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ABSTRACT. We study a class of spatial discretizations for the Vlasov-Poisson system written as an
hyperbolic system using Hermite polynomials. In particular, we focus on spectral methods and discon-
tinuous Galerkin approximations. To obtain L? stability properties, we introduce a new L? weighted
space, with a time dependent weight. For the Hermite spectral form of the Vlasov-Poisson system, we
prove conservation of mass, momentum and total energy, as well as global stability for the weighted
L? norm. These properties are then discussed for several spatial discretizations. Finally, numerical
simulations are performed with the proposed DG/Hermite spectral method to highlight its stability
and conservation features.
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1. INTRODUCTION

One of the simplest model that is currently applied in plasma physics simulations is the Vlasov-
Poisson system. This system describes the evolution of charged particles in the case where the only
interaction considered is the mean-field force created through electrostatic effects. The system consists
in Vlasov equations for phase space density fz(t,x,v) of each particle species 8 of charge gg and
mass mg

dfs as
— -V —E-V =0,
(1‘1) ot + v xfﬁ + mg vfﬁ
fst=0)=fsp,
coupled to its self-consistent electric field E = —V4® which satisfies the Poisson equation
(1.2) —4meg AxP = Zang, with ng = / fadv,
Rd

B

where ¢q is the vacuum permittivity. On the one hand, for a smooth and nonnegative initial data fg 0,
the solution fg(t) to (1.1) remains smooth and nonnegative for all £ > 0. On the other hand, for any
function G € C(R*,R*), we have

d
— G(fs(t)) dxdv =0, VteRT,
dt R2d

which leads to the conservation of mass, LP norms, for 1 < p < 400 and kinetic entropy,

H(t) = - fs(t) In(f(t))dxdv = H(0), Vt>0.

We also get the conservation of momentum
Z/ mgv fa(t) dde:Z/ mgVv fgo dxdv
3 R2d 3 R2d

and total energy
gty =S "2 | fsviFdxdv + 2me | |E|*dx = £(0), Vt>0.
B 2 ]RQd Rd

Numerical approximation of the Vlasov-Poisson system has been addressed since the sixties. Particle
methods (PIC), consisting in approximating the plasma by a finite number of macro particles, have
been widely used [4]. They allow to obtain satisfying results with a few number of particles, but a
well-known drawback of this class of methods is their inherent numerical noise which only decreases in
1/ v/N when the number of particles N increases, preventing from getting an accurate description of
the distribution function for some specific applications. To overcome this difficulty, Eulerian solvers,
that is methods discretizing the Vlasov equation on a mesh of the phase space, can be considered.
Many authors explored their design, and an overview of many different techniques with their pros and
cons can be found in [12, 8, 31, 13]. Among them, we can mention finite volume methods [11] which
are a simple and inexpensive option, but in general low order. Fourier-Fourier transform schemes [21]
are based on a Fast Fourier Transform of the distribution function in phase space, but suffer from
Gibbs phenomena if other than periodic conditions are considered. Standard finite element methods
[34, 35] have also been applied, but may present numerical oscillations when approximating the Vlasov
equation. Later, semi-Lagrangian schemes have also been proposed [32], consisting in computing the
distribution function at each grid point by following the characteristic curves backward. Despite these
schemes can achieve high order allowing also for large time steps, they require high order interpolation
to compute the origin of the characteristics, destroying the local character of the reconstruction.

In the present article, using Hermite polynomials in the velocity variable, we write the Vlasov-
Poisson system (1.1)—(1.2) as an hyperbolic system. This idea of using Galerkin methods with a small
finite set of orthogonal polynomials rather than discretizing the distribution function in velocity space



STABLE AND CONSERVATIVE METHODS FOR THE VLASOV-POISSON SYSTEM 3

goes back to the 60’s [1, 20]. More recently, the merit to use rescaled orthogonal basis like the so-
called scaled Hermite basis has been shown [9, 18, 30, 28, 33]. In [18], Holloway formalized two possible
approaches. The first one, called symmetrically-weighted (SW), is based on standard Hermite functions
as the basis in velocity and as test functions in the Galerkin method. It appears that this SW method
cannot simultaneously conserve mass and momentum. It makes up for this deficiency by correctly
conserving the L? norm of the distribution function, ensuring the stability of the method. In the
second approach, called asymmetrically-weighted (AW), another set of test functions is used, leading
to the simultaneous conservation of mass, momentum and total energy. However, the AW Hermite
method does not conserve the L? norm of the distribution function and is then not numerically stable.
In addition, the asymmetric Hermite method exactly solves the spatially uniform problem without
any truncation error, a property not shared by either the traditional symmetric Hermite expansion or
by finite difference methods. The aim of this work is to present a class of numerical schemes based on
the AW Hermite methods and to provide a stability analysis.

In what follows, we consider two types of spatial discretizations for the Vlasov-Poisson system (1.1)-
(1.2), written as an hyperbolic system using Hermite polynomials in the velocity variable: spectral
methods and a discontinuous Galerkin (DG) method. Concerning spectral methods, the Fourier basis
is the natural choice for the spatial discretization when considering periodic boundary conditions.
Spectral Galerkin and spectral collocation methods for the AW Fourier-Hermite discretization have
been proposed in [9, 23, 26]. In [5], authors study a time implicit AW Fourier-Hermite method
allowing exact conservation of charge, momentum and energy, and highlight that for some test cases,
this scheme can be significantly more accurate than the PIC method.

For the SW Fourier-Hermite method, a convergence theory was proposed in [27]. In [22], authors
study conservation and L? stability properties of a generalized Hermite-Fourier semi-discretization,
including as special cases the SW and AW approaches. Concerning discontinuous Galerkin methods,
they are similar to finite elements methods but use discontinuous polynomials and are particularly
well-adapted to handling complicated boundaries which may arise in many realistic applications. Due
to their local construction, this type of methods provides good local conservation properties without
sacrificing the order of accuracy. They were already used for the Vlasov-Poisson system in [16, 6].
Optimal error estimates and study of the conservation properties of a family of semi-discrete DG
schemes for the Vlasov-Poisson system with periodic boundary conditions have been proved for the
one [2] and multi-dimensional [3] cases. In all these works, the DG method is employed using a phase
space mesh.

Here, we adopt this approach only in physical space, as in [15], with a Hermite approximation in the
velocity variable. In [15], such schemes with discontinuous Galerkin spatial discretization are designed
in such a way that conservation of mass, momentum and total energy is rigorously provable.

