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CONTROLLABILITY OF FRACTIONAL IMPULSIVE INTEGRO-DIFFERENTIAL
CONTROL SYSTEM

PRISCILA. S. RAMOS, J. VANTERLER DA C. SOUSA AND E. CAPELAS DE OLIVEIRA

ABSTRACT. In 2020 Ramos et al.[5], investigated the existence and uniqueness of mild solutions for a frac-
tional problem of the type Eqgs.(1.1)-(1.3), however at the time, it was not considered the control function pu.
In this paper, we impose control p and through necessary and sufficient conditions, we investigate the results
of controllability of fractional impulsive integro-differential control system in Banach spaces using the fixed
point technique and the («, 8)-resolvent operator.

1. INTRODUCTION

Over the years, the control theory has been highlighted in the scientific community. Controllability is one of
the elementary concepts in mathematical control theory. It is well known that the question of controllability
plays a fundamental role in the design of engineering control problems [21, 23, 37, 38]. In fact, the most
important property of a control system is only controllability. It is possible to find numerous works of
differential and integro-differential equations that discuss the controllability of solutions, as one can see in
[22, 37, 39, 40] and references therein.

On the other hand, fractional calculus and fractional differential equations have been investigated exten-
sively due mainly to their demonstrated applications in numerous seemingly diverse and widespread fields
of science and engineering such as physics, economics, medicine, control theory, aerodynamics and electro-
magnetics, [3, 9, 11, 12, 13, 14]. In this sense, what has been noted is that once you have control theory
in hand, specifically controllability, it has been noted that investigating solutions of differential and integro-
differential equations with non-instantaneous, evolution and abstract impulses, began to be the target of
studies in these last decades [15, 16, 17, 18, 19, 20, 21]. For a reading on some works, see [22, 23, 24] and
references therein. Controllability problems for different types of differential equations are considered in
many papers [25, 26, 27, 28, 29, 30, 31, 32]. In 2011 Debbouche and Baleanu [18], investigated the controlla-
bility result of a class of fractional evolution nonlocal impulsive quasilinear delay integro-differential systems
in a Banach space, using fixed point technique. Em 2015, Liu and Li [25], investigated the approximate
controllability of the following fractional evolution control systems involving Riemann-Liouville fractional
derivatives:

D x(t) = Ax(t) + Bu(t) + f(t,z(t)), t € (0,8], 0 < a < 1,
Itlial'(t”t:() =x9€ X
where D' denotes the Riemann-Liouville fractional derivative of order o with the lower limit zero. A : D(A) C
X — X is the infinitesimal generator of a Cy-semigroup T'(¢);>¢ on a Banach space X. f:[0,b] x X — X is
a given function to be specified. The control function u takes value in V' = L?([0,b],U), p > é, and U is a
Banach space. B is a linear operator from V into L”([0,b]; X).

Mu [10] investigated the existence of mild solutions for the impulsive fractional evolution equations of the

form

Dg, u(t) + Au(t) ftu®),t€I:=10,T],t#ty
w(0) +g(u) = wuo
Au|t:tk = Ik(u(tk)), k= 1, 2, s
where D, is the Caputo fractional derivative with 0 < o < 1, A : D(A) C X — X is a linear closed
densely defined operator, —A is the infinitesimal generator of an analytic semigroup of uniformly bounded
linear operators (T'(t);>0), 0 = to < t1 < ta < -+ < &y < tmg1 =T, f : I x X — X is continuous,
g: PC(I,X) — X is continuous, the impulsive function Iy : X — X is continuous, Aul—, = u(t™) —u(t™,
where u(t1), u(t™) represent the right and left limits of u(t) at ¢t = ¢, respectively.
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On necessary and sufficient conditions, in 2021, Kumar et al. [9], investigated the fractional stability
damped differential system with non-instantaneous impulsive given by

Dex(t) = ADPz(t)+ M (t,x(t),/o H(t,r,x(t))dr) s te Uy (ristiva)
a(t) = Li(ta(t;), t € (tiyr],i=1,2,...m
() = Gi(t,x(t;),, t€ (ty,m], i =1,2,....,m
z(0) = o, x (0) =1

and for the controllability, was considered the following system

t
Dez(t) = ADPx(t)+ Bu(t)+ M (t,x(t),/ H(t,r,z(t))dr) ,te Uiy (i, tig]
0

z(t) = Lt x(t;), t€(t,r),i=1,2,...,m

l'/(t) = gl(t l’( )M te (tiari]a L= 1723 ey MM

z(0) = xzo,x (O) =x
where D® e D denote Caputo fractional derivatives of order 1 < a < 2 and 0 < 8 < 1, respectively. For
more details on the parameters A, B, H, Z; e G;, see reference [9]. Other interesting considerations on
controllability can be found at [34, 35, ?, 38, 39, 40] and references therein.

