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Abstract

This paper deals with a new efficient reduction method for predicting the stability

analysis of a damped nonlinear brake system subjected to friction-induced vibration.

The originality of the present work is to propose a generalized double modal synthesis

method that combines a classical modal reduction and a condensation at the frictional

interface by computing a reduced complex mode basis.

Comparisons with the existing double modal synthesis reduction method are per-

formed. It is demonstrated that the new suggested reduction technique is more efficient.

It allows to provide satisfactory results with a small number of interfaces modes.

Keywords: friction-induced vibration, double modal synthesis, brake squeal

Nomenclature

M: Mass matrix of the system

K: Stiffness matrix of the system

Ktot: Stiffness matrix of the system, including the Jacobian matrix

C: Damping matrix of the system

FNL: Nonlinear force vector (including friction and contact)

Fext: External force applied on the pad

M̃: Mass matrix of the system after Craig & Bampton reduction
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K̃: Stiffness matrix of the system after Craig & Bampton reduction

C̃: Damping matrix of the system after Craig & Bampton reduction

M̂: Mass matrix of the system used for interface modes calculation

K̂: Stiffness matrix of the system used for interface modes calculation

Ĉ: Damping matrix of the system used for interface modes calculation

Φp: Matrix of the fixed modes (Craig & Bampton reduction)

Ψp: Matrix of the constraint modes (Craig & Bampton reduction)

Nb: Number of interface modes

Np: Number of modes for the pad

Nd: Number of modes for the disc

Nc: Number of contact points

T: Transfer matrix used for Craig & Bampton reduction

T2: Transfer matrix used for K̂ and M̂ calculation

TR: Transfer matrix used for the real interface modes reduction

Tr: Right transfer matrix used for the complex interface modes reduction

Tl: Left transfer matrix used for the complex interface modes reduction

µ: Friction coefficient

kL: linear stiffness at the friction interface (N.m−1)

kNL: nonlinear stiffness at the friction interface (N.m−3)

Xn
R: nth real interface eigenvector

Xn
Br: n

th right complex interface eigenvector

Xn
Bl: n

th left complex interface eigenvector

F i
friction,pad: Contact force on the pad at the friction interface for the ith contact node

along the tangential direction

F i
friction,disc: Contact force on the disc at the friction interface for the ith contact node

along the tangential direction

F i
contact,pad: Contact force on the pad at the friction interface for the ith contact node

along the normal direction
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F i
contact,disc: Contact force on the disc at the friction interface for the ith contact node

along the normal direction

vr: Relative velocity between the pad and the disc

up
i : Internal degrees of freedom for the pad

ud
i : Internal degrees of freedom for the disc

up
j : Interface degrees of freedom for the pad

ud
j : Interface degrees of freedom for the disc

ξp: Generalized degrees of freedom for the pad , after Craig & Bampton reduction

ξd: Generalized degrees of freedom for the disc, after Craig & Bampton reduction

X0: Equilibrium point of the original nonlinear brake system

J(X0) : Jacobian matrix

λk: Complex eigenvalue

ak: Real part of the complex eigenvalue λk

ωk: Imaginary part of the complex eigenvalue λk

X̄: Small perturbation at the operating point X0

εa,k: Error criterion on the real parts

εω,k: Error criterion on the frequencies

1. Introduction

It is well known that brake noise has been a challenging issue for the automobile

industry for decades and that friction-induced squeal in automotive brakes is still an

increasing source of customer complaints.

Even if all brake squeal mechanisms are not fully understood [1, 2], extensive research

has been conducted into predicting and eliminating brake squeal since the 1960s [3, 4, 5,

6, 7, 8, 9, 10, 11, 12]. It is commonly accepted that squeal noise is initiated by instabilities

due to stick-slip, variable dynamic friction coefficient, sprag-slip or the friction coupling

between the brake pad and disc and the appearance of mode coupling, leading to self-

excited vibrations [1, 2, 8, 9, 13].

Nowadays, engineers classically perform a Complex Eigenvalues Analysis (CEA) to

predict the onset of instability in the case of numerical studies focusing on a source

of annoying noise emission from the mode coupling phenomenon. If the real part of

the complex frequency is positive, then the brake system is called “unstable” as the

original vibrations around a static equilibrium grow exponentially over time. Thereby,
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self-excited vibrations may be generated which induces squeal noise. Even if CEA may

lead to underestimation or over-estimation of the unstable modes observed in squeal noise

[14], it is classically admitted that CEA is a fast and efficient strategy in order to provide

the occurrences of brake squeal for an industrial finite element model. As discussed by

Ouyang et al. [11], the computational efficiency of the CEA approach is appreciated

although more realistic results can be achieved via the transient analysis if the system

model is sufficient. In this present paper, the numerical study is restricted to the complex

eigenvalue analysis (CEA). For the interested readers on the aspects related to self-excited

vibrations and squeal noise, we refer to the following papers [14, 15, 16, 17, 18, 19].