As mentionned before, the main difficulty is to study the stability of approximations based on
asymmetrically-weighted Hermite basis. Indeed, this choice fails to preserve L? norm of the approx-
imate solution, and therefore to ensure long-time stability of the method. In this framework, the
natural space to be considered is

L? :Z{U:RdXRd—)R:/

w
R2d

lu(x, v)|? (27r)d/2eHV”2/2 dxdv < —i—oo} ,

and there is no estimate of the associated norm for the solution to the Vlasov-Poisson system (1.1)-
(1.2). To overcome this difficulty, we introduce a new L? weighted space, with a time-dependent weight,
allowing to prove global stability of the solution in this space. Actually, this idea has been already
employed in [24, 25] to stabilize Hermite spectral methods for linear diffusion equations and nonlinear
convection-diffusion equations in unbounded domains, yielding stability and spectral convergence of
the considered methods. Here, we define the weight as

(1.3) W(t,v) = (2m) 42 @ VD22,
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where « is a nonincreasing positive function which will be designed in such a way that a global stability
estimate can be established in the following L? weighted space:

Li(t) = {u ‘R¥ SR / lu(x,v)|?w(t,v)dxdv < —l—oo} ,
R2d

with || - [|,;) the corresponding norm, that is
2 = (27r)d/2/ (o, v) 2 @OMD2 4 .
R2d

Let us now determine the function a. To do so, we compute the time derivative of || f5(t)|.), f5
being the solution of (1.1). Using the Vlasov equation (1.1) and the definition (1.3) of the weight
w(t,v), one has

sl == [ g5 (v Tadst LBVgs Jwdxay

1
+/ OéO/HVHQfﬂzdedX.
2 R2d

Then, since

1
/dfﬁE~VVfgwdv:—z/dazng-vw dv,
R R

we obtain
1
fa(®)]? :/ 12 < o’E v + aa v2>wdxdv
2d75|| 101 e 2 Joza 15 g vl

Applying now Young inequality on the first term, we get for v > 0,

1 qﬂ 4 2 1 / 2
E \% + — taa||v wdxdv.

We notice that if « is such that

(1.4) = —lqinE( )12 0® = I(a, E),

Q

the first and third terms cancel each other, yleldmg

SO < o L0

Finally, applying Gronwall’s Lemma gives

£l < Il fa.0llw .

It now remains to define « satisfying (1.4). We remark that

2 —1/2
(1.5) a(t) == ap (14—70%62/ \|E(3)H20ds>
mﬂ 0

is a suitable choice, where « is the initial value of o at t = 0 and corresponds to the initial scale of
the distribution function, whereas v is a free parameter. This function is positive, nonincreasing and
the parameter v > 0 will practically be chosen sufficiently small to ensure that a(t) does not decrease
too fast towards 0 as t goes to infinity.

Summarizing, we have established the following result.

Proposition 1.1. Assuming that the initial data fzo belongs to LZ(O) = LZ)O, then the solution fg(t)
to (1.1) satisfies for all t > 0:

15 ()l < 15,00l €%,
where v > 0 is the constant appearing in the definition (1.5) of «.
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Notice that the weight depends on the solution to the Vlasov-Poisson, hence it is mandatory to
control the L° norm of E in order that this estimate makes sense. In the next section, we introduce
the formulation of the Vlasov equation using the Hermite basis in velocity, and prove the analogous
of Proposition 1.1 for the obtained system. Then in Section 3, we discuss conservation and stability
properties for a class of spatial discretizations including Fourier spectral method and discontinuous
Galerkin approximations. In Section 4, we introduce the time discretization that will be used to
compute numerical results with the discontinuous Galerkin method. Finally in Section 5 we present
numerical results for two stream instability, bump-on-tail problem and ion acoustic wave to highlight
conservations and stability of our discretization.

2. HERMITE SPECTRAL FORM OF THE VLASOV EQUATION

For simplicity, we now set all the physical constants to one and consider the one dimensional
Vlasov-Poisson system for a single species with periodic boundary conditions in space, where the
Vlasov equation reads

0 0 0
(2.1) 8{ + v 6f + B ai

with ¢ > 0, position x € (0, L) and velocity v € R. Moreover, the self-consistent electric field E is
determined by the Poisson equation

=0

oF

where the density p is given by
p(t,x) = /f(t,z,v) dv, t>0,2€(0,L)
R

and pg is a constant ensuring the quasi-neutrality condition of the plasma

L
/ (p—po) dz=0.
0

2.1. Hermite basis. We approximate the solution f of (2.1)—(2.2) by a finite sum which corresponds
to a truncation of a series

(2.3) vy (tz,0) = ZC t,x) ),

where Ng is the number of modes. The issue is then to determine a well-suited class of basis functions
¥, and to find the expansion coefficients C,,. Here, our aim is to obtain a control on a L? norm of fn,,,
in the spirit of that established in Proposition 1.1. We then choose the following basis of normalized
scaled time dependent asymmetrically weighted Hermite functions:

(v (D0)2/2

(2.4) U, (t,v) = an,(t) Hy (an, (t)v) T,

where ay,, is the positive nonincreasing function given by

t -1/2
(2.5) any () = ao (1 +yad [ HENH<s>Hiods) |
0

with Fy,, an approximation of the electric field that will be defined below. Functions H,, are the
Hermite polynomials defined by H_1(§) = 0, Hyo(§) = 1 and for n > 1, H,(§) has the following
recursive relation

VnHy(€) = §Hp-1(§) —vVn—1Hp2(§), Vn>1.
Let us also emphasize that H), () = v/nH,—1(¢) for all n > 1, and that the Hermite basis (2.4) satisfies
the following orthogonality property

(2.6) /R U (£, 0) Ho (o (£)0) d 0 = Gy,
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where 6y, ,, is the Kronecker delta function.

Now the objective is to obtain an evolution equation for each mode C), by substituting the expression
(2.3) for fn, into the Vlasov equation (2.1) and using the orthogonality property (2.6). Thanks to
the definition (2.4) of ¥,, and the properties of H,,, we compute the different terms of (2.1). The time
derivative term is given by

Ny—1 o
8thH = Z (&an‘lln - n% (n\lln + V (n + 1)(” + 2) \Iln+2)) )
n=0 H
the transport term is
Ng—1

vy fy = Z 02Ch —(\/n+ Vg1 + vV Wp1),

and finally the nonlinear term is
Ny—1

ENH 8’Uf]\fH = Z ENH CnaNH Vn—l_l‘lln-‘rl'

Then taking H, (an, v) as test function and using orthogonality property (2.6), we obtain an evolution
equation for each mode C),, n =0,..., Ng — 1:
(2.7)

o 1
00— (nCy /(0= 10 G ) o (VAL 0: ot Vi F 10,Cin) — By vy Vit =0,

H H

with the understanding that C,, = 0 for n < 0 and n > Ny. Meanwhile, we first observe that the
density pn,, satisfies

= / Ingdv = Co,
R
and then the Poisson equation becomes
oF
(2.8) 85}1 =Co—po-

Observe that if we take Ny = oo in the expression (2.3), we get an infinite system (2.7)-(2.8) of
equations for (Cy,)nen and E, which is formally equivalent to the Vlasov-Poisson system (2.1)-(2.2).

In what follows, we rather consider a generic weak formulation of (2.7)—(2.8). Indeed, this will allow
us to straightforwardly apply the obtained results to spatial discretizations with spectral methods (see
Section 3.1).

Let V be a subspace of H'(0,L). We look for Cy(t,-) € V such that 8;,Cy(t,-) € V and for all
on €V,

L
/ Cmpndac—— (nC’n+\/(n—1)nC’n_2>g0n dzx
0

1 L
(2.9) —— | (VnCha+Vn+1Cup) ¢, da
0

aNy

_OZNH\/E/ En, Ch1pndr =0, 0<n<Nyg-1,
I;

and for a couple ®n,, (¢,), Eny (t,-) € V such that 0;En, (t,-) € V, and for all n and ¢ € V, we have

L
/‘I)NHT] dx—/ En,ndez,

/ By ¢ d:r—/ (Co— po) ¢ da.

(2.10)
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In the rest of this section, we consider V' = H'(0, L), and then (2.9)—(2.10) is the weak formulation
of (2.7)—(2.8).

