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Abstract

We will utilize the extended block Krylov method, in which we propose two
new methods to solve a large-scale linear system of fractional differential equa-
tions (LSFDESs). The first method (EBA-MML) is based on the exact solution
and projection of the Mittag-Leffler function of the matrix (MML). The sec-
ond method (EBA-GLM, EBA-FBDF) is based on the projection of the initial
problem onto an extended block Krylov subspace to get a new problem of small
size then solve it with the Griilnwald-Letnikov method (GLM) or the fractional
backward differentiation formula (FBDF) method and the obtained solution is
used to have a low-rank approximate solution of the initial problem. We will
present some theoretical results as an accurate expression of the residual and
the error norms. Finally, numerical experiments are presented to confirm the
strength of the new methods in terms of time.
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1. Introduction

In the present paper, we consider the large-scale LSFDE on the interval

[to, Ty] of the form
X () = o X (t) + BL(1),
Z (to) =€,
where
e o/ is n X n matrix nonsingular assumed to be large and sparse.
e A is n x s matrix full rank.
e Z(t) is n x s unknown matrix function.
e « is parameter describing the order of the fractional Caputo’s derivative.
e L(t) is s x s matrix function,

with s < n. In particular, when o = 1, then we obtain well-known large-scale
linear system of differential equations.

Many real-life phenomena can be modeled by a LSFDEs [21, 25]. For in-
stance, the mathematical models of circuits and mechanical systems involving
several springs connected in series can be given by a LSFDEs. Generally, such
systems are frequently encountered in chemical [18], biological [12], economics
[19], psychology [2], physical and engineering applications [25], and other fields.

There are several methods for solving small or medium-sized LSFDEs (1)

numerically that have been proposed in the literature. (See [16, 15, 13, 14, 17]).

Definition 1. [21] The Caputo derivative with order « is

70 = [ g o )

The exact solution of the fractional differential matrix equation (1) is given

by the following result.
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Theorem 2. [/, 28] Let 0 < a < 1, the unique solution of the fractional differ-
ential matriz equations (1) is defined by
t
(1) = Bar((t — to)* /) + / (t = 1)% " Baa((t — 7)) BL()dr,  (3)
to

the Mittag-LefHler function (ML) [15] is defined by means of the series

P
_ =
E.p(%) jEZO e 6),2 e C,

and Eulers gamma function is defined by the integral
I'(z) :/ e~ 't*1dt, Re(z) > 0.
0

However, these approaches are not suitable for large-scale LSFDEs because
they take a lot of time, and a program will be blocked, and there is no method
for large problems, so the objective of this work is to develop numerical methods
more adapted for this kind of fractional differential equations.

In this study, we present two new methods based on extended block Krylov
methods to solve large-scale LSFDEs. A first approach is based on the computa-
tion of the exact solution by using Mittag-Leffler function projection technique.
The second is based on the idea of solving a new problem of small size then
consider the GLM or FBDF method.

Throughout the paper, we use the following notations. The Frobenius inner
product of the matrices U and V is defined by (U, V) = tr(UTV), where tr(Z)
denotes the trace of a square matrix Z. The associated norm is the Frobenius

norm denoted by || - ||,
|7 ||% = tr(e/T o), and the 2-norm denoted by |72 = Amax (& * o).

The rest of the paper is organized as follows. In section 2, we recall the
extended block Arnoldi process with some of its properties. In Section 3, we de-
fined EBA-MML method based on extended block Krylov subspaces ¢, (<7, )
to approximate MML function of solution of LSFDE (1). In Section 4, we

present a low-rank approximation solution of LSFDE (1) using projection onto
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extended block Krylov subspaces (%7, %), in other words, when we drop
the initial large-scale problem, we get a small-scale problem solved by GLM
(EBA-GLM) or FPDF method (EBA-FBDF). Finally, Section 5 is devoted to

numerical experiments showing effectiveness of proposed methods.

2. The extended block Arnoldi algorithm

In this section, we consider the extended block Krylov subspaces associated

to pair (&, #) defined as follows:
(A, B) = range{%,&/lﬁ,ﬂf%,ﬂf2%,%2%,...,dm1%,%m%}.