Due to the rapid development in computer aided engineering systems, finite element

analysis are now classically used in the modeling of brake systems and the analysis

of brake squeal. However, the main difficulty associated with the application of finite

element analysis to brake squeal is the computational cost and time. So, one of the real

challenge for the automobile industry and one of the major interest among researchers are

to be able to develop general numerical techniques and guidelines to construct reduced

finite element models or surrogate models of the finite element model [20, 21, 22] which

can produce results comparable with the original finite element model while offering a

massive reduction of computational times and data storage. One of the reasons of using

such finite element models with many degrees of freedom lies in the fact that we need

to represent the geometrical detail of complex structures. However, for representative

finite element models of structural dynamics, engineers are only interested on the validity

of the dynamic model in a restricted frequency range of interest. These restrictions on

the expected predictions of the structural dynamic model allow the creation of reduced

order models. So, the goal of the following work is to present a generalized double modal

synthesis method that allows the creation of reduced finite element models for predicting

the stability analysis of a damped nonlinear brake system subjected to friction-induced

vibration. This numerical technique is developed in order to drastically reduce the size

of the original finite element model of the brake system, particularly where the two

subsystems are connected (i.e. reduction of the frictional interface between the pad and

disc). It combines the motion of classical modal reduction (Craig & Bampton synthesis)

and a condensation at the frictional interface by computing a reduced complex mode

basis. This new formulation may be seen as an extension of the previous work of Monteil

et al. [23] in order to propose a reduction method in a generalized manner: the model

reduction developed in the present work considers not only the possibility of constructing

a reduced complex mode basis but also an application for a nonlinear system with a non-

zero equilibrium point.

The paper is organized as follows: firstly, a description of the finite element model

of the simplified brake system and the classical stability analysis for brake squeal pre-

diction are discussed. Secondly, explanations are given of the classical common Craig

& Bampton reduction and a new generalized double modal synthesis method. Finally,

we illustrate the effectiveness and robustness of the proposed generalized double modal

synthesis technique through numerical simulations.

4



Figure 1: Finite element model and 220 contact points (red)

Disc Pad

Young modulus E (Pa) 1.25.1011 2.109

Density ρ (kg.m−3) 7 200 2 500

Number of degrees of freedom (dof) 45 000 2 640

Height (m) 0.019 0.0128

Rint (m) 0.034 0.091

Rext (m) 0.151 0.147

Table 1: Finite element details, material and geometric properties of the simplified brake system.

2. Finite element model of the brake system and stability analysis

In this section, we first present the finite element model of the brake system considered

in the paper. Then, the hypothesis concerning the contact law and the damping are

detailed. Finally, the classical stability analysis of an equilibrium point for the nonlinear

brake system is briefly introduced.

2.1. Finite element model

Figure 1 shows the finite element model of the brake system under consideration.

It represents a simplified brake consisting of a disc and a pad that are the two main

components contributing to squeal. 220 contact nodes are distributed equally on the

frictional interface between the pad and the disc surface, as shown in Figure 1. This

choice of the 220 spaced contact points takes into account the fact that the interface

refinement has a strong impact on the estimation of the stability analysis in terms of both

the frequency and divergence rate. A convergence study versus the interface refinement

(i.e. the number contact points at the frictional interface) has been conducted on this

point (not presented in the paper). The hydraulic pressure is directly applied to the

back-plate of the pad. The pad is in-plane fixed and the inner surface of the disc is

clamped. Details on the finite element model, geometric and material properties are

given in Table 1.

The set of equation describing the dynamic brake system can be written by:

MẌ + CẊ + KX = FNL + Fext (1)
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where X is the generalized displacement vector while the dot denotes derivative with

respect to time. M, C and K are the mass, damping and stiffness matrices, respectively.

In this study, modal damping is considered, and the damping coefficients ξk are fixed

at 0.1% for each mode. For the reader’s comprehension, the role of damping and the

structure of the damping matrix that are two extremely important issues in the squeal

problem are not discussed in the present paper. For more information of the influence of

damping, please see the following papers [24, 25, 26, 27]. Fext corresponds to the vector

force due to hydraulic brake pressure applied to the back-plate of the pad. FNL defines

the linear and non-linear contact forces at the frictional interface. Considering previous

studies [14, 28], the nonlinearities at the friction interfaces between the disc and the pad

are both the cubic non-linear terms and the possible loss of contact between nodes on the

disc surface and nodes on the pad surface. For the ith contact node, the global nonlinear

contact force vectors at the friction interface along the normal direction can be written

as follows

F i
contact,pad = kLδxi + kNL (δxi)

