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Abstract

This paper is devoted to propose a new efficient reduction method for predicting the
stability analysis of a brake system subjected to friction-induced vibration. The finite
element brake system under study is composed of a disc and a pad. The contact is mod-
eled by introducing contact elements at the friction interface with the classical Coulomb
law and a constant friction coefficient. It will be demonstrated that it is possible to build
efficient reduced finite element models by developing a reduced model based on a Double
Modal Synthesis (i.e. a classical modal reduction via Craig & Bampton plus a
condensation at the frictional interface). Special attention is being conducted to validate
the convergence of the reduced model especially on the approximation of the unstable
modes with respect to real and imaginary parts. This complete numerical strategy based
on Double Modal Synthesis allows us to perform relevance squeal prediction of unstable
vibration modes. It is demonstrated that the numerical results via the Double Modal
Synthesis are in good agreement with those of the classical Craig & Bampton method.

Keywords: friction-induced vibration, stability analysis, reduction strategy, squeal

1. Introduction

Research for predicting squeal noise has been regularly performed for many years [I}, 2]
3]. Despite great progress in the understanding and numerical simulation of brake squeal
(i.e. methodology for the modeling of the variability [0, [7], damping effects on squeal

s[4, 5], statistical analysis of brake squeal noise [8], non-linear formulations and behaviors
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at the frictional interfaces [9, [10] [TT1 2], chaotic phenomenon [I3] or acoustic emissions
[14] [15] [16]), there is still considerable progress to provide in order to achieve efficient
numerical approaches for squeal prediction. One of the most important drawbacks that
needs to be investigated is the capability to reduce computational time and data storage.
One of the possible ways is to propose minimal or reduced finite element models that
can reproduce the propensity of squeal noise. In this work, the focus is on an original
numerical modal reduction in order to predict the stability analysis of large finite element
models for brake systems. Indeed, it appears that one of the major limitations of classical
reductions for squeal noise is associated with the size of interface matrices due to the
explicit use of the interface degrees of freedom (i.e. the size of the reduced finite element
model is strongly dependent on the number of the degrees of freedom at the frictional
interface). So an interesting concept should be to develop an implicit reduction at the
frictional interface in order to return accurate results on stability analysis by keeping a
minimal number of generalized degrees of freedom at the interface. This reduction (at
the frictional interface) in connection with conventional reductions (for each of the sub-
structures) must be able to reproduce the overall behavior of the system for the prediction
of the squeal propensity. In this work, we propose a new original strategy based on the
Double Modal Synthesis [I7, [18]: the reduced finite element model is performed by using
the combination of the Craig & Bampton reduction procedure [I9] with an interface
reduction that allows to reduce the size of the internal interface between substructures.
This paper is divided into four parts: firstly, the finite element model under study for
brake squeal is presented with the modeling hypotheses. Secondly, the classical Craig &
Bampton reduction is briefly discussed and the the relevance of this reduction method for
the stability analysis of the proposed finite element model is studied in details. The last
part is devoted to the presentation of the original proposed strategy based on the Double
Modal Synthesis. Finally, discussion of numerical results is proposed. A comparison with
the classical Craig & Bampton method (without reduction at the frictional interface) is

carried out with an evaluation of the computational performances.
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2. The model of the simplified brake system

This section is firstly devoted to present the finite element model of the simplified
brake system under study. Secondly, the classical stability analysis for the complete

system that will served as a reference for the following parts of the paper is discussed.

2.1. Finite element model

The finite element model under study corresponds to a simplified brake system that
is composed of two isotropic elastic structures: a circular disc and a pad [I2] 20]. The
Structural Dynamics Toolbox (SdTools - Matlab Software) is used to build the finite
element model of the two substructures as shown in Figure [l} Concerning the boundary
conditions, the pad is in-plane fixed and the inner surface of the disc is clamped. Details

on the finite element model and material properties, inspired from [I5], are listed in Table

s [ and 2] respectively.