2.2. Conservation properties.

Proposition 2.1. For any Ny € N, consider the distribution function fn, given by the truncated

series
Npg—1

Iy (b z,0) = ZC’ (t,2) W, (t,v),

where (Cy, En,) is a solution to the Vlasov—Pozsson system written as (2.9)-(2.10). Then mass,
momentum and total energy are conserved, that is,

L
G ade =0 k=01

k
dt N,

and for the total energy,

1 (21
gNH(t) = 2/0 <a2<\/§CQ+CO> + ‘ENH2> dr = SNH(O)'
Ny

Proof. We consider the first three equations of (2.9): for all ¢g, v1, g2 € V,

d L
— d dz =
ai ), Copodzx aNH/O Crgpde =0,
d L O‘N !
— Cippde ———4 Clgal dx—— (CO—F\@C'Q) ©) dx
dt Jo anNy anNy
(211) _aNH/ ENH 00901 dz =0,
d L N 1 L )
— Cypydr ——H (202 + ﬂC@) podax — —— (\/501 + \/303) Yy dx
dt Jo Ny Jo N any Jo
- 2aNH/ En, Crpadx =0,
0

\

which will be related to the conservation of mass, momentum and energy. Thus, let us look at the
conservation properties from (2.11).
First the total mass is defined as

/OL/RfNH(t,:z:,v)dvdx = /OLC’O(t,x)d:c

hence the conservation of mass directly comes from (2.11) by taking ¢o = 1 as test function in the
first equation.
Then the momentum is given by

L _ Lcl(t,.l‘)
/0 /vaNH(t,x,v)dv dx—/o o () dz

L L o
d O Az / oC1 NHC1 du,
dt Jo ang o \ovg A}y,

which taking ¢ = % in the second equation of (2.11) yields
H

We have

d o

L
S 2 ae=| E da.
dt 0 OéNH A N CO v
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Now, choosing ( = E,, in the second equation of (2.10) gives

d L Cl L L L
T d.fC—po/ ENH d.fC—/ ENHaJ:ENH dx:po/ ENH dz =0,
dt Jo any 0 0

which gives the conservation of momentum.
Finally to prove the conservation of total energy £y, , we compute the variation of the kinetic energy
E ]I\fH defined as

SNH //vaHt:Uv)dxdv—/ \ng—i—Co)d:r.

We have

dek (t L Ay, [*
NH( ) _ 12 / (\/ﬁath 4 8t00) dox — % (\/502 + CO) dzx
dt QOéNH 0 aNH 0

Thus, combining the first equation of (2.9) with ¢ = ﬁ and the third equation of (2.9) with
Nu

_ 1
Y2 = \/ia?vH’Weget

(2.12) 4, () / B, C1 d
. = x.
dt any, Nu ™1
Finally, taking n = C} in the first equation of (2.10), we obtain
_ ®y. 0,0 da.
dt any /0 N 0501 d2

We now compute the time derivative of the potential energy defined by

P 1 L 2
e, (0= 5 | 18w o

Using n = 0;En,, € V as test function in the first equation of (2.10) and an integration by parts, we
have

P

d t

Now, choosing ( = ®y,, in the time derivative of the second equation of (2.10), and then ¢y = ®n,,
in the first equation of (2.9), we finally get
del ( 1 L 1 (L d&x (t
NH / 9Co®y, dz=—— | C18,Py, do=——— [ 8,01 Py, do=— déw, (1)
ANy Jo ANy Jo dt

L
/ 8tENH ENH dz —/ (I)NHa atENH dz = / (9 (I)NH 8tENH dz.
0

This concludes the proof since the total energy En,, (t) is the sum of the kinetic and potential energies.
O

2.3. Weighted L? stability of fny - We now establish the discrete counterpart of Proposition 1.1,
namely the stability in an appropriately weighted L? norm. More precisely, with a,, defined by (2.5),

we consider the weight wy,, (t,v) := /27 eV (D9)*/2 and denote by Il - ”wNH () the corresponding
weighted L? norm. Using the definition (2.3) of fx,,, we have
Ny—1
| fng (1) Z / /aNHC Crn VU (t,v)Hy (an, (t)v)d vd z,
n,m=0

which gives, using orthogonality property (2.6), the following expression for the weighted L? norm
of fNH (t):
Ng—1

L
(213) a0 = 3 aw [ CRaa

n=0



STABLE AND CONSERVATIVE METHODS FOR THE VLASOV-POISSON SYSTEM 9

Proposition 2.2. Assuming that ||fn, (0)|luo) < +oo, the distribution function fn, given by the
truncated series (2.3) satisfies the following stability estimate:

1N O llon, @) < 11 Ne (0)llw(o) e/ >0,

where v > 0 is the constant appearing in the definition (2.5) of any, .

Proof. We compute the time derivative of ||, (t)HiN () defined by (2.13):
H
Ng—1 L / L
1d 9 B ANy, 5
sailm Oy, 0= 2 (o [ 0Cncuans e [Co2an).

Thanks to equation (2.9) with ¢, = an, Cy, we then have to estimate
Ny—1 Ny—1

L L
s o [ Cuttoan= Y0 [Cay, |(n43) €2 Vali 16, G as
n=0 0 n=0 0

Np—1

L
+ ) / (VR Cpoi +Vn +1Cpi1) 9,0, da
n=0 0

Ny—1 L
(2.14) + > /0 aX,, Vi Eny Cp Coy da.
n=0

First of all, the transport term vanishes. Indeed, reindexing the sum over n and using that C_; =0 =
Cny, we have

Np—1 Np—1

L L
> / (VRCpa + V4 1Cn11) 0.Cp dz = > / V1 9y(Cp_1Cyp) dz = 0.
n=0 0 n=0 0

Then on the one hand, using again that C,, = 0 for all n < 0 and n > Ny, we have

Ng—1 1 | Nt )
> [(n—i— 2) C2 +/n(n—1)C, CH] =3 > (VnCn+Vn—1Cna)".
n=0 n=1

On the other hand, we notice that
Ng—1 1 Ng+1
Z \/ﬁcncnflzg Z Ch-1 (\/ﬁCnJF Vn*10n72)-
n=0 n=1

Gathering these two identities in (2.14), we get
1 d Ng—1 Ng+1

L 1 L
SdL Z aNH/O Cfldx =3 Z /0 oz?VH (\/ﬁCn+\/n—1C’n,2)2d:E
n=0 n=1

1 Nut1

+5 2

n=1

Applying Young inequality in the second sum, this provides:
1 q Nat Ny+1

L L
SdL Z aNH/ C’gdx S% Z / a?VH (\/ﬁCn—l—\/n—lC’n_2)2dx
n=0 0 n=1 0

L
/ Eny 03y Coe1 (VR Cr +Vn —1Cp_2) d w.
0

1 Ng+1

+3 2

n=1

Yet, using definition (2.5) of ay,,, we have that

g
Ay, (1) = =S 1By (0] o (1),
2

L
2 1
/0 (; ||ENH||C2>O a?’VH (\/ﬁCn—l— vn — 1C’n,2) + ﬂO‘NH 0721_1> dz.



10 MARIANNE BESSEMOULIN-CHATARD AND FRANCIS FILBET

which yields
14 Ng—1 L 1 Ng+1 L
—— C2dzr <— c? ,d
2dt;aNH/0 n $—47;aNH/O n—14%
Ny—1

1 L
<— an / C?dz.

Using Gronwall’s lemma, this gives the expected result. O

2.4. Control of ay, . It appears that for all ¢ > 0, the functional space LUQJN @ depends on an, (1),
H

that is on the approximate solution itself due to the term ||En,, ()|loo involved in definition (2.5). To
get a usable stability result, it is then mandatory to control ||En, (t)||c uniformly with respect to
Ny7. This uniform bound is stated in the following proposition.

