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UPPER BOUNDS AND SPECTRUM FOR APPROXIMATION
EXPONENTS FOR SUBSPACES OF Rn

ELIO JOSEPH

Abstract. This paper uses W. M. Schmidt’s idea formulated in 1967 to generalise the
classical theory of Diophantine approximation to subspaces of Rn. Given two subspaces
of Rn A and B of respective dimensions d and e with d+ e ⩽ n, the proximity between
A and B is measured by t = min(d, e) canonical angles 0 ⩽ θ1 ⩽ · · · ⩽ θt ⩽ π/2; we set
ψj(A,B) = sin θj . If B is a rational subspace, his complexity is measured by its height
H(B) = covol(B∩Zn). We denote by µn(A|e)j the exponent of approximation defined as
the upper bound (possibly equal to +∞) of the set of β > 0 such that for infinitely many
rational subspaces B of dimension e, the inequality ψj(A,B) ⩽ H(B)−β holds. We are
interested in the minimal value µ̊n(d|e)j taken by µn(A|e)j when A ranges through the
set of subspaces of dimension d of Rn such that for all rational subspaces B of dimension
e one has dim(A ∩ B) < j. We show that if A is included in a rational subspace F
of dimension k, its exponent in Rn is the same as its exponent in Rk via a rational
isomorphism F → Rk. This allows us to deduce new upper bounds for µ̊n(d|e)j . We also
study the values taken by µn(A|e)e when A is a subspace of Rn satisfying dim(A∩B) < e
for all rational subspaces B of dimension e.

1. Introduction

Diophantine approximation in its classical sense studies how well points of Rn can be
approximated by rational points. We will focus here on a different but related problem,
stated by W. M. Schmidt in 1967 (see [Sch67]), which studies the approximation of sub-
spaces of Rn by rational subspaces. The results exposed here can be found with extended
details in my Ph.D. thesis (see [Jos21a], chapters 5 and 6).

Let us say that a subspace of Rn is rational whenever it admits a basis of vectors of
Qn; let us denote by Rn(e) the set of rational subspaces of dimension e of Rn. A subspace
A of Rn is said to be (e, j)-irrational whenever for all B ∈ Rn(e), dim(A∩B) < j; let us
denote by In(d, e)j the set of all (e, j)-irrational subspaces of dimension d of Rn. Notice
that A ∈ In(d, e)1 if, and only if, for any B ∈ Rn(e): A ∩B = {0}.

In order to formulate the problems we will consider, we need a notion of complexity for
a rational subspace and a notion of proximity between two subspaces of Rn.

Let B ∈ Rn(e) and Ξ = (ξ1, . . . , ξN) ∈ ZN , with N =
(
n
e

)
, be a vector in the class of

Plücker coordinates of B. Let us define the height of B to be:

H(B) = ∥Ξ∥ / gcd(ξ1, . . . , ξN)

where ∥·∥ stands for the Euclidean norm. In particular, when Ξ has setwise coprime
coordinates: H(B) = ∥Ξ∥.

We will also make use of an equivalent definition of the height of a rational subspace.
Given vectors X1, . . . , Xe ∈ Rn, let us denote by M ∈ Mn,e(R) the matrix whose j-th
column is Xj for j ∈ {1, . . . , e}. The generalised determinant of the family (X1, . . . , Xe) is
defined as D(X1, . . . , Xe) =

√
det( tMM). The following result establishes a link between

the generalised determinant and the height of a rational subspace (see Theorem 1 of
[Sch67]).
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2 E. JOSEPH

Theorem 1.1 (Schmidt, 1967). Let B ∈ Rn(e) and (X1, . . . , Xe) be a basis of B ∩ Zn.
Then

H(B) = D(X1, . . . , Xe).

For X, Y ∈ Rn \ {0}, let us define a measure of the distance between these two vectors
by ψ(X, Y ) = sin (̂X, Y ) = ∥X ∧ Y ∥ · ∥X∥−1 · ∥Y ∥−1, where Rn and is endowed with the
standard Euclidean norm ∥·∥, ∧ : Rn × Rn → Λ2(Rn) stands for the exterior product on
Rn, and the Euclidean norm is naturally extended to Λ2(Rn) so that ∥X ∧ Y ∥ is the area
of the parallelogram spanned by X and Y . Let us define by induction t = min(d, e) angles
between two subspaces A and B of Rn of respective dimensions d and e. The first one is
defined as

ψ1(A,B) = min
X∈A\{0}
Y ∈B\{0}

ψ(X, Y )

and let X1 and Y1 be two unitary vectors such that ψ1(A,B) = ψ(X1, Y1). Let j ∈
{1, . . . , t − 1} and assume that the first j angles ψ1(A,B), . . . , ψj(A,B) have been con-
structed together with couples of vectors (X1, Y1), . . . , (Xj, Yj) ∈ A×B such that ψℓ(Aℓ, Bℓ) =
ψ(Xℓ, Yℓ) for ℓ ∈ {1, . . . , j}. Let Aj and Bj be two subspaces of A and B respectively,

such that A = Span(X1, . . . , Xj)
⊥
⊕ Aj and B = Span(Y1, . . . , Yj)

⊥
⊕ Bj. The (j + 1)-th

angle is then defined as
ψj+1(A,B) = min

X∈Aj\{0}
Y ∈Bj\{0}

ψ(X, Y ),

and let Xj+1 and Yj+1 be two unitary vectors such that ψj+1(A,B) = ψ(Xj+1, Yj+1).
According to Theorem 4 of [Sch67], there exist orthonormal bases (X1, . . . , Xd) and

(Y1, . . . , Ye) of A and B respectively, such that for all (i, j) ∈ {1, . . . , d} × {1, . . . , e},
Xi · Yj = δi,j cos θi, where δ is the Kronecker delta, the θℓ are real numbers such that
0 ⩽ θt ⩽ · · · ⩽ θ1 ⩽ 1, and · is the canonical scalar product on Rn; notice that ψj(A,B) =
sin θj. The angles defined between A and B are canonical since the numbers θ1, . . . , θt
does not depend on the choice of the bases (X1, . . . , Xd) and (Y1, . . . , Ye) and are invariant
under the application of an orthogonal transformation on A and B simultaneously.

Let us now formulate the generalisation to the classical Diophantine approximation
problem. Let n ⩾ 2, d, e ∈ {1, . . . , n− 1} be such that d + e ⩽ n, j ∈ {1, . . . ,min(d, e)}.
For A ∈ In(d, e)j, let µn(A|e)j be the upper bound in [0,+∞] of all β > 0 such that

ψj(A,B) ⩽
1

H(B)β

holds for infinitely many B ∈ Rn(e). Let

µ̊n(d|e)j = inf
A∈In(d,e)j

µn(A|e)j.

The determination of µ̊n(d|e)j in terms of n, d, e and j is still an open problem. Some
partial results are known (see [Sch67], Theorems 12, 13, 15, 16 and 17; [Mos20], Satz 2;
[dS20], Theorem 9.3.2; [Jos21b], Theorems 1.5, 1.6, 1.7, 1.8 and Corollary 1.1). In this
paper, new upper bounds on µ̊n(d|e)j will be proved in Propositions 3.1 and 3.2.

The other problem tacked by this paper is the determination of the set µn(In(d, e)j|e)j
in terms of (n, d, e, j), i.e. the set of values taken by µn(A|e)j for A ∈ In(d, e)j.

One of the main results of the present paper, which allows us to improve on several
known upper bounds for µ̊n(d|e)j, is the following theorem and its corollary below.

Theorem 1.2. Let n ⩾ 2 and k ∈ {2, . . . , n}. Let d, e ∈ {1, . . . , k − 1} be such that
d + e ⩽ k, and j ∈ {1, . . . ,min(d, e)}. Let A be a subspace of dimension d of Rn, such
that there exists a subspace F ∈ Rn(k) such that A ⊂ F . Let us denote by φ : F → Rk a
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rational isomorphism and let Ã = φ(A), which is a subspace of dimension d of Rk. Let
us assume that for any rational subspace B′ of dimension e contained in F , one has

(1) dim(A ∩B′) < j.

Then A ∈ In(d, e)j, Ã ∈ Ik(d, e)j and

µn(A|e)j = µk(Ã|e)j.
One can notice that Hypothesis (1) of Theorem 1.2 is a priori a weak version of the

hypothesis A ∈ In(d, e)j (i.e. dim(A ∩ B) < j for all B ∈ Rn(e)); Theorem 1.2 shows
that these two hypotheses are in fact equivalent.

Corollary 1.1. Let n ⩾ 2 and k ∈ {2, . . . , n}. Let d, e ∈ {1, . . . , k − 1} be such that
d+ e ⩽ k, and j ∈ {1, . . . ,min(d, e)}. Then one has

µ̊n(d|e)j ⩽ µ̊k(d|e)j.
This corollary leads to new upper bounds in subsection 3.1; for instance Proposition 3.2

gives if n ⩾ 6, d ∈ {3, . . . , ⌊n/2⌋} and ℓ ∈ {1, . . . , d}: µ̊n(d|ℓ)1 ⩽ 2d2/(2d− ℓ), improving
on several known upper bounds.

