, such as the rated dc-link

voltage, number of traction motors, weight of the coaches,
maximum allowable voltage drop of the dc-link, efficiency,
economic considerations, etc. Thus, the exact and optimal
design of the SBAS by considering all the aforementioned
factors can only be achieved using complex optimization meth-
ods, which is beyond the scope of this article. In this section,
however, the design guidelines are provided for a typical
traction system using simple rules of thumb. Assuming a
maximum SBAS boost factor (BF) of 3.5 and a supercapacitor
DoD of 0.7 p.u., the rated voltage of the supercapacitor bank
can be calculated as follows [26]:

Vin,rated = Vbus,rated

(1 − DoD) × BFLimit

= 1500

(1 − 0.7) × 3.5
≈ 1429 V (29)

where Vin,rated is the rated voltage of the supercapacitor bank,
Vbus,rated is the rated voltage of the dc-link, and BFLimit
is the practical limit of SBAS’s BF. Therefore, considering
a standard DuraBlue 2.85-V, 2000-A, 3400-F supercapaci-
tor cell from Maxwell Technologies, a supercapacitor bank
with a 4 × 500 configuration (four parallel rows, 500 series
cascaded cells) is selected. Thus, the rated capacitance and
the rated current of the whole bank are Csc,rated = 27.2 F
and Isc,rated = 8 kA, respectively. In addition, considering
0.7-p.u. DoD and a maximum supercapacitor voltage
of 0.95 p.u. (for protection purposes), the usable energy of
the supercapacitor bank of each traction inverter is calculated
as follows:

�Eusable = 1

2
Csc,rated

�
V 2

in,max − V 2
in,min

�
× Vin,max=0.95Vin,rated,Vin,min=0.3Vin,rated−−−−−−−−−−−−−−−−−−−−−−−→

�Eusable = 0.5 × 27.2 × (1357.62 − 428.72)

≈ 22 MJ = 6.11 kWh. (30)

The obtained �Eusable is reasonable for typical acceleration
events. Other components of the SBAS can be accordingly
sized with classical design equations and considering the
allowable inductor current and capacitor voltage ripples that a
particular application demands.

IV. RESULTS AND DISCUSSION

In order to evaluate the performance of the proposed
method, the traction system of Fig. 1(b), the proposed
SBAS, and the proposed TMCS are simulated in MATLAB/
SIMULINK. The main ac grid, three-phase power transformer,
full-bridge diode rectifier, LC filter, traction converter, electric
motor, and the proposed SBAS are exactly simulated according
to Fig. 1(b) and using the available blocks from the MATLAB
SimPowerSystems library. However, the kinematics of the
traction system is simulated with an equation-based approach
using (24)–(28). The speed of the traction motor is tightly
regulated based on a closed-loop proportional integrator (PI)
speed controller. The sampling time of the TMCS is set
to 1 ms. In addition, the pulse wide modulation (PWM)
frequency of the traction inverter and the SBAS is set to
5 kHz. Detailed simulation parameters are listed in Table I.



TABLE I

PARAMETERS OF THE SIMULATED SYSTEM

Fig. 6. Considered drive cycle for testing the proposed SBAS in scenario A.

Different scenarios are simulated to assess the performance of
the proposed method, which are discussed in Sections IV-A
and IV-B.

A. Performance of the Proposed Method in Reducing the
DC-Link Voltage Variations

In this scenario, the drive cycle of Fig. 6 is considered in
the simulations. The train starts from the standstill condition
with a constant acceleration of 1.2 m/s2. After �t1 = 9.3 s,
the train reaches the base speed of 40 km/h. Then, the speed
curve running mode is activated for �t2 = 15 s, during which
the speed of the train increases at a lower rate. When the train
reaches its top speed of 80 km/h, it cruises for �t3 = 54 s,
which then follows by coasting and braking (deceleration)
events for �t4 = 15 s and �t5 = 10.1 s, respectively. The
deceleration of the train to a standstill condition is fulfilled
with a constant negative deceleration of −1.1 m/s2. The results
of scenario A without and with utilizing the proposed SBAS
are shown in Figs. 7 and 8, respectively.

Fig. 7(a) shows the simulated and reference speed of the
train. The reference speed is generated based on the drive
cycle described in Fig. 6. In Fig. 7(b), the net tractive force
of the simulated train is shown. It is evident that during
the acceleration phase (�t1), the train demands a very high
constant torque. As the train enters the speed curve running
mode (�t2), the required tractive force decreases gradually.

Fig. 7. Simulation results of scenario A without utilizing the SBAS.
(a) Reference drive cycle speed and simulated train speed. (b) Net tractive
force of the whole train. (c) DC-link voltage and its reference value. (d) Phase
A current of one traction motor. (e) Current taken from the dc-link by the
train.