[Figure 1 about here.]
[Table 1 about here.]
[Table 2 about here.]
The equations of motion of the brake system can be written as
MX + CX + KX =F + F,, (1)

where M, C, K are the mass, damping and stiffness matrices, respectively. )"(, X, X
are acceleration, velocity and displacement vectors. Fp, defines the vector of the pressure
force. F is related to the vector of forces due to contact and friction occurring at the disc/
pad interface especially at the contact nodes. The contact force is described by the

following mathematical function

Fi:kL(Zp—Zd), (2)

c

where z, and z4 define, respectively, the displacements of contact nodes for the pad

and the disc at the *" contact element. k. is the contact stiffness coefficient fixed at 3.1 x
10°N.m~!. This value has been chosen to fit the first order of pad compression
3
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curves obtained from experimental tests given in [20]. This value is only valuable over a
predefined pressure range. Moreover, a simplified Coulomb law is considered with a
constant friction coefficient without any stick-slip motion. Then, the friction force Fi,
located at the i*" node is derived from the contact force F! at the friction interface in
the tangential plan with

Fj = puF}, (3)

where p is the friction coefficient.

Thus, the vector of friction force is given by

B nFe ,eq.x

F¢ (4)

;
Nch,zeG~y

where x and y are the tangential directions of the friction interface, ey is the orthoradial
direction of the disc. The vector of the non-linear force is composed of the contact and
contact components (F.) and (F¢ ), respectively (i.e. F = F. + F¢ ). Finally, modal
damping associated with each eigenfrequency is applied to the system as ¢ = 2&,wy, where
& is the damping coefficient. The value of the damping coefficient &, is fixed at 2%. Even if
the effects of damping is out the scope of the present study, we recall that damping proves
to have two different effects: a lowering effect and a smoothing effect. The lowering effect
tends to stabilize the system. If the smoothing effect prevails, added damping may
destabilize the system see the following paper for more details [5, 22, 23, 24, 25]. The
damping matrix C is built expanding the modal damping matrix onto the undamped,

non-frictional inverse modal basis ® ~* of the reduced model as
C=& "diagle; - cp---en] BN (5)
Note that the assembled finite element model is composed of 44950 degrees of freedom.

2.2. Stability analysis

The stability analysis is a classic process in order to study mechanical system sub-
jected to friction-induced vibration. The first step called the static problem consists of
estimating the steady-state operating point Xg for the full set of static equations. Then,

stability is performed on the linearized equations for small perturbations at the operating

4
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point (X = X + X). So, the system around the operating point is given by

MX + CX + (K - J)X =0, (6)
K

where J is the frictional contact Jacobian matrix derived from the expressions of the
contact and friction forces.

The associated eigenvalue problem can be written as
(MM+AC+K)® =0, (7)

where \;, and ®, are the eigenvalue and eigenvector related to the k" eigenmode. As
the stiffness matrix K is asymmetrical, due to the contribution of friction forces, the

computed eigenvalues are complex and ca be written as
Ak = ap + iwg (8)

where ay, is the real part and wy, is the imaginary part of the eigenvalue \g. wy corresponds
to the pulsation of the k' mode. As long as the real part of all the eigenvalues remains
negative, the system is stable. When at least one of the eigenvalues has a positive real
part, the system becomes unstable. The unstable mode can generate vibrations at its
natural frequency with coalescence phenomenon, resulting in squeal noise emission. The

frequency of the unstable mode is given by the imaginary part of this eigenvalue.

3. Craig & Bampton reduction

The main objective of this section is to discuss the relevance of the C&B reduction
method for the stability analysis of the proposed disc/pad system. More specifically, the
analysis will focus on the possibility to reduce the size of the full finite element model
while maintaining an accurate estimation of the evolution of the imaginary and real
parts of the system with a low order model. First of all, the C&B reduction method is
briefly presented. Then, performances of the C&B reduction methods are discussed on

the frictionless problem and the problem with friction at the pad/disc interface.

3.1. CéB condensation method

The C&B reduction method consists in building a projection base combining con-

straint modes and a truncated basis of normal modes computed with a fixed interface.
5



7 The truncation is realized on each substructure of the brake system (i.e. the pad and the
disc). All the degrees of freedom (denoted by u) are divided in two types: the subsystem
internal degrees of freedom (denoted by u;) and the boundary degrees of freedom (de-
noted by uj). So the degrees of freedom at the frictional interface are directly associated
with the boundary degrees of freedom.