The other main result of this paper deals with the spectrum of µn(•|e)j when d = e = j.

Theorem 1.3. Let n ⩾ 2 and ℓ ∈ {1, . . . , ⌊n/2⌋}, one has[
1 +

1

2ℓ
+

√
1 +

1

4ℓ2
,+∞

]
⊂
{
µn(A|ℓ)ℓ, A ∈ In(ℓ, ℓ)ℓ

}
.

In Section 2 we state some lemmas on the height and the proximity, which will find
use in the other sections. In Section 3, we will prove and use Theorem 1.2 to deduce new
upper bounds on µ̊n(d|e)j. Section 4 is dedicated to prove Theorem 1.3, which brings a
partial answer to the problem of the determination of the set µn(In(d, e)j|e)j; the main
theorem of Section 3 is also used in this section.

2. Some results about the height and the proximity

The first lemma is proved in [Sch67] (Lemma 13).

Lemma 2.1 (Schmidt, 1967). Let A and B be two subspaces of Rn of dimensions d and e
respectively, let φ be a non-singular linear transformation of Rn. There exists a constant
c(φ) > 0 such that for all j ∈ {1, . . . ,min(d, e)}, ψj(φ(A), φ(B)) ⩽ c(φ)ψj(A,B).

We will make use of the brief Lemma 2.3 below, but first, we require a lemma of Schmidt
(see [Sch67], Lemma 12), which will also find use in the proofs of Lemma 3.1 and Theorem
1.2.

Lemma 2.2. Let A and B be two subspaces of Rn of dimensions d and e respectively,
let j ∈ {1, . . . ,min(d, e)}. Then ψj(A,B) is the smallest number λ so there is a subspace
Aj ⊂ A so that for every X ∈ Aj \ {0}, there exists Y ∈ B \ {0} such that ψ(X, Y ) ⩽ λ.

Lemma 2.3. Let A and B be two non-trivial subspaces of Rn such that dimA ⩽ dimB.
Then

∀X ∈ A \ {0}, ψ1(Span(X), B) ⩽ ψdimA(A,B).

Proof. Let X ∈ A \ {0}. One has
ψ1(Span(X), B) = min

Y ∈B\{0}
ψ(X, Y )

⩽ max
Z∈A\{0}

min
Y ∈B\{0}

ψ(Z, Y )

= min{φ, ∀Z ∈ A \ {0}, ∃Y ∈ B \ {0}, ψ(Z, Y ) ⩽ φ}
= ψdimA(A,B)
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using Lemma 2.2. □

Now, we prove a result on the behaviour of the height of a rational subspace when
applying a rational morphism.

Lemma 2.4. Let n ⩾ 3 and e, p ∈ {1, . . . , n}; let B ∈ Re(n) and F be two rational
subspaces of Rn such that B ⊂ F ; let φ : F → Rp be a rational morphism such that
dimφ(B) = dimB. There exists a constant c(φ) > 0, depending only on φ, such that

H(φ(B)) ⩽ c(φ)H(B).

Proof. Let us extend φ to a rational endomorphism of Rn by extending its codomain from
Rp to Rn, and by letting φ(x) = x for all x ∈ F⊥.

First, assume that the subspace B is a rational line L. Let ξ = (ξ1, . . . , ξn) ∈ Zn be such
that gcd(ξ1, . . . , ξn) = 1 and L = Span(ξ). One has φ(L) = Span(φ(ξ)), and there exists
c1(φ) > 0 independent of ξ such that ∥φ(ξ)∥ ⩽ c1(φ) ∥ξ∥. Let (ζ1, . . . , ζn) ∈ Qn be the
coordinates of φ(ξ). Since φ ∈ Mn(Q), there exists k ∈ Z \ {0} such that kφ ∈ Mn(Z), so
kφ(ξ) ∈ Zn, and then for all i ∈ {1, . . . , n}, kζi ∈ Z. Let b be the fractional ideal spanned
by the ζi, one has kb = k(ζ1Z + · · · + ζnZ) ⊂ Z, thus kN(b) = N(kb) ⩾ 1. Therefore,
using the generalised definition of the height of a rational subspace (see [Sch67], Equation
(1) page 432):

H(φ(L)) = N(b)−1 ∥φ(ξ)∥ ⩽ kc1(φ) ∥ξ∥ = c(φ) ∥ξ∥ = c(φ)H(L)

with c(φ) = kc1(φ).
Let us extend the result to a rational subspace B of dimension e. Let N =

(
n
e

)
and B∗

be the rational line of RN spanned by the Plücker coordinates of B. The hypothesis of
the lemma gives dimφ(B) = dimB, so the rational line φ(B)∗ spanned by the Plücker
coordinates of φ(B) also belongs to RN . Notice that H(B) = H(B∗) and H(φ(B)) =
H(φ(B)∗). Let us denote by S ∈ Mn(Q) the matrix of φ in the canonical basis of Rn.
Then Λe(S) ∈ MN(Q), the matrix formed with all e × e minors of S in lexicographic
order, is the matrix of φ(e), the e-th compound of φ, in the canonical basis of RN . One
has φ(B)∗ = φ(e)(B∗) (see [Sch67], page 433), so H(φ(B)∗) = H(φ(e)(B∗)). This falls into
the case of dimension 1 in RN , therefore the first part of the proof concludes and gives a
constant c(e)(φ).

Notice that the constant c(φ) does not depend on e by taking c(φ) = max1⩽e⩽n c
(e)(φ).

□

3. Inclusion in a rational subspace

Here, we will focus on the case where the subspace we are trying to approach is included
in a rational subspace. This will lead to several improvements on the known upper bounds
for µ̊n(d|e)j.

First, we will state in Subsection 3.1 the new results that can be deduced from Corollary
1.1 of Theorem 1.2. Then, we will establish two lemmas in Subsection 3.2 which will find
use in the proof of the main result, Theorem 1.2, in Subsection 3.3.

3.1. Improvements on some upper bounds. First, the upper bound µ̊5(2|2)1 ⩽ 4
given by Theorem 16 of [Sch67] is improved (Theorem 12 of [Sch67] gives µ̊5(2|2)1 ⩾ 20/9,
so an equality is not obtained here).

Proposition 3.1. One has
µ̊5(2|2)1 ⩽ 3.

The proof of Proposition 3.1 requires Theorem 1.5 of [Jos21b]: µ̊4(2|2)1 = 3.
In a very similar fashion, the following proposition is deduced from Theorem 1.7 of

[Jos21b]: µ̊2d(d|ℓ)1 ⩽ 2d2/(2d− ℓ) for d ⩾ 2 and ℓ ∈ {1, . . . , d}.
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Proposition 3.2. Let n ⩾ 6, d ∈ {3, . . . , ⌊n/2⌋} and ℓ ∈ {1, . . . , d}, one has

µ̊n(d|ℓ)1 ⩽
2d2

2d− ℓ
.

This proposition improves on several upper bounds when n is close to 2d and ℓ is close
to d; for instance, the upper bounds µ̊9(4|3)1 ⩽ 7 and µ̊30(10|8)1 ⩽ 18 proved by Schmidt
(see [Sch67], Theorem 16) are improved respectively to 32/5 and 50/3.

3.2. Two useful lemmas to prove Theorem 1.2. Let us prove two lemmas which
will find use in the proof of Theorem 1.2 in Subsection 3.3. The first lemma studies how
the proximity between two subspaces behaves when applying a projection. This proof
follows the ideas of Lemma 13 of [Sch67], though the endomorphism is not assumed to be
invertible here.

Lemma 3.1. Let R be a non-empty subset of Rn such that R ∩ F⊥ = ∅ and such that
there exists a constant c > 0 satisfying

(2) ∀X ∈ R,
∥∥p⊥F (X)

∥∥ ⩾ c ∥X∥
where p⊥F is the orthogonal projection onto F . Let D be a subspace of Rn such that
dimD ⩾ j and D ⊂ R ∪ {0}. Then there exists a constant c′ > 0 depending only on c
such that

ψj(A,D) ⩾ c′ψj(A, pF (D)).

Proof. Hypothesis (2) gives a constant c > 0 such that for all X ∈ R, c ∥X∥ ⩽
∥∥p⊥F (X)

∥∥.
In particular c ⩽ 1 since p⊥F is a projection, therefore we may assume that F \ {0} ⊂ R
since

∥∥p⊥F (X)
∥∥ = ∥X∥ for any X ∈ F . Our first goal is to show that there exists a

constant c1 > 0 (depending only on c > 0), such that

(3) ∀X ∈ F \ {0}, ∀Y ∈ R, ψ(X, p⊥F (Y )) ⩽ c1ψ(X, Y ).

