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Abstract

In this article a new family of preconditioners is introduced for symmetric positive definite
linear systems. The new preconditioners, called the AWG preconditioners (for Algebraic-
Woodbury-GenEO) are constructed algebraically. By this, we mean that only the knowledge
of the matrix A for which the linear system is being solved is required. Thanks to the
GenEO spectral coarse space technique, the condition number of the preconditioned operator
is bounded theoretically from above. This upper bound can be made smaller by enriching the
coarse space with more spectral modes.

The novelty is that, unlike in previous work on the GenEO coarse spaces, no knowledge of
a partially non-assembled form of A is required. Indeed, the spectral coarse space technique
is not applied directly to A but to a low-rank modification of A of which a suitable non-
assembled form is known by construction. The extra cost is a second (and to this day rather
expensive) coarse solve in the preconditioner. One of the AWG preconditioners has already
been presented in the short preprint [37]. This article is the first full presentation of the larger
family of AWG preconditioners. It includes proofs of the spectral bounds as well as numerical
illustrations.

1 Introduction

Throughout this article we consider the problem of finding x, € R™ that is the solution of the
following linear system

Ax, = b, where A € R™*" is symmetric positive and definite (spd), (1)

for a given right hand side b € R™.

The applications we have in mind are ones for which A is typically sparse and the number n
of unknowns is very large. Hence, we study parallel solvers and more specifically preconditioners
for the preconditioned conjugate gradient (PCG) method [34][Section 9.2]. Our objective is to
propose a new preconditioner H for solving (1) in such a way that the condition number of HA
is bounded from above by a small enough constant chosen by the user. This guarantees that
the PCG method will converge in sufficiently few iterations [41][Lemma C.10]. Two-level domain
decomposition preconditioners already exist that satisfy such a nice property (specifically the
spectral coarse space methods described below). These methods, however, rely on the knowledge

*Received... Accepted... Published online on... Recommended by....

TCNRS, CMAP, Ecole Polytechnique, Institut Polytechnique de Paris, 91128 Palaiseau Cedex, France
(loic.gouarin@cmap.polytechnique.fr)

ICNRS, CMAP, Ecole Polytechnique, Institut Polytechnique de Paris, 91128 Palaiseau Cedex, France
(nicole.spillane@cmap.polytechnique. fr)



of some partially unassembled form of matrix A. The additional challenge that we tackle in this
work is that the new preconditioner must rely only on the knowledge of the matrix A, and this is
the meaning of the word algebraic as it is in Algebraic Multigrid (AMG) [8, 33, 44].

Very generally speaking, domain decomposition methods partition the domain 2 in which the
solution is sought into smaller spaces, indexed by s € [1, N], and characterized by prolongation
matrices R* | that satisfy Zivzl range(RST) = . One-level domain decomposition preconditioners
then approximate A~! by a sum (interpolated by the RST) of inverses of well-chosen problems
As. Two-level domain decomposition methods have an additional space called the coarse space
(generated by the columns of a matrix ROT). A coarse problem AY is solved in the coarse space.
As an example an application of the two-level additive preconditioner to a vector x € R" takes
the form: Z _,y® where

ys _ RST s —1Rs and yO AO —lRO
prolongation (by 0) to J coarse interpolation
local solve coarse solve

restriction to Q% interpolation back into 2

The notation in the previous line should seem completely natural to readers who have already
studied domain decomposition. The coarse contribution y° is written separately to insist on the
fact that it plays a different role to the other y®. Usually, the coarse space is computed for a given
choice or the R® and A®,

The choice of the coarse space is in fact a very crucial topic in domain decomposition. Over
the last decade, the range of symmetric positive definite problems for which two-level domain
decomposition preconditioners can be made scalable and robust by a good choice of the coarse space
has become very large by the development of so-called spectral coarse spaces. The following list
gives an overview of some of these contributions: [28, 29, 13, 15, 16, 14, 38, 39, 17, 1, 21] for Additive
Schwarz, [45] for Additive Average Schwarz, [40, 1] for BDD and FETI, [26, 24, 10, 23, 11, 31, 25, 46]
for BDDC and/or FETI-DP, [20] for Optimized Schwarz and [27] in the context of boundary
element methods.

In this article it is particularly referred to the GenEO coarse spaces [38, 39, 40] to which one of
the authors contributed. The abstract theory of course spaces of the GenEO family in [36] is applied
within the definition and analysis of the new Algebraic-Woodbury-GenEO (AWG) preconditioners.

The spectral coarse spaces mentioned above, and in particular the GenEO coarse spaces, are
computed by solving one or two generalized eigenvalue problems in each subdomain, then selecting
either the lowest or highest-frequency eigenvectors and prolongating them to the global domain.
To the best of the authors’ knowledge, all of the spectral coarse spaces for which there are no
assumptions on the shapes of subdomains and the distribution of material parameters require the
knowledge of a set of symmetric positive semi-definite matrices N* that satisfy

N
3C > 0 such that » (x,R*TN*R*x) < C(x,Ax) Vx€R" (2)
s=1

The matrices N enter directly into the coarse space construction via the choice of matrix pencil
for the generalized eigenvalue problems. In other words they play an essential role.

For matrices arising from discretized PDEs the above assumption is far from unnatural and
the matrices N® are not expensive to compute as long as it is known at assembly that they are



required. As an example, if A arises from the finite element discretization (with bases functions
{¢x}r=1,...n) of the Laplace equation over some domain w C R? °* 3 then the coefficients in A are
fQ V¢i-V¢;. Assuming that the degrees of freedom selected by the restriction matrix R are those
in some w® C w, N* can be taken to be the matrix whose coefficients are fws V¢;-V¢; (for the basis
functions ¢; and ¢; whose support intersects w®). This is how condition (2) is usually satisfied.
These N* are sometimes called the local Neumann matrices. Partial assembly over subdomains is
neither hard conceptually nor expensive computationally and the purpose of this article is not to
rule it out when it is possible. There are however many cases where only A is known or available
without writing many more lines of code. Then, the unassembled information is simply lost and
the GenEO coarse spaces can’t be computed. This is quite a common scenario: the problem may
have been assembled by another user or with another piece of software. In this case only black box
algorithms can be used.

Direct solvers, like MUMPS [3, 2], belong to the category of black box solvers and they are
the most efficient up to a certain problem size. More closely related to domain decomposition are
the multigrid algorithms, a very well-established set of solvers that solves the problem by iterating
over the original (fine) problem as well as coarser and coarser approximations of it. The original
multigrid algorithm [7, 9] is often referred to as geometric multigrid as it requires more information
on the problem than just the matrix A. Our objective with this algorithm is not unlike the objective
of Algebraic Multigrid (AMG) which is to make multigrid applicable in cases where less information
about the problem is accessible or some assumptions are not satisfied (see [8, 33| for the original
contributions or [44] for a unified presentation and theory of most multigrid algorithms, many of
which have not been mentionned). Our ambition here is to propose an algorithm as easy to apply
as are the Algebraic Multigrid algorithms.

In this article, a new preconditioner (with several variants) is proposed for the cases where A
is already assembled. It is a domain decomposition preconditioner with two coarse space. The
methodology is the following:

e The problem matrix A is split into symmetric but possibly indefinite matrices B® as A =
N sTpRsPs
> 1 R° B°R".

e The positive parts Ai of the matrices B® are computed and assembled to form a global matrix
A, = Zivzl RSTAiRS. By construction, a splitting of A, into spsd matrices (i.e., a suitable
partially unassembled form) of A, is known. Consequently, two-level preconditioners with
GenEO coarse spaces can be computed for A by applying the abstract theory in [36].

e Finally, the Woodbury matrix identity relates the inverses of A and of A, and makes ap-
parent that a good preconditioner for A can be obtained by adding a second coarse space to
a GenEO preconditioner for A .