In addition, when the train slows down after t = 80 s,
the tractive force becomes negative due to the deceleration of
the train. As seen in Fig. 7(c), during the train acceleration, the
dc-link voltage drops to about 1350 V due to the large tractive
force of the train. However, the dc-link voltage increases



Fig. 8. Simulation results of scenario A with utilization of the proposed
SBAS. (a) DC-link voltage and its reference value. (b) SBAS current (iSBAS).
(c) Current taken from the dc-link by the vehicle.

to about 1475 V when the train reaches its top speed and
continues cruising to the destination. Fig. 7(d) and (e) shows
the motor phase current and the dc-link current, respectively.
It is evident that during the acceleration of the train, a large
inrush current is drawn from the dc-link by the traction
motor, which causes large variations in the dc-link voltage.
At t = 80 s, the train slows down (coasting and braking
phases) and comes to a standstill at the end station. The
braking event which is fulfilled by braking the chopper causes
dc-link overvoltage between t = 96 s and t = 108 s.
The general assessment is that the dc-link voltage experiences
a voltage drop from 1500 V to about 1350-V dc. Such
large variations of the dc-link voltage are undesirable as they
increase the electrical stress and power losses of the system
components. In the worst case, such voltage drops might lead
to instability of the dc-link. The simulation results when the
proposed SBAS with TMCS is utilized are shown in Fig. 8.
As is seen, the voltage drop does not exceed 1% when the
proposed SBAS is used. The SBAS works in the primary
control mode between t = 0 and t = 26.6 s. After t = 26.6 s,
the TMCS successfully switches to mode 2 to tightly regulate
the dc-link voltage.

B. Performance of the Proposed Method in Improving the
DC-Link Voltage Stability When a Disturbance Occurs on
the AC Grid

As discussed before, the disturbances on the ac grid such
as momentary voltage drops, voltage sags, or even fault

Fig. 9. Simulation results of scenario B without utilizing the proposed SBAS.
(a) Three-phase source voltage. (b) DC-link voltage. (c) Phase A current of
the motor. (d) Current drawn from the dc-link by the vehicle. (e) Real and
reference train speeds.

conditions can lead to instability of the dc traction system,
which contains cascaded converters. Fig. 9 shows the simula-
tion results of the system when a voltage sag condition with a
depth of 0.5 p.u. occurs at the upstream ac grid. It is assumed
that the sag condition occurs when the train is cruising at
80 km/h. As is seen, the system operates in a stable condition
before the voltage sag occurs at t = 4 s. Upon the voltage
sag occurrence, the dc-link voltage experiences a monotonous



Fig. 10. Simulation results of scenario B with utilizing the proposed SBAS.
(a) DC-link voltage. (b) SBAS current. (c) Current drawn from the dc-link
and the train speed.

decrease. As the dc-link voltage decreases between t = 4 s
and t = 4.016 s, since the closed-loop traction converter acts
as a CPL, it tries to maintain the train speed by drawing more
current from the dc-link, which aggravates the divergence
from the rated operating point. At t = 4.016 s, the dc-link
voltage drops below 1350 V, and thus the automatic regulation
(based on EN 50388) is activated to maintain the dc-link
stability by reducing the power consumption of the train.
Under such circumstances, as seen in Fig. 9(e), the train is
forced to operate at reduced speeds. However, since the dc-link
cannot be supplied by the power source during the voltage
sag conditions, the dc-link voltage continues to decrease until
t = 4.06 s, when it reaches the minimum long-term voltage
limit of 1000-V dc (based on EN 50163). Afterward, the trac-
tion units are totally deactivated. Thus, despite the involvement
of the current limitation scheme, it is still probable that the
dc-link voltage collapses when momentary disturbances occur
on the grid side. The simulation results of the dc traction
system in the presence of the proposed SBAS under the
same voltage sag conditions are shown in Fig. 10. As seen
in Fig. 10, when the proposed SBAS is used, the dc-link
voltage never drops below ∼98% of the rated dc-link voltage.
Before the voltage sag occurrence at t = 4 s, the SBAS works
in the second control mode to compensate for the resistive
voltage drop across the feeder. When the voltage sag condition
begins, the SBAS switches to the first control mode and rapidly
restrains the dc-link voltage by fast current injection. From
t = 4 s to t = 4.026 s, the SBAS is controlled in the primary
control mode. The TMCS switches to mode 2 at t = 4.026 s

Fig. 11. Implemented test bench.

TABLE II

PARAMETERS OF THE SCALED PROTOTYPE

to accurately recover the dc-link voltage to its reference value,
by working in the secondary voltage-controlled mode. As seen
in Fig. 10(c), the train speed tends to decrease upon initiation
of voltage sag conditions. However, the train suddenly recovers
its rated speed with the aid of the proposed SBAS. Thus,
the proposed SBAS effectively maintains the dc-link stability,
which in turn guarantees the safe and continuous flow of rail
traffic.

To confirm the simulation results and to assess the real-time
feasibility of the proposed MPC-based TMCS, a series of HIL
experiments are conducted. Fig. 11 shows the implemented
test bench for the HIL experiments. The three-phase, 380-V
LV grid ac voltage is converted to 72-V dc (rated voltage
of the considered traction motor) using a three-phase auto-
transformer and a three-phase full-bridge diode rectifier to
effectively emulate the subway dc substation. A resistor is
inserted between the dc bus of the diode rectifier and the
dc-link of the traction inverter to emulate the voltage drop
on the dc feeders of the subway system. A 72-V permanent
magnet synchronous motor (PMSM) with 1.5-kW power is
considered as the traction motor. The traction inverter is tightly
controlled in the closed-loop speed control mode using the
PWM technique to effectively mimic the CPL behavior [16].