Let X ∈ F \ {0} and Y ∈ R. Without loss of generality, assume that ∥X∥ = ∥Y ∥ = 1

and X · Y ⩾ 0. One has ψ2(X, p⊥F (Y )) = (
∥∥p⊥F (Y )

∥∥2 − (X · p⊥F (Y ))2)/
∥∥p⊥F (Y )

∥∥2. Let
λ =

∥∥p⊥F (Y )
∥∥ and notice that 0 ⩽ (X · p⊥F (Y ) − λ)2 leads to λ2 − (X · p⊥F (Y ))2 ⩽

2(λ2 − λ(X · p⊥F (Y ))). Thus,

ψ2(X, p⊥F (Y )) ⩽ 2

∥∥p⊥F (Y )
∥∥−X · p⊥F (Y )∥∥p⊥F (Y )

∥∥ .

Using Hypothesis (2), ψ2(X, p⊥F (Y )) ⩽
2

c

(∥∥p⊥F (Y )
∥∥−X · p⊥F (Y )

)
, but

1

2

(∥∥X − p⊥F (Y )
∥∥2 − 1−

∥∥p⊥F (Y )
∥∥2) = −X · p⊥F (Y ),

so

(4) ψ2(X, p⊥F (Y )) ⩽
1

c

∥∥p⊥F (X − Y )
∥∥2 − 1

c

(∥∥p⊥F (Y )
∥∥− 1

)2
⩽

1

c
∥X − Y ∥2 .

Let us mention an elementary geometric claim.

Claim 3.1. Let U and V be unitary vectors such that U · V ⩾ 0. One has ψ(U, V ) ⩾√
2
2
∥U − V ∥.

Proof of Claim 3.1. Let p⊥Span(V ) be the orthogonal projection onto Span(V ), α = ∥U −
p⊥Span(V )(U)∥ and β = ∥V − p⊥Span(V )(U)∥. One has ∥U − V ∥2 = α2 + β2, and since U is
unitary: ψ(U, V ) = ψ(U, p⊥Span(V )(U)) = ∥U − p⊥Span(V )(U)∥ = α. Moreover, U · V ⩾ 0,
so 1 = ∥U∥2 = (1 − β)2 + α2, hence there exists θ ∈ [0, π/2] such that 1 − β = cos θ
and α = sin θ. Since 1 − cos θ ⩽ sin θ, we obtain β ⩽ α, and finally ∥U − V ∥2 ⩽ 2α2 =
2ψ(U, V )2. □
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Since X · Y ⩾ 0 here, Claim 3.1 gives ψ(X, Y ) ⩾
√
2
2
∥X − Y ∥, so with Inequality (4),

it yields
ψ(X, p⊥F (Y )) ⩽ c1ψ(X, Y )

which is the desired Inequality (3), with c1 =
√

2/c.
For the second part of the proof, Lemma 2.2 tells us that there exists a subspace

Aj ⊂ A of dimension j, such that for all X ∈ Aj \ {0}, there exists Y ∈ D \ {0} such that
ψ(X, Y ) ⩽ ψj(A,D). Let X ∈ Aj \{0} and Y ∈ D\{0} be such that ψ(X, Y ) ⩽ ψj(A,D).
Since X ∈ Aj ⊂ A ⊂ F and Y ∈ D \ {0} ⊂ R, one can use Inequality (3) to get
ψ(X, p⊥F (Y )) ⩽ c1ψ(X, Y ) ⩽ c1ψj(A,D). Thus, Y ′ = p⊥F (Y ) ∈ p⊥F (D) is a non-zero vector
such that ψ(X, Y ′) ⩽ c1ψj(A,D); therefore

∀X ∈ A \ {0}, ∃Y ′ ∈ p⊥F (D) \ {0}, ψ(X, Y ′) ⩽ c1ψj(A,D).

According to Lemma 2.2, ψj(A, p
⊥
F (D)) is the smallest number having this property, so

ψj(A, p
⊥
F (D)) ⩽ c1ψj(A,D).

□

The second lemma shows that one can choose rational subspaces approaching A which
intersect F⊥ trivially.

Lemma 3.2. Under the hypothesis of Theorem 1.2, for all α < µn(A|e)j, there exists a
sequence (BN)N∈N of rational subspaces of Rn of dimension e, pairwise distinct, such that
for any N large enough: BN ∩ F⊥ = {0} and ψj(A,BN) ⩽ H(BN)

−α.

Proof of Lemma 3.2. Let α′ be such that α < α′ < µn(A|e)j. By definition of µn(A|e)j,
there exists a sequence (BN)N∈N of rational subspaces of Rn of dimension e, pairwise
distinct, such that for any N large enough: ψj(A,BN) ⩽ H(BN)

−α′ .
Let (g1, . . . , gn−k) be a linearly independent family of vectors of Qn such that Rn =

F ⊕ Span(g1, . . . , gn−k). For ℓ ∈ N∗, let Pm(ℓ) be the set of subsets with m elements
of {1, . . . , ℓ}. Let us show by induction on ℓ ∈ {n − k, . . . , n} that there exist vectors
gn−k+1, . . . , gℓ of Qn such that

(5)

{
dimSpan(g1, . . . , gℓ) = ℓ,

∀I ∈ Pn−k(ℓ), GI ∩ F = {0};

here and below, for I ⊂ {1, . . . , ℓ} we let GI = Span{gi, i ∈ I}. Since dimF = k, the
initial case ℓ = n − k holds by definition of the g1, . . . , gn−k. Let ℓ ∈ {n − k, . . . , n − 1},
assume that the gi for i ∈ {n− k + 1, . . . , ℓ} have been constructed satisfying (5). Let

G = Span(g1, . . . , gℓ) ∪
⋃

K∈Pn−k−1(ℓ)

(
F ⊕GK

)
.

The set G is an union of a finite number of subspaces of dimensions at most n− 1, thus
there exists a vector gℓ+1 ∈ Qn \ G. Notice that dimSpan(g1, . . . , gℓ+1) = ℓ + 1. Let us
assume that there exists I ∈ Pn−k(ℓ+1) such that GI ∩F ̸= {0}. Let u ∈ GI ∩F \{0}; by
the induction hypothesis, I /∈ Pn−k(ℓ), so ℓ + 1 ∈ I. Let us write I under the form
I = K ∪ {ℓ+ 1} with K ∈ Pn−k−1(ℓ). Since u /∈ F ∩GK = {0}, there exist αℓ+1 ̸= 0 and
some αi ∈ R (for i ∈ K) such that u = αℓ+1gℓ+1 +

∑
i∈K αigi, so

gℓ+1 =
1

αℓ+1

(
u−

∑
i∈K

αigi

)
∈ F ⊕GK ,

which can not be by definition ofG, because gℓ+1 /∈ G. Thus, gℓ+1 satisfies (5) and therefore
the induction is complete; it is now established that there exist vectors g1, . . . , gn satisfying
(5).
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For I ∈ Pn−k(n), one has dimGI = n − k = dimF⊥. So GI ⊕ F = Rn: there exists a
rational isomorphism ρI ∈ GLn(Q) such that ρI |F = idF and ρI(GI) = F⊥. Let N ∈ N
and let us assume that

(6) ∀I ∈ Pn−k(n), ρI(BN) ∩ F⊥ ̸= {0},

which is equivalent by definition of ρI to BN ∩GI ̸= {0} for any I ∈ Pn−k(n). Let

J =

{
i ∈ {1, . . . , n}, ∃α ̸= 0, ∃λ1, . . . , λi−1 ∈ R, αgi +

i−1∑
ℓ=1

λℓgℓ ∈ BN

}
.

First, assume that |J | ⩽ k. Thus, there exists I ∈ Pn−k(n) such that I ∩ J = ∅. Since
BN ∩GI ̸= {0}, there exists a non-zero vector (βi)i∈I ∈ RI such that

∑
i∈I βigi ∈ BN . Let

i0 be the largest i ∈ I such that βi ̸= 0. Then

∑
i∈I

βigi = αgi0 +

i0−1∑
i=1

βigi

where βi = 0 if i /∈ I and α = βi0 ̸= 0. So i0 ∈ I ∩ J which can not be, therefore |J | > k.
The elements of J give at least k + 1 linearly independent vectors of BN , which can not
be since dimBN ⩽ k. Thus, (6) is established.

Let I ∈ Pn−k(n) be such that ρI(BN) ∩ F⊥ = {0}. Since ρI is invertible, Lemma 2.1
gives a constant c(ρI) > 0 such that

ψj(A, ρI(BN)) = ψj(ρI(A), ρI(BN)) ⩽ c(ρI)ψj(A,BN).