Full theory for the condition number of the new preconditioned operators is given as well as nu-
merical illustrations. The outline of the remainder of this article is as follows. In Section 2, some
elements of the Abstract Schwarz theory [41] are recalled in their fully algebraic form. For readers
less familiar with domain decomposition, the general form of a one-level and a two-level domain
decomposition preconditioner is recalled. In Section 3, the new operator A, is introduced and
several preconditioners with their GenEO coarse spaces are considered. For each one, the spectral
bounds are given by applying a result from [36]. Then, in Section 4, it is noticed that A is a low
rank modification of A and that applying the Woodbury matrix identity makes apparent how to
add a second coarse space to the preconditioners for A, in order to get a preconditioner for A
that satisfies the same convergence bounds. Each of these new preconditioners is indexed by one
or two parameters that can be adjusted to decrease the condition number of the preconditioned
operator by enriching the GenEO coarse space with more spectral modes. Some comments are also



made about the implementation of the new preconditioners. Finally, Section 5 presents some pre-
liminary numerical results with the objective of confirming the theoretical results and illustrating
the practical behaviour of the new algebraic preconditioners.

2 Abstract Schwarz Framework in the Algebraic Setting

An algebraic version of the abstract Schwarz framework is introduced in this section. This means
that all the domain decomposition-type operators are written only in terms of vectors in R"™.

2.1 Subdomains
Let Q = [1,n] be the set of all indices in R™.

Definition 1 (Partition of Q). A set (2°),_, y of N € N subsets of @ = [1,n] is called a
partition of Q if
N
o=[Jo.
s=1

The partition is said to have at least minimal overlap if Assumption 1 is satisfied.

Assumption 1 (Minimal overlap). For any pair of indices (i,j) € [1,n]?, denoting by A;; the
coefficient of A at the i-th line and j-th column,

A;; #0= (3s € [1,N] such that {i,j} C Q°).
The usual global-to-local restriction matrices are defined next.

Definition 2. For each s =1,...,N, let n® be the cardinality of Q°. Then, let R® € R %" be the
restriction matriz defined by: R? is zero everywhere except for the block formed by the columns in
QFf which is the n® x n® identity matriz.

By simply performing the multiplications it can be proved that
R*"R® is diagonal and that R°R®" = I (the identity matrix in R™ ).

2.2 Partition of unity, coloring constant

In the construction and analysis of the preconditioners, two more elements from the abstract
Schwarz theory are needed: the partition of unity matrices and the coloring constants.

Assumption 2 (Partition of unity matrices). Let {D* € R* *""; s = 1,...,N} be a family of
matrices that satisfies

N
I= Z R* "D*R?®, with I the n x n identity matriz. (3)
s=1

One way to fulfill Assumption 2 is to choose the following partition of unity matrices.

Definition 3 (Possible choice of partition of unity D®). First, let D € R"*" be the non-singular
diagonal matriz defined by

N -1
D = <Z RtTRt> .
t=1
Then, for each s € [1,N], let D* € R* %" be defined by
D®:= R°DR*'.



The matrices in the above definition satisfy Assumption 2 (see [36][Lemma 4]). Their coefficients
are the inverses of the multiplicity of each degree of freedom. Next, the coloring constant is defined
in agreement with [41][Section 2.5.1]. The dependency of the coloring constant on the matrix with
respect to which orthogonality is taken is written explicitly.

Definition 4 (Coloring constant). Let M € R™*"™ be a symmetric matriz. Let N (M) € N be such
that there exists a set {C;; 1 < j < N (M)} of pairwise disjoint subsets of [1, N] satisfying

[LNl= |J ¢ and Vje[LNM)]: {s,t} CC;= (R°MR' =0 ors=1).
1<jSN (M)

2.3 Abstract Schwarz preconditioners

One-level abstract Schwarz preconditioners are of the form:

N
H:=) R'TA*TR". (4)
s=1
where for each s = 1,..., N, it is assumed that

A® € R *™is an spsd matrix, and that A® T is the pseudo-inverse of A°.

Two-level domain decomposition preconditioner have two extra ingredients compared to the
one-level method that they are based on: a coarse space and a coarse solver. Let’s assume that
the coarse space is denoted by VO and that the interpolation operator R satisfies Assumption 3.

Assumption 3. A basis for the coarse space VO is stored in the lines of a matriz denoted R:

VY = range(RoT); R e R™ "™ 0 = dim(V%); n" <n.

The most common choice for the coarse solver, and the one that we wish to introduce, is the
so called ezact solver, where the word exact is with respect to the problem being solved. If the
matrix in the linear system is an spd matrix A then the matrix that is inverted during the coarse
solve is RPAR? '

With the same A® and RO, there are still at least two two-level preconditioners: the two-level
additive preconditioner (denoted by Hg,q), and the hybrid preconditioner (denoted by Hy,, and
also called the deflated preconditioner). They are defined as follows:

H,,:=H+R° (R'AR°)~'RY, (5)

and
Hy,, = ITHIO +R°T(R°AR®)~'R";

where

T ~ 0T ~ . . . .

IM:=I-R’ (R°AR? )"'RYA; TIis the n x n identity matrix. (6)

The generic notation A has very deliberately been used in the previous equations instead of

A. Indeed, the two level preconditioner in this article is a preconditioner for a new matrix that

will be denoted A . The next section gives the definition of A ; and the choices of A®and V" that
make the characterization of an abstract two-level preconditioner for A, complete.



3 A new matrix A, and its two level GenEO preconditioners

This section introduces a lot of the new operators and notation. Since it is not known how to
algebraically find local spsd matrices that satisfy (2), it is chosen to relax the assumption by
allowing the matrices to be indefinite. Precisely, in subsection 3.1 it is assumed that symmetric
matrices B® are known such that A = Z?le R*'B*R* and one possible (algebraic) choice of
B? is given. In Section 3.2, each B? is in turn split into an spsd part and a symmetric negative
semi-definite part as B® = A5 — A°. TFinally, the spsd parts are assembled to form A, =
Zivzl RSTAj_RS. The resulting matrix A is shown to be symmetric positive definite and, by
construction, it satisfies (2) with N®* = A% and C' = 1. In other words, a very nice characteristic of
A is that the abstract GenEO theory applies to defining and analyzing two level preconditioners
for A . Four of these are considered in Section 3.4.

3.1 A splitting of A into symmetric matrices

The matrices B® in the assumption below are the starting point for the new preconditioners. To
make the construction complete, an example of such matrices, is given below. It is (of course)
constructed algebraically and is the one used in numerical computations. This choice is however
far from unique.

Assumption 4. Let’s assume that there exists a family of symmetric matrices B® € R <" for
s=1,...,N such that

N
A=) R''B'R".
s=1
Such a family of matrices can always be chosen under Assumption 1 (minimal overlap). Indeed,
one possible choice is given in the new definition.

Definition 5 (Possible choice of matrice B®). Let S(A) be the n X n boolean matriz that shares
the same sparsity pattern as A:

(S(A));j = { Lif Aij #0 for any i, j € [1,n].