Proposition 2.3. Under assumptions of Proposition 2.2, the solution En,(t,-) of (2.10) satisfies
that for all T > 0, there exists a constant Ct > 0 depending on T, L, v and the initial data, and not
on Ny, such that for all t € [0,T],

[ Eng (t)][oo < O

Proof. Since we are in one space dimension, by Sobolev inequality, there exists a constant ¢ > 0 such
that for all ¢ > 0,

1N, (1)lI3 < el By, ()17
Moreover, since fOL En, dz = 0, Poincaré-Wirtinger inequality applies and then there exists ¢ > 0
such that

2 2

1ENG (0I5 < ¢ 10aEn, ()2

Taking ¢ = 0, En,, in the second equation of (2.10) and applying Cauchy-Schwarz inequality gives

L L
102 By, (D113 = / O Eny (Co— po) da = / O Eny Co dx < |0z BNy (1)]]2[|Co(2) ]2,
0 0

and then one obtains
IEN, ()]I3 < < IColt)]I3.
Hence, we need to control ||Cy(t)]|2 as,
2

L L
[t as= [ ([ sttt e, 0 a0 ) aa
0 0 R

< /OL (/RfNH(t,x,v)2wNH(t,v) dv) </RWNH(t,v)1 dv) dz

1 2

<
= an, (t) HfNH (t)HwNH(t)’

which depends on ay,,, that is, on ||Eny, |lco- Then, using the definition (2.5) of ax,,, it yields

«@Q

ANy (t)

1
= (142 [ 1Bwy 0 as) <140 [ B G ds,
which gives .
B Ol < ¢ Lina (012,00 (147 [ 1By G 0 ).
Furthermore, by Proposition 2.2, we have for all ¢ € [0, T7,

HfNH (t)”ZNH(t) S cr = HfNH(O)HZ(O) eT/Q'Y.

Thus,
t
umwstdw(uwAHmuﬁ&dQ.
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By Gronwall’s lemma, we conclude that for all ¢ € [0,T7,
1EN (D)2 < ¢ ep e,

0

2.5. Filtering technique. As proposed in [15], we finally apply a filtering procedure to reduce the
effects of the Gibbs phenomenon inherent to spectral methods [17]. The filter consists in multiplying
some spectral coefficients C), in (2.3) by a scaling factor o to reduce the amplitude of high frequencies,
for any Ny > 4. Concretely, coefficients C,, in (2.3) are replaced by C,,, with

C, = Cno(n/Ng).
As in [15], we consider the Hou-Li’s filter, which reads
1 if0<|s| <2/3,

o(s) = ,

e Bl if |s] > 2/3,

where the coefficient 3 is chosen as 5 = 36.

Remark that since the filter is applied only when Ny > 4, the filtering process does not modify
the three first coefficients Cp, C7 and Cy. Then conservations of mass, momentum and total energy
established in Proposition 2.1 are not affected. Moreover, since ¢ < 1, this process does not impact
the stability result established in propositions 2.2 and 2.3 either.

The filtering technique and the time dependent scaling function « are complementary in stability
of the method. Indeed, the filtering technique allows to remove spurious oscillations occuring for
large velocities since it only acts on high order moments. Moreover, it depends on the truncation Ny
whereas the scaling function « allows to absorb the contribution of the electric field and provides a
mathematical framework to study the convergence of the Hermite method.

3. A CLASS OF SPATIAL DISCRETIZATIONS

This section is devoted to the space discretization of the Vlasov-Poisson system written in the form
(2.7)-(2.8). We first consider a spectral method, and then a class of discontinuous Galerkin methods.

3.1. Fourier method. When considering periodic boundary conditions, spectral method with Fourier
basis is a natural choice for the spatial discretization. As for example in [22], we consider an odd
number 2N, + 1 of Fourier modes, and look for an approximation fy,, n, of the distribution function
f solution of Vlasov equation (2.1) defined as

Ng—-1 N,
(31) fNH,Nl t z, U Z Z n(tav)’
n=0 j=—

where
e](:L') = ﬁ 621ﬂ]x/L.

This corresponds to approximate the Hermite modes C), (¢, x) defined in Section 2 as

N,
Con,(tx) = Y ch(t)ej(@).
=

The electric field Ey,, is also approximated in the Fourier basis as
Ny

(3.2) Engn,(tz)= Y El(t)e(x).

j:_Nr

Equations satisfied by the coefficients (CZ@) and E7 are obtained by considering the weak formulation
(2.9)-(2.10) for Cy N, and En,, n, in the space

VN, ==span{ej, j = —Ng,..., Ny},
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and taking e; as test functions. Remark that here the function « arising in the definition (2.4) is
given by

t —1/2
any. () = ao <1+7a3 / ||ENH,Nz<s>||§ods> .
0

For this Fourier-Hermite discretization of the Vlasov-Poisson equation, all the results presented
in the previous section are satisfied. They are summarized in the following theorem and can be
proved exactly in the same way as propositions 2.1, 2.2 and 2.3 by considering V = Vj, in the weak
formulation (2.9)—(2.10).

Theorem 3.1. For any Ny, N, € N, consider the approzimate solution (fy, N,, Eng,N,) given by
(3.1)-(3.2), where the coefficients (ch, E7); satisfy (2.9)~(2.10) in Vi, . Then,
e mass, momentum and total energy are conserved, that is

d
dt

CO
——1 (@) =0, k=0,1,
«

NHyNz

and for the total energy,

Ny
ENu N (8) 1= ;W (V2 +cbe)) + ;ZZ;V B (6) = Eny v, (0)-

e Furthermore, assuming that ||fny n,(0)|lwo) < +oo, the approxvimate distribution function
[Ny, N, satisfies the following stability estimate:

1N Ne Ol vy @) < 1NN (0)]wo) et/

e Finally, there exists a constant Cp > 0 such that for all t € [0,T],
IENg N, (t)]loo < Cr.

3.2. Discontinuous Galerkin method for the Vlasov equation. In the spirit of [2, 15], we now
consider a discontinuous Galerkin approximation of the Vlasov equation (2.7). This method guarantees
conservation of discrete mass as well as weighted L? stability. Then, to compute an approximation of
the Poisson equation, several approaches arise:

e we will consider a local discontinuous Galerkin method for the Poisson equation as in [15]. For
this choice, we prove conservation of total energy. However, we do not have control the L
norm of the electric field in this case.

e we will also look for a mixed finite element approximation for the Poisson equation. We estab-
lish that the obtained approximate solution satisfies semidiscrete counterpart of Proposition
2.3. However, we cannot obtain conservation of total energy with this choice of approximation.