Let c2 = maxI∈Pn−k(n) c(ρI) > 0, which is a constant independent of BN ; then we have
ψj(A, ρI(BN)) ⩽ c2ψj(A,BN). Moreover, since ρI is an isomorphism, dim(ρI(BN)) =
dim(BN) = e, so Lemma 2.4 gives a constant c′(ρI) > 0 such that H(ρI(BN)) ⩽
c′(ρI)H(BN). Let c3 = maxI∈Pn−k(n) c

′(ρI) > 0 which is a constant independent of BN

such that H(ρI(BN)) ⩽ c3H(BN). Therefore, for all N large enough:

ψj(A, ρI(BN)) ⩽ c2ψj(A,BN) ⩽
c2

H(BN)α
′ ⩽

c2c
−α′

3

H(ρI(BN))α
′ ⩽

1

H(ρI(BN))α
.

□

3.3. Proof of Theorem 1.2. Let us provide a proof of the main theorem.

Proof of Theorem 1.2. First, let us prove that A ∈ In(d, e)j and Ã ∈ Ik(d, e)j.
Let B ∈ Rn(e). Notice that B′ = B ∩ F is a rational subspace of dimension e′ ⩽

e ⩽ dimF . Thus, there exists a rational subspace B′′ ⊂ F , containing B′, and such
that dimB′′ = e. Hypothesis (1) of Theorem 1.2 gives dim(A ∩ B′′) < j, therefore
dim(A ∩ B′) < j. Since A ∩ B = A ∩ F ∩ B = A ∩ B′ because A ⊂ F , one has
dim(A ∩B) < j, i.e. A ∈ In(d, e)j.

Let B̃ ∈ Rk(e) and B = φ−1(B̃) ∈ Rn(e). Since φ is an isomorphism, one has
dim(Ã∩ B̃) = dim(φ(A)∩φ(B)) = dim(φ(A∩B)) = dim(A∩B) < j because B ∈ Rn(e)
and A ∈ In(d, e)j. This shows that Ã ∈ Ik(d, e)j.

Now, let us show that µn(A|e)j ⩾ µk(Ã|e)j. Let α < µk(Ã|e)j. There exists a sequence
(B̃N)N⩾0 of rational subspaces of Rk of dimension e, pairwise distinct, such that for all
N large enough: ψj(Ã, B̃N) ⩽ H(B̃N)

−α. For all N ∈ N, let BN = φ−1(B̃N) ∈ Rn(e)
because φ is a rational isomorphism. According to Lemma 2.4, there exists a constant cφ−1

such that for all N ∈ N, H(BN) = H(φ−1(B̃N)) ⩽ cφ−1H(B̃N). Using Lemma 2.1, there
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exists a constant c′φ−1 > 0 such that ψj(A,BN) = ψj(φ
−1(Ã), φ−1(B̃N)) ⩽ c′φ−1ψj(Ã, B̃N).

Therefore, for N large enough,

ψj(A,BN) ⩽ c′φ−1ψj(Ã, B̃N) ⩽
c′φ−1

H(B̃N)α
⩽

c1
H(BN)α

,

with c1 > 0 depending only on φ. Since the BN are pairwise distinct, µn(A|e)j ⩾ α, and
since this is true for all α < µk(Ã|e)j, one has

µn(A|e)j ⩾ µk(Ã|e)j.

Finally, let us establish that µn(A|e)j ⩽ µk(Ã|e)j. Let α < µn(A|e)j. Lemma 3.2 gives
us a sequence (BN)N∈N of rational subspaces of Rn of dimension e, pairwise distinct, such
that for all N large enough:

(7) BN ∩ F⊥ = {0} and ψj(A,BN) ⩽
1

H(BN)α
.

Let N ∈ N large enough; let us denote by p⊥F the orthogonal projection onto F . Since
F ∈ Rn(k), p⊥F is a rational endomorphism of Rn. Let B′

N = p⊥F (BN); since BN is a
rational subspace, B′

N also is. Let R be the set of all non-zero vectors of Rn which form
an angle lower than π/4 with the subspace F :

R =

{
X ∈ Rn \ {0}, ψ1(F, Span(X)) <

√
2

2

}
.

Notice that R ∩ F⊥ = ∅. Let X ∈ R and Y = X − p⊥F (X); then
∥∥p⊥F (X)

∥∥2 + ∥Y ∥2 =

∥X∥2. Since X ∈ R, one has ψ(X,F ) = ψ(X, p⊥F (X)) = ∥Y ∥ / ∥X∥ <
√
2/2, so ∥Y ∥ ⩽

(
√
2/2) ∥X∥. Thus,

∥∥p⊥F (X)
∥∥2 = ∥X∥2 −∥Y ∥2 ⩾ ∥X∥2 − 1

2
∥X∥2 = 1

2
∥X∥2, so the set R

satisfies Hypothesis (2) of Lemma 3.1 with c =
√
2/2.

According to Lemma 2.2, ψj(A,BN) is the smallest number λ for which there exists
a subspace BN,j of dimension j such that for every Y ∈ BN,j \ {0}, there is a vector
X ∈ A \ {0} such that ψ(X, Y ) ⩽ λ. Let us fix such a subspace BN,j. Since N is assumed
to be large enough, ψj(A,BN) ⩽ 1/2 can be assumed. Therefore, for all Y ∈ BN,j \ {0},
there exists a non-zero vector X ∈ A ⊂ F such that ψ(X, Y ) ⩽ ψj(A,BN) ⩽ 1/2, so
ψ1(F, Span(Y )) ⩽ 1/2 <

√
2/2, hence Y ∈ R. Thus, for all N large enough: BN,j \ {0} ⊂

R.
Applying Lemma 3.1 provides a constant c4 > 0 which depends neither on A nor on

BN , such that

(8) ψj(A,BN) = ψj(A,BN,j) ⩾ c4ψj(A, p
⊥
F (BN,j)) ⩾ c4ψj(A,B

′
N)

because B′
N = p⊥F (BN) ⊃ p⊥F (BN,j). Since BN ∩ F⊥ = {0}, dimB′

N = e; since B′
N ⊂ F ,

let B̃N = φ(B′
N) ∈ Rk(e). Using Lemma 2.1, there exists a constant cφ > 0 such that

ψj(φ(A), φ(B
′
N)) ⩽ cφψj(A,B

′
N). Let β > µk(Ã|e)j; using Inequality (8) yields that for

all N large enough (in terms of β):

ψj(A,BN) ⩾ c4ψj(A,B
′
N) ⩾ c4c

−1
φ ψj(φ(A), φ(B

′
N)) = c4c

−1
φ ψj(Ã, B̃N) ⩾

c5

H(B̃N)β

with c5 > 0. According to Lemma 2.4, there exists a constant c6 > 0 such that H(B̃N) =
H(φ(B′

N)) ⩽ c6H(B′
N), so ψj(A,BN) ⩾ c7H(B′

N)
−β with c7 > 0. Since BN ∩ F⊥ = {0},

dim(p⊥F (BN)) = dim(BN). Therefore, Lemma 2.4 can be used again to obtain a constant
c8 > 0 such that H(B′

N) = H(p⊥F (BN)) ⩽ c8H(BN). With Inequality (7), there exists a
constant c9 > 0 such that

1

H(BN)α
⩾ ψj(A,BN) ⩾

c9
H(BN)β

.
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Finally, since H(BN) tends to infinity when N → +∞, α ⩽ β. Because this is true for
all α < µn(A|e)j and for all β > µk(Ã|e)j, one has

µn(A|e)j ⩽ µk(Ã|e)j.
□

4. The spectrum of µn(•|ℓ)ℓ
In this section, progress will be made on the determination of the spectrum of µn(•|ℓ)ℓ

over In(ℓ, ℓ)ℓ, i.e. on the set µn(In(ℓ, ℓ)ℓ|ℓ)ℓ. The main result is Theorem 1.3: let n ⩾ 2
and ℓ ∈ {1, . . . , ⌊n/2⌋}, one has[

1 +
1

2ℓ
+

√
1 +

1

4ℓ2
,+∞

]
⊂
{
µn(A|ℓ)ℓ, A ∈ In(ℓ, ℓ)ℓ

}
.

Remark 4.1. In [dS20], N. de Saxcé shows that µ̊n(ℓ|ℓ)ℓ ⩽ n/(ℓ(n − ℓ)). It would be
interesting to establish that[

n

ℓ(n− ℓ)
,+∞

]
⊂
{
µn(A|ℓ)ℓ, A ∈ In(ℓ, ℓ)ℓ

}
.

To prove Theorem 1.3, it is first assumed that n = 2ℓ, and that β < +∞ is fixed in the
interval of Theorem 1.3; a subspace approximated exactly to the order β is constructed.
First, we establish that the subspace constructed satisfies A ∈ I2ℓ(ℓ, ℓ)ℓ, then we show
that µ2ℓ(A|ℓ)ℓ ⩾ β, and finally that µ2ℓ(A|ℓ)ℓ ⩽ β. The result will be finally extended to
the case n > 2ℓ with Theorem 1.2, and to the case β = +∞.