0 otherwise

Then let M, be the matriz that counts the number of subdomains that each pair of indices in

{{i,7}; Aij # 0} belongs to:
N

M, :=> R*'R'S(A)R*'R’,
s=1

and let B be the Hadamard division of A by M,

Aij/My; if Aij # 0

Bij = ) iy J 1,n].
! { 0 otherwise for any i, j € [1,n]

Finally, set B® to be the block of B corresponding to degrees of freedom in °:
B := R°BR*".

Note that from the previous definition only the notation B® will be reused further on in the
article. We next check that these matrices B® are indeed suitable.

Theorem 1. Let A be an order n spd matriz, let (0°)s=1,... N represent the partition into subdo-
mains and let (R®%)s=1,... n be the set of restriction matrices from Definition 2. Under Assump-
tion 1, the matrices B® from Definition 5 satisfy Assumption 4.



Proof. First, we justify the fact that M, counts the multiplicity of the pairs of degrees of freedom
{i, 7} for which A;; # 0:

N
(M,),, = (ZRSTRSS(A)RSTRS> = Y (RSTRSS(A)RSTRS)__ = Y (5a)),
s=1 i Asilig}ces) Y (siigyces)
so, for any i, j € [1,n],

_ [ #s{i g} C @Y if Ay #0,
(M“)ij N { 0 otherwise.

With a similar calculation, it can then be checked that the B® form a splitting of A:
N N
(Z RSTBSRS> = (Z RSTRSBRSTRS> = > By
s=1 ij s=1 i {s{iitcQe}
so, for any i, j € [1,n],

N
<Z RSTBSRS

s=1

{si{i,j}cosy
0 = A;; otherwise.

) { S Ay /M, = Ay if Ay #0,
ij

It can be concluded that A = YN | R*TB*Rs. O

Remark 1. Notice that, if the minimal overlap condition is not satisfied, then there exists a pair

of indices {i,7} for which A;; # 0 but {s;{i,7} C Q°} = 0. This leads to (Zi\;l RSTBSRS) =0
ij

and shows that it is impossible that Assumption /J be satisfied without the minimal overlap condition

(no matter how the matrices B® are chosen).

3.2 Definition of A,

The first step in defining the very important matrix A, is to split B® into its positive part and
its negative semi-definite part.

Definition 6 (Local splitting of the splitting). Let B®, for s € [1, N], be a family of matrices that
satisfy Assumption 4. For each s, let a diagonalization of B® be written as

B® = VSA*V* ", with V* orthogonal and A°® diagonal.

Assume, without loss of generality, that the diagonal values (If;)i=1,..n= of A® (which are the
eigenvalues of B®) are sorted in non-decreasing order. Let n’. be the number of positive eigenvalues
and n® =n® —n7 be the number of non-positive eigenvalues. Let V° , V5, A, A% be the blocks

of V* and A® that satisfy

E A 0 s o s . L
A= < 0 Ai)’ Ve =[VIIVi], A} isspd, —AZ is spsd.

Finally, define the two following matrices in R™ ™"
As =VIALVET and A® = —VEASVET

It is clear that, for each s € [1, N], both matrices A% and A® are spsd matrices and that
B® = A% — A® . Next, global matrices are computed by assembling the local components with the

usual restriction and prolongation operators R* and RsT.



Definition 7 (Global counterparts of the splitting matrices). Let the global matrices A € R™*"
and A_ € R™ "™ be defined by

N N
A; =) RTAIR®, and A_ =) R*TA*R"

s=1 s=1
Theorem 2. The matrices A and A_ from Definition 7 satisfy the following three properties
(i) A=A —A_,
(ii) the matriz A_ is symmelric positive semi-definite,
(#ii) the matriz A is symmetric positive definite.

Proof. By definition, A; = YF R*TVEALVL'R® and A- = -3 N RTVEA*V: RS
where the matrices A5 (s € [1,N]) are diagonal matrices with positive entries and the matri-
ces A® (s € [1,N]) are diagonal matrices with non-positive entries. Consequently, A, and A_
are both spsd and item (ii) is proved. Moreover, by Definition 6 and Assumption 4, item (i) holds:

N N
A A =Y RTVIAIVIR + ) RITVIA VTR

s=1 s=1

N
— Z RsTBsRs
s=1

=A.

Finally, it has already been argued that A is spsd so, to prove item (iii), it remains only to
confirm that the kernel of A is restricted to the zero vector. Let x € R™ such that A;x =0,

0=(x,A:x) = (x,Ax) + (x, A_x) > (x, Ax),
and this last term equals 0 only if x = 0 which ends the proof. O

Remark 2. The zero eigenvalues of B® are in A° . Another possibility would be to put them into
AS .
+

The previously defined matrix A is an spd matrix for which we have knowledge of spsd local
matrices N = Af that satisfy (2) with C' = 1. This means that it fits right into the abstract
GenEO theory [36] and, hence, a variety of two level preconditioners with guaranteed convergence
rates can be defined. First, the one level preconditioners to which to apply GenEO are chosen
and then the GenEO coarse spaces are given. In terms of the two ingredients still missing in the
abstract two-level preconditioners from Section 2.3: the local solvers A* are defined in Section 3.3
and the coarse interpolation operators R? are defined in Section 3.4.

3.3 One-level preconditioners for A

In order to define a one-level preconditioner in our framework it remains only to choose the matrices
As (i.e., the local solvers) in the abstract form (4). Three types of local solvers are introduced as
all three are natural choices for A, : the exact local solver (AS = RSA+RST), the matrix in the
spsd splitting with adequate weights (AS = Ds_lAiDs _1), and what would be the exact solver

if we were solving a problem with A since this is, after all, our endgame (AS = RSARST).



Definition 8. Let three one-level preconditioners be defined by:

N
HﬁS — ZRST(RSA+RST)71RS7
s=1
N
H*:=) R*T(R°AR*T) 'R,
s=1

and

N N
HY =3 R*'D*(A})'D'R* = > R*'D°V5(A}) 'V, DR’
s=1 s=1

where D?® are the partition of unity matrices from Definition 5.

It is recalled that, for s € [1,N], A%, V%, and A’ were introduced in Definition 6, D® in
Definition 3, and A in Definition 7.

Lemma 1. The one-level preconditioners Hﬁs, HAS and HYN from Definition 8 are spd.

Proof. The preconditioners Hf_s and HAS are usual Additive Schwarz preconditioners for spd
matrices so they are spd. For the third preconditioner, it is obvious that HNN is spsd. Moreover,
let x € Ker(HYN) then

N
0= (x, H""x) = ) (D*R°x, A% 'D°R’x).
s=1
For this to hold, each term in the sum of non-negative terms must also be zero so:

for any s € [1, N] : D*R*x € Ker(A% f = Ker(A%).

Let’s prolongate (A% )D*R®x = 0 to the global domain with R*", sum over s and inject the
definition of D* (Definition 3 in which D is diagonal) to obtain

N N N
0=) RTAID'R’x=)» RTA'R'DR* R'x=)» R°'A}R'Dx=A,Dx.
s=1 s=1 s=1

Finally, the non singularity of A and of D allow to conclude that x = 0 which ends the proof. O

Remark 3. For the proof of the non-singularity of HNN, the definition of the partition of unity
matrices D® was used (Definition 3). A general proof does not go through for all partitions of unity
(i.e., if the D® in Definition 8 are replaced by another family of matrices that satisfy Assumption 2).
However, it is not likely that the D® could and would be chosen in a way that makes HNN singular.
In other words, this is a technical restriction and other choices of partition of unity matrices should
definitely be explored. All parts of the article that are not related to HYN are not concerned by this
technical restriction.