However, there are some problems and open questions when discussing the controllability of mild solutions
for fractional operators that involve the v-Hilfer fractional derivative. Over the years, Sousa and Oliveira
[1], introduced the so-called y-Hilfer fractional derivative and due to the impact on the scientific community,
this derivative served as a motivation to discuss various problems of differential equations. Here we highlight
the type Leibniz I and II rule [3]; and the Laplace transform with respect to another function. In this sense,
it allowed the discussion of mild solutions of fractional differential equations. However, there are still issues
that prevent a closed form for the mild solution of fractional differential equations, which makes the theory
still under construction.

Motivated by these questions and by the works presented above, in this present paper, we consider the
fractional impulsive integro-differential control system of the form

(L) D00 + A0 = (Ba)() +2(000) + s [ (¢ =) glt 5,006
(1.2) 6(0) + Z(6) = 6

where 9D, (-) is the Caputo fractional derivative of order 0 < o < 1,¢ € J := [0,b], the state 6(-) takes
values in the Banach space A, g € A, ¢ = 1,2,...,n and A into A such that D(A) is independent of ¢, it is
assumed also that -A(t,-) generates an addition in the Banach space A, the control function g belongs to
the spaces L?(J,U) a Banach of admissible control functions with U as a Banach space and B : U — A is a
bounded linear operator. In addition, we have ® : [0,0] x A = A, g: Q@ x A = A, Z: PC([0,0],A) x A = A
and AQ(t;) = 0(t]) — 0(t).

In 2020 Ramos et al. [5], investigated the existence and uniqueness of mild solutions for a fractional
problem of the type Eqgs.(1.1)-(1.3), however at the time, it was not considered the control function y. In this
sense, we impose p control to discuss the main objective of this paper. This paper is a natural continuation
of the paper [5].

For the discussion of the main result of this paper, we assume the following conditions:

H; The bound linear operator W : L?(J,U) — A defined by

b
W, = / R (o) (b, 5)(Bps)(s) ds,

has an induced inverse operator W~ which takes values in L2(J, U)/ker W and there exist positive
constants M; and My such that [|B| < M; and |[W~!| < Mo.
H,; h: PC(J;Q) — Y is Lipschitz continuous in A and bounded in Y, that is, there exist constants
K; > 0 and K9 > 0 such that
ROy <Ki,

1h(8) = h(v)lly < Komax |6 —vlipc, 6,v€PC(J;A).
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For conditions (H3) - (Hs) let Z be taken as both A and Y.
H; ¢g:Q x Z — Z is continuous and there exist constants K3 > 0 and K4 > 0 such that

1 t
7/ (t - S)a_lllg(tasae) —g(t, 37”)”Z ds < K3||9 _UHZ’ 0,v € Z,
L(a) Jo

t
K, — max{/ lg(t. 5,0)l|5 ds; (t5) € Q} .
0
H, f:J X Z — Z is continuous and there exist constants K5 > 0 and Kg > 0 such that
Hf(tva) - f(tﬂ))”z < K5||9 - UHZ7 6‘,1) € Q7
K = max (1, 0)] 2.
Hs I, : A — A are continuous and there exist constants [; > 0, i = 1,2, ..., m such that
17:(0) — L;(w)|| < L]0 — |, 8,v € A.
Let us take Mo = max || Z(a,0)(t,5) | B(z), 0 <5<t <b, 0 €A
Hs There exist positive constants d1, d2, d3 € (0,6/3] such that
61 = Mol[fo| + MoKy,

52 = MoMlMgb (”01H + M0||00|| + MOK1 + 1\/.[00~ + Mof) and

85 = Mof + Mo,
where § = 377, (Iid + || 1:(0))).-
The main contribution of this paper is, through necessary and sufficient conditions, to attack the control-
lability of mild solutions of fractional impulsive integro-differential control system given by Egs.(1.1)-(1.3).
In other words, we will attack the following result:

Theorem 1.1. Suppose that the operator —A(t,0) generates an («,0)-resolvent family whit | % q.9)(t, s)|| <
Me=7t=%) for some constant M, > 0. If hypotheses (H,)-(Hg) are satisfied, then the fractional con-
trol integro-differential system Eq.(1.1) with nonlocal condition Eq.(1.2) and impulsive condition Eq.(1.3) is
controllable on J.