The iterative Krylov-type methods, used for about 36 years, are generally
more effective in large problems. Most of the iterative methods manipulate the
linear system through ”matrix-vector” products, which reduces memory space.

The iterative methods based on a projection technique on a block-extended
Krylov subspace are more efficient and fast (the speed of convergence) based on
the Petrov-Galerkin condition, (See [1, 5, 6, 10, 26, 27, 28]).

Recall extended block Arnoldi (EBA) [10, 29] algorithm applied to the pair
(o7, %). The EBA is described in Algorithm 1 as follows



Algorithm 1 The extended block Arnoldi algorithm (EBA)
Inputs: & an n X n matrix, 4 an n X s matrix and m an integer.

1. Compute the QR decomposition of (8, & "1 5], i.e, [B, o1 HB] = V1 A;
2. Set %5 =[|;

3. For j=1,2,3,....m

4. Set Vj(l) =V;(:,1:s) and Vj(2) =V;i(:,s+1:2s)

5. % = 151, Vil Viea = [V, V),

6. Fori=1,...,j

. H; j = ViV

8. Visr = Vip1 — Vil j;

9. End For ¢
10. Compute the QR decomposition of U i.e., ‘7}“ =VipiHj

11. End For m.

Output: ¥, = [V, ..., Vi ].

Through our algorithm 1 we have the orthonormal matrix %, = [V1, ..., Vin] €
R"*2ms verifies ¥,1 ¥#;, = Ioms and we also generate block Hessenberg matrices
= 7/$+1@7%n € R2(m+1)sx2ms gatisfying the following algebraic relations

AV = Vms1om

’ym%m + VerleJrl,mErj;a

_ Ay,
<%ﬂrn, = Vm+1 T s
Hm+1,mEm

and Hessenberg matrix %, = ¥ .d,, = [H;;] € R*™*2ms_ with H,; €

R25%25  And we have the following relations

IQsm
Ai/m = %rl+1 5
O2s><25
and
A A
YT B =& Ny with A=| 7,
Osxs A22
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where EI = (025 x25(m—1, T2s] € R25%2ms_  A.; is the s x s matrix, and & =

[IS7 0s>< (2m71)s]T

3. The matrix Mittag-Leffler function approximation

For our first approach, we use this expression of 2 (t) to obtain low-rank
approximate solution. We will rather consider the product E, o((t — 7)*% )%
for which approximation via projection method onto extended block Krylov
subspace (See [20, 33]). An approximation to Eq o((t—7)%e/)% can be obtained
as

Ea,a((t — T)(XJZ{)% = VmEa’a«t — T)af%pm)g]_Alh
where Aq7 is the s X s matrix obtained from the QR decomposition

1 o o . o All A12
[%,JZ/ 1@} = 51/\11 = VlA with A = 5
Osxs A22

SO

to
we assume that € = 0,xs, we notice that if € # 0,5, then we can also
approximate the first term Eq 1((t — t9)*</)% of (3) by €, using a Krylov

based or another method and then the approximate solution of (3) is given as
Zn(t) = Con + VX (2).
An approximation to Z'(t) can be expressed as the product
Zm(t) = VnXm(t), (4)
where

Xpn(t) = /t(t—T)aflEa,a((t—T)aﬁm)glAuL(T)dT. (5)

The next result shows that the 2ms x s matrix function X,,(¢) is solution of a

small-scale LSFDEs.

/t(tT)alEma((t'r)o‘sz),@L(T)dT ~ YV /tt(t'r)o‘lEoé,O‘((t7')“(}%7,)51/&11L('r)dT7



Theorem 3. Let X,,,(t) be the matriz function defined by (4), then it satisfies
the following small-scale LSFDE
X (t) = HpXon(t) + EALL(E),  t € [to, T, -
Xm(tO) - 02ms><s-

Proof 1. The proof can be easily derived from the expression (5) and theorem

2.