Let us now define the discontinuous Galerkin (DG) scheme for the Vlasov equation with Hermite

spectral basis in velocity (2.7). We first introduce some notations and start with {z,, ;}iévﬂ”, a
2

partition of [0, L], with z1 = 0, x ,1 = L. Each element is denoted as I; = [z;_1, 7, 1] with its
2 T o 2 2
length h;, and h = max; h;.
Given any k € N, we define a finite dimensional discrete piecewise polynomial space
(3.3) VE={ueL*0,L):ul; € Pu(L;),Vi} ,

where the local space Py (I) consists of polynomials of degree at most k on the interval I. We further
denote the jump [u]; 1 and the average {u}, 1 of u at x; 1 defined as
2 2 2

- 1 _ ,
g = 0ol y) = ulory) and oy = 5 (u(ely) 4l ) L Vi,
where u(r¥) = lima,_,o+ u(z + Az). We also denote

ui+%:u(xi+%), ut = u(zt ).
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From these notations, we apply a semi-discrete discontinuous Galerkin method for (2.7) as follows.
We look for an approximation Cy, j,(t,) € V,f, such that for any ¢, € V,f, we have

d o .
dt/l Copon Az — aNth/I (n Coh+ v (n—1)n Cn_gjh) on dx + al,(gn, on)
j j

Ni,h
(3.4) - OéNH,h\/ﬁ/ EnynCnipondoe=0, 0<n<Nyg-—1,
Ij
where a?, is defined by
g n) = /1 gn@n AT + Gy iy e, nj+3 ~Onj-t ‘P:,j—%’
(3.5) I
n = (Vn+ Cn+1h+\fcn 1h)-

QNy b
The numerical flux g, in (3.5) is given by

(3.6) gn = ; [Qn +gn —0n <Cnh - C;;J} )

with the numerical viscosity coefficient defined as §y = 0, corresponding to a centered flux, and for
1 <n < Ny — 1, we consider the global Lax-Friedrichs flux with §, = § = M/QNH7h. The choice
of the centered flux in the case n = 0 is made to recover the conservation of the semi-discrete total
energy (see Proposition 3.4). Once again, due to the definition of d,, it appears crucial to have a
positive lower bound for oy, , uniform with respect to Ny and h. This property is discussed in what
follows, according to the discretization chosen for the Poisson equation.

The approximate solution of (2.1) obtained using Hermite polynomials in velocity variable and
discontinuous Galerkin discretization in space is then defined by

Ng—1

(3.7) vy n(t, z,v) Z Con(t, )Wy, (t,v),

where C,,j, satisfy (3.4) and ¥,, are the basis functlons defined by (2.4). The weighted L? norm of
[Ny.n is then given by

NH 1
(35) 5O = 3 ) [ Caattn

Throughout this section, the function « is deﬁned by

(3.9) alt) = ao (1+7 / tHENH,h@)Hzods)_l/Q,

where Ey,, 1, is the chosen spatial approximation of the electric field Ey,,.
Similarly as in the continuous case, we establish the following stability result.

Proposition 3.2. Consider the semi-discrete approximate solution fn,, » given by the truncated series

(3.4)-(3.7). Then, we have
d L
/ Co7hd$ = 0.

e Conservation of mass
e Furthermore, assuming that || f 1(0)|w0) < +00, we have
Np—1 1
2 2
310) 5 a2, 0+ avan® 3 3 6 Coally < 3 I I, 0 V20,
J

from which we deduce

(3.11) 150 ), ) < 1N Oy €747, V2 > 0.



14 MARIANNE BESSEMOULIN-CHATARD AND FRANCIS FILBET

Remark 3.3. Note that compared to the results obtained in propositions 1.1 and 2.2, an additional
dissipation term appears in (3.10), arising from the discontinuous Galerkin discretization.

Proof. Throughout this proof, without any confusion, we will drop the indices Ny and h to lighten
the notations.

Let us underline that the discontinuous Galerkin method naturally preserves mass. Indeed, since
the equation (3.4) for n = 0 only contains a convective term, we get that

L
d/ Codx=0.
tJo

Ny—1

2dtHfNH, ] Z/ (aC’ 0Cp + = 02>

Taking ¢, = C,, as test function in (3.4), we get

(3.12) 2dtHfNH, D12 Nil /<< ;) Cn+\/m0n_g>0ndx

Then, using (3.8), we have

Np—1 NH

1
— Z Zaafb(gn,cn 2f/ EC,_1C, dx.
n=0 j 0

n=

Let us first consider the transport term. Indeed, other terms will be treated exactly in the same way
as in the proof of Proposition 2.2. Using the definition (3.5) of aj,, we have

Ng—1

Z Zaa%,(grhcn) — Tl + T27
n=0 j

with
Ng—1

:_ZZ /gnac dz,

NHl

; +
2D D Y CRNTINE Nt ]
J

We now consider the first term 77. By definition (3.5) of g,, we get

Np—1

ZZ/ Vn+1Chi1 +vVnCyo 1)80 dz.

Now, reindexing the sum over n and using that C_; = 0 = C,,, we obtain
1
Z vn / 0p(Cp_1Cy) da
J
Ng—1
= - Z Z f( n-1Cn) 1 — (Cnlcnﬁ_;) :

Using the periodic boundary conditions, it finally yields

NH
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We now deal with the second term 75. By definition (3.5) of g,, we compute

Gy F 00 = 2 (VAFT{Can} + Vi {Ca}), s

nJ—3 7]7
which yields
: 1 O
gnd,_% = a (\/?m{cn_i,-l} + \/ﬁ{Cn—l})]_% - ? [Cn] j

j—

[SIE

Once again, taking advantage of periodic boundary conditions, we have

Np—1
h=- Z Zagn,rl [C"]J*%
n=0 j
Nt ad
=~ Z( (VAF TG} + VGl y [y — 252 Gy )

By rearranging the terms of the sum over n, using once again that C_; = 0 = C,,, we obtain

Ny—1 NH 1

= 3 SV {CH A + G} s + Z >_hlC
n=0 J

J

=

Since
{Ca}Crna]l +{Cr 1 }Cn] = [Crn1 Cul,
we finally have that
Ng—1 o Nl
J _ _ = 2
nz::O ;aan(gn,Cn) =Ti+Ty = nZ::l Zj:(sn [Cnl2_s1-

Inserting this equality in (3.12), we get

R POY )+NH2125 L= S [H((n+) o VTG G

Ny—1

+Z Q\f/EC’nlCdx

Finally, the right hand side can be treated exactly in the same way as in the proof of Proposition 2.2,
leading to (3.10). Nonnegativity of () and direct application of the Gronwall’s lemma provides (3.11).
O

We next deal with the approximation of the electric field Ey, . This step is crucial to get energy
conservation and to control the scaling parameter «.
To this end, we need to consider the potential function ®y, (¢, ), such that

0PN
Eny =~ axH ’
(3.13) 5E
Ng
=Co—po-
O 0 — PO
Hence we get the one dimensional Poisson equation
O*dy,
— =Cyp — po-
02 0 Po

We now propose two methods to discretize this problem in space and discuss their properties.
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3.2.1. Discontinuous Galerkin approximation of the Poisson equation. As in [15], we now consider the
DG approximation (3.4)—(3.6) for the Vlasov equation together with a local discontinuous Galerkin
method for the Poisson equation (2.8). We prove conservation of the discrete total energy. However,
in this framework, we are not able to control the L norm of the electric field as in Proposition 2.3,
and conservation of momentum is not achieved (see Remark 3.3).

The Vlasov equation being approximated by (3.4), we now define a DG approximation of the Poisson
equation (3.13). We look for a couple ®n,, 1(t,-), Eny n(t, ) € th, such that for any n and ¢ € th,
we have

/I‘I)NHhU dz — & Nehog+3 75 L +<I>NH,h,j_%77j_ :/ENH,hdea

(3.14) 4 i
/ EnynC dz + Ey, 50 et~ ENghg-d C;r_% = /I (Con = po) ¢ du,
J

where the numerical fluxes ‘I)NH,h and ENH,h in (3.14) are taken as

Dnon = {Prnynl,

ENH,h = {Eny.n} — Bl®nynl,

with (3 either being a positive constant or a constant multiplying by 1/h.