3.4 Two level preconditioners for A, with GenEO

Next, the GenEO coarse spaces that correspond to solving a linear system for A with each of the
one level preconditioners are introduced. The corresponding spectral bounds for the preconditioned
operators are given. The proofs consist in giving the adequate references to [36]. The information is
organized with one theorem per choice of one-level preconditioner. First, some very useful notation
is chosen to designate a normalized basis of the high (or low) frequency eigenvectors with respect
to a certain matrix pencil and a certain threshold.



Definition 9. Let m € N*, let Mao € R™*™ be an spsd matriz, let Mg € R™*™ be an spd matriz.
Let ( Ak, Yk)k=1,...,m be the (ordered and Mp-normalized) eigenpairs of the generalized eigenproblem
associated with matriz pencil (Ma, Mg), i.e.,

M €R, yreR™, (yi,Mpyr)=1, M <A <<\, and Mayr = \Mays.

For any scalar 7 > 0, set my, := min{k € [0,m — 1]; \et1 > 7} if Ay > 7, and mp :== m
otherwise. Then define the two following matrices by concatenating eigenvectors

Y. (1,Ma,MB) :=[y1]...|ym.], and Yg(7,Ma,MB) := [ym 41| .- |[Ym]-

The subscripts *;, and %y refer to the words low and high depending on which end of the
spectrum is selected. The definition is in agreement with the definition in [36].

Theorem 3 (Two-level preconditioners with GenEO for Hﬁs). For any 7, > 1, let V257+(Tb) be
defined by

range(R* ' Y (7,1, D* 'ASD* T R ALR"")),

Mz

Vis+(m)
s=1
and assume that a corresponding interpolation matrix R%&_,'_(Tb) is defined to satisfy Assumption 3.
Then, the coarse projector as well as the hybrid and additive preconditioners are defined naturally
as

HAS(Tb> = I- R?L&S,Jr(Tb)T(R%S,+(Tb)A+R?45,+(Tb>T)_1R?4S,+(Tb)A+7
T T Ty—
HYS,0(h) = TS (n)HLTL () + R, (1) (RYg, (H)ALRYg (1) )T RYs (1),
Ty_
H+ ad(Tb) = HAS+RAS+(7'b) (R?qs,+(7b)A+R945,+(7'b) ) 1R215,+(7'|>)-

The eigenvalues of the preconditioned operators are bounded as follows

1 < AHES,(h)AL) < N(Ay)
(A +2N(A)n) < MHELS(1)AL)  SN(A4) +1

where N'(AL) is the coloring constant with respect to matriz Ay (see Definition 4).

Proof. This results from an application of [36][Corollary 3] (for the hybrid preconditioner) and
[36][Corollary 4] (for the additive preconditioner) under [36][Assumption 7] and with N7 =

Ms = Ds_lAiDS_l, As = RSAJFRS—r and the alternate formulation for the coarse space given
in [36][Definition 5]. O

Note that, if 0 < 7, < 1, there is also a spectral result which is slightly longer to state (it
involves min and max).

Theorem 4 (Two-level preconditioner with GenEO for H¥N). For any 0 < 7y < 1, let V()

be defined by
N

V() : Zrange (R*TY(ry, D%~ 'ASD T RUA LR,

s=1

and assume that a corresponding interpolation matriz RO y(74) is defined to satisfy Assumption 3.
Then, the coarse projector as well as the hybrid preconditioner are defined naturally as

HNN(Tti) = I*R(J)VN(Tu)T(R(z)\/N( )A+RNN(T?1) )71R(1)\IN(Tﬂ)A+a
HIN(7) o= IV () HYVITY(7) T 4 R(7) | (R (7) A R (m) )~ R ()

10



The eigenvalues of the preconditioned operator are bounded as follows
1< MHRR(m)AL) < N(AL)/7.
where N'(AL) is the coloring constant with respect to matriz Ay (see Definition 4).

Proof. This results from an application of [36][Corollary 2] with N7 =1, 7, — 1 (as in [36][Section
5.2.3]), A® = DsflAj_D“”f1 and R*A,R*" as the exact local solver (because we are solving for
AL). O

Note that, if 7y > 1, there is also a spectral result which is slightly longer to state (it involves
min and max). There is no spectral result for the two-level additive preconditioner so it is not
considered in the theorem.

Theorem 5 (Two-level preconditioner with GenEO for H*S). For any 7, > 1 and 0 < 7 <1, let
Vis(rs,m) be defined by

N
Vis(rs, ) =Y range(R*Y, (7, ', D" A D* 1 R°AR""))
s=1
N
+) range(R*TY (7, RAR* T R°A R*")),
s=1
and assume that a corresponding interpolation matrix R%S(Tﬁﬂ'b) 18 defined to satisfy Assump-
tion 3. Then, the coarse projector as well as the hybrid preconditioner are defined naturally as

457y, ) = I—RYs(m5,m) T (RYys(75, 1) Ay Ry (75, 1) 1) 'Ry (7, 7) A,
T T Ty—
Hjlo (g m) = T%(ry, n)HASIAS (1, 1) + R%s(ms,7) (ROYs(72, ) ALRY 5(75, 7)) 'R g(73, 7).

The eigenvalues of the preconditioned operator are bounded as follows
1n < MHps (1 m)AL) < N(AL)/ 7.
where N'(AL) is the coloring constant with respect to matriz Ay (see Definition 4).

Proof. This results from [36][Corollary 2] with N7 = 1, M* = D*"'A3D*', A® = R°AR" "',
R5A,R*" as the exact local solver (because we are solving for A ), and the alternate formulation
for the coarse space given in [36][Definition 5]. O

Note that, if 0 < 7, < 1, there is also a spectral result which is slightly longer to state (it
involves min and max). The choice 7y > 1 would lead to having all the vectors in the coarse space
so this is excluded. There is no spectral result for the two-level additive preconditioner so it is not
considered in the theorem.

Remark 4. For all four considered choices of two-level preconditioner, it is easy to see that
Zé\]:l R*'D*V? s included in the coarse space as Ker(DS_lAjDs_l) =DV,

4 New fully algebraic preconditioners for A

In the previous section, four two-level preconditioners for A (indexed by the choice of one or two
thresholds) have been introduced with their spectral bounds: HS, (1), HYS, 4(7,), Hjp (1), and
H,/?;b(m, 7). In this section, let Hy denote any one of them and let [Apin(HoA 1), Amax(Ho2 A L)
be an interval that contains all eigenvalues of the preconditioned operator HyA . The subscript
%9 was chosen to refer to two-level preconditioners. We may now set aside the choice of a precon-
ditioner for A} and come back to our original problem of finding a preconditioner for A.

11



4.1 Woodbury matrix identity for A=A, — A_

The new preconditioner for A arises from the realization that A can be viewed as a low rank
modification of Ay and adding a term to Hy accordingly.

Theorem 6. The rank of A_, which we denote by n_, satisfies n_ < Zi};l n® —n.

Proof. By definition of A} and A_, it holds that
N
rank(A ;) + rank(A_) < Z n®,
s=1

and rank(A ) =n as Ay is non-singular. O

With words, the rank of A _ is at most the difference between the number of degrees of freedom
and the number of degrees of freedom multiplied by their multiplicity. If there is little overlap (while
still satisfying the minimal overlap condition) then the rank of A_ is small compared to the rank
n of A (n_ < n). In practice it is possible, and desirable that n_ be much smaller even than

Zivzl n® —n. Following this observation it is natural to write A as a low rank modification of A .
To this end, let’s introduce the factors in the diagonalization of A _.