Theorem 4. Let Z,,(t) = VX0 (t) be the approximation solution obtained
at step m by the extended block Arnoldi algorithm and R, (t) = ;5 (t) —
A X (t) — BL(t) is the residual associated to the approximation Z,,(t). Then
the residual R, (t) satisfies the relation

1R ()7 = | Hont 1,m B X (1) | (7)

and for the two-norm, we have
1R (®)ll2 = | Hinet1,m Ergy X (8) | 2- (8)

Proof 2. Asa R, (t) = P (t)— A X, (t) —BL(t) and relation (4), therefore,
we get

R (t) = 11X () — o 970X (t) — BL(2),

m
as a

%ai/m = /ym%m + Vm+1Hm+1,mE3;7
and X, (t) exact solution of the equation x{e) (t) = H,, X (t) + VT BL(L), so
Rn(t) = Yl HnXon(t) + VI B) — (Vi + Vst Hino 1. m B2 )Xo (1) — BL(L)
Yo oK () + Vi VL B — Y Ko X (t) = Vi1 Hii1 i EL X (1) — BL(2)

= - m+1Hm+1,mE£Xm(t)v

SO

1B (8|2 tr(Rmu)TRm(t))

= tr (Xm(t)TEerjr;Jrl,mvrz;JererleJrl,mEg;Xm(t)) ;
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and relation VL 1 Viny1 = Ios therefore, we get | Ry, (8)[|% = | Hms1,m B X (8[| %,
s0

1B (Ol = [ Hot1,m By Xon (1) | -
To prove the expression (8) with the two-norm, let us first remark that if
1RO = Ao (B R (0)
= Amax <Xm(t)TEmH,€+1,mm£+1vm+1Hm+1,mE£Xm(t)>

= )\max (Xm(t)TEmsz;.Q_LmHm-i-l,mEz;Xm (t))

= | Hunt1mEn X013,

SO

||Rm(t)||2 = HHm-‘rl,mEr:Csz(t) ||2

The following result shows that the approximation 2, (¢) is an exact solution

of a perturbed fractional differential equation.

Theorem 5. Let Z,,(t) be the approximate solution given by (4). Then we
have,

LN () = (o — ) Zon(t) + BL(L),
where Ay, = m+1Hm+1,mV$.
Proof 3. By multiplying the (6) left by ¥, we obtain

VX )n(t) = VinlonXn(t) + V€1 A1 L(E)
= VX (t) + BL(L),

and A Vyy, = Vo Ton + Vm+1Hm+17mE£ and VE1A1 = B so

2 = [V — Vi1 Hipr,m BL)Xo () + BL(L)

[’Q{ - Vm+1Hm+1,mE3r;ﬁ%rrj;]%m(t) + '@L(t%

50 Z\(t) = (o — ) Zm(t) + BL(R).
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We summarize the steps of our proposed first method (EBA-MML) in the

following algorithm

Algorithm 2 The EBA-MML method for solving LSFDE

Input: ¢ an n x s matrix, &/ an n X n matrix, % an n x s matrix, to, T.

1. Choose a tolerance tol > 0 and an integer Mm.,qq-

2. Form=1:mauz

3. Apply the EBA (Algorithm 1) to (&, %) to get the ¥, and J7,.

4. Compute X,,(t) = ftto (t—7) " Eq o ((t —7)*5,)E1A11 L(T)dT we use the
Matlab ml matrix function in Mathworks website [35], and a quadrature
method to compute the integral.

5. If [ R (t)| r < tol, stop.

6. The Z,, approximation given by 2., ~ 7, X;,.

7. End

Output: Z,,.

The next result the error e, (t) = Z'(t) — Zm(t) satisfies also a LSFDE.

Theorem 6. Let 2 (t) the exact solution of (1) and let 2., (t) be the approz-

imate solution obtained at step m. The error ey, (t) satisfies the following frac-

tional differential equation

e (t)m (1) = A em(t) — Run(t),

€m,0 = em(t0)7

(9)

Proof 4. As a 2 (t) = o 2 (t)+ BL(t) and Ry, (t) = 25 (8) — o/ X (t) —
PBL(t), so

el(t) = 2O -2

= AX(t) + BL(t) — o X (t) — BL(E) — R (t)
= Aen(t) — Ru(t).

The next result gives the expression of the error e, (t).
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Theorem 7. The expression of the error e, is

em(t) = Eq1((t—10)"Y)emo — / (t—7)* By o((t — 7)) Rpn(7)dr, t€ [to, T

to
Proof 5. The proof can be easily derived from the expression (9) and theorem

2.