We now focus on the conservation properties of this DG method. As already mentioned, the
conservation of mass is guaranteed, whatever the choice of discretization for the Poisson equation.
Moreover, conservation of the total energy is achieved thanks to the particular choice of the (centered)
numerical flux go in the equation (3.4) for n = 0. Unfortunately, the momentum is not conserved
due to the contribution of the source terms in (3.4). In [15], a slight modification of the flux for
the unknown Cj; was proposed to ensure the momentum conservation. However, if we apply this
modification here, we lose the L? stability established in Proposition 3.2.

(3.15)

Theorem 3.4. For any Ny > 3, we consider the solution (Cp p, Eny . b PNy n) to the system (3.4)-
(3.6) together with (3.14)—(3.15). Then we have

o Conservation of mass.
e Furthermore, assuming that || fn, n(0)|lw0) < 400, we get

1N Ol ) < 1N, (0) (o) e/ vt > 0.

e The discrete total energy, defined as

IR | 1
(3.16) Eny n(t) = / < 7 (V2Can + Cop) + ENH,hI2> dz+ 5B [@nyal) s
0 -
J

1
2 ANy b 2
1s preserved with respect to time.

Proof. First and second items follows from Proposition 3.2. Then, once again, we omit here the indices
Ny and h and first compute the time derivative of the kinetic energy, using mass conservation:

1d 1/L(ﬁc+0)d ——d/L(\/ﬁc +Cy) da 4 — /Lc‘)(]d
2dt \a? J, zow—ago 20$\/§a20t2$-

Using o2 = ﬁ in (3.4) for n = 2 and summing over j, we have
L o [T /3 1 [
—_— 0,Coda — — 2034+ Cp) do = — EC; d
\/50{2 /(; t2 X a3 /0 ( 2 + 0) X a/() 1 Z,

which yields that

(3.17) ;i(l /0 (V2Cy + Cy) dx)- / EC, du.

a2
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On the one hand, to compute the right hand side of (3.17), we choose n = % in the first equation
of (3.14):

ct .

1
(3.18) /ECldx—/CIu?Cldm—CI) 1O =0 O
o 2 J T3

Lj+3
On the other hand, we take ¢y = ® in (3.4) for n = 0 and use definition (3.5) to get

, 1 .
/] 0:Co® dx = —a%(go,CI)) = . a{)(Cl,i))
j
1
(3.19) /Cﬂ?@dm C,]Jr;q)_ 1—1— C

Adding (3.18) and (3.19) and summing over j, we obtain

/ECldx+/ 0Co® da = — Z/a (CL®) da+ — Z( ARSI
—Z( @] + B[C1] + C1[0])

Since [C} ®] = [C1]{®} + {C1}[®] and {®} = & by (3.15), we obtain

(3.20) ;/OLECH d:n+/0L8tCo<I> dx:;Z(C‘l—{Cl}) (@], 1.

M=

-
i=3

1
2

By definition (3.6) of gy with 9 = 0, we deduce that Cy = {C4}, which cancels the right hand side
of (3.20). We now have to treat the second term of the left hand side. To this end, let us take the
time derivative of the second equation in (3.14) and choose ( = ® as test function. It gives

— a7 - o +
(321) \/Ij 87500(1) dz = —/Ij atE(‘)x(I) dl“l-atEjJr% (I)JJr% _8tEj,% P

1
2

Taking n = —0,F in the first equation of (3.14), we obtain

_/ EOE dz = _/ 20,0, dx+ b1 (AE);,, ~ B, 1 (AE)" ..
I;

2 J
I; 2 2

Performing an integration by parts of the first term of the right hand side, it provides

—th/E2 dl,_/aq)atde_((I)at )j 1+(<I>8t ) 1"‘(1) (atE);+%_q)J7%(atE);r_1

Adding this latter equality and (3.21), and summing over j, we get

/OﬁtC’o‘I)d:n—Zdt/ E*de=Y ([@@E]—@[@]—@[@E])

Now, by definition (3.15) of the numerical ﬂuxes, we have

[®,E] - B (0] - & [0E] = ({9} - ) 0] + ({2} - &) [0,
= [0, ®][®]

=LL —[@]?
~2dt ’
which gives

/Lao bdp— 194 /LEQd:U+6Z[<I>]2
, 0T Eaar | ), ;
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Using this last identity together with (3.17) and (3.20), we finally obtain:

d
3.22 —E&(t
(3.22) e =
O
Remark 3.5. Concerning momentum, we have
d (o L o
2 — dx — - — dzx.
(3.23) i), @ /0 (a 0:Cq 2 Ch x
Taking p1 = é as test function in (3.4) for n =1 and summing over j, we get
1 (L o L L
(3.24) / 81501 dl‘—2/ Cl d:E:/ ECO dzx.
@ Jo a” Jo 0
Now, taking ¢ = E in the second equation of (3.14), we obtain
_ _ 2 - +
(3.25) /IjCoEda:pO/IjEda: /Iang[,,Eda:—i—E]JréEj+§ EJ_%E];%.

To compute the first term of the right hand side, we take n =1 in the first equation of (3.14):

/de:—¢]+1 +¢
I; 2

Using this in (3.25) and summing over j, it yields

MM—‘

/ CoE dx_—Z/a (E?)d ZEj_%[E]j_%
j
— Z <2 [E?] — E[E]) o
- i1
Since [E?) = 2{E}|E], we have thanks to the definition (3.15) of E that
(3.26) / CoE da = ({E} E) 1= ﬁz 1Bl

Putting (3.24) and (3.26) together in (3.23) we finally obtain

(3.27)

d
dtozdw—ﬁz LB

3.2.2. Mized finite element approximation of the Poisson equation. We now consider a mixed finite
element approximation of the Poisson problem (3.13) with the one dimensional version of Raviart-
Thomas elements. More precisely, the mixed finite element spaces in 1D turn out to be (W;f“, th)
finite element spaces, where

Wi = {u e C°0,L): ujy, € Prya1(1y), Vil

and V¥ is defined by (3.3).
For k > 0, we look for a couple (Eny, n, Pny.n) € W;f“ x V¥ such that for all (n,() € W;f“ x Vik,

L L
/ Pn,nn da= / Enynndax,
0 0

L L
/ Do By C da = / (Com = po) € d.
0 0

With this choice of discretization for the Poisson equation, we are not able to prove the conservation
of total energy. By contrast, it is possible to obtain the control of ||En, 1(t)|/ in this case, which

(3.28)
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gives a positive lower bound for a(t) and then allows to deduce a stability result in L?(0, L) for the
coefficients C,, 5, from the stability in weighted L? norm for [Ny .n stated in Proposition 3.2.

Theorem 3.6. For any Ny > 3, we consider the solution (Cp p, Eny b PNy n) to the system (3.4)-
(3.6) together with (3.28). Then, we have

o (Conservation of mass.
e Furthermore, assuming that || fny, 1n(0)]w0) < +o0, we get

1N b Ol o) < 1N, (0) (o) e/ vt > 0.

e Finally, there exists a constant Cr > 0 independent of Ng and h such that
IEN 1 ()]s < Cr, Yt € [0,T].