In the rest, the paper is organized as follows. Section 2 presents basic concepts of Riemann-Liouville
fractional integral and i-Hilfer fractional derivative, in addition to some particular cases. In this sense, we
present the concepts of mild solution and family («, 6)-resolvent. In section 3, we investigate a fundamental
Lemma and attack the main objective of the paper, that is, the controllability of mild solutions of fractional
impulsive integro-differential control system.

2. PRELIMINARIES

For the preparation of this paper, we will consider X and Y be two Banach spaces such that Y is densely
and continuously embedded in X. For any Banach space Z, the norm of Z is denoted by || - ||z.

Let p € [1,00) C R and J = [a,b] C R. The space of the real p-integrable functions, in the Lebesgue sense,
L?(.J), equipped with its canonical norm, is given by [2, 5]

LP(J) := {f:JHR; /bf(t)|pdt<oo}

b 1/P
1£llp = ( / If(t)lpdt> 7

respectively. The pair (LP(J), || f|l,) is a Banach space.
Consider the Banach space (E,|| - ||) and n € N. The space of continuous functions and the space of
continuously differentiable functions n-times:

(C’(J,E) ={f:J = E; f:continuous}, |fllc = sup|f(t)|> and
te

(c"@®)={f: 7 =B fMecB)}, ]

on = sup|f)(1)])
teJ

are Banach spaces.
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Let J = [a,b] C R an interval, with 0 < a < b < oo, then the space of the functions n-times absolutely
continuous is given by

AC™(J,R) = AC™(J) = {f ISR f0D e AC(J)}.

Let E a Banach space and a =ty < t; < ... < t, = b an n-partition of the interval J C R. The space of
weighted continuous functions, is given by

PC(J,E) = { f:J = E; f(t) be continuous in t # tj, left continuous } 7

in ¢ =t there is the limit on the right, f(¢;), fork =1,2,...n.
equipped with the standard || f||p. = {sup||f(¢)||; t € J} is a Banach space.

Definition 2.1. [1, 4, 6] Let (a,b) (—oo < a < b < o0) be a finite or infinite interval of the real line R and let
a > 0. In addition, let 1(t) be an increasing and positive monotone function on (a,b], having a continuous
derivative ' (t) on (a,b). The left-sided fractional integral of function 6 with respect to another function v
on [a,b] is defined by

(2.1) 125%(t) = ﬁ / W ()((t) — 1(s))*10(s)ds.

The right-sided fractional integral is defined in an analogous form [1, 4, 6].
Choosing 9 (t) =t in Eq.(2.1), we have the Riemann-Liouville fractional integral given by [, 4, (]

b
')

where T'(+) is the gamma function and f € L*(J,R).
If a = 0, we can write I*0(t) = (g * 0)(t), where

(2.2) 1%0(t) = / t(t — )27 10(s)ds,

1 -1
(2.3) galt):={ T@)
0, t<0

t>0

and as usual * denotes convolution of functions, also we have lim, 0 go(t) = 6(t). From choosing ¢(-), we
have another fractional integrals.

Here, we restrict to the Riemann-Liouville fractional integral to discuss the results of this paper. However,
other formulations of fractional integrals can be obtained by choosing 9 (-) [, 4, 6].

Also, we begin with the definition of the v-Hilfer fractional derivative.

Definition 2.2. [I, 4, 6] Let n — 1 < a < n, with n € N, let J be an interval such that —oco < a < b < 00
and let 6,1 € C™(J,R) be two functions, such that v is increasing and V' (t) # 0, for allt € J. The left-sided
W-Hilfer fractional derivative HDgf;w(-) of a function 0, of order a and type 0 < 8 < 1 is defined by

Hpyo B g gy . - (L AN (1) (n—a)w
(2.4) Do) = 170 (W(t) dt) - o(t).