In this property we’ll give a maximum value to the e, (t).

Theorem 8. Then at step m of the extended block Arnoldi process, we have the

following upper bound for the norm of the error,

lem@llz < Eax(t*l]l2)llemollz + 6 ()| Hms1,m 2t Ea,a+1 (¢ [ All2)10)
where 6(t) = maX}HE,Z;LXm(T)”Q,Vt > 0.

TE€[0,t

Proof 6. We have

lem ®)]]2

Bt (£ Yemo —/O (t = 1) By (t — 7)) Ron (7)dT |

IN

t
[ Ea1 (%) 2llem oll2 + 0O Hmt1,mll2 /0 (t =7 Eaa((t — 7)")||2dr.

By means of the following general formula (see [23]) concerning the integration

of ML functions
/O 1) B o (= 1) A) dr = 12 B o1 (1)
and like || Eg,a+1(t%A)||l2 < Eq 041 (|| All2), then
lem@llz < Ea1(t®|[2)llemoll2 + 6O [ Hms1.mll2t" Ea,ar1 (£ All2)-

In Figure 1, we computed the error upper bound norm by formula (10) at
Ty = 1 and norm of the errors e,,(Ty) = Z(Ty) — Zm(Ty) vs number m of
iterations, where 2" is the exact solution and Z,, is the approximate solution
of LSFDE (1) for & = tridiag(l,—2,1) matrix and % were chosen as rank 2

matrix and a = 0.5.

10
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" ——&— Ermor norm
\ —+— error upper bound norm

109, g (Ile, (TYIl,)

Figure 1: Norm of the errors and the corresponding bounds given by (10) in function of the

number m of iterations.

4. Low-rank approximation solutions

In this section, we show how to obtain low-rank approximate solutions to the
LSFDE (1) by first projecting directly the initial problem onto extended block
Krylov subspaces then solve the obtained small-scale fractional differential prob-
lem. We first apply the extended block Arnoldi algorithm to the pair (7, %)
to get the orthonormal matrix ¥, whose columns form orthonormal bases of
the extended block Krylov subspaces J, (<7, ). We also get the upper block
Hessenberg matrix %, = ¥,1 .o/ ¥,,. Let

%m (t) = qf/mYm (t) )

after the condition of orthogonality Petrov-Galerkin has the following result.
The next result shows that the 2ms x s matrix function X,, (¢) is solution of

a small-scale LSFDEs.

Theorem 9. Let 2,,(t) = VY (t) be the matriz function, then it satisfies
the following small-scale LSFDE

Y (t) = Hn Yo (t) + B L(t) € [to, Ty,
Y’m(to) = %5%7

11
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where B, = V,F B = E1A11 and A1y is the s x s matriz obtained from the QR
decomposition

A A

Osxs A22

(B, B = ViA with A=

Proof 7. As 25,(t) = ¥ Y (t) satisfying the condition of orthogonality Petrov-
Galerkin
7/77,1;Rm(t) = OQmsXsa te [t(),T]

Then from R,,(t) = %T,Sa)(t) — A X (t) — BL(t), we get the LSFDE
Y (1) = A Y () + B L(1)-

Note that the small-scale fractional differential equation obtained (6) is the
same as that given by (11). For this second approach, we need to solve this frac-

tional differential equation by the Griinwald-Letnikov method or FBDF method.

Theorem 10. Let Z,,(t) = V7Y, (t) be the approximation obtained at step m
by the extended block Arnoldi method and R, (t) = 5 (t) — o X (t) — BL()
is the residual associated to the approrimation X, (t). Then the residual Ry, (t)

satisfies the relation

1Bl = [ Hit1,m Eg Yo ()|, (12)
and for the two-norm, we have

1R (®)ll2 = | Hinee1,m Ergy Yo (8) |2 (13)
Proof 8. The proof of theorem 4.

The following result shows that the approximation 27, (t) is an exact solution

of a perturbed fractional differential equation.
Theorem 11. Let Z,,(t) = ¥ Y (t), we have,

D) = (A — ) Zon () + BL(Y),
where <y, = m+1Hm+1,mV$.