7 In this section, we consider a single substructure (either the pad or the disc). Mass
and stiffness matrices related to the considered substructure are denoted using the su-
perscripts D (disc) or P (pad), as well as the degrees of freedom. Hence the following

formulation:

UjP
uiP 9
u= P 9)
uiD
K;© Ki” o0 0
K_]lP KiiP 0 0
K = b 5 (10)
0 0 K;” Kj;
0 0 K;® Ky”
M;” MpP oo 0
M;" My” o 0
M — (11)
0 0 M;? M;”P
0 0o M;P Mmy”

The C&B reduction aims at expressing the internal degrees of freedom w;?, where
q = P or D, as a function of generalized degrees of freedom n¢ and boundary degrees of
freedom wu;:

w! = @It + Wiy (12)

The columns of matrix ®7 are the eigenvectors ®,,7 obtained by solving the following

s equation:

(Kiiq — wiMiiq) (I>"q =0 (13)

6
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Matrix W is obtained by solving the following static problem:

K;i%w;? + Kij(IUJq =0 = uyl=- (Kiiq)il Kijq UJq (14)
|
v
Matrices ¥ and ® allow to express the degrees of freedom as follows:

u;” I o0 o0 o u;”
w? v 7 0 o0 n?
u= = (15)
u;? 0o 0o I o u;?
w P 0 o vP &P nP
T

The reduced mass and stiffness matrices can then be written:

M = T'MT (16)

K =T7KT (17)

[nP] and [n”] become the two control parameters of the C&B condensation. As the
number of junction dof’s is the same for each substructure, consequently the expression
[w;F] = [u;P] is verified. Finally it can be concluded that the C&B reduction leads to a
low order system depending on the number of contact nodes and the number of modes kept
in the truncation of the two subsystems independently. More precisely, as we can find three
dof’s per contact node (because of the three directions) [u;”’] = [u;?] = 3 x n..
where n. defines the number of contact nodes (n. = 200 in the case under study). So
that the size of the C&B reduced model is finally obtained by the following relationship
2% 3 xne+ [n7] + [n"].

3.2. Performances of the Craig & Bampton reduction

Before using reduced bases for the stability study, performances of the C&B reduction
method has to be tested on the problem without friction. So in this following part of this
section, C&B reduction is applied to the mechanical system under study for two specific
problems. The first case concerns the system without friction at the disc/pad interface (i.e.

the disc and the pad are coupled only through normal degrees of freedom

7
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on the contact surface). The second case introduces the problem with friction and the
associated stability analysis. The system without friction at the disc/pad interface (i.e.
the disc and the pad are coupled only through normal degrees of freedom on the contact
surface).

For each case (i.e. the frictionless problem and the problem with friction), the objec-
tive consists in searching for the best approximated solution in a reduced subspace for
the brake system:

(A>M +AC + K)® = 0. (18)
where M, C and K correspond to the mass, damping and stiffness matrices in the
reduced subspace. For the reader comprehension, the change between the two cases
comes exclusively from the expression of the stiffness matrix which includes or not the
friction terms.

By solving the previous reduced eigenvalue problem (equation ), a set of approximate
complex eigenvalues \e = @y + iy, can be estimated in the frequency range of interest.
Due to the fact that the aim of this section is to study the convergence of the reduced
model in regard to the number of modes used in the C&B reduction, two criteria employed
to evaluate the quality of the C&B reduction method are proposed. For the frictionless
problem, these criteria are based on the relative error criterion between imaginary and
real parts for each mode in the frequency range of interest [0;6000]Hz. Error on the
frequencies is defined by the following relation
o = 10022k (19)
Wik
where wy, is the exact pulsation of the k' mode (i.e. pulsation of the original full brake
model) and @y, is the approximate pulsation of the k" mode calculated via the C&B
reduction.
The calculation of error on the real parts is given by
ean = 1002 % (20)
ak

where aj, and @y, are the exact and approximate real parts of the k' mode, respectively.

For the problem with friction, the criteria are only based on the relative error criterion

between imaginary and real parts for the unstable modes in the frequency range of interest
8
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[0; 6000 H z. Error on the frequencies for the &£ unstable mode is defined by the following
relation

)= 100%, (21)

k

where w} is the exact pulsation of the kt" unstable mode (i.e. pulsation of the original full
brake model) and &%js the approximate pulsation of the k" unstable mode calculated
via the C&B reduction.
The calculation of error on the real parts (i.e. divergence rate) of the k' unstable mode
is given by
ay —ayp

u )

el = 10075
k

(22)

where a;." and a;} are the exact and approximate real parts of the k" unstable mode,
respectively.

First of all, results for the frictionless problem are presented. This analysis is a
classical problem in the field of mechanical engineering. However it is presented here as
a preliminary study to the specific formalism used further in the stability study. Figure
shows the errors €, and €, ; on the frequencies and real parts in the frequency range
of interest [0; 6000] Hz for different sizes of the reduced subspace. It clearly appears that a
reduced subspace composed of 40 internal modes is enough to stay under an error of 0.4%
for eigenfrequencies.

