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Abstract

We are concerned with the determination of the reachable states for the distributed con-
trol of the heat equation on an interval. We consider either periodic boundary conditions or
homogeneous Dirichlet boundary conditions. We prove that for a L? distributed control, the
reachable states are in the Sobolev space H' and that they have complex analytic extensions
on squares whose horizontal diagonals are regions where no control is applied.
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1 Introduction

The null controllability of the heat equation has been investigated for a long time [3], and sharp
results in dimension N were obtained in the nineties by using Carleman estimates [8, 4]. By
contrast, sharp results for the exact controllability of the heat equation were obtained only
recently. In [12], the authors noticed that for the boundary control of the heat equation on
a real interval, the reachable space was sandwiched between the set of analytic functions on
a ball and the set of analytic functions on a square. These results were improved in [2, 5],
where the reachable space was sandwiched between two spaces of analytic functions on squares.
The sharp result, derived in [14, 6], tells that the reachable space for the heat equation on the
interval (—1,1) with two boundary controls at = 41 taken in the space L?(0,T), is exactly
the Bergman space of the functions that are both analytic and square integrable on the square
Q= {x+iy; |x|+]|y| < 1}. See also [7] for the reachable spaces of semilinear parabolic equations,
and [13] and [1] for the reachable spaces of the linear Korteweg-de Vries equation and the linear
Zakharov-Kuznetsov equation, respectively.



The present paper is concerned with the determination of the reachable space for the dis-
tributed control of the heat equation on an interval. Roughly, it is proved that when using L?
distributed controls, the reachable states are H' in the control region and analytic elsewhere.
At the same time, we shall provide a short proof of the main result in [2] by using the method
introduced in [9] to construct backward solutions of the heat equation.

Let us review the main results in this paper. Consider first periodic boundary conditions.
Let T = R/27Z and let x(, ,)(z) = 1 if z € (I1,12), 0 otherwise. We consider the control
problem:

Wy — Wgz = X(11,l2)U (:‘Ua t) €T x (OvT)a (1 1)
w(z,0) =0 xeT. '

For 0 < L1 < Lo < 27, we introduce the open set
S(Li,Lo) ={x+iyeC; |y <x— Ly and |y| < Ly + 27 — z}
which is a square with the interval (Lg, L1 + 27) as a diagonal. Define
H(Ly, L) = {f € HY(T); fl(Ls,0,+27) can be extended as an analytic function in S(L1, L2)},

AL La) = € Wi La)s [ |f(o+ i) Pdudy < oc).
S(L1,L2)
Note that any function f € H (L1, Ly) can be extended as an analytic function on UgezS (L1, Lo)+
2km, by 2m-periodicity of f. The following result is the first main result in this paper.

Theorem 1.1. Let T >0 and 0 < 11 < ly < 2mw. Then
(i) for any u € L?(0,T; L*(T)), the solution w of system (1.1) satisfies w(-,T) € A(l1,12);

(ii) for any 0 < & < (la — 11)/2 and any wr € H(ly + &,la — €), there exists a control input
u € L%(0,T; L*(T)) such that the solution w of system (1.1) satisfies w(-,T) = wr in T.

Remark 1.1. 1. The above result is “almost sharp”, for € can be taken as small as desired
in the inclusion

H(ll +¢e,ly — 5) C A(ll,ZQ).

2. Having in mind the characterisation of the reachable space for the boundary control of the
heat equation in [6], it is natural to conjecture that the reachable space for system (1.1) is
the Bergman space A(l1,12).

Next, we consider distributed control systems on the interval (0,1) with homogeneous
boundary conditions.!

Let 0 < l; <ly < 1. For any given u € L%(0,T, L*(0,1)), let w denote the solution of the
control system

Wt — Wz = X004 (2,1) € (0,1) x (0,7),
w(0,t) =w(1,t) =0 te€(0,7), (1.2)
w(z,0) =0 x € (0,1).

"Homogeneous Neumann boundary conditions could be treated in a similar way.
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Figure 1: Reachable states for periodic boundary conditions.