Proof 9. The proof of theorem 5.

12



w 4.1. Grinwald-Letnikov method

In this section, we are applying the Griinwald-Letnikov method [31] for solv-
ing LSFDE (11). At each ¢, let Y,,, ; of the approximation of Y,,(¢;), obtained
at step j defined by the relation

Zw(a) |: maj—k — Ym,0:| = h® (%nym,j + f@mL(tJ))7

where
() k F(O( + 1)
“n = Y e R
Asa Zk —0 wk = w§a71), reformulation of the scheme

Zwk oo =l Wi 1 (Yo + B3
where tj11 = h+1t;. We put
J
Ty = w5 Toms —h® Aoy and Epj = 0\ VY 0+ h* B L(t;) =Y i Yo,
we find the following matrix equation:
T Ym,j = ém.j- (14)

4.2. FBDF method

In this section, we are applying the FBDF method [34] for solving LSFDE
(11). At each tj, let Y,, ; of the approximation of Y,,(t;), 2-stage FBDF is
defined as

S @Yok — b Yoo = h° (%mym,i + %L(m)) =il

k=0
where
/1:70(

bi_ )

I'(l-a)

wo =1,w1 —q,

4 a+1 1/2(1+a)

= — 1— _ — 7—1 — k:12....
Wi 3( A )Wk 1+3( L )wk 2 ) 4y
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3\ @
Wy = (2) wk,k=0,1,...

with h = ;41 —t; is the step size. We put

Tm = wOIst - ha%m and (g}m,i = biYm,O - Zwkym,ifk + ha'%mL(tz)a
k=1

we find the following matrix equation:
TwYm:=6mii=7+1,7+2,...,. (15)

In particular, when o = 1, then we obtain well-known BDF mrthod for solving
linear system of differential equations (See [28]).

We summarize the steps of the second method (EBA-GLM, EBA-FBDF) in
the following algorithm

Algorithm 3 The EBA-GLM or EBA-FBDF method for solving large-scale

LSFDE
Inputs: € an n X s matrix, & an n x n matrix, % an n x s matrix and to, T}.

1. Choose a tolerance tol > 0, a maximum number of m,,., iterations.
. Form=1:mmas

. Apply the EBA (Algorithm 1) to (&7, %) to get the ¥, and J%,,.

IR ()] F < tol, stop.

2
3
4. Apply GLM method or FBDF method to solve (11).
)
6. End For

7

. Compute the approximate solution 2, by 2., = %Y.

Output: Z,,.

5. Numerical experiments

In this section, we compare the EBA-MML method (Algorithm 2), EBA-
GLM and EBA-FBDF methods (Algorithm 3) presented in this paper. All

the experiments were performed on a laptop with an Intel Core i3 processor

14
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and 4GB of RAM. To the author’s knowledge, there is no exact solution avail-
able in the literature. We compared the results obtained from the EBA-FBDF
method EBA-GLM method and fde12.m for FDEs by Roberto Garrappa (See
https://goo.gl/XScYmi) solver to test if our approach gives reliable results.

Ezample 1

Our aim in this example is for solving time-fractional diffusion equation

[32, 8, 11, 3] of the form

O%u(x,t)  O%u(x,t)

<
e 5.7 + f(z,t), O0<a<l, (16)
where
2—«
— 9 v 2,2
flz,t) = 251n(27m;)(r(3 — ) + 2%t >,

on a finite domain 0 < =z < 1 and the parameter « refers to the fractional
order of time derivative. We also assume an initial condition u(z,0) = 0 and
the following Dirichlet boundary conditions u(0,t) = u(1,t) = 0. The resulting
finite difference equations are to the grid points centered at (z; = ihy,i =
1,...,N — 1) defned by

ui(t) 1
ote  h2

<ui_1(t) — 2u;(t) + u,»+1(t)> + f(x;,t),

with boundary conditions ug(t) = un (t) = 0, we put 2 (t) = [u1(t),...,un—1(t)]%,
o = hiitridiag(l, —2,1), and & = [2sin(27x;)], we have