Proof. First and second items follows from Proposition 3.2. Then, we follow the same guidelines as in
the proof of Proposition 2.3. By Sobolev and Poincaré-Wirtinger inequalities, we have

IE®IZ < clE@IFn < ¢ 0B

Since E € W;erl, we have that 0, F € th. Then we take ( = 0, F as test function in the second
equation of (3.28) to get

L
10: E(t)]13 =/ Co0:E du < [0 E(t)|2 [ Co(t)]]2;
0

and then

IE@®)1% < ¢ ICo@)]l3-
Finally we proceed exactly in the same way as in the proof of Proposition 2.3, using the definition
(3.9) of o and the weighted L? stability result stated in Proposition 3.2. O

Remark 3.7. Note that the same result can be established for a conforming approximation of the
electric potential, corresponding to a direct integration of the discrete Poisson problem (3.13), which
1s straightforward in 1D.

4. TIME DISCRETIZATION

We apply a second order Runge-Kutta scheme to the discontinuous Galerkin method for the Vlasov
equation (3.4)—(3.6) with local discontinuous Galerkin approximation of the Poisson equation (3.14)-
(3.15), coupled with a discretization of « solution to (1.4).

We denote by C = (Cy,...,Cy,_1) the solution to (3.4)—(3.6) and by (-,-) the standard L? inner
product on the space interval (0, L)

L
(Cnyp) :—/ Cpodu.
0

For the computation of the source terms, we introduce b, defined for n = 0,...,Ng—1and j =
1,..., N, by
j I(O[, E)
bl (o, C, E, ¢p) i— (nC’n—l—\/(n—l)nCn_2> ondr—avn | EC,_1p,dx,
I I;

where we use the expression I(a, E) for o as defined in (1.4). We set a, =3, al, and b, = > bi,.
Equipped with these compact notations, we can write the semi-discrete discontinuous Galerkin
method for the Vlasov equation (3.4) as

d
E(Cnv ©n) + an(gn, on) + bn(a, C, E, ) = 0,

with, according to (1.4), « satisfying

(4.1)

=I(a, E).
1

/
a
Let us underline that by = 0, then equation (4.1) for n = 0 does not depend on the electric field E.
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We now define the time discretization. Let At > 0 be the time step. We compute an approximation
cm = (Cy,..., C’]’(}H_l) of the solution C at time t™ = m At for m > 0. Assuming known C™, we

compute C™*! using the following procedure.
We first apply a classical explicit Euler scheme with a half-time step At/2.

e We compute C’(()l) with

2 (i) -y,
(G At ) + ao(g' o) = 0, Vo € ViF.

(4.2)

e Using C’(()l), we solve the DG approximation of the Poisson equation (3.14)—(3.15) to obtain
EM. We can then define

Em+1/4 :% (Em+E(1)> _

e Finally, we compute C’T(ll) forn=1,..., Ng — 1 thanks to

2(CY) —Cm, o)

(4.3) =

+ an(g™, o) + bu(a™ CT E™HA o) =0, Yo, € VF,

with
2(aM) — o)
At
Then using the same procedure, we compute a second stage with a time step At.
e We compute Cg”“ with
(G = CF' o)
At

e Using CJ"™, we solve the DG approximation of the Poisson equation (3.14)~(3.15) to obtain
E™F1 We can then define

= I(a™ E™T/4),

+ ao(g(()l),wo) =0, Yo V.

Em+1/2 — % (Em +Em+1) .

e Finally, we compute C™*! for n = 1,..., Ny — 1 thanks to
ay (GG (gD ) 4 b0, C0, B2 ) = 0, g, € VE
with Ll m
A = I(aM, EmF1/2),

This scheme corresponds to the one proposed in [15] when the scaling function « is constant. In
that case, mass and total energy are preserved. However, in our case since o depends on time, it
produces an additional error on the energy conservation. In the next section, we will observe that the
variations of « are small, hence the variations of total energy are very limited.

5. NUMERICAL EXAMPLES

In this section, we will verify our proposed DG /Hermite Spectral method for the one-dimensional
Vlasov-Poisson (VP) system. We take Ny modes for Hermite spectral basis, and N, cells in space.
We note that due to the Hermite spectral basis, there is no truncation error for the conservation of
mass, momentum and energy from cut-off along the v-direction. The scaling parameter « is chosen
according to the scaling of the initial distribution and the Hou-Li filter with 2/3 dealiasing rule [19, 7]
will be used, if without specification. In all our numerical experiments, we choose v = 0.01 in such a
way that the function « slowly decreases.

In the following, we take P» piecewise polynomial in space and 2nd order scheme in time. We denote
this scheme as “DG-H”. We compute reference solutions using a positivity-preserving PFC scheme
proposed in [14], which is denoted as “PFC”. The PFC uses discrete velocity coordinate, and the mesh
size is Ny X N,.
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First of all, we performed numerical simulations on the Landau damping and obtained similar
results as in [15, Section 4.1]. In this case, the quantity [|E(t)||ec « e "L, with £z > 0, hence the
function a given by (1.5) decreases slowly. In the following, we present more challenging numerical
tests where the electric field varies with respect to time.

5.1. Two stream instability. In this example, we consider the two stream instability problem with
the initial distribution function

2
CU/Q,

2 1
(5.1) f(t=0,2,0) = Z(14 50%)(1 + &((cos(2k z) + cos(3k x)) /1.2 + cos(k ))

7 V2r
where £ = 0.01 and k = 27/L with L = 12. For this case, we have

Co(t=0,2) = g(l + k((cos(2kx) + cos(3kx))/1.2 + cos(kz)) ,

Co(t=0,2) = 10;/5(1 + r((cos(2kz) 4 cos(3kx))/1.2 + cos(kx)) .

Other C,,’s are all zero and oy = 1. The background density is pg = 12/7. The length of the domain
in the z-direction is L.

We compute the solution up to time T' = 50. For DG-H, we take N, = 64 and Ny = 128. We show
the time evolution of the relative deviations of discrete mass, momentum and total energy in Figure
5.1 (a). We can see these errors are still up to machine precision. Although the total energy varies a
little due to the time discretization, the errors are at the level of 1072 which is rather small. We also
plot the time evolution of the electric field in L? norm in Figure 5.1 (b).

Furthermore, we also present in Figure 5.2, the time evolution of weighted L? norm of the distribu-
tion and the scaling function « given by (1.5) since it plays a crucial role in the stability analysis of
the DG-H method. On the one hand, on the time interval ¢ € (0,25), the L? norm of the distribution
increases almost exponentially, then it decreases and oscillates. On the other hand the variations
of the scaling function « remain small even if the electric field strongly varies with respect to time
due to the instability. Observe that when the scaling function is constant (red curve in Figure 5.2),
the weighted L? norm does not blow-up but it growths more rapidly. When « varies over time, the
weighted L? norm is damped when nonlinear effects dominate. It indicates that this mathematical
framework, with a scaling function depending on time, is well adapted for the stability.

Finally, we compare our numerical results with those obtained from the PFC scheme [14] on a
refined mesh 256 x 1024. For this case, we show the surface plots of f at ¢ = 20, 30 and 40 in Figure
5.3 for both methods. The results are comparable for short time ¢t < 30, then for larger time, fine
structures of the distribution function localized in the center are removed for the DG-H method due
to the coarser grid.