For any L > 0, we introduce the set
S(L) ={z+iy € C; ||+ [yl < L},
and the spaces
H(L) = {f € H'(0,L); f can be extended as an odd analytic function on S(L)},
AL = (Femwy: [ 11+ in)Pdady < oo}

The following result is the second main result in this paper.
Theorem 1.2. LetT >0 and 0 < ly <ly < 1. Then

(i) for any u € L*(0,T;L?(0,1)), the solution w of system (1.2) satisfies w(-,T) € H(0,1),
w(-,T) € A(ly) and w(l —-,T) € A(1 — l2);

(i) for any 0 < e < (I2 — l1)/2, for any wr € H}(0,1) with wr € H(l1 +¢) and wr(l —-) €

H(1 — Iy + €), there exists a control function u € L*(0,T; L%(0,1)) such that the solution
w of system (1.2) satisfies w(-,T) = wr in (0,1).
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Figure 2: Reachable states for homogeneous Dirichlet boundary conditions.



Remark 1.2. The result is again “almost sharp”. We conjecture that for 0 <1y <ly < 1, the
reachable space for system (1.2) is the set of functions wr € HZ(0,1) such that wr € A(l1) and
wr(l—-) e A(1 —1a).

The paper is outlined as follows. The proof of Theorem 1.1 (resp. Theorem 1.2) is given in
Section 2 (resp. in Section 3). We provide in appendix a short proof of the main result in [2]
which is used to prove Theorem 1.1.

2 Proof of Theorem 1.1

(i) Pick any v € L%(0,T, L*(T)) and let w denote the solution of (1.2). Let us first check that
w € C([0,T], H(T)). Expand x(, ,)u as a Fourier series: x(j, 1,)(z)u(z,t) = Z Uy ()e™® with
nez

/ Z |lun(t)|*)dt < co. Then one has by Duhamel formula for all ¢ € [0, 7]
nez

w(z,t) / Ze *(t=) u, (7)™ dr  in L*(T).

ne”L

Since for n # 0 and t € [0,7] we have, by Cauchy-Schwarz inequality,

t t T
7n2(t77') d < / —2n?2 t T d % / d %< / d %
e Unp\T T = T un T ~ Un\T T
/0 | (1)l ( ; |un (7)[7 ﬁ( ; |un (7)2dr)?,

we infer that
<Z/ |ty (7)) dT> < 00 (2.1)
IS/

> [ o< (3 )
t, .
so that w(z,t) = Z(/ e Ty, (1) dr)e™ for (2,t) € T x [0, 7], and that
0

N|=

nez* nez*

nez

t 2
Z n/ e Ty (r)dr| < = Z/ |, (T)]2dT < 0. (2.2)
nezx! 70 2 ez

Thus
w e C([0,T], H(T)) (2.3)

and w(.,T) € H'(T). Introduce the function
v(z,t) = w(z,t) for (z,t) € [la,l1 + 27| x [0, 7.

Then v satisfies the following system

Vg — Ve =0 (x,t) € (Ig, 1 + 2m) x (0,7T),
’U(lz,t) = w(lg,t), ’U(ll + 27T,t) = w(l1 + 27T,t) t e (O,T),
v(z,0) =0 z € (lg, 1 + 27),



where the boundary controls w(lz, .) and w(ly + 27, .) are in C([0,T]), by (2.3). Then v(-,T’) can
be extended as an analytic function in S(l1,l2) by [12, Theorem 2.1]. Furthermore, w(-,T") €
L?(8(I1,12)) by [5, Proposition 1.2]. Therefore w(-,T) € A(l1,l2).

(ii) We introduce a partition of unity. Let 1,19 € C°°(T) be such that

Yr+va=1 0<¢; <1, i=1,2
wl(.%') :O, (IZET\(ll,lg),
€

Po(x) =0, ze(li+ g,lQ — 5)

W, W, v, ¥,

2 2w+, 2;r+ll+§ 2;r+]27§ 27+, 47

Figure 3: partition of unity

Consider a control problem with a distributed control supported in T:

W1t — Wige = al (.’L‘,t) €T x (07 T)a (2 4)
wi(z,0) =0 x €T, '
where 17 is the control.

Lemma 2.1. For any T > 0 and any wy € H'(T), there exists a function uy € L?(0,T; L*(T))
such that the solution of (2.4) satisfies

wy(z,T) = wp(x) Vx e T.

Proof. Expand the control input as a Fourier series

r(z,t) = un(t)e™.
nez
Then by Duhamel formula

t
wi (z, 1) :/ 267”2(t77)un(7)emxd7.
0

nel

Since wr € HY(T), we can expand wr as wp(x) = Z ane™ with Z n?|an)? < oco.
neL nez



Pick

% for n =0,
Uun (t) = on2e—n2(T—1)
| o—2T On forn € Z*.
—e

Then we obtain for n € Z*

T 2 T
2n 2 2
2OPdt = (7) n 2/ —2n(T=1) gt
/0' ‘U ( )| 1 o e,2n2T ’a’ ’ 0 €

2n? 9
1 o—zwor |l

~2n2|a,|>  asn — 4oo.