The right-sided -Hilfer fractional derivative is defined in an analogous form [1, 4, 6].
Choosing v (t) = t and taking the limit 8 — 1, on both sides of the Eq.(2.4), we have the Caputo fractional
derivative given by [1, 4, 0]
d

(25) Do) = 10 () 00 = 10 @),

To investigate our main result, we use Caputo fractional derivative as in Eq.(2.5).

Definition 2.3. By a mild solution of system Eqgs.(1.1)-(1.3) we mean a function 8 € PC([0,b]; A) with values
in Q satisfying the integral equation

(26)  Ou(t) = Z(a)(t0)[60— h(0)]
+/t«%’ 0)(t,s) {(B/i)(s) + f(s,0(s)) + L/8(8 —1)*"g(s,n,0(n)) dn| ds
0 (a,0)\by ) F(a) o s 1y

for allt € J, for all 9y € A and admissible control u € L*(J,U).
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Lemma 2.4. [5] If the evolution family {Ug(t,s)} ccres is continuous and n € ZL(J,RY), then the set
0<s<t<

¢
{/ Ug(t,s)ﬂ(s)ds}, 10(s)]| < n(s) for a.e. s € J is equicontinuous fort € J.
0

From [5] we know that for any fixed u € PC(J, A) there exists a unique continuous function Uy : J x J —
B(A) defined on J x J such that

(2.7) Up(t,s) =1+ /t Ap(w)Up(w, s)dw,

where B(A) denote the Banach space of bounded linear operator from A to A with the norm ||O| =
sup{||©(8)]];]10]] = 1} and I stands for the identity operator on A, Ay = A(t,0(t)), we have [5]

Up(t,t) = I, Up(t,s)Uy(s,r) = Up(t,r), (t,s,7) €T xJxJ

and
t
aUGT(tJ) = Ap(t)Uy(t, s), for almost all ¢,s € J.
Let E be the Banach space formed from D(A) with the graph norm. Since, A(t) is a closed operator, it

follows that A(t) is in the set bounded from E to A.

Definition 2.5. [11, 5] Let A(t,0) be a closed and linear operator with domain D(A) defined on a Banach
space A and oo > 0. Let p(A(t,0)) be the resolvent set of A(t,0). We call A(t,0) the generator of an («,6)-
resolvent family if there exists w > 0 and a strongly continuous function %(qe) : Ri — Z(A) such that
{A*: Re(\) > w} C p(A) and for 0 < s <t < oo,

-1 [ee]
(2.8) (AQI — A(s, 9)) v= / e M0 R0 0)(t,s) v dt, Re(N) >w, (0,v) € A%
0

In this case, % (q,0)(t, s) is called the (a, #)-resolvent family generated by .A(t, ).

Remark 2.6. o We can deduce that Eqs.(1.1)-(1.3) is well posed if and only if A(t,0) is the generator
of («, 0)-resolvent family.
o Here Z(a,9)(t,s) can be extracted from the evolution operator of the generator A(t,0).
o The (a,0)-resolvent family is similar to the evolution for non-autonomous differential equation in a
Banach space.

3. CONTROLLABILITY RESULT

Definition 3.1. We shall say that the fractional system Eqs.(1.1)-(1.3) is controllable on the interval J =
[0,0] if for all 69,01 € A, there exists a constant p € L*(J,U), such that the mild solution 0(-) of systems
Eqs.(1.1)-(1.3) corresponding to p, verifies: 6(0)+h(0) = 6o, AO(t;) = I;(0(t;)), i =1,2,...,m and 0,,(b) = 0.

Lemma 3.2. Let Z(q0)4,5) be the (a,0)-resolvent family for the fractional problem Eqs.(1.1)-(1.3). There
exists a constant K > 0 such that

t
12 (0,0 (t, $)w — R(a,0) (E; s)w]| < KIIWIIY/ [6(7) = v()l dr,

for every 0,v € PC(J; A) with values in Q and every w € Y.