Secondly, Figures [3] and [f] show the convergence results on both real and imaginary
parts of the three unstable modes in the frequency range of interest in the case of u = 0.5
and g = 1 (for the problem with friction at the disc/pad interface). As previously
explained, we focus our interest only on the unstable modes in the frequency range of
interest. This choice results in the fact that for a stability analysis, it is particularly
interesting to correctly predict the squeal occurrence and frequencies and the real parts
of the associated unstable modes. The results of convergence for the stable modes (not
presented here) are similar.

Even if it is shown that the errors €, and €, remain under 1% for a sufficient
size of the reduced space, it is observed that the real parts of the three unstable modes
converge slower than the associated imaginary parts for both © = 0.5 and u = 1. We

can also note that the size of the reduced base required to achieve a given level of error
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is smaller for the the imaginary parts than for the real parts (for both cases u = 0.5 and

w=1).
[Figure 2 about here.]
[Figure 3 about here.]

[Figure 4 about here.]

4. Double Modal Synthesis

Even if the C&B reduction procedure allows to reduce the size of the system, it can
be noted that one of the major limitations of this reduction is associated with the size
of interface matrices due to the explicit use of the degrees of freedom at the interface
(in the case under study the 220 contact nodes lead to 1320 degrees of freedom). As
a consequence, the size of the reduced system is strongly dependent on the number of
degrees of freedom at the frictional interface. So it should be interesting to propose a
global strategy that generates an implicit reduction at the frictional interface in order
to return accurate results for a drastically reduced finite element system in a lesser time
while keeping the global physical behaviour at the frictional interface. Therefore, this
section is devoted to present the combination of the C&B reduction procedure with an
interface reduction strategy that allows to reduce the size of the internal interface between
substructures. Firstly, the reduction method at the frictional interface is presented and

discussed. Then, efficiency and advantages of the global reduction are analyzed.

4.1. The interface reduction strategy

The Craig & Bampton reduction explained in section leads to reduced mass and

stiffness matrices M and K, as well as a reduced dof’s vector u:

ME MEP 0 0

i in
- MP MPZ 0 0
M — m nn _ » (23)
0 o0 My My,
Y 2R Y 72
0 0 Mnj Mnn



Ji in
- Kf KPZ o 0
K — nJ nn . . (24)
0 0 Kj Kj
D D
0 0 Knj Kmi
-~ P - P -~ PD
Kii Kin Kjj
- P - P
K- KCnj Ko 0 0 925
- ~ DP ~ D ~ D ( )
ICjj 0 K;;  Kjy
0 0 anD ’énnD
lle
P
a=4{ " (26)
ujD
nD

The aim of the DMS method is to express the remaining degrees of freedom u;” and

ujD in function of generalized degrees of freedom (:

w” &,"
=®p( = S (27)
lljD (I)b
150 where the columns @37 of matrix @4 are obtained by solving the following eigenmodes
problem:
- P - PD ~
i Kij | MJ; 0 “_
_"pp - p | —wk - P,7=0 (28)
Kjj Kjj 0 My

u;” " 0 0 c
_ n? 0 I o0 b
u= = D n (29)
llJD (I’b 0 o0 D
n
nP 0 0 I
Ty

11
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The transfer matrix T}, allows to obtain the reduced mass, damping and stiffness

matrices:

M =T, "MTy, (30)
C=T,"CT, (31)
K = TbTKTb and KJ = TbTICTb (32)

Therefor, the stability of the DMS-reduced model can be computed using the following

equation:
(7& +AC + 5\21\7I> d=0 (33)

4.2. Stability analysis for p = [0;1]

The stability of the DMS reduced model is now computed for a coefficient of friction
ranging from p = 0 to u = 1. Several orders of truncation of the DMS are tested in order
to validate the efficiency of the proposed methodology.

Figure [5] shows the evolution of the real parts of the three unstable modes versus the

friction coefficient for different orders of truncation (50, 100, 150 and 200 generalized
degrees of freedom). Then, Figures @ m and [8] give the evolution of both the real and
imaginary parts in the complex plane for the first, second and third unstable modes
respectively (in these cases, the friction coefficient varies in the range p = [0;1]). It is
observed that increasing the order of truncation for the DMS leads to a better estimation
of the real and imaginary parts of the three complex eigenvalues for all the values of the
friction coefficient in the range of interest (i.e. u = [0; 1]). These results clearly indicate the
efficiency of the proposed DMS.
n order to undertake more precisely the convergence of the DMS-reduced model,
convergence on the real and imaginary parts is given in Figur and (10 for two coeffi-
cients of friction p = 0.5 and g = 1, respectively. More specifically, errors between the
DMS-reduced model and the reference model are shown versus the orders of truncation of

the DMS. First of all, it is illustrated that increasing the size of the generalized degree of
12
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freedom for the DMS-reduced model decreases errors for both imaginary and real parts.