It follows that

T
@l o2y = QWZ/O Jup () dt < oo
nez

On the other hand, we have
T 2
/ e Ty, (7)dr = an, Vn € Z,
0

and hence wi(-,T) = wp. The proof of Lemma 2.1 is complete.

It follows from (2.4) that the function 1;w; satisfies the system:

(Prw1)e — (V1w1)ze = w1 (@,t) € T x (0,7),
(Yr1w1)(x,0) =0 zeT,

(b1wr)(z,T) = (Yrwr)(z) =z €T,
with

w1 =1 (Wit — Wigz) — 2V12W1z — YigaWi

=11 — 2Y1W1z — YPlzaWi.

(2.5)

By (2.3) (still valid for I; = 0 and Iy = 27), we have that wy € C([0,7T], H*(T)). By construction

of 11, we have that 97y (z) =0 for all z € T\ (I1,l2) and all n > 0, and hence

uy = X(lhb)ul in LQ(O, T, LQ(T)).

Let Hol(2) denote the space of (complex) analytic functions in Q. A function h € C*°([0,T)
is said to be Gevrey of order 2, and we write h € G*([0, T), if there exist some positive constants

C, R such that
1)2
ornw| < vie 1], vpz 0

The following result is needed.



Proposition 2.1. Let L > 1, T > 0, and v € Hol(S(L)). Then there exist h_1,h; € G*([0,T))
such that the solution w = w(x,t) of the control system

Wy — Wy = 0, (z,t) € (=1,1) x (0,T), (2.6)
w(=1,t) = h_1(t), w(l,t) = hi(t), te(0,7),
w(z,0) =0, x € (—1,1),

satisfies w € C*([—1,1] x [0,T]) and w(x,T) = 1p(x) for x € [-1,1]. If, in addition, ¢ is odd,
then we can require that w(.,t) be odd for all t € [0,T], so that h—_1(t) = —hy1(t) and w(0,t) =0
for allt € [0,T].

Note that a similar result with h_1, h; € C°°([0,T]) was derived in [2, Theorem 5.2]. Here,
we provide in Appendix a very short proof of Proposition 2.1 which is interesting in itself.

By Proposition 2.1, if wr € H(l; +¢,ls — ¢), we can find hy, hy € G2([0,T]) such that the
solution wsy of the following system

Wt — Wogy = 0 (l‘,t)E(lg*%,l1+%+2W)X(O,T),
’U)2<lg — %,t) = hl(t), wg(ll + % + 27T,t) = h2<t) te (O,T), (2.9)
wa(z,0) =0 € (l2—5,h+5+2m)

satisfies wy € C™ ([l — §,11 + § + 27| x [0,T]) and
5 £
wo(x,T) = wr(x), Ve (ly— 5,11 + 2 + 2m).

Extend ws as a function in C*°(T x [0,7]) (i.e. as a function smooth in (z,¢) and 2w-periodic
in z) and still denote this function by wy. Then we have

(owa)y — (Yowa)ew = w2 (x,t) € T x (0,T),
(1pow2)(z,0) =0 zeT, (2.10)
(Yowo)(z,T) = (Yowr)(z) =z €T,

where
U =1ho(Wor — Waga) — 22, Wop — VoppWa.

It follows from the definition of 15 and the first equation in (2.9) that wua(x,t) = 0 for
x € [la,l1 +27] and ¢ € [0,T]. Thus we have

Uz = X(1y,lp)U2 N LQ(O,T7 LQ(T)).
Since wy € C*°(T x [0,T]), we have ug € C*°(T x [0,7]). Combining (2.5) and (2.10), if we take
U= X(13,12) U1 T X(1y,12) Y2,
then w = w1 + Powy satisfies (1.1) and
w(z,T) = (Yrwr)(z) + (Yowr)(z) = wr(x), VreT.

The proof of Theorem 1.1 is complete. O



3 Dirichlet boundary conditions

In this section, we prove Theorem 1.2. The necessary conditions in (i) are obtained as in the
proof of Theorem 1.1. Indeed, introducing v1 = wj(g1,)x(0,r) and v2 = w|(,,1)x(0,7) and applying
[5, Proposition 5.1], we obtain the desired result.