5.2. Bump-on-tail instability. Then we consider the bump-on-tail instability problem with the
initial distribution as

(5.2) J(0,2,v) = fo(v)(L + K cos(knz)),
where the bump-on-tail distribution is

— p fvz/vz T f(vad)z/vQ
(5.3) fo(v) 7rvp€ v+ 7\/7”}1)8 b

We choose a strong perturbation with k = 0.04, n = 3 and k = 2x/L with L = 62 and the other
parameters are set to be n, = 0.9, n, = 0.1, vg = 4.5, v, = V2, vy = v/2/2. The computational
domain is [0, L] x [—8,8]. These settings have been used in [29] and [15, Section 4.3]. For this case,
we take the initial scaling function to be ap = 5/7.

Again, we take N, x Ny = 64 x 128 for DG-H and compare the solutions to PFC with N, x N, =
256 x 1024. We first show the time evolution of the relative deviations of discrete mass, momentum
and total energy in Figure 5.4 (a). Here, the errors on mass and total energy are up to machine
precision whereas the momentum varies with respect to time up to 107°. We remind that our space
discretization does not ensure conservation of momentum. We also plot the time evolution of the
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FIGURE 5.1. Two stream instability: (a) deviation of mass, momentum and energy,
(b) time evolution of the electric field in L? norm in logarithmic value with DG-H:
N, x Ng = 64 x 128 and the reference solution is from the PFC scheme with N, x N, =

256 x 1024.
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FIGURE 5.2. Two stream instability: (a) time evolution of the weighted L? norm
of f, (b) time evolution of the scaling function a for DG-H with N, x Ny = 64 x 128
and the reference solution is from the PFC scheme with N, x N, = 256 x 1024.

electric field in L? norm in Figure 5.4 (b). We compare them to the results obtained by using the PFC
method with mesh size 256 x 1024. We can see these results have the same structure and they are
similar to those in [29]. We also present the time evolution of the weighted L? norm and the scaling
function « in Figure 5.5. The L? norm first increases almost exponentially fast, hence it stabilizes for
larger time and oscillates, whereas as expected, the scaling function slowly decreases. We also report
the time evolution of the weighted L? norm with a constant scaling factor a (red curve in Figure 5.5).
When t < 20, the evolution are slightly different but when nonlinear effects dominate the weighted L?
norm with a time dependent weight is damped.

Finally we show the surface plots of the distribution function at t = 12.5, 25 and 50 in Figure 5.6.
From the comparison of these two methods, we can find that at the beginning ¢ < 20, the solutions
are very close. But as time evolves, the solutions are moving in different phases. However, the results
from DG-H look relatively well.
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DG-H -t= 20 PFC -t = 20

DG-H -t= 30 PFC -t = 30

DG-H -t =40 PFC -t =40

FiGURE 5.3. Two stream instability: Surface plot of the distribution function f at
t = 20, 30 and 40 with (a) N, x Ng = 64 x 128 for DG-H; (b) N, x N, = 256 x 1024
for PFC.

5.3. Ion acoustic wave. Finally, we consider a multiscale problem occuring in kinetic plasma physics,
that is, the time evolution of an ion acoustic wave where both electrons and ions dynamics are inter-
acting (see [10]). In this example, the initial distribution of electrons is given by

(5-4) fe(0,z,v) = \/12? (1+ kcos(kx)) e~lv—val*/2.
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FIGURE 5.4. Bump-on-tail instability: (a) deviation of mass, momentum and en-
ergy and (b) time evolution of the electric field in L? norm in logarithmic value for
DG-H: N, x Ny = 64 x 128 whereas the reference solution is obtained from the PFC
scheme with N, x N, = 256 x 1024.
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FIGURE 5.5. Bump-on-tail instability: (a) time evolution of the weighted L? norm
of f, (b) time evolution of the scaling function « for DG-H with N, x Ny = 64 x 128,
whereas the reference solution is from the PFC scheme with N, x N, = 256 x 1024.

where vy = 2 is a drift velocity whereas the initial ditribution of ions is at equilibrium

1
(5.5) JER) e ————
\/ 2107, ;

We choose a small perturbation with x = 0.0001 and k& = 27/10 and the other parameters are set
to be vy, ; = 1/50. The computational domain is [—5,5]. We now consider two Vlasov equations for
electrons and ions coupled through the Poisson equation

—022® = n; — ne.

As in [10], we choose a reduced mass ratio (m./m; = 1/25). The choice of these parameters has
been made to trigger an ion-acoustic wave instability. Concerning the numerical parameters, we take
Nz x Ny =128 x 128 for DG-H for f, and f; with a.(0) =1 and «;(0) = 1/v4, 3, hence we compare
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FI1GURE 5.6. Bump-on-tail instability: Surface plot of the distribution function f at
t = 12.5, 25 and 50 with (a) N, x Ny = 64 x128 for DG-H and (b) N, x N,, = 256 x 1024
for PFC.

the solutions to PFC with N, x N, = 256 x 1024. We first show the time evolution of the relative
deviations of discrete mass, momentum and total energy in Figure 5.7 (a). The errors on mass and
total energy are of order 1070 whereas the momentum varies with respect to time up to 107°. We
also plot the time evolution of the electric field in L? norm in Figure 5.7 (b). We compare them to the
results by using the PFC method with mesh size 256 x 1024. We can see these results have the same
structure and they are similar to those in [10]. We also present the time evolution of the weighted L?
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FIGURE 5.7. Ion acoustic wave: (a) deviation of total mass, momentum and energy
and (b) time evolution of the electric field in L? norm in logarithmic value for DG-H:
N, X Ng = 64 x 128 whereas the reference solution is obtained from the PFC scheme
with NV, x N, = 256 x 1024.

norm of the distributions f. and f; in Figure 5.8. On the one hand, the behavior of the weighted L?
norms of f. and f; is quite different : the quantity ¢ — || f;(¢)||w, first increases and then it stabilizes
for larger time, whereas t — || fe(t)]|.. decreases. On the other hand, as it is expected a, and «;
decrease slowly.

Finally we show a zoom of the surface plots of the distribution function f. when the instability
develops at time ¢ = 175, 200 and 250 in Figure 5.9. Of course, we get a lower resolution with DG-H
on the coarse mesh but when ¢ < 200, both solutions have the same behavior. As time evolves ¢t > 200,
the solutions are moving in different phases. However, the results from DG-H look relatively well.

6. CONCLUSION AND PERSPECTIVES

We propose in this paper a spectral Hermite discretization of the Vlasov-Poisson system with a
time-dependent scaling factor allowing to prove some stability properties of the numerical solution. It
appears that the control of this scaling factor, and more precisely a positive lower bound, is crucial
to ensure completely the stability of the method. This property, as well as conservation features,
is discussed for several spatial discretizations. Briefly speaking, the scaling factor does not affect
the precision of the method compared to the recent work in [15] and guarantees the stability of the
numerical approximation.

The present work is the first stone to investigate the convergence analysis of the proposed sym-
metric Hermite spectral discretization as it has already been done for asymmetric Hermite spectral
discretization in [27]. Furthermore, the time discretization proposed in this paper follows the ideas
of [15], but unfortunately it does not constraint energy conservation and L2-stability. One approach
would be to construct a Crank-Nicolson type scheme for f and « in such a way that stability properties
may be proved rigorously for a full discretized method.
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FIGURE 5.8. Ton acoustic wave: (a) time evolution of the weighted L? norm of f.
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with N, x N = 64 x 128, whereas the reference solution is from the PFC scheme with
Ny X Ny = 256 x 1024.
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