Proof of Theorem 1.3. Let ℓ ⩾ 1 be an integer and n = 2ℓ. Let β be a real number such
that

(9) β ⩾ 1 +
1

2ℓ
+

√
1 +

1

4ℓ2
.

The goal is to constructA ∈ In(ℓ, ℓ)ℓ, a subspace (ℓ, ℓ)-irrational of Rn such that µn(A|ℓ)ℓ =
β. Let α = ℓβ; for all (i, j) ∈ {1, . . . , ℓ}2 let

ξi,j =
∞∑
k=0

e
(i,j)
k

θ⌊αk⌋

where the (e
(i,j)
k )k∈N are sequences which are yet to be determined, with values in {1, 2}

if i ̸= j and with values in {2ℓ, 2ℓ+1} if i = j, and where θ is the smallest prime number
such that

(10) θ > (n+ 1)n/2
(n
2

)
! = ℓ! (2ℓ+ 1)ℓ.

Remark 4.2. The fact that θ is chosen to be the smallest such number does not have
any other purpose but to allow the constants not to depend on θ. In practice, any prime
number θ satisfying Inequality (10) would work. Hypothesis (10) on θ and the fact that
the sequences (e(i,j)k )k∈N belong to {1, 2} or {2ℓ, 2ℓ+1} will be used in the proof of Claim
4.4 to establish a lower bound on the height of the rational subspaces constructed below.

Let Iℓ be the identity matrix of Mℓ(R), Mξ = (ξi,j)(i,j)∈{1,...,ℓ}2 ∈ Mℓ(R) be the matrix
of the ξi,j, and MA be the block matrix:

(11) MA =

(
Iℓ
Mξ

)
∈ M2ℓ,ℓ(R).

Let us denote by Y1, . . . , Yℓ ∈ R2ℓ the columns of MA, and let A be the subspace of R2ℓ

spanned by the Yi: A = Span(Y1, . . . , Yℓ). Notice that rk(MA) = ℓ, so dimA = ℓ.
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Let us establish that there exist sequences (e
(i,j)
k )k∈N with values in {1, 2} if i ̸= j and

with values in {2ℓ, 2ℓ+ 1} if i = j, such that A ∈ In(ℓ, ℓ)ℓ.
For better clarity, let us reindex the ξi,j for (i, j) ∈ {1, . . . , ℓ}2 as ξ1, . . . , ξℓ2 by lex-

icographic order; the sequences (e
(i,j)
k )k∈N for (i, j) ∈ {1, . . . , ℓ}2 are also reindexed as

(e
(1)
k )k∈N, . . . , (e

(ℓ2)
k )k∈N in the same way.

Let us prove by induction on t ∈ {1, . . . , ℓ2} that the sequences (e
(1)
k )k∈N, . . . , (e

(t)
k )k∈N

can be chosen such that ξ1, . . . , ξt are Q-algebraically independent. The irrationality
exponent of ξ1 is at least α > 2 (it is even equal to α, see [LSV06]), so with Roth’s
theorem (see [Rot55]), ξ1 is transcendental. Let t ∈ {1, . . . , ℓ2−1} and let us assume that
the numbers ξ1, . . . , ξt are Q-algebraically independent. The set of real numbers algebraic
on Q(ξ1, . . . , ξt) is countable, whereas the set of the sequences (e(t+1)

k )k∈N is not. Therefore,
one can choose a sequence (e(t+1)

k )k∈N with values in {1, 2} or {2ℓ, 2ℓ+1} (depending on if t
corresponds to a couple (i, j) with i ̸= j or i = j), such that ξ1, . . . , ξt+1 are Q-algebraically
independent, which concludes the induction.

Let us assume that there exists B ∈ R2ℓ(ℓ) such that A ∩ B ̸= {0}. Let MB be a
matrix whose columns form a rational basis of B. Notice that det

(
MA MB

)
= 0 where

MA is the matrix defined in Equation (11). Since MB ∈ M2ℓ,ℓ(Q), one can compute this
determinant using a Laplace expansion on its ℓ first columns to obtain a polynomial P ∈
Q[X1, . . . , Xℓ2 ] such that det

(
MA MB

)
= P (ξ1, . . . , ξℓ2) = 0. The fact that ξ1, . . . , ξℓ2

are Q-algebraically independent yields P = 0. Let us decompose the matrix MB under

the form MB =

(
B1

B2

)
with B1, B2 ∈ Mℓ,ℓ(R). The equality P = 0 implies that

∀Q ∈ Mℓ(R), ∆Q = det

(
Iℓ B1

Q B2

)
= 0.

Let us mention this known claim to compute determinants of 2 × 2 block matrices (see
[Sil00], Theorem 3).

Claim 4.1. Let A1, A2, A3, A4 ∈ Mℓ(R) such that A1A2 = A2A1. Then

det

(
A1 A2

A3 A4

)
= det(A4A1 − A3A2).

Since Iℓ commutes with B1, Claim 4.1 can be used to get

(12) ∀Q ∈ Mℓ(R), ∆Q = det(B2 −QB1) = 0.

Let λ ∈ R; with Q = λIℓ, one has det(B2 − λB1) = 0. Assume that B1 is invertible, then

0 = ∆Q = det((B2B
−1
1 − λIℓ)B1) = det(B2B

−1
1 − λIℓ) det(B1).

Thus, the fact that det(B1) ̸= 0 yields that for all λ ∈ R, det(B2B
−1
1 − λIℓ) = 0.

Therefore, for all λ ∈ R, λ is an eigenvalue of B2B
−1
1 , and this can not be, so det(B1) = 0.

Let r = rk(B1) < ℓ, let U, V ∈ GLℓ(R) be two invertible matrices such that

UB1V =

(
Ir 0
0 0

)
=
(
Jr 0

)
∈ Mℓ(R) where Jr =

(
Ir
0

)
∈ Mℓ,r(R).

Let us decompose UB2V as UB2V =
(
C1 C2

)
∈ Mℓ(R) where the matrix C1 ∈ Mℓ,r(R)

is formed with the r first columns of UB2V , and the matrix C2 ∈ Mℓ,ℓ−r(R) is formed with

the ℓ− r last columns of UB2V . Thus, the matrices
(
Jr 0
C1 C2

)
and

(
B1

B2

)
are equivalent

since

(13)
(
Jr 0
C1 C2

)
=

(
U 0
0 U

)(
B1

B2

)
V ∈ M2ℓ,ℓ(R).
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Since Iℓ commutes with UB1V , Claim 4.1 implies that for all Q ∈ Mℓ(R):

det

(
Iℓ UB1V

UQU−1 UB2V

)
= det(UB2V − UQU−1UB1V ) = det(U)∆Q det(V ) = 0

using Equation (12). Since this is true for all Q ∈ Mℓ(R), let Q′ = UQU−1 to get

∀Q′ ∈ Mℓ(R), ∆′
Q′ = det

(
Iℓ UB1V
Q′ UB2V

)
= 0.

Let R ∈ Mℓ,r(R), and let us define a block matrix as Q′ =
(
C1 −R 0

)
∈ Mℓ(R). Since

Iℓ et UB1V commute, Claim 4.1 implies that

0 = ∆′
Q′ = det(UB2V−Q′UB1V ) = det

((
C1 C2

)
−
(
C1 −R 0

)(Ir 0
0 0

))
= det

(
R C2

)
.

If rk(C2) = ℓ− r, then it would be possible to find R such that rk
(
R C2

)
= ℓ, which can

not be since its determinant ∆′
Q′ would be non-zero. Therefore, rk(C2) < ℓ− r. Equation

(13) yields

rk(MB) = rk

(
B1

B2

)
= rk

(
Jr 0
C1 C2

)
= r + rk(C2) < r + ℓ− r = ℓ,

which can not be since dimB = ℓ = rk(MB); hence A ∩ B = {0} for all B ∈ R2ℓ(ℓ), i.e.
A ∈ I2ℓ(ℓ, ℓ)1 ⊂ In(ℓ, ℓ)ℓ.

The subspace A having been constructed, let us construct rational subspaces BN for
N ⩾ 1 approaching A to its ℓ-th angle to the exponent exactly β. Then, we will show
that these subspaces BN are the ones providing the best approximation of A to its ℓ-th
angle, which will finally give µn(A|ℓ)ℓ = β.

For (i, j) ∈ {1, . . . , ℓ}2 and N ⩾ 1, let

f
(i,j)
N = θ⌊α

N ⌋
N∑
k=0

e
(i,j)
k

θ⌊αk⌋ ∈ Z

and MBN
be the block matrix

MBN
=

(
θ⌊α

N ⌋Iℓ
FN

)
∈ M2ℓ,ℓ(Z)

where FN is the matrix (f
(i,j)
N )(i,j)∈{1,...,ℓ}2 ∈ Mℓ(Z). Let us denote by X

(1)
N , . . . , X

(ℓ)
N the

columns of MBN
, and let

BN = Span(X
(1)
N , . . . , X

(ℓ)
N ) ∈ R2ℓ(ℓ).