To prove (i), we use again a partition of unity. We pick some functions 1,192,193 €
C*°([0,1]) such that

¢1+¢2+¢3:1, ngzgla i:172737
1/)1(33) =0 xz € [0, ll] U [lg,l],
Yo(z) =0 €[l + =, 1],

2
Us(0) =0 @€ [0l — ],

As in the proof of Lemma 2.1, we can show that for any wr € H{(0,1), there exists a
function u; € L?(0,T; L?(0,1)) such that the solution w; of the system

Wit — Wigr = U1 (.CE,t) € (07 1) X (07T)7
wi(0,¢) =wi(1,¢) =0 t€(0,7),
wi(z,0) =0 z € (0,1),

satisfies
wy(z,T) = wr(x), Ve (0,1).

Proceeding as for system (2.5), we see that there exists a control function u; € L?(0,T; L?(0,1))
such that yjw; is the solution of the following system:

(wlwl)t - (wlwl)xz = X(ll,lg)ul ( ) € (O’ 1) X (O’T)v

(rw1)(0,1) = (Yrw1)(1,8) =0 t€(0,T),
(rw1)(x,0) =0 €(0,1),
(hrw1)(z,T) = (Yrwr)(z) z € (0,1).
Since wr € H(ly + ¢), there exists by Proposition 2.1 a function h; € G2([0,7]) such that

the solution wy of

Wop — Wogy = 0 (x,t) S (0,[1 + %) X (O,T),
w2(07t) = 07 w2(l1 + %71;) = hl(t) te (O)T)a
wa(x,0) =0 ze(0,l1+ %)

satisfies wy € C*°([0,11 + §] x [0,77) and
wa(x, T) = wyr(z), Vo e (0,1 + g)

We still denote by ws a smooth extension of wy to [0,1] x [0,7]. Then there exists a function
ug € L%(0,T; L?(0,1)) such that 1wy solves

(Yawa) — (Yaw2)ae = X u+5u2  (2,t) € (0,1) x (0,T),
(2w2) (0, 1) = (¢2w2)(1,t) =0 te(0,T),
(Yows)(x,0) = z e (0,1),
(Yow2) (2, T) = (wsz)( ) z € (0,1).



Similarly, since wr (1 — ) € H(1 — Iz + ¢), there exists a function hy € G*([0,T]) such that
the solution w3 of the system

W3t — W3ge = 0 (l’,t) S (0,1—124—%) X <O,T),
7:53(0,75) =0, @3(1—l2+%,t) :hg(t) t e (O,T),
ws(z,0) =0 (0,1 —1Ip+5)

satisfies w3 € C°°([0,1 — l2 + §] x [0, T]) and
o -2 xS
Let

ws(a,t) = @l —at), w€(la—2,1), te(0.1).

Then we have

W3t — W3ge = 0 (:L“,t) S (lQ — %, 1) X (O,T),
wg(lz — %,t) = hg(t), wg(l,t) =0 t e (O,T),

ws(z,0) =0 ze(lp—5,1),

ws(z, T) = wp(x) re(la—35,1).

We still denote by w3 a smooth extension of ws to [0,1] x [0,T]. It follows that there exists a
control function ug € L?(0,T; L?(0,1)) such that 13ws solves

(Y3ws)e — (V3w3)aw = X(p—2a)us  (2,1) € (0,1) x (0,7),
<¢3w3)(07t> = (1/)3’11}3)(1,15) =0 te (O7T)7
(Y3ws)(z,0) =0 z € (0,1),
(Y3ws)(x,T) = (Y3wr)(x) z€(0,1).

Finally, if we take
U= X(11,12) U1+ X (1 1 +5)U2 T X(la—£,12) U35
we infer that w = 11w + Pawg + P3ws is the solution of (1.2). On the other hand, we have that
w(z, T) = (Yrwr)(x) + (Yawr)(x) + (Y3wr)(2) = wr(z), Vo e (0,1).
The proof of Theorem 1.2 is complete. O

Appendix. Proof of Proposition 2.1

The proof is inspired by [9] where backward solutions of the heat equation were obtained by
integrating the heat kernel along lines different from the real line. Introduce the following
notations borrowed from [9]. For § € R and R > 0, let

OB,R) = {z€C; |z— Re"| < R},
Q,R) = {z€C; dist(z,eR) < R}.
(See Figure 4.) Note that
m 1 3m 1
s =, —ynaE, ).
1) =2 75) N )

The first lemma is concerned with separation of singularities.