Definition 10. Let A_ € R"™*"= and V_ € R"*"~ be the diagonal matriz and the orthogonal
matriz that are obtained by removing the null part of A_ from its diagonalization in such a way
that

A_=V_A_ V.

Remark 5. The diagonalization of A_ is not required in the numerical implementation (see

Section 4.4).

It now holds that A = A, — V_A_V with A, A,, A_ spd matrices and V_ a full rank
matrix. The Woodbury matrix identity [43] applied to computing the inverse of A gives

AT = AT ATV (AT - VIATYV ) T VIALL (7)

Remark 6. The Woodbury matriz identity is also called the Sherman-Morrison-Woodbury For-
mula (e.g., in [18][Section 2.1.4]). The formula is correct since A, is non-singular and A~ —
VjA;lV_ is also mon-singular.

4.2 First Algebraic-Woodbury-GenEO (AWG) preconditioner for A

The Woodbury matrix identity leads, rather straightforwardly, to a new preconditioner for the
original matrix A that is defined in the following theorem.

Theorem 7 (AWG preconditioner for A with inexact coarse space). Given a preconditioner Hy
for Ay such that the eigenvalues of HoA are in the interval [Amin(HaA L), Amax(HaA )], Let
the new preconditioner for A be defined as

H3,ineac = H2 + A__i_lV— (A:l - V—_FA__,_lv_)il \/V—_FJAI1
The eigenvalues of the new preconditioned operator satisfy

AHs3 inesA) € [min(1, Amin(H2A+)), max(1, Amax(HaA1))]. (8)
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Proof. The estimate for the eigenvalues of Ho A | is equivalent to
Amin(HaA ) (x, A7) < (x, Hox) < Amax(H2A L) (x, AT 'x), Vx € R™.
Adding, (x, A7'V_ (DZ' = VIAT'V_) " VI A7) to each term, it holds that
min(1, Amin(H2A 1)) (x, A7'x) < (%, Hg inerx) < max(1, Amax(H2A ) (x, A7 'x), Vx € R,

where the Woodbury matrix identity (7) was applied. This is equivalent to (8). O

We have just introduced new preconditioners called the AWG preconditioners with an inexact
coarse space. The plural in the previous sentence comes from the fact that there are many possible
choices for Hy (including the four from Section 3) and that for each one there are parameters
that can be adjusted. These new preconditioners are purely algebraic and they have guaranteed
spectral bounds when applied to solving linear system Ax = b. The condition number of H3 j5c; A
can be made smaller by enriching the coarse space in Hy. Next, two other AWG preconditioners
are defined which have an exact coarse spaces in the sense of the Abstract Schwarz theory: their
coarse operator is of the form RCARC'.

4.3 Two more AWG preconditioners for A

Solving a problem with the preconditioner introduced in the previous section requires it to be com-
putationally feasible to compute multiply by (A_T_lv_) and its transpose. Looking at the Wood-
bury identity, we realize (and prove it in the lemma below) that range (AllV_) = range (A‘lV_).
This opens up new possibilities: if it is possible to compute range (A‘lV_), it is also possible
to project A-orthogonally onto the space that is ¢s-orthogonal to range (V_) which is exactly
Ker(A_) (see II3 in Definition 11 below). On that space Aker(a_) = (A4)Ker(a_) and we can
fall back onto a known and efficient preconditioner Hy for A .

Lemma 2. With A, from Definition 7 and V _ from Definition 10, the following property holds
range (A_T_lv_) = range (AflV_) .
Proof. 1t follows from the Woodbury identity that
range(A~1V_) = range (A;lv_(l + (AT —VTIATV) T VfA;lv_)) :

where I is the n_ x n_ identity matrix. Proving the result in the lemma comes down to proving
that the range of (I 4+ (A:1 — VIA;lV,)il VIAjer,) is the whole of R™~ or, equivalently,
that it’s kernel is restricted to 0 (the zero vector in R™-). This last step is achieved as follows.
Let y € R~

(T+ (AT = VIAT'V.) ' VIATV )y =0
(AT -VIAT'V )y=-VIA]'V_y
Ay =0
<y =0.
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Definition 11. Let W € R"*"~ be such that range(W) = range(A;'V_) and let
M3 :=1-W(W'AW) 'W'A.

Assume that He is a given preconditioner for Ay such that the eigenvalues of HoA L are in the
interval [Amin(H2A 1), Amax(H2A )], Let two new preconditioner for A be defined as

H; 0= Ho + WWTAW)'W T,

and

Hs pyp = M3HLIT, + W(WTAW) W T,

Theorem 8. Let Il3, H3 o4 and Hs 1 be as in Definition 11. The operator I3 is an A-orthogonal
projection operator that satisfies

Ker(Il3) = range (A™'V_) and range(Il3) = Ker(A_). (9)

Moreover, the new preconditioned operators satisfy the spectral bounds :

AInin(HQ-A-‘,-) S )\(H2AH3) S Amax(HQA—&-) Zf A(HQAH?)) 7& 0 (10)
min(1, Amin(H2A4)) < A(HszpypA) < max(1, Amax(H2A L)) (11)
min(1, Amin(HsA4)) € A(HaagA) < (Amax (HoA L) + 1), (12)

where we recall that Ha can be chosen as one of the two level preconditioners from Section 77
in such a way that Amin(Ho A1) and Apax(HoA L) are known and controlled by the choice of the
coarse space.

Note that a bound (10) for the projected and preconditioned operator has been included in the
theorem (equation (?7)).

Proof. We begin by proving (9). Let x € R™, x is in the kernel of ITj3 if:
Mix =0 x=W(WT AW) 'WTAx < x € range(W) = range(AT'V_) = range(A"'V_).

The last equality comes from Lemma 2. Moreover, II3 is an A-orthogonal projection so

range(Il3) = (Ker(Hg))J‘A = (range(A‘lV,))J—A = (1"3unge(V,))J‘Z2 = Ker (VI) =Ker (A_),

by definition of V_ in Definition 10. A direct consequence of this result, that is frequently used
in the remainder of the proof, is the identity A, II3 = AIlj;.

We now move onto proving the spectral bounds starting with (10) for the projected and precon-
ditioned operator HoAIl;. Let (A, y) € RxR"™ be an eigenpair of the matrix Ho ATl (= Ho A | IT5)
meaning that:

y # 0 and Ho A TIsy = )y.

Taking the inner product by A II3y gives
(A II3y, Ho A L TI3y) = MA L IL3y,y) = MAIlzy,y) = MAIl3y, Il3y) = A(A I3y, I15y).
Moreover, since A, and Hs are spd, the spectral bound for Ho A | is equivalent to
Amin(H2 A1) (%, A x) < (%, Ay Ho Ay x) < Amax(H2A ) (%, Ayx), VxeR™ (13)
In particular, for x = Il3y we get

Amin(Ho A ) (TIsy, A TIzy) < (II3y, AL Ho A TI3y) < Apax(Ho AL )(TIzy, A TI3y).

=MA I3y, II3y)
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Finally, there are two possibilities, either (A II3y,IIsy) = 0, so y € Ker(II3) and A = 0, or
(A;II3y, II3y) # 0 and A € [Amin(H2A ), Amax(H2A4)]. In other words (10) holds.