One can notice that for all (i, j) ∈ {1, . . . , ℓ}2:
∞∑

k=N+1

e
(i,j)
k

θ⌊αk⌋ ⩽ (2ℓ+ 1)
∞∑

j=⌊αN+1⌋

1

θj
<

4ℓ+ 2

θ⌊αN+1⌋

because θ > 2, so

(14) 0 < ξi,j −
f
(i,j)
N

θ⌊αN ⌋ =
∞∑

k=N+1

e
(i,j)
k

θ⌊αk⌋ <
4ℓ+ 2

θ⌊αN+1⌋ .

Let us show that there exists a constant c1 > 0 depending only on Y1, . . . , Yℓ such that

∀N ⩾ 1, ψℓ(A,BN) ⩽
c1

H(BN)α/ℓ
,

which will imply that µ2ℓ(A|ℓ)ℓ ⩾ α/ℓ. In order to do this, let us establish an upper
bound for the height of the BN . We will see later (Claim 4.4) that this upper bound is in
fact optimal up to a multiplicative constant.
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Claim 4.2. For all N ⩾ 1, one has

H(BN) ⩽ c2(θ
⌊αN ⌋)ℓ

where c2 > 0 depends only on ℓ.

Proof. Because θ ⩾ 2, one has

(15)
∣∣∣f (i,j)

N

∣∣∣ ⩽ (2ℓ+ 1)θ⌊α
N ⌋

N∑
k=0

1

θ⌊αk⌋ ⩽ 2(2ℓ+ 1)θ⌊α
N ⌋.

Therefore, because all the 2ℓ coefficients of each X(j)
N are smaller than 2(2ℓ+ 1) · θ⌊αN ⌋:

H(BN) ⩽
∥∥∥X(1)

N ∧ · · · ∧X(ℓ)
N

∥∥∥ ⩽
ℓ∏

j=1

∥∥∥X(j)
N

∥∥∥ ⩽ (2(2ℓ+ 1) ·
√
2ℓ)ℓ(θ⌊α

N ⌋)ℓ.

□

Let us state a special case of Lemma 6.1 of [Jos21b] which will be used below.

Lemma 4.1. Let F1, . . . , Fℓ, B1, . . . , Bℓ be 2ℓ lines of R2ℓ. Assume that the Fi span a
subspace of dimension ℓ and so do the Bi. Let F = F1 ⊕ · · · ⊕ Fℓ and B = B1 ⊕ · · · ⊕Bℓ,
then one has

ψℓ(F,B) ⩽ cF

ℓ∑
i=1

ψ1(Fi, Bi)

where cF > 0 is a constant depending only on F1, . . . , Fℓ.

For i ∈ {1, . . . , ℓ}, let Z(i)
N = θ−⌊αN ⌋X

(i)
N . Notice that the definition of ψ(X, Y ) leads to

the following elementary claim.

Claim 4.3. If X and Y are non-zero vectors, then ψ(X, Y ) ⩽ ∥X − Y ∥ / ∥X∥.

Here, ∥Yi∥ ⩾ 1, so Claim 4.3 combined with Inequality (14) implies that

(16) ψ(X
(i)
N , Yi) = ψ(Z

(i)
N , Yi) ⩽

∥∥∥Z(i)
N − Yi

∥∥∥
∥Yi∥

⩽ c3(θ
⌊αN ⌋)−α

with c3 > 0 depending only on ℓ. Lemma 4.1 gives a constant c4 > 0 depending only on
Y1, . . . , Yℓ such that

(17) ψℓ(A,BN) ⩽ c4

ℓ∑
i=1

ψ(X
(i)
N , Yi) ⩽

c5
(θ⌊αN ⌋)α

with c5 > 0 depending only on Y1, . . . , Yℓ. Using Claim 4.2 which assets that H(BN) ⩽
c2(θ

⌊αN ⌋)ℓ, this yields ψℓ(A,BN) ⩽ c1H(BN)
−α/ℓ.

Now, we will show that the BN achieve the best approximation of A to its ℓ-th angle.
Concretely, let us prove that if ε > 0 and C ∈ R2ℓ(ℓ) are such that

(18) ψℓ(A,C) ⩽
1

H(C)α/ℓ+ε

and if H(C) is large enough (in terms of ℓ and ε), then there exists N ⩾ 1 such that
C = BN .

Since C is a rational subspace, there exist v1, . . . , vℓ ∈ Z2ℓ such that (v1, . . . , vℓ) is
a Z-basis of C ∩ Z2ℓ. One has H(C) = ∥v1 ∧ · · · ∧ vℓ∥ with Theorem 1.1. To prove
that C = BN for some integer N ⩾ 1, let us show that all the X(i)

N for i ∈ {1, . . . , ℓ}
are in C = Span(v1, . . . , vℓ). Since dimC = dimBN , it will imply that C = BN . Let
N ⩾ 1 and i ∈ {1, . . . , ℓ}; let us consider the ℓ + 1 vectors X(i)

N , v1, . . . , vℓ, and let
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Q =
(
X

(i)
N v1 · · · vℓ

)
∈ M2ℓ,ℓ+1(Z). Since v1, . . . , vℓ are linearly independent, to show

that X(i)
N ∈ Span(v1, . . . , vℓ), it is sufficient to show that rk(Q) < ℓ + 1, i.e. that all

(ℓ + 1) × (ℓ + 1) minors of Q are zero. For this purpose, let us establish that D =∥∥∥X(i)
N ∧ v1 ∧ · · · ∧ vℓ

∥∥∥ = 0.

Let p⊥C be the orthogonal projection onto C and h the vector h = p⊥C(X
(i)
N )−X(i)

N . There
exist λ1, . . . , λℓ ∈ R such that X(i)

N can be written as X(i)
N =

∑ℓ
j=1 λjvj − h. Because

h ∈ C⊥, one has

D =

∥∥∥∥∥
(

ℓ∑
j=1

λjvj − h

)
∧ v1 ∧ · · · ∧ vℓ

∥∥∥∥∥ = ∥h∥ · ∥v1 ∧ · · · ∧ vℓ∥ = ∥h∥H(C).

Moreover, ∥h∥ =
∥∥∥X(i)

N

∥∥∥ψ1(X
(i)
N , C), so

D ⩽ c6θ
⌊αN ⌋(ψ(X

(i)
N , Yi) + ψ1(Span(Yi), C))H(C)

with c6 > 0 depending only on ℓ, using Equation (15) and a triangle inequality on ψ (for
all non-zero vectors Z1, Z2, Z3, one has ψ(Z1, Z2) ⩽ ψ(Z1, Z3) + ψ(Z3, Z2); see [Sch67],
Equation (3) page 446). Lemma 2.3 yields ψ1(Span(Yi), C) ⩽ ψℓ(A,C); using the upper
bound (16) to deal with ψ(Yi, X

(i)
N ) and the upper bound (18) to deal with ψℓ(A,C), one

gets

(19) D ⩽ c6θ
⌊αN ⌋H(C)

(
c3

(θ⌊αN ⌋)α
+

1

H(C)α/ℓ+ε

)
⩽ c7

(
H(C)

θ⌊αN ⌋(α−1)
+

θ⌊α
N ⌋

H(C)α/ℓ−1+ε

)
with c7 > 0 depending only on ℓ.

From now on, let us choose a particular N : let N be the largest integer such that
θα

N
⩽ H(C)α/ℓ−1+ε/2. Notice that θ⌊αN ⌋ ⩽ H(C)α/ℓ−1+ε/2. Because N is maximal, one

has (θα
N
)α = θα

N+1
> H(C)α/ℓ−1+ε/2, so θα

N
> H(C)(α/ℓ−1+ε/2)/α. Since α = ℓβ ⩾

(2ℓ + 1 +
√
1 + 4ℓ2)/2 yields α2 − (2ℓ + 1)α + ℓ ⩾ 0, so (α/ℓ− 1)/α ⩾ 1/(α − 1). Thus,

θα
N
> H(C)1/(α−1)+ε/(2α), whence θ⌊αN ⌋ > θ−1H(C)1/(α−1)+ε/(2α). Therefore, coming back

to Inequality (19) gives

D ⩽ c8

(
1

H(C)(α−1)ε/(2α)
+

1

H(C)ε/2

)
−−−−−−→
H(C)→+∞

0

with c8 > 0 depending only on ℓ. If H(C) is large enough (in terms of ℓ and ε, because
(α− 1)/(2α) ⩾ (ℓ− 1)/(2ℓ)), one has D < 1. But E =

∥∥∥X(i)
N ∧ v1 · · · ∧ vℓ

∥∥∥
∞

is a positive

integer such that E ⩽ D, so E = 0, i.e. X
(i)
N ∧ v1 ∧ · · · ∧ vℓ = 0. Thus, it has been

shown that if H(C) is large enough, C = BN where N is the largest integer such that
θα

N
⩽ H(C)α/ℓ−1+ε/2.