Proof. See [33]. O
Lemma 3.3. ||o(t)|| < 6, where <p(t)=/0 (f(s,Q(s))—i—F(la)/Os(s—n)a_lg(s,nﬁ(n)) dn) ds
Proof.
@)l
= t 5,0(s L s—n)""tg(s s
= | [ (00 + iy [ =gt 0 dn) a

[ (#s00 + iy [ 6= oo 6 = al5.0.0) + a1, 0) 4 £5.0) = F(5.0)) ds
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< / (nf(s,n(s))—f(s,o>||+|f<s,o>||+F(la) /Os<s—n>a1||g<s,n,0<n>>—g<s,n,o> dn

1 S
+ 7/ (3_77)&_1 g 8777a0 d77 ds
o/ lo(s.n.0)]
Using (H3) and (Hy), we obtain

t
o)l < / (K5[10(s)]| + Ko + Ka[|0(s) ]| + Ka) ds
0
t t t t
= K5/ 10(s)]l ds+K6/ ds+K3/ ||9(s)||ds+K4/ ds
0 0 0 0
t t
< K5/ \|9(s)||ds+K6b+K4b+K3/ 16(s)]|ds.
0 0
Therefore, we concluded the proof. O

Now, let’s attack our main result, that is, the proof of Theorem 1.1.

Proof. Using hypothesis (Hy), for an arbitrary function 6(-), we define the control
p(t) = [91 K (0,0)(b,0)00 + Z(0,0) (b, 0)1(0)

i
#0109 f(s,0<s>>+% (s =) gl 000)) dy) ds
o (@) Jo

Z

) L) ().
We define an operator Z: S5 — S5 by
(59M> (t) = %(a.ﬂ) (t,0)00 — L@(a’g) (t,0)h(0)

t
+ / %(%9)(15, 7]) BW! {91 - %(%9)(1), 0)90 + %(a,g) (b, O)h(a)
0

- Bt (76060 + s [ (5= ateimor) ar ) s

- Z%mbt 1(0(t:)) | () dn

¥ / B (1:5) (£(5.00) + 75 [ (5= als.7.0(0)) ar) s
+ Y Rt t) L0(H)).

0<t; <t

Using this controller the operator E has a fixed point, then a solution of Eq.(2.8). On the other hand,
note that, clearly 26,,(b) = 6;, which means that the control u of the system Egs.(1.1)-(1.3) from the initial
state 6y to 67 in time b, provided we can obtain a fixed of the nonlinear operator =.

Now we show E maps Sy into itself.

1 (@0 Ol < B0y 000l + [P0y (t, 0RO

t
+ /OH‘@(a,G)(tvn)H ||BW71||[H91H+||<@(a,9)(ba0)00”+||<%(a,0)(ba0)h(0)”

b 1 s B
1 b5 (176 06N+ / (s =) (llg(s, 7. 0(r))ll dr ) )
30 1y ) {L:(0()) = L(O) | + [I1:0)]1} | d
b [ 1B €N (1506 + = / (s = )" g5, 70| dr) ds
0 (a,0)\by ) F(Oé) 0 g\s, T,
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+ > 1B I IE6) - LO) + 15O}

0<t; <t

Using (Hy), (Hz), (Hs), (Hg) and Lemma 3.3, yields

I (=6,) @) [[611] + Mol|6ol| + MoK

IN

¢
My||6o|| + MoK1 +/ MyM; M,
0

R (e +ﬁ [ = gts. ot ar) as

+ Z (I;6 + |11;(0)])) | dn
t

+ / (1(s.0)1 +F(1a) [ =gt o) ar) ds

m

+ Mo 3 (L6 + L))
1=1
t
< M0||00||+M0K1+M0M1M2/ 161 + Mo||6o ]| + MoKy + Mo7
0
+ Mo Y (Lo + [ L(0)]) | dn+Mo7+Mo Y (Lid + [|I:(0)])
1=1 =1

t
_ M0||90||+M0K1+M0M1M2/ 162 + Mo|fo]| + MoKy + Mo7 + Mg
0

+ MoT + Mpé

< Myl + MoKy + MMMy b (][61]| + Mol|fo|| + MoKy + M7 + Mo€) + Mo7 + Mo&,

where & = 3770, (1i0 + |[1:(0)])).
From assumption (Hg), we get || (E6,) (t)|| < d. Thus, E maps Ss into itself.
Now for 6,v € S5, we have