Figure 4: The set O(0, R) for 5 < 6 < 3.

Lemma 3.1. Let 1 <! < L and ¢ € Hol(S(L)). Then there exist 61 € (m,3F), 02 € (Z,

re (f,—i—oo) Y1 € Hol(U%, 7)) and o € Hol(U(%, 7)) such that

s ol o,

oy € LU=, 7)), i=1,2, jEN,
Y =11 + 1o in S(1).
Proof of Lemma 3.1. Pick any [ € (I, L). Let y1(t) = (1 —t +it) for t € [0,1], and let
(v2(t),73(), 7a(t)) = (imi(t), = (t), —imi(t))  for ¢ € [0,1].
Let 7 : [0,4] — C be defined by
Y(t) = vi(t —i+1) for i € {1,....4}, t € [i — 1,4].

)N
0;
20"

Note that ([0, 4]) = 3S(I). We infer from Cauchy formula that for any z € S(I)

b(z) = zm/g_zdﬁ
) 9O 4oy 1 / v(0) 4
. Y2Uy4

27 yuys 6 — 7 27 (—z

= P1(2) +1a2(z)
where 11 € Hol(C \ (71 U~3)) and 9 € Hol(C \ (2 U~4)). Since
250
42

10

51y ¢ S() = (%,

m);



1

there exist r € (2=, =) and 61 € (7, 3F), 6 € (3, 7) such that

S

27
_ 0, 0 .
50) c 5,1 NQ5,r) c S,
0; .

W; € HOI(Q(E,T)) 1=1,2,

; 0; : :
O € L=(Q3,r)), =12 jeN

(see Figure 5). The proof of Lemma 3.1 is complete. O

Figure 5: Separation of singularities.

The second lemma yields a backward solution of the heat equation for the initial data 1

(resp. 12).

0
Lemma 3.2. Let 0 € (Z,%5), r > 1/v/2, and ¢ € Hol(Q(4,7)) N LOO(Q(§,7“)). Then the
function
ooe 7

v(z,7) = \/ZW , € 471/1(2—()d§

0067

is well-defined and analytic in z and T for z € 9(5,7“) and 7 € O(0,R) for any R > 0.2
Furthermore, v satisfies

0
v —v,, = 0, z€ Q(i,r), 7€ Ob,R), (3.1)

*We pick a branch of the argument function defined in C\ R_i (resp. in C\ R4i) if 7 < 6 < 7 (resp. if
<6< 37”)

11



lim v(z,7) = ¥(2), zEQ(g,r). (3.2)

T—0~

If, in addition, & € L=(Q(E, 7)) for all j € N and if S(1) C Q(4,7), then v € C=([-1,1] x
[=T,0]) for all T > 0 with TE(’)(H R).

Proof of Lemma 3.2. For s € R and ( = eigs, we have

2 6
Re&—
T

s_
— e 4

But if 7 € O(0, R), — R| < R, so that Re <~ = Re 7 —w > 0. On the other hand

6 )
[(z — Q)| < \WHLOO(Q(%T)), for z € Q(i,r) and ¢ € Re'z.
Straightforward calculations show that

0067

—<
Vzz = \/ZH ooe?e ) (Z_C)dC

ooe’ 2 d2 42

= / gl TG - 0de

ocoe’ 2 1 C2 _ﬁ
- vV drT —ooe’ 2 <_27_ * 47‘2> € 477,[1(2 N C)dCa

while

1 L, [oer ¢ | oot
Uy = - e (2 — (Q)d¢ + / 647' z—
== [T 0dcr =) [ G- 0
and hence (3.1) holds in Q(4,7) x O(6, R). It remains to show that (3.2) is fulfilled. First, we
notice that for Z < 6 < 2F and R > 0, there exists 7' > 0 such that O(, R) "R = (—T,0) (see
Figure 4). Therefore, taking the limit of v(z,7) as 7 — 07 is meaningful.

ooe'2 2
CLAIM 1. For 6 € (3,37) and 7 € (—o0,0), Wehave\/f %e T d( =
6
Indeed, if 6 € (5, 7) (resp 0 € (m,2)), we have for k € (g,g) (resp. & € (%,9)), s € R,
7 € (=00,0), and ¢ :=
‘6_%| — |6—%cos(25)| < 6*ﬁ:|cos(9)|‘
Thus .
. 2 (se')? ik . 7T
lim e 1 siedk =0 ife(-,m
|s|] =400 )@ 2
(resp.
g iKy\2 .
lim e siedR = 0 if 6 € (m, 3—7T))
|s|—=+o0 2