Fig. 12. Experimental results with and without utilizing the proposed SBAS
when the traction PMSM starts from standstill under a heavy load. (a) Without
the proposed SBAS. (b) With the proposed SBAS.

In order to emulate the overall loading of the subway coach,
a second 1.2-kW PMSM is coupled with the traction PMSM
using a coupling belt. The mechanical loading of the traction
PMSM is regulated by changing the electrical load of the
second PMSM. A scaled-down SBAS is also fabricated and
connected to the dc-link of the traction inverter. The SBAS
is equipped with two series-connected 16 V, 56-F, super-
capacitor modules from Maxwell Technologies. The whole
control algorithm including the TMCS, switching algorithm of
the MOSFETs, speed controller, etc. is implemented on DSP
TMS320F28335 from Texas Instruments. Detailed experimen-
tal parameters are tabulated in Table II. The performance of
the proposed SBAS is experimentally assessed under a typical
start-up event of the PMSM. This scenario emulates the start-
up of the traction motor of the subway coach from standstill
conditions under heavy load. The experimental results without
utilizing the proposed SBAS are shown in Fig. 12(a). As seen
in Fig. 12(a), when the traction PMSM started without the
proposed SBAS, due to the heavy inrush current of the PMSM,

a large current is drawn from the dc-link, which causes
the dc-link voltage drops from the rated value of 72 V to
about 50 V. As seen in Fig. 12(b), when the proposed
SBAS is utilized, the dc-link voltage drop is significantly
reduced to ∼3 V. The primary control mode (Mode I) first
stabilizes the dc-link voltage by sudden injection of cur-
rent to the dc-link. Upon satisfaction of the stabilization
criterion, the SBAS starts to work in the secondary con-
trol mode (Mode II) to tightly regulate the dc-link voltage.
In the steady-state, when the motor start-up time-interval is
finished, the SBAS current is set to zero and the dc-link
voltage is recovered to its initial value. Therefore, it is
evident that the proposed SBAS with TMCS can effec-
tively mitigate the level of voltage drop in the emulated dc
traction system.

V. CONCLUSION AND FUTURE WORK

In this article, an effective SBAS with MPC-based TMCS
is proposed for dc-link voltage stabilization in dc traction sys-
tems. When a destabilizing disturbance occurs, the proposed
method fulfills the objectives of: 1) maintaining the dc-link
voltage stability and 2) regulating the dc-link voltage using
the proposed TMCS. In the first mode, the SBAS works in
the current-controlled mode to represent adaptive capacitance
behavior for dc-link voltage stabilization. In the second mode,
the SBAS operates in the voltage-controlled mode to tightly
regulate the dc-link voltage. The effectiveness of the proposed
approach is demonstrated using several simulations and exper-
iments. It is deduced that with the proposed method not only
the stability of the dc-link is assured, but also the maximum
depth of voltage drop does not increase by 2% in the worst
case.

For future work, it is worthwhile to evaluate the perfor-
mance of the proposed method when a fault in the upstream
ac grid occurs. As usual, a tradeoff between the overall
system cost and performance should be made; future work
can also focus on optimizing the SBAS design according to
the foregoing two constraints.

APPENDIX A

The CPL is approximated by a negative resistance in parallel
with a current source as follows:

RCPL = − V 2
CPL

PCPL
, ICPL = 2PCPL

VCPL
. (A.1)

APPENDIX B

In order to obtain the j -step ahead prediction of ISBAS(k)
( ÎSBAS(k + j)), the Diophantine equation of (15) should be
solved. In (15), Ã(z−1) is obtained as follows:

Ã(z−1) = �A(z−1) = (1 − z−1)(K1 − K2z−1 − K3z−2)

= K1 − (K1 + K2)z
−1 + (K2 − K3)z

−2 + K3z−3.

(B.1)
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Ã(z−1)
= 1

K1
+

�
K1 + K2

K 2
1

�
z−1

� �� �
E2(z−1)

+
z−2

F2(z−1)� �� ���
K1 + K2

K1

�2

− K2 − K3

K1
−

�
(K1 + K2)(K2 − K3)

K 2
1

+ K3

K1

�
z−1 − K3(K1 + K2)

K 2
1

z−2

�
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For one-step ahead prediction, the z-polynomials E1(z−1)
and F1(z−1) are obtained by solving the Diophantine equation
for j = 1 as follows:

1
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= 1
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�
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(B.2)

Using (17) and the obtained polynomials E1(z−1) and
F1(z−1), the one-step ahead prediction ÎSBAS(k + 1) of (19)
can be easily obtained. For the two-step ahead prediction, the
z polynomials E2(z−1) and F2(z−1) are obtained as in (B.3).
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