Next, we prove the spectral bound with the hybrid preconditioner Hj ., from (11). Let x € R”,
we add the term

(x, AW(WTAW) "W T Ax) = (x, A(I — IT3)x) = (I — II3)x, A(I — II5)x)
to estimate (13) evaluated at IIsx and obtain
Amin(H2 A ) (TIsx, ATTsx)+((I — IT3)x, A(I — II3)x) <
(TI3x, AH, ATI3x) + (x, AW(WTAW) "W T Ax) <
Amax (Ho A1) (IIsx, ATlzx) + (I —II3)x, A(I — II3)x)
where A II3 = AIl3 as also been applied. This then implies that
min(1, Amin(H2A 1)) (x, Ax) < (x, AHj3 pypAx) < max(1, Amax(H2A L)) (x, AX).

and the eigenvalue estimate in the theorem holds because A and Hj 1,5 are spd.

Finally, we prove the spectral bound with the additive preconditioner Hg 44 from (11). Matrices
A, and Hy are both spd so the fact that all eigenvalues are not greater than Apax(HoA L) is
equivalent to

(x, Hox) < Anax(H2A L) (x, A, ~'x), for any x € R".

Moreover, (x, A, 'x) < (x, A~'x) for any x € R" so
(x, Hox) < Apax(H2A ) (x, A7'x), for any x € R".
It also holds that
(x, AW(WTAW) "W T Ax) = (I - II3)x, A(I - IT3)x) < (x, Ax), for any x € R".
Adding the last two results together gives us
(%, H304%) < (Amax(H2Ay) +1)(x, A™'x), for any x € R,

or in other words, all eigenvalues of Hj ,4A are not greater than (Aynax(H2A4) 4+ 1). For the
smallest eigenvalue of H3 44A, we can look at Hs 4 in the abstract Schwarz framework. Indeed

H; g = THI + WWTAW) "W T

is an abstract Schwarz solver for 2 subspaces R"™ and R"- with prolongation operators I (identity
matrix in R™) and W, and with local solvers Hy and (W TAW)~!. We know that Hy is spd so
the classical stable splitting result from Toselli Widlund [41] applies (or from [36]): all eigenvalues
of H3 ,qA are larger than C(;z if, for any x € R™, there exist z;. € R" and z_ € R"~ that satisfy

z, +Wz_=xand (z,,Hy'z,) + (z_, W AWz_) < C3(x, Ax).

The following splitting is proposed: z; = II3x and z_ = (WTAW) W T Ax. We first check
that they do split x :

7z, +Wz_ =(I-TI3)x+ WW'AW) 'W'Ax =x.
We then check the stability of the splitting:
(zy  Hy'zy) + (2, WTAWz_) = (TI;x, H; 'TI3x) + (WTAW) "W Ax, W AW(WTAW) 'W T Ax)
< (Amin (HaA4)) ™1 (T3x, A TI3x) + (I - I3)x, A(T - TI3)x)
< (Amin(H2A L))~ (TI3x, ATIsx) 4 (I — I3)x, A(I — II3)x)

< max(1, Amin (Ha A4 ) 1) (x, Ax).
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Finally, we have proved that all eigenvalues of Hg .4 are greater than or equal to min(1, A\yin (H2 A 1)).
O

Again, the preconditioners H3 ,q and Hs j, are families of preconditioners that are computed
algebraically and lead to guaranteed spectral bounds when applied to solving Ax = b. The
condition numbers can be made smaller by enriching the coarse space in Hj.

4.4 Remarks on the implementation of the new preconditioners
Below, some important remarks are made about the implementation of H3 o4 and Hs pysp.

1. It is not necessary to factorize A_ as suggested by the definition of V_ in Definition 10.
Indeed, Definition 11 requires only a basis W of rangc(Afer_) to generate the second
coarse space. A natural choice is to recall that V_ is generated by the eigenvectors of B*
that correspond to negative eigenvalues (once prolongated to €2 by RST). If the matrices B*
are non-singular then this is the same as computing

W=A'R VL. |RY VY

with the V2 from Definition 6. If the B® are singular, it is necessary to first remove the
columns in V¥ that correspond to zero eigenvalues. It may also be necessary (although we
haven’t observed it in practice) to remove some linear dependencies between the columns.
This is rather standard and can be done either when computing W or when factorizing the
coarse problem WTAW.

2. The computation of W is one of the bottlenecks of the algorithm: many systems must
be solved for the global matrix A, . In our current implementation these linear systems are
solved one after the other with PCG preconditioned by Hs. Since Hj is a good preconditioner
for A this takes few iterations. It must be explored whether computational efficiency could
be improved with block CG methods [30] or adaptive multipreconditioning [35].

3. All four choices of preconditioners Hs for A that are considered in the article require that
the action of (Ai)T be implemented in order to compute the corresponding GenEO coarse
space. Instead of computing the full diagonalization of B?, it is sufficient to compute its
negative eigenvalues and corresponding eigenvectors (i.e., A®> and V2 ) and to recall that

AL =(I-V2VEHB(I-ViveT)
which also implies that
AT =@-veveBl@—veveT)
Since B?® is symmetric, it can be factorized using MUMPS |3, 2].

4. All four choices of preconditioners Hs for A that are considered in the article require that
the action of RSAJFRS—r be implemented in order to compute the corresponding GenEO
coarse space. As R“;AJFRST is a dense matrix, it is never assembled. Instead, the action of
R°A_R*" is computed as

N
R°A.R*’ =R°AR’’ + R°A_R*" =R°AR*' - Y R°R'' VLA’ V! 'RR*".
t=1
In the sum, all terms for which R/R® " is zero are zero.
5. IfHAS = Zf:l R*"(R°A,R*")"'R# is chosen as a one-level preconditioner for A, then it

is necessary to compute the action of (R5A+RST)_1. This is done by applying the Woodbury
matrix identity to the formula just above.

16



5 Numerical Results

In this section, numerical results are presented for the new AWG preconditioners with exact coarse
spaces: Hjz 44 and Hs py5. The theoretical convergence bounds are checked, and the behaviour of
the new preconditioners is illustrated for the first time. Some comparisons to non-algebraic domain
decomposition preconditioners with standard or GenEO coarse spaces are performed. The linear
systems that are considered result from discretizing a two-dimensional linear elasticity problem
with @ finite elements. All details are given below.

All the results presented were obtained with petscdpy [12], a Python port to the PETSc libraries
[4, 5, 6]. The eigensolves are performed by SLEPc [22] and the matrix factorizations (for the local
and coarse problems) are performed by MUMPS [3, 2]. Our code is available on github [19].

Let w = [0,3] x [0,3] € R? be the computational domain. Let dwp be the left hand side
boundary of w and let V = {v € H*(w)?;v = 0 on dwp}. A solution u € V is sought such that

/ 2ue(u) : e(v)dx —|—/ Ldiv(u)div(v) dz = / g-vdzx, foralveV, (14)
where, for i,j = 1,2, g;;(u) = % (g;l + %), 8;; is the Kronecker symbol, g = (0,—9.81) " and
the Lamé coefficients are functions of Young’s modulus £ and Poisson’s ratio v : p = 2(173_”), L=

%. It is well known (see, e.g., [32]) that the solution of (14) in a heterogeneous medium

is challenging due to ill-conditioning. Unless otherwise specified, the coefficient distribution that
is considered here is the following: for any (z,y) € w,

101 if (floor(y) —y) € [1/7,2/7| U [3/7,4/7] U [5/7,6/7)

v(z,y) =03 and E(z,y) = { 107 otherwise

This is represented in Figure 1.
The computational domain is discretized by a uniform mesh with element size h = 1/21 so
there are
n = 8192 degrees of freedom.