This reflects the convergence of the DMS. Moreover, it can be noted that the errors made
on the imaginary parts are smaller than the errors on the real parts regardless of the size of
the DMS-reduced model.

On the other hand, the truncation order needed to achieve convergence (in terms of
permissible error) is strongly dependent on the value of the friction coefficient. In order
to achieve an effective reduction for the entire frequency range of interest, the DMS must
be initially validated for various coefficients of friction. So considering only a validation for
w1 =0 (i.e. without contribution of the frictional elements) will not be sufficient in order to

ensure a reduced-model validated for p # 0.

[Figure 5 about here.]
[Figure 6 about here.]
[Figure 7 about here.]
[Figure 8 about here.]
[Figure 9 about here.]

[Figure 10 about here.]

5. C&B vs DMS: computation times

In this section, computation times for both the C&B reduction and the DMS are
compared. Figure |11 presents the associated results. For the reader comprehension, the
number of generalized degrees of freedom for the DMS is fixed as [p] = 100 and the C&B
order is increased as [n?] = [pP].

The first column of the tabular shown in the Figure a) gives several values taken
by [n] . The second column shows the C&B-time computation and the related curve is

plotted in black color on Figure b). The third column of the tabular shown in the
Figure 11(a) gives DMS-computation time and the associated curve is plotted in gray

13



color on Figure (b) It is clearly observed that the DMS greatly reduces computa-
tional times because of the weak number of generalized degrees of freedom kept in the

truncation.

[Figure 11 about here.]

205 6. Conclusion

This paper undertakes two modal reduction methods (the Craig & Bampton reduction
and the Double Modal Synthesis) with an application on a finite element model of brake
squeal. More specifically, the Double Modal Synthesis is described and the efficiency of
this proposed reduction strategy is illustrated via the stability analysis of brake squeal.
It appears that one of the most advantages of the Double Modal Synthesis is to be able
to drastically reduce the number of degree of freedom of the system by performing a
modal synthesis at the frictional interface. Numerical results also indicate that the size
of the final system via the Double Modal Synthesis strongly depends on the values of some
physical parameters (such as the friction coefficient). It is also illustrated that
considering a modal reduction only based on the frictionless system (for © = 0) can lead
to spurious results. In all cases, the efficiency and convergence of the proposed Double
Modal Synthesis is validated.

In this present study, we consider the friction coefficient to be a parameter and the modes
are computed for specific values of the friction coefficient p, which could lead
to high computational costs. In future work, improvements of the proposed second
condensation should be based on complex modes computed for different values of the
friction coefficient. This could lead to a generalization of the reduction over a variation

range of the friction coefficient.
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Figure 1: Design of the finite element model (a) simplified brake system [I5](b) 220
uniformly spaced contact nodes at the frictional pad/disc interface (in red colour)
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nT =nP C&B DMS ([¢] = 100)
40 32.8 min 82s
50 34.27 min 10.3 s
70 36.34 min 15.7 s
80 38.32 min 22.7s
90 39.90 min 25.8 s
100 41.07 min 30.99 s
200 56.26 min 1.8 min
300 76.59 min 4.6 min
500 132.66 min 17.17 min
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Figure 11: Computation time: C&B Vs DMS. Comparison between the two condensation
methods increasing the C&B-order of truncation [n] with a fixed number of generalized
degree of freedom for the DMS [¢] = 100. (& = 0.002).
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Disc Pad
Nodes 1050000 6460
Elements [hexa8] 114060 5860
Dof’s 45000 2640
Clamped dof’s 2250 440
Matrix size: [K] = [M] | [42750 x 42750] | [2200 x 2200]

Table 1: Finite element details on the simplified brake system
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Disc

Pad

Young modulus E [GPa]
Poisson ratio v [{)]
Density p [kg/m3]

Inner radius [m]

Outer radius [m]
Thickness [m)]

125
0.3
7200
0.034
0.151
0.019

2

0.1
2500
0.091
0.147
0.0128

Table 2: Material and geometric properties of the two substructures
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