X () = o X (t) + BL(t),

where L(t) = % + 272¢? and initial temperature distribution u;(0) = 0, so
2 (0) = On_1x1. The tolerance was set to 10~ for the stop test on the residual,
a =0.85 and h = 0.01. We chose a size of 100 x 100 for the matrix &7. In Figure
2, we plotted the solutions u(z,t) for equation (16) using the new methods and
fde12 method [16] in functions of ¢, and the Frobenius residual norm in functions
of the numbers m iterations at o = 0.85,h = 0.01,n = 100. Computational

time taken from an EBA-FBDF method is 0.82 seconds EBA-GLM method

15
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0.85 seconds EBA-MML method 0.93

seconds.

fdel12

5 A

ulz.t)
o

EBA-FBDF

3.4

ulz.1)

seconds versus fdel2 method is 2087.76

ulzt)

i)

EBA-MML

5 A

Figure 2: The numerical solution of time-fractional diffusion equation using new methods and

fdel2 method at o = 0.85,h = 0.01 and n = 100.

In Table 1, we give the obtained runtimes in seconds, the number of iterations

and the Frobenius residual norm at T, the tolerance was set to 1072 for the

stop test on the residual and h = 0.1, for the resolution of equation (1) for

t e [0,1].

16
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n Method CPU time (seconds) | Iterations (m) | ||Rm(T¢)|lF
EBA-GLM 0.14 6 2.07 x 10710

5000 | EBA-FBDF 0.11 6 2.08 x 10710
EBA-MML 1.32 12 7.05 x 10719
EBA-GLM 0.46 6 3.05 x 10710

6000 | EBA-FBDF 0.10 6 3.32 x 10710
EBA-MML 1.35 12 3.00 x 10719
EBA-GLM 0.55 6 3.82 x 10710

8900 | EBA-FBDF 0.12 6 4.12 x 10710
EBA-MML 2.47 6 9.59 x 10~10

Table 1: Runtimes in seconds, the residual norms and iterations for different new methods at

a = 0.85.

Ezxample 2

In this example, consider the test problem in [30]

Na N2
Tt = et = (Lt wyut f(a),
fla,t) = a(r —2)(L+1%),

u(0,t) = u(m,t) =0, (7

t € [0,1],

u(z,0) = sin(x), x € (0,7,

The centered finite difference discretization of the operator £(u) = %*(1+I)u,
on the unit square [0, 7] to the grid points centered at (z; = ihg, i =1,..., N—1),
we obtain &7 = %tridiag(l, —2,1) — diag(1 + z;), B = [x;(m — x;)], and initial
temperature distribution u;(0) = sin(z;), so 2°(0) = [sin(x;)] and where L(t) =
1+t*. We chose a size of 100 x 100 for the matrix .«7. In Figure 3, we plotted the
solutions 271 (t) in functions of ¢, and the Frobenius residual norm in functions
of the numbers m iterations. Computational time taken from an EBA-FBDF

method is 0.14 seconds EBA-GLM method 0.23 seconds EBA-MML method
4.86 seconds versus fdel2 method is 9978.80 seconds.

17
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Figure 3: Comparison between the numerical solutions and fdel2 solution 271 vs t with

a = 0.6, at h =0.001 and n = 100.

In Figure 4, we plotted the solutions u(x,t) for equation (17) using the new

methods and fdel2 method at o = 0.6, h = 0.001 and n = 100.
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Figure 4: The numerical solution of time-fractional diffusion equation using new methods and

fdel2 method at o = 0.6, h = 0.001 and n = 100.

140 In Figure 5, we plotted the Frobenius residual norm in functions of the

numbers m iterations.
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Figure 5: Residual norm vs number m of iterations at a = 0.6, h = 0.1 and n = 8499.