The boundary value problem is solved numerically with @; finite elements. Let V), be the space
of @ finite elements that satisfy the Dirichlet boundary condition. Let {¢,}}'_; be a basis of V4.
The linear system that is to be solved is

Find x, € R™ such that Ax, = b,

with A;; = fw [2;15(@) : E(qu) + Ldiv(¢,) div(qu)] dxz and b; = fw g ¢, dx.
Unless specified otherwise, for each computation, the domain w is split into

N=9

unit square subdomains that overlap only at the interface and this in turn gives the partition of
the degrees of freedom into Q!, ..., Q% With Q; finite elements, for the overlap to be restricted
to the shared subdomain boundaries is enough to ensure the minimal overlap condition. There
are 504 degrees of freedom that are shared by more than one subdomain. All linear systems, are
solved with PCG up to a relative residual tolerance of 107'°. The preconditioner is specified for
each test case.

The matrix A;lV_ is computed by solving n_ linear systems for A;l. This is also done with
PCG preconditioned by Hy up to a relative residual tolerance of 10719 (unless specified otherwise).

Unless it is otherwise specified (e.g., in the next paragraph), the AWG preconditioner under
study is

Hj .q with Hy = H) )} (7).
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Figure 1: Solution: w has been displaced by 10° multiplied by the solution to the PDE. The colors
show the distribution of coefficients. Dark: £ = E; = 10! - Light : E = E; = 107

Comparison of Hs,; and Hs,, for all variants of Hy, The test case is solved with the
eight AWG preconditioners (for fixed values of threshold). Specifically, there are two ways of
incorporating the second coarse space leading to Hj .4 (additive) and Hg ., (hybrid) as well as,
for each one, four choices for Ha: H)D,(3), HpS, (75, 7), HAS, ,(7,) and HYS, (7). The values
for selecting eigenvalues in the GenEO coarse spaces are set to 7, = 10 and 73 = 0.1. The results
are shown in Table 1. Results for classical (non algebraic) domain decomposition preconditioners
with GenEO coarse spaces are incorporated too as a matter of comparison. The quantity n_ (size
of the second coarse space) is the same for all AWG preconditioners as it depends only on A. The
size of the GenEO coarse space is also the same for all choices of Hy. For H} (1), Hﬁsb(ru, ),
HJAF,Sad(Tb) it is in fact the same eigenvalue problem being solved so as long as 73 = Tb_l this was
expected. For the last choice Hy = Hﬁgb(fu,n), it is not entirely surprising that the size of the
coarse space is not too different as there are connections between the GenEO eigenproblems.

For all AWG preconditioners, the extreme eigenvalues of the preconditioned operators behave
as predicted. All AWG preconditioners reduce the condition number of the preconditioned operator
to a very small value below 20. The GenEO coarse spaces constructed by AWG are of almost the
same size as the classical (non GenEQ) coarse spaces which is very satisfying. Of course the AWG
preconditioners bear the cost of the extra coarse space.

For Hy = H}\)j(7) the first 20 eigenvalues that are computed in each subdomain for the
GenEO eigenproblem in Hy are plotted in Figure 2. It appears that choosing larger values of 7
could increase significantly the size of the coarse space without improving the condition number
much as the eigenvalues are quite clustered. The eigenvectors that are selected for the coarse space
are plotted in Figure 3. Since the unknowns are dispacements, they have been represented by
applying the deformation to the subdomain. The colors show the values of E. The influence of
the hard layers can be seen but it is not easy to make any conclusions about these.

In all that follows we focus on the choice of preconditioner:

H; .4 with Hy = Hm(fﬂ).
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R It )\min )\max #VO n_

New AWG preconditioners:

H; ,q with Hy = HYN(0.1) 9.09 26 1.0 91 57 48
H; o4 with Hy = HA ,(0.1,10) 122 26 0.33 4.0 57 48
Hj oq with Hy = HS, b(10) 123 25 0.33 4.0 57 48
H; g with Hy = Hﬁsad(lo) 16.8 31 0.24 40 57 48
Hj 1., with Hy = H}ij(o 1) 9.09 27 1.0 91 57 48
Hj p,yp with Hy = Hﬁ* ,(0.1,10) 121 25 0.33 4.0 57 48
Hj 5, with Hy = HYS, ,(10) 122 25 033 4.0 57 48
Hs ., with Hy = H ﬁad(m) 16.7 29 024 40 57 48
Non-algebraic methods:

Hybrid AS 4+ GenEO (7 = 10) 26.5 43 015 40 55 0
Additive AS + GenEO (7 =10)  50.0 58 0080 40 55 0
BNN with GenEO (7 = 0.1) 1.1 29 1.0 111 55 0
One-level AS 34772 151 0.000115 4.0 0 0

Table 1: Comparison between all AWG preconditioners for fixed 74 and 7,. Data is also included
for classical GenEO and the one-level method. k: condition number of preconditioned operator, It:
number of iterations, Ayiy: smallest eigenvalue of preconditioned operator, Ay ax: largest eigenvalue
of preconditioned operator, #Vj: dimension of GenEO coarse space, n_ = rank(A_): dimension
of second coarse space.

Generalized eigenvalues (log scale)

[ [ ] : °
10—1 4
[ J [ J
[ ([ ]
° [ ]
o 1 2 3 4 5 6 1 8

Subdomain number

Figure 2: For Hy = Hj}} (73): 20 smallest eigenvalues of the GenEO eigenproblem in each subdo-
main
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Figure 3: For Hy = H}fﬁ,(q): plot of the 9 eigenvalues that are selected in the central subdomain
represented as deformations. The colors correspond to the two values of E.
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Figure 4: Condition number with respect to coarse space size for Hs 44 with Hy = H%%(Tﬁ) and
the comparable classical GenEO coarse space. 7 € [0,0.001,0.01,0.05,0.1,0.2,0.5]. Left: v =0.3.
Right: v =0.4.

With this choice of Hs, the theory predicts that the smallest eigenvalue of the preconditioned
operator is larger than 1 and this bound is observed to be sharp. For this reason we no longer
report on the extreme only eigenvalues. Instead we only give values of the condition number &.

Influence of the threshold 7; For this test we study the influence of 7y. When 73 increases,
more vectors are selected for the coarse space and the condition number bound decreases. AWG is
compared to classical Neumann Neumann GenEO (which is not algebraic). Figure 4 is a plot of the
condition number of the preconditioned operator versus the size of the GenEO coarse space. Recall
that GenEO has the disavantage of not being algebraic but the AWG method has the disadvatage
of having a second coarse space (of size 48). For AWG, the size of the coarse space cannot go below
n_. The study was performed by running the simulations for 74 € [0,0.001,0.01,0.05,0.1,0.2,0.5].
Two values of v are considered v = 0.3 and v = 0.4. For v = 0.3 the AWG coarse space to achieve
a condition number of 10 is almost the same as with classical GenEO. When v = 0.4 more vectors
are required for AWG.