Now that it has been established that if N ∈ N∗ is large enough, the rational subspaces
BN give the best possible approximation of A to its ℓ-th angle, let us show that they
approach the subspace A at most to the exponent α/ℓ. In other words, we shall prove
that for N large enough, one has

ψℓ(A,BN) ⩾
c

H(BN)α/ℓ

with c > 0 depending only on Y1, . . . , Yℓ. For this, we need to establish a lower bound on
the height of the BN (which will imply that the upper bound in Claim 4.2 is optimal up
to a multiplicative constant).
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Claim 4.4. For all N large enough, one has

H(BN) ⩾ c̃(θ⌊α
N ⌋)ℓ

with c̃ > 0 depending only on Y1, . . . , Yℓ.

Proof of Claim 4.4. Let N ⩾ 1; let us establish that the family (X
(1)
N , . . . , X

(ℓ)
N ) is a Z-

basis of BN ∩ Z2ℓ. For this purpose, let us denote by P the parallelotope spanned by
X

(1)
N , . . . , X

(ℓ)
N , i.e.

P =

{
ℓ∑

i=1

λiX
(i)
N , (λ1, . . . , λℓ) ∈ [0, 1]ℓ

}
,

and let us show that the 2ℓ vertices of P are its only integer points. Let S be the set of
the 2ℓ vertices of P , i.e.

S =

{
ℓ∑

i=1

δiX
(i)
N , (δ1, . . . , δℓ) ∈ {0, 1}ℓ

}
.

Assume that there exists X ∈ (P \ S) ∩ Z2ℓ, and let (λ1, . . . , λℓ) ∈ [0, 1]ℓ \ {0, 1}ℓ be
such that X = λ1X

(1)
N + · · · + λℓX

(ℓ)
N ∈ Z2ℓ. The first ℓ coordinates of X give that for

all i ∈ {1, . . . , ℓ}, λiθ⌊α
N ⌋ ∈ Z. Thus, there exist integers γ1, . . . , γℓ ∈ {0, . . . , θ⌊αN ⌋} such

that for all i ∈ {1, . . . , ℓ}, λi = γiθ
−⌊αN ⌋, because the λi are in [0, 1]. Moreover, the last ℓ

coordinates of X give that for all i ∈ {1, . . . , ℓ}, λ1f (i,1)
N + · · ·+ λℓf

(i,ℓ)
N ∈ Z, so

(20) ∀i ∈ {1, . . . , ℓ},
ℓ∑

j=1

γj
θ⌊αN ⌋ · θ

⌊αN ⌋
N∑
k=0

e
(i,j)
k

θ⌊αk⌋ =
N∑
k=0

1

θ⌊αk⌋

ℓ∑
j=1

γje
(i,j)
k ∈ Z.

For k ∈ {0, . . . , N}, let us denote by Ek the matrix (e
(i,j)
k )(i,j)∈{1,...,ℓ}2 ∈ Mℓ(Z), and by

Γ the column vector t(γ1, . . . , γℓ). Thus, the ℓ equations given by (20) can be rewritten
using matrices as 

N∑
k=0

e
(1,1)
k

θ⌊αk⌋ · · ·
N∑
k=0

e
(1,ℓ)
k

θ⌊αk⌋

...
...

N∑
k=0

e
(ℓ,1)
k

θ⌊αk⌋ · · ·
N∑
k=0

e
(ℓ,ℓ)
k

θ⌊αk⌋




γ1
...
...
γℓ

 ∈ Zℓ,

which becomes
N∑
k=0

1

θ⌊αk⌋EkΓ ∈ Zℓ,

and to highlight the last term of this sum:
N−1∑
k=0

θ⌊α
N ⌋−⌊αk⌋EkΓ + ENΓ ∈ θ⌊α

N ⌋Zℓ.

Since EN ∈ Mℓ(Z), the transpose of its comatrix also belongs to Mℓ(Z), so
N−1∑
k=0

θ⌊α
N ⌋−⌊αk⌋ tcom(EN)EkΓ + det(EN)Γ ∈ θ⌊α

N ⌋Zℓ.

For i ∈ {1, . . . ℓ} and k ∈ {0, . . . , N − 1}, let us denote by Lk,i ∈ M1,ℓ(Z) the i-th row of
the product tcom(EN)Ek. Thus,

(21) ∀i ∈ {1, . . . , ℓ},
N−1∑
k=0

(Lk,iΓ)θ
⌊αN ⌋−⌊αk⌋ + det(EN)γi ∈ θ⌊α

N ⌋Z.
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Let j ∈ {1, . . . , ℓ}; notice that e(j,j)N ⩾ 2ℓ >
∑

i ̸=j e
(i,j)
N , so EN is a strictly diagonally

dominant matrix (the case ℓ = 1 being trivial). Therefore EN is invertible, so det(EN) ̸= 0.
Moreover,

∣∣∣e(i,j)N

∣∣∣ ⩽ 2 if i ̸= j and
∣∣∣e(i,i)N

∣∣∣ ⩽ 2ℓ + 1, so by definition of θ (see Inequality
(10)):

|det(EN)| =

∣∣∣∣∣∑
σ∈Sℓ

ε(σ)
ℓ∏

i=1

e
(i,σ(i))
N

∣∣∣∣∣ ⩽ ℓ! (2ℓ+ 1)ℓ < θ.

Thus, since 0 < |det(EN)| < θ, one has vθ(det(EN)) = 0, so vθ(det(EN)γi) = vθ(γi). Let
u ⩾ 0 and i0 ∈ {1, . . . , ℓ} be such that u = min(vθ(γ1), . . . , vθ(γℓ)) = vθ(γi0). Coming
back to Equation (21) yields

∀i ∈ {1, . . . , ℓ}, vθ

(
N−1∑
k=0

(Lk,iΓ)θ
⌊αN ⌋−⌊αk⌋ + det(EN)γi

)
⩾ ⌊αN⌋,

with the convention vθ(0) = +∞. For all k ∈ {0, . . . , N − 1}, vθ(θ⌊α
N ⌋−⌊αk⌋) ⩾ ⌊αN⌋ −

⌊αN−1⌋ > 0, and since Lk,iΓ is a Z-linear combination of the γi, vθ(Lk,iΓ) ⩾ min(vθ(γ1), . . . , vθ(γℓ)) =
u. The particular case i = i0 yields

vθ

(
N−1∑
k=0

(Lk,i0Γ)θ
⌊αN ⌋−⌊αk⌋ + det(EN)γi0

)
= u ⩾ ⌊αN⌋.

Whence, by definition of u, for all i ∈ {1, . . . , ℓ}, one has vθ(γi) ⩾ ⌊αN⌋. Since all the
γi are in {0, . . . , θ⌊αN ⌋}, this implies that for all i ∈ {1, . . . , ℓ}, γi ∈

{
0, θ⌊α

N ⌋}. Thus,
X ∈ S, which can not be.

It has been shown that the only integers points of P are the ones in S, which implies that
the family (X

(1)
N , . . . , X

(ℓ)
N ) is a Z-basis of BN ∩ Z2ℓ. Thus, using Theorem 1.1, H(BN) =∥∥∥X(1)

N ∧ · · · ∧X(ℓ)
N

∥∥∥. But∥∥∥θ−⌊αN ⌋X
(1)
N ∧ · · · ∧ θ−⌊αN ⌋X

(ℓ)
N

∥∥∥ −−−−→
N→+∞

∥Y1 ∧ · · · ∧ Yℓ∥ ,

so for N large enough:

H(BN) =
(
θ⌊α

N ⌋
)ℓ ∥∥∥θ−⌊αN ⌋X

(1)
N ∧ · · · ∧ θ−⌊αN ⌋X

(ℓ)
N

∥∥∥ ⩾ c̃
(
θ⌊α

N ⌋
)ℓ

with c̃ > 0 depending only on Y1, . . . , Yℓ. □

Let Z(1)
N = θ−⌊αN ⌋X

(1)
N and p⊥A be the orthogonal projection onto A. Lemma 2.3 gives

(22) ψℓ(A,BN) ⩾ ψ1(Span(Z
(1)
N ), A) = ψ(Z

(1)
N , p⊥A(Z

(1)
N )).