(3.1) [ (B0,) (t) — (Buvn) O < I+ L2 + I3 + Iy,
where

I, = ||‘%(a,0) (t7 0)90 - '@(a,v) (ta 0)00” + ||‘%(a,0) (t7 O)h(e) - %(a,v) (tv O)h(’U)”,

i

b s
[ Fan) (1606 + s [ =gt m0(e) dr) ds

— Z «%(a 9) b t ( ( )) 7.@((171,)(@ 77) BW71 [91 7%((1,1))(1)50) ) +%(a,v)(b7 O) h(v)

'%(a,e) (ta 77) BW?I - ‘%(aﬁ) (ba 0) 00 + r%(04,9) (tv 0) h(o)

1 ) a—1
- / Finy (0. (£ (5,0(5)) +m/0 (s = )" gls,7,0(r)) dr) ds
a Z R (a0 (b, t:) i (v(t:)) H},

t
o=
0

— R (t,s) (f(s,v(s)) + ﬁ /Os(s — T)O‘*lg(s,’r,’l}(’]’)) dT)

%(aﬂ)(ta s) (f(S, 0(s)) + ﬁ /Oé(s — 7)0—19(8’ 7,0(7)) dT)

ds
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and

I =Y 1R o) (1 ) Ti(0(t:) = o) (£, 1) i (w (1)) .

=1
Applying Lemma 3.2 and (Hz), we have
Il < H‘%(a,()) (t7 O>90 - e@(a,v) (t7 0)90” + H‘%(a,()) (t7 O>h(9) - %(a,v) (t7 0) h(U)H
+ H'%(oz,v) (t7 O) h(e) - %(a,v)(tv 0) h(U)”

IN

IN

K [|6o]l max [|0(r) — v(7)lla + KaKy max [|6(r) — v(7)|| + MoK max [|§(r)
(32) = (Kllfolla+KaK; +MoKs) max |[6(r) —v(7)]

Consider A(6) and B(v) given by
A0) = 01— Z0,0)(b,0) b0+ H(a0)(b,0) h(6)

K [[6olly /0 ||9(T)—v(T)IIdTJrKIII”L(@)II/0 10(T) — v(T)ldT + |Z (a0 (£, 0)|| [[1(0) = h(v)]
— (7]l

/%’ag b, s) f(s 0(s)) + o )/ (s — 1) tg(s,7,0(T)) dT) ds

— Z K (a,0)(b, t:)1;(0(t:))
=1

and

B(U) = 0, — %(%U)(b, 0) 00 +%(a,'n)(ba 0) h(v)

B /Ob %(mv)(b7 s) (f(s, v(s)) + %

@) Jo
- Z %(avv)(bvti)l—i(’l}(ti)).
i=1

Using Lemma 3.2 and the condition (H;), we have

t
I, < /II%’(a,e)(tm)BW*lA(@)—%’m,v)(t,n)BW’lA(v)ll dn
0
< BT zmax {JA@).BOI} [ 16) o)l dr
(3.3) < MM:K2max {|A(0), B (v)||y} a? max||9(r) — v(r)]|.
Note that,

max[|A(60), B@)|ly < [|A@®)]y +[B)|y-
Using Lemma 3.2, the conditions (Hs), (Hs) and (Hg), yields

1A@O)]y

b
61 = B0/ (8,0) 8+ Fo, 0 (b, 0) h(0) - / Bia (b 5) (£(5.6(5))

1
N

10y + 1| Z(a.6),0)lly 00lly + [[Z(a,0)(b,0)llv]l h(O)|ly

N e

- e (F(la) / It —T>a-1g<s,T,e<T>>dT> ds

+ Mo (JI1(0(1)) - L) + I1:0)])

+ )/OS(S—T)alg(s,T,o(T)) dr) ds - i_n: R (0,0) | (1:0(t:)) ~ 1:0)) + 1:(0)] |

IN

/S(S—T)a Ly(s, 7,v(7)) dT) ds
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IN

m
011y + Mo|[6olly + MoKy + Mo7 + Mg {Z 16 + IIIi(O)I}
i=1

(3.4) < |l61]ly + Mol|6o]ly + MoK1 + M7 + M &,
where £ = 37" (L;6 + [|1;(0)])) and

IB(©)lly

b
H91 — R(a,w)(0,0) 00 + Z(,0)(b,0) h(v) —/0 K(a,v) (D, 5) (f(S»U(S))