In Table 2, we give the obtained runtimes in seconds, the number of iterations
and the Frobenius residual norm at T, the tolerance was set to 1072 for the

stop test on the residual and h = 0.1.

n Method CPU time (seconds) | Iterations (m) | ||Rm(Ty)|F
EBA-GLM 0.88 6 7.66 x 10712

4400 | EBA-FBDF 0.10 5 3.45 x 10710
EBA-MML 0.89 9 2.15 x 10710
EBA-GLM 0.45 6 1.09 x 10~

6400 | EBA-FBDF 1.17 5 4.63 x 10710
EBA-MML 0.98 8 4.61 x 10710
EBA-GLM 0.21 6 1.51 x 10~

8499 | EBA-FBDF 0.09 5 4.92 x 10710
EBA-MML 1.00 10 6.91 x 10719
EBA-GLM 1.79 6 1.09 x 10~

10000 | EBA-FBDF 0.11 5 5.35 x 10710
EBA-MML 2.39 16 5.12 x 10719

Table 2: Runtimes in seconds, the residual norms iterations for different new methods at

a = 0.6.
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Ezxample 3

In this example, the matrix o/ are obtained from the centered finite difference
discretization of the operator £(u) = Au + fi(z, y)% + fa(, y)% + fa(z, y)u,
on the unit square [0,1] x [0,1] with homogeneous Dirichlet boundary condi-
tions. The number of inner grid points in each direction was ngy for the op-
erators £. The matrix o/ were obtained from the discretization of the op-
erator £ with the dimensions n = n2. The discretization of the operator
L(u) yields matrix extracted from the Lyapack package [22] using the com-
mand fdm_2d matrix and denoted as fdm. For this experiment, we consider
o = fdm(no, f1(2,), fo(w,9), fal, 1)) with fi(2,5) = €, fa(z,y) = sin(zy),
f3(x,y) = /22 + 32, and The n-by-s matrix BL(t) are given by random values
uniformly distributed on [0,1]. We used the tolerance was set to 1079 for the
stop test on the residual. In Figure 6, we chose a size of 10000 x 10000 for the
matrix &7, we plotted the Frobenius norms of the residuals ||R,,(T%)||r at T

versus the number of iterations.
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Figure 6: Residual norm vs number m of iterations we used a constant h = 0.1.

Ezample 4

For the second set of experiments, we use the matrices add32 and thermal
from the University of Florida Sparse Matrix Collection [9] and from the Harwell
Boeing Collection http://math.nist.gov/MatrixMarket and The n-by-s matrix
PBL(t) are given by random values uniformly distributed on [0, 1]. The tolerance

was set to 10™° for the stop test on the residual. We used a constant A = 0.1. In

20



Figure 7, &/ = add32 we plotted the Frobenius residual norm at 7' in function

of the number m of iterations.
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Figure 7: Residual norm vs number m of iterations

In Figure 8, & = thermal we plotted the Frobenius residual norm at 7 in

function of the number m of iterations.
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Residual norm log

Figure 8: Residual norm vs number m of iterations.

170 In Table 3, we give the obtained runtime in seconds, the number of iterations
and the Frobenius residual norm at 7y and h = 0.1, the tolerance was set to
10? for the stop test on the residual, for the resolution of system of fractional
differential equations (1) for ¢ € [0, 1], we use the matrices add32, thermal and

fdm.
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Test Method CPU time (seconds) | Iterations (m) | ||Rm(Ty)|F
EBA-GLM 8.30 14 9.33 x 10710

n = 3456, & = thermal | EBA-FBDF 7.81 13 4.88 x 10710
EBA-MML 15.82 13 1.56 x 10710

EBA-GLM 23.12 6 1.27 x 10~

n = 4960, & = add32 | EBA-FBDF 23.00 6 8.62 x 10712
EBA-MML 23.78 6 9.46 x 10712

EBA-GLM 0.42 5 2.52 x 10710

n = 6400 EBA-FBDF 0.30 5 1.58 x 10710

of = fdm EBA-MML 1.20 8 5.33 x 10711
EBA-GLM 0.60 5 3.93 x 10710

n = 10000 EBA-FBDF 0.51 5 2.47 x 10710

o = fdm EBA-MML 2.33 8 5.51 x 10~

Table 3: Runtimes in seconds, the residual norms and iterations at a = 0.5.

6. Conclusion

In this paper, we have introduced new methods to calculate the approxi-
mate solutions for large-scale LSFDEs. Numerical experiments show that the
proposed extended block Krylov method is effective for large and sporadic prob-
lems. we can also use these new methods for solving other large-scale fractional

differential matrix equations.
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