Influence of v The value of v varies between 0.2 and 0.49. Young’s modulus is constant in
the domain and F = 10*'. The threshold is 7y = 0.05 (so slightly smaller than previsously). As
shown in Table 2, increasing v has quite a dramatic effect on n_ (even without going near the
incompressible limit). This is rather disapointing. The classical GenEO does not suffer from this
problem (away from the incompressible limit v — 0.5).

Influence of E The threshold is set back to 74 = 0.1 in all that follows. This time the values
F4 and F» of Young’s modulus in the dark and light parts of w represented in Figure 1 are varied.
The results are in Table 3

Influence of the accuracy of W The second coarse space for the AWG preconditioners is
computed by solving n_ linear systems: A:Ll\RSTVi for all vectors v® that correspond to a
negative eigenvalue of B® and all subdomains. Until now, we have solved with very high accuracy:
the relative residual tolerance rtol was set to 1070, In this experiment we vary rtol. Table 4
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AWG

Classical GenEO

v k It #Vy n_ v k It #Vy n_
0.20 19.7 33 21 12 0.20 17.2 33 21 0
0.30 20.3 32 29 19 0.30 176 36 21 0
0.35 18.6 32 47 25 0.35 19.1 37 21 0
0.40 25.8 39 98 70 0.40 20.1 39 24 0
0.45 271 29 115 110 0.45 33.7 46 28 0
0.49 16.8 25 362 357 0.49 349 51 94 0

Table 2: The influence of Poisson’s ratio v is studied when E is constant and equal to 10'!. The
threshold is 7y = 0.05. v: Poisson’s ratio, x: condition number of preconditioned operator, It:
number of iterations, #Vy: dimension of GenEO coarse space, n_ = rank(A_):

second coarse space. Recall that classical GenEO is not algebraic.

dimension of

AWG Classical GenEO
(E17 EQ) K It #‘/0 n_ (El, EQ) K It #‘/0 n_
(10°5,10™) 108 22 95 75 (105, 10) 86 23 90 0
(107,10') 108 23 95 75 (107, 10) 86 26 87 0
(10°,101Y) 104 24 94 73 (10°,101) 85 25 8 0
(10t 10*) 122 29 35 19 (101,109 112 30 520
(1011,10%) 80 26 59 48 (10tt,10tY) 137 32 28 0
(101%,107) 9.0 26 57 48 (10'*,107) 111 29 55 0
(1011, 10°) 84 29 57 48 (101,105 127 30 55 0

Table 3: The influence of E and of the jump between E; and Fs is studied. (Eq, Es3): values
of Young’s modulus in the layers of coefficients, x: condition number of preconditioned operator,
It: number of iterations, #Vp: dimension of GenEO coarse space, n_ = rank(A_): dimension of

second coarse space. Recall that classical GenEO is not algebraic.
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v=203 v=204

rtol Kk It #Vo n_ rtol K It #Vo n_
10-10 9.0 26 57 48 10-19 94 29 100 74
10—2 9.0 27 57 48 10—2 9.4 30 100 74
0.05 11.1 31 57 48 0.05 12.0 33 100 74
0.1 12.2 32 57 48 0.1 174 36 100 74
0.5 400.8 40 57 48 0.5 1563.3 88 100 74
0.9 706.8 64 57 48 0.9 2142.1 100 100 74

Table 4: Influence of the accuracy of W (rtol) up to which the linear systems with A precondi-
tioned by Hy are solved during the setup of the second coarse space. rtol: tolerance, x: condition
number of preconditioned operator, It: number of iterations, #V;: dimension of GenEO coarse

space, n_ = rank(A_): dimension of second coarse space. Recall that classical GenEO is not
algebraic.
AWG Classical GenEO

E k It #Vo n_ E k It #Vo n_

E=10" 122 29 35 19 E=10" 137 32 28 0

9 layers 9.0 26 57 48 9 layers 11.1 29 55 0

3 layers 9.8 29 43 25 3 layer 9.9 31 35 0

E=10" 122 29 35 19 E=10" 137 32 28 0

Table 5: The number of layers of the harder coefficient varies. Two cases with homogeneous E are
also considered. k: condition number of preconditioned operator, It: number of iterations, #Vj:
dimension of GenEO coarse space, n_ = rank(A_): dimension of second coarse space. Recall that
classical GenEO is not algebraic.

shows how increasing rtol affects the condition number of A preconditioned by AWG. Two cases
have been studied with different Poisson’s ratios: v = 0.3 and v = 0.4. Up to rtol = 1072 there
is no change compared to rtol = 10'°. In fact, up to rtol = 0.5, the condition number is hardly
degraded. It must be kept in mind that this is a case with few subdomains and small changes to
% on such a case could become more problematic with more subdomains. Still, the conclusion is
optimistic: the linear solves with A do not need to be too precise. Of course a theoretical study
of how precise they should be is necessary.

Varying number of channels This time it is the number of layers of the harder coefficient that
varie. The two extreme cases of homogenenous hard and soft material are also considered. The
results are shown in table 5. Heterogeneous distributions require larger coarse spaces.

Long domain with layers of coefficients This testcase (represented in Figure 5) is often
studied in domain decomposition articles and presentations. Its drawback is that it doesn’t have
any crosspoints (degrees of freedom that belong to more than two subdomains) which is why it
was not considered up until now. In this paragraph, weak scalabity is studied. The results are
shown in Table 6.

o w=|[N,1],
e h =1/14 (mesh size),

e v = (.3 (Poisson’s ratio),
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Figure 5: Solution: w has been displaced by 10° multiplied by the solution to the PDE. The colors
show the distribution of coefficients. Dark: £ = E; = 10! - Light : E = E; = 107

(Young’s modulus),

g [ Bi=10" iy € [1/7,2/T]U[3/7:4/7) U [5/7:6/7),
“ | E; =107 otherwise,

e H, = Hgﬁ(rﬁ) with 7y = 0.1.

With the AWG preconditioner, the condition number hardly increases with the number of
subdomains. The sizes of the coarse spaces increase linearly as expected. This points toward weak
scalability.

AWG Classical GenEO
N kK It #Vo n_ N k It #Vo n_
2 12.6 15 8 8 2 9.5 15 7 0
4 9.8 16 26 20 4 119 19 19 0
8 9.0 15 62 44 8 12.6 23 43 0
16 14.7 23 218 170 16 14.1 31 194 0
32 148 19 442 346 32 141 31 394 0

Table 6: The number of subdomains increases, the problem size is proportional to the number of
subdomains. Weak scalable behaviour would be for the number of iterations to remain constant
and this is what is oberved. N: number of subdomains, k: condition number of preconditioned
operator, It: number of iterations, #Vj: dimension of GenEO coarse space, n_ = rank(A_):
dimension of second coarse space. Recall that classical GenEO is not algebraic.
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6 Conclusion

In this article new preconditioners called AWG for Algebraic Woodbury-GenEQO have been intro-
duced. Combined with PCG, they are algebraic domain decomposition methods with two coarse
spaces. Fast convergence can be guaranteed by adjusting some user chosen thresholds and enriching
one of the coarse spaces accordingly. Numerical results have been presented as a proof of concept
and to illustrate the behaviour of the AWG preconditioners on some simple test cases. Further
numerical simulations must be performed to assess the overall efficiency of the AWG precondition-
ers. Some possible improvements of the AWG preconditioners are still under investigation. This
includes decreasing the size n_ of the second coarse space by other choices of B?, finding sparse
approximations for the second coarse space and coarse solve, and perhaps, injecting some informa-
tion into the preconditioner like the near kernel of A in a way inspired by smoothed aggregation
[42].
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