+ ﬁ /Os(s ) (s, 7 v(r)) dr ) ds — 2 Fan b )L (w() |

101y + | Zaw)(0,0)lly 16olly + %00y (b 0}y || A(0)]ly
1

i /ob [#ir . 0]| (765 w5 + () /Os(s — ) (5,7, 0(7)) dr) ds

IN

b3 [ 0.0 (o) = 11 + 1))

< |01lly + Mol[6oly + MoKy +Mo7 + My {Z Lo + ||Ii(0)|}
im1
(3.5) < |01lly + Mo|0oly + MoKy + MoT + Moé,

where & = 3770, (10 + [[1:(0)])).
Substituting the inequalities (3.4) and (3.5) in the inequality (3.3), yields
I < MiMK2max {|A(6),B(v)]y } a® max[[0(r) — v(r)]
TE
(3.6) < M;My2Ka? {l61]ly + Mo (Jlbo]ly + K1 + 7+ &)} r}}g«}( 10(7) = v(7)]-

Again, Lemma 3.2 and Lemma 3.3, (H3), (Hy) and (Hsg), yields
¢
J

a6 (16.06) + gy [ 5= gl 000) ar)

I3

IA

’%(a,e)(t’ 8) (f(sv 9(8)) + ﬁ /OS(S - T)aflg(S,T, 9(’7’)) dT)

+ ‘|%’<a,v><t, ) (006 + g | 6= 71 s, o) )

a6 (1610 + s [ (=1 gt 0(r) ar)

}ds
1

x [ t {176,060+ 55 [ 6= atsmom) arly [ 106) — o) ar} as

IA

+ Mo/O <||f(s,9(s)) — f(s,v(s))| + ﬁ /05(S —7)* (s, 7,0(r)) dr — g(s,7,0(7))|| dT) ds

K Famax [0(7) = v(7)|

t
+ MyK; / [10(s) —v(s)||ds + MoK3 meaf [10(7) = v(7)||
0 T
< Kra mél}( 10(7) —v(T)|| + MoKlama3( [0(T) — v(7)|| + MoK3sa ma}< 10(7) —v(7)||
T TE TE

(37 = (Kfa+MoKia+MoKsa) max [6(r) — v(7)]|.

Now, we conclude using Lemma 3.2, (Hs) and (Hg),

Iy < Z (He%’(a,e) (t,t:) 1 (0(t:)) = Rawy 1) Li((E)) || + |2 o) (1) L (O(2:)
i=1
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= Rlaw (L)L)

m t

> [K(I15:0) = LO)| + L)) / 16(7) = v(7) |l dr

i=1

+ Mol Li(6(t:)) - Li(w(t:)I]

IN

< Z[ (16+||I / 10(1) — v(7)||dT + Mol; ||0(7) — v(T )H}
< K (L 6+ L)) amax |0(r) - v(r)] +Mozlﬂgg§”9m_v(7)”

i=1
= Keomax(r) = o)l + Mo 3 Lamax () — v(r)|

m

(Kéa+Mo Y 1;) max|0(r) = v(r)]|.

=1

(3.8)

Substituting the inequalities (3.2), (3.6), (3.7) and (3.8) in the inequality (3.1), we obtain

1(E6,) @

IN

I+ + 13+ 14
= (X Jlfolla+KK; + MoKz max 6(r) = v(r)]|

+ MiM20 K (101 [ly + Mol olly +Ki +7 +€)) max]|o() = v(r)|

n (Ksa+Mozz) ma [9(7) — o)l + (Kea + Mo Y1) ma () — v(r)|

- {KHQOHa + KaK; + MK, + M1M22aK(|\91||y

+ Mo([lfolly + Ky +7 +€)) + Kfa + MoKa + MoKs + Kea

+ Mo Yl max|6(r) - v(r)]
=1

=\ max () — w(7)]],

where \ = KHHOHa + KaK1 + MOK2 + M1M22aK(H91”Y + M0(||90||Y + K1 + 7 +§)) +K7a + M()Kla +

MoK3 + Kéa —|— M, Zm l;.

Therefore, = is a contraction mapping and hence there exists a unique fixed point § € A, such that
Z0(t) = H(t). Any fixed point of E is a mild solution of Eqgs.(1.1)-(1.3) on J which satisfies #(a) = 6;. Thus,
system Eqgs.(1.1)-(1.3) is controllable on J. O
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