12



It follows from the residue theorem that
ooe’ 2 1 ooei% <2 1 [e'¢] $2
4Td( = / e ird( = / e 4lids =1,
\/47T7' —soe'S 47T J o6t iv/Am|T| J-

which completes the proof of Claim 1.
Finally, letting ¢ = \/m , we see that for any z € Q(%, T)

v(z,T)

/°°” B (0(e - VTE) - vl

tends to 0 as 7 — 07, by dominated convergence
Finally, assume that &t € LOO(Q( 7)) for all j € N and that S(1) C Q(g,r).

CraM 2. For all j € N, we have & [v(z,7) — ¢(2)] = 0 as 7 — 0~ uniformly for z € [—1,1].
Indeed, for all j € N, we can write

32 [v(z, T

/ meg T 0z - V)~ 99 2)de

\/F

For given € > 0, we pick a number A > 0 such that

Then

»

2097 | e o8 )
\/47/&(&?” T (00— VIrle) — v ()| < —— 22

On the other hand, it follows from the uniform continuity of ¢/(¥) on some open neighborhood
of [—1,1] that

1
A5
7]
uniformly for z € [—1,1]. Claim 2 is proved.
Using the fact that ofdlv = 0%ty for k,j € N, 7 < 0, and z € [—1,1], we infer that
v € C®([-1,1] x [-T,0]) for any T > 0 such that =T € O(f, R). The proof of Lemma 3.2 is
complete. ]

Let us go back to the proof of Proposition 2.1. Pick ¢; and o as given by Lemma 3.1, and
let

_ &2
/ . € 4|%( Z—\/’Tf) )df—)O as T — 07,
S (700,00)615,
lel < A

%
k.

i
ooe

\V4 471'7_ —ooe’ 7]

2

0.
e 4(171/)]-(2 —Q)d¢ forj=1,2, z € Q(gj,r) and 7 € O(0;, R).

% |

vj(z,7)
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Then
) 01
Vs — V12 =0, in Q(;,r) x O(01, R),

0
Vor — V2, =0, in Q(;,r) x O(62, R).

Let v(z,7) = vi(z,7) + v2(z,7). Then v is well-defined and analytic in D := [Q(%,r) N

Q(%”)} x [0(01, R) N O(62, R)], and it fulfills
Vr —V,, = 0 inD,

lim v(z,7) =¢¥1(2) +Pa2(z) = ¥(2) in Q(%l,r) N Q(

70~

0

% ),

Furthermore, if 7 > 0 is such that [-7,0) € O(61, R) N O(fy, R) and T < T, then v(., —T) is
0 _

analytic in the open set Q(El, )N Q(;, r) which contains S(1).

To complete the proof, we proceed as in [15], combining the above construction with a null
controllability result. Pick any s € (1,2) and any function p € G*([-T,0]) such that p(t) =1
for =T < t < —L and p(t) = 0 for =L <t < 0. Let go(t) := p(t)v(0,t) and g1(t) == p(t)d-v(0, t)
for t € [-T,0]. Using the fact that v(0,.), 9-v(0,.) € Hol(O(61, R) N O(f2, R)) and [12, Lemma
3.7], we infer that go,g1 € G*([-T,0]). Therefore, for any R > 1 there exists some constant
C > 0 such that 2!

i j 27)! . )
9 90(t)] +10]1(1)] < O35~ V€ [-T,0], Vj € N.
According to [12, Proposition 3.1], the problem
by — e =0, te (=T,0), ze(-1,1),
5(0,t) = go(t), 0:0(0,t) = g1(t), te (=T1,0)
possesses a solution & € C°°([—1,1] x [=7,0]). It follows then from the definition of p and
Holmgren’s theorem that

Then w satisfies

Wy — Waye = 0, te(-T,0
w(z,—T) =0, xe(—1,1
w(*1,t) = hy(t), te (=T,0

1

w(z,0) = Y(x), x € (-1,



Extending w and hyq by 0 for ¢ < —T', we obtain the main result in Proposition 2.1 on the
interval [T, 0]. A simple translation in time gives the result on the interval [0, 7.

Assume in addition that ¥ be odd. Then it is easy to see that both 1 and 9 are odd,
and that v; and vy are odd with respect to z. It follows that v and © are odd with respect to z.
(Note that go = 0.) Therefore, w is odd with respect to z. ]
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