Let ∆ = p⊥A(Z
(1)
N )− Y1 and ω =

∥∥∥p⊥A(Z(1)
N )− Z

(1)
N

∥∥∥. Let us decompose the vector p⊥A(Z
(1)
N )

in the basis (Y1, . . . , Yℓ):

p⊥A(Z
(1)
N ) =

ℓ∑
i=1

λiYi =
t
(
λ1 · · · λℓ ⋆ · · · ⋆

)
where the ⋆ are unspecified coefficients, because for all i ∈ {1, . . . , ℓ}, the vector Yi can
be written Yi = t

(
δi,1 · · · δi,ℓ ⋆ · · · ⋆

)
where δ is the Kronecker delta. Moreover,

for all i ∈ {1, . . . , ℓ}, Z(i)
N = t

(
δi,1 · · · δi,ℓ ⋆ · · · ⋆

)
, so ω2 =

∥∥∥p⊥A(Z(1)
N )− Z

(1)
N

∥∥∥2 ⩾

(λ1 − 1)2 +
ℓ∑

i=2

λ2i . Thus, |λ1 − 1| ⩽ ω, and for all i ∈ {2, . . . , ℓ}, |λi| ⩽ ω. Let j ∈
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{1, . . . , ℓ}. One has ∥Yj∥2 = 1 +
ℓ∑

i=1

(
∞∑
k=0

e
(i,j)
k

θ⌊αk⌋

)2

, but α > 2, θ ⩾ 2 and 2ℓ+ 1 ⩽ θ with

Hypothesis (10) on θ, so a simple computation gives ∥Yj∥ ⩽
√
1 + 4ℓ = c9. Notice that

∆ = p⊥A(Z
(1)
N )− Y1 = (λ1 − 1)Y1 +

∑ℓ
i=2 λiYi, so ∥∆∥ ⩽ c10ω, with c10 > 0 depending only

on ℓ. One has

(23)
∥∥∥Z(1)

N ∧ p⊥A(Z
(1)
N )
∥∥∥ =

∥∥∥Z(1)
N ∧ (Y1 + p⊥A(Z

(1)
N )− Y1)

∥∥∥ ⩾
∥∥∥Z(1)

N ∧ Y1
∥∥∥− ∥∥∥Z(1)

N ∧∆
∥∥∥ .

Notice that
(
Z

(1)
N Y1

)
∈ M2ℓ,2(R), and let us denote by ηi,j its the 2 × 2 minor corre-

sponding to its i-th and j-th rows with i < j; one has

∥∥∥Z(1)
N ∧ Y1

∥∥∥ =

√ ∑
1⩽i<j⩽2ℓ

η2i,j ⩾ |η1,ℓ+1| = η1,ℓ+1 =

∣∣∣∣∣∣∣
1 1

N∑
k=0

e
(1,1)
k

θ⌊αk⌋

∞∑
k=0

e
(1,1)
k

θ⌊αk⌋

∣∣∣∣∣∣∣ ⩾
1

θ⌊αN+1⌋ .

Moreover, in the same fashion that it was shown above that ∥Yj∥ ⩽ c9, one can establish
that

∥∥∥Z(1)
N

∥∥∥ ⩽ c9. Since ∥∆∥ ⩽ c10ω, it yields
∥∥∥Z(1)

N ∧∆
∥∥∥ ⩽

∥∥∥Z(1)
N

∥∥∥ · ∥∆∥ ⩽ c11ω with

c11 > 0 depending only on ℓ. With Inequality (23),
∥∥∥Z(1)

N ∧ p⊥A(Z
(1)
N )
∥∥∥ ⩾ θ−⌊αN+1⌋ − c11ω.

Because
∥∥∥p⊥A(Z(1)

N )
∥∥∥ ⩽

∥∥∥Z(1)
N

∥∥∥ ⩽ c9, one has

ω =
∥∥∥p⊥A(Z(1)

N )− Z
(1)
N

∥∥∥ =
∥∥∥Z(1)

N

∥∥∥ψ(p⊥A(Z(1)
N ), Z

(1)
N ) =

∥∥∥Z(1)
N

∥∥∥
∥∥∥p⊥A(Z(1)

N ) ∧ Z(1)
N

∥∥∥∥∥∥Z(1)
N

∥∥∥ · ∥∥∥p⊥A(Z(1)
N )
∥∥∥ ⩾

c12
θ⌊αN+1⌋−c13ω

with c12, c13 > 0 depending only on ℓ. Hence, ω ⩾ c12(1 + c13)
−1θ−⌊αN+1⌋ = c14θ

−⌊αN+1⌋

with c14 > 0 depending only on ℓ. Let us use Inequality (22) to get:

(24) ψℓ(A,BN) ⩾ ψ(Z
(1)
N , p⊥A(Z

(1)
N )) =

ω∥∥∥Z(1)
N

∥∥∥ ⩾
c15

θ⌊αN+1⌋

with c15 > 0 depending only on ℓ. Notice that ⌊αN+1⌋ ⩽ αN+1 ⩽ ⌊αN⌋α+α, so θ−⌊αN+1⌋ ⩾
θ−⌊αN ⌋α−α = θ−α · (θ−⌊αN ⌋)α. Moreover, Claim 4.4 gives a constant c16 > 0, depending
only on Y1, . . . , Yℓ, such that H(BN) ⩾ c16(θ

⌊αN ⌋)ℓ. Thus, with Inequality (24), one has

ψℓ(A,BN) ⩾
c15

θ⌊αN+1⌋ ⩾
c15
θα

· 1

θα⌊αN ⌋ ⩾
c17

H(BN)α/ℓ

with c17 > 0 depending only on Y1, . . . , Yℓ.
Notice that we have just proved: µ2ℓ(A|ℓ)ℓ ⩽ β; therefore A is such that µ2ℓ(A|ℓ)ℓ = β.

Finally, only the cases β = +∞ and n > 2ℓ remain to prove. Let us start by assuming
that n = 2ℓ. If β = +∞, for (i, j) ∈ {1, . . . , ℓ}2 let ξi,j =

∑∞
k=0 e

(i,j)
k 3−kk where the

(e
(i,j)
k )k∈N are sequences yet to be determined, with values in {1, 2}. With the same

notations as before, let Mξ = (ξi,j)(i,j)∈{1,...,ℓ}2 ∈ Mℓ(R) and let us denote by A∞ the

subspace spanned by the columns Y1, . . . , Yℓ of the matrix
(
Iℓ
Mξ

)
∈ M2ℓ,ℓ(R). In the same

way as it was done above, one can choose sequences (e(i,j)k )k∈N, for (i, j) ∈ {1, . . . , ℓ}2, such
that A∞ ∈ In(ℓ, ℓ)ℓ. For (i, j) ∈ {1, . . . , ℓ}2 and N ⩾ 1, let f (i,j)

N = 3N
N ∑N

k=0 e
(i,j)
k 3−kk ,

and let us denote by BN ∈ R2ℓ(ℓ) the rational subspace spanned by the columns of(
3N

N
Iℓ

FN

)
∈ M2ℓ,ℓ(R) where FN = (f

(i,j)
N )(i,j)∈{1,...,ℓ}2 . Again in a similar fashion as before,



UPPER BOUNDS AND SPECTRUM FOR APPROXIMATION EXPONENTS FOR SUBSPACES OF Rn17

one can show that there exists a constant c > 0 depending only on Y1, . . . , Yℓ such that
for all N ⩾ 1, ψℓ(A∞, BN) ⩽ cH(BN)

−N/ℓ. Thus,

(25) ∀κ > 0, ∀N ⩾ κℓ, ψℓ(A∞, BN) ⩽
c

H(BN)κ
.

Notice that ψℓ(A∞, BN) tends to 0 when N tends to infinity. Therefore, there exist
infinitely many pairwise distinct subspaces BN satisfying Inequality (25), so for all κ > 0,
µn(A∞|ℓ)ℓ ⩾ κ, therefore µn(A∞|ℓ)ℓ = +∞.

Let us finally consider the case n > 2ℓ. Let us denote by ϕ a rational isomorphism from
R2ℓ to R2ℓ × {0}n−2ℓ. Let A′ = ϕ(A); Theorem 1.2 yields A′ ∈ In(ℓ, ℓ)ℓ and

µn(A
′|ℓ)ℓ = µ2ℓ(A|ℓ)ℓ = β

which allows us to extend the result to integers n > 2ℓ. □

Remark 4.3. Since ℓ ⩾ 1 and since β satisfies Inequality (9), one has α = ℓβ ⩾ (3 +√
5)/2. In the case ℓ = 1, we fall back on a known result on the irrationality exponent of

ξ1,1:

µ

(
∞∑
k=0

e
(1,1)
k

θ⌊αk⌋

)
= α

where µ(·) stands for the irrationality exponent, (e
(1,1)
k )k∈N is a sequence with values

in {2, 3}, θ is a prime number strictly greater than 3, and α is a real number greater
than (3 +

√
5)/2. The arguments in Section 8 of [LSV06] lead easily to this result, but

the method developed here is different (and the case θ = 3 is not covered here). If
2 ⩽ α < (3 +

√
5)/2, one still has µ(ξ1,1) = α thanks to Theorem 2 of [Bug08].
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