3
if δxi > 0 (0 otherwise) (2)

F i
contact,disc = −kLδxi − kNL (δxi)

3
if δxi > 0 (0 otherwise) (3)

where δxi is the relative displacement between the pad and the disc for the ith contact

node in the direction normal to the contact surface (i.e. δxi = xpad,i − xdisc,i where

xpad,i and xdisc,i are the displacements of the disc and the pad for the ith contact node,

respectively). kL and kNL are the linear and nonlinear stiffnesses at the friction interface

between the disc and the pad. Values of these linear and nonlinear stiffnesses are fixed

at 9.105 N.m−1 and 4.109 N.m−3, respectively. The contact force vectors at the friction

interface (for the ith contact node) along the tangential direction are defined by

F i
friction,pad = µF i

contact,pad.sign (vr) (4)

F i
friction,disc = µF i

contact,disc.sign (vr) (5)

where vr is the relative velocity between the pad and the disc and µ defines the friction

coefficient that is assumed to be constant. The classical Coulomb’s law is applied without

any stick-slip motion. Hence the global nonlinear force FNL:

FNL = Fcontact + Ffriction (6)

2.2. Complex eigenmodes and stability analysis

The stability analysis can be performed by considering the linearized system at the

equilibrium point X0 of the original nonlinear brake system.

First, we estimate the steady-state operating point X0 for the full set of static non-

linear equations:

KX0 = FNL + Fext (7)

As the vector force FNL contains nonlinear terms, equation 7 has to be solved using a

nonlinear solver (Matlab solver in this work).
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Then, stability is performed on the linearized equations for small perturbations at

the operating point X = X0 + X̄, which leads to the following equation:

M¨̄X + C ˙̄X + (K− J (X0))︸ ︷︷ ︸
Ktot

X̄ = 0 (8)

where J (X0) is the Jacobian matrix that corresponds to the linearized expression of the

non-linear contact and friction forces at the equilibrium point.

Finally, the complex eigenvalue analysis provides the stability of the equilibrium

points. The eigenvalue problem corresponding to equation 8 can be written as follows:(
λ2kM + λkC + Ktot

)
Φk = 0 (9)

where (λk,Φk) are the eigenvalues and eigenvectors of the problem. The eigenvalues

λk = ak + iωk are complex. The imaginary part ωk defines the kth pulsation, whereas

the associated real part ak is related to the stability of the system. If the real part of

all the eigenvalues of the system remains negative, the equilibrium point X0 is stable. If

at least one of the eigenvalues has a positive real part, instability is generated from the

equilibrium point X0.

3. Modal reduction

This section aims at presenting the reduction techniques used in this study. Two

reduction steps will be proposed:

• the Craig & Bampton technique to condense the two substructures (i.e. the disc

and pad);

• the remaining physical degrees of freedom, corresponding to the disc and pad in-

terface, are reduced using the generalized double modal synthesis method.

The proposed reduction procedure is illustrated in Appendix A.

3.1. Craig & Bampton reduction

The Craig & Bampton technique consists in building a reduced model using fixed

interface modes and constraint modes. Convergence of Craig & Bampton method for a

similar finite element brake system has been previously discussed in [23].

The internal degrees of freedom (up
i ,u

d
i ) of the substructures (pad denoted p and

disc denoted d) are expressed in function of generalized degrees of freedom (ξp, ξd) and

interface degrees of freedom (up
j ,u

d
j ):

up
i = Φpξp + Ψpup

j

ud
i = Φdξd + Ψdud

j

(10)
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where Φp and Φd are the matrices of the first fixed interface modes of the pad and

the disc, whereas Ψp and Ψd are the matrices of the constraint modes. This allows to

define the following transfer matrix T:
up
i

up
j

ud
i

ud
j

 =


Φp 0 Ψp 0

0 0 I 0

0 Φd 0 Ψd

0 0 0 I


︸ ︷︷ ︸

T


ξp

ξd

up
j

ud
j

 (11)

Hence the following reduced mass and stiffness matrices:

M̃ = TTMT and K̃ = TTKtotT (12)

The remaining physical degrees of freedom are located at the boundary between the

disc and the pad (i.e. the physical frictional interface between the disc and the pad).

The aim of the next section is to condense these remaining physical degrees of freedom.

3.2. Interface reduction based on complex eigenmodes

The interface reduction considered is based on interface modes [29]. This reduction

strategy was previously applied to a simplified brake system considering interface modes

computed with µ = 0, which leads to real eigenmodes. In the present work, all the

interface modes are computed for µ 6= 0. This leads to consider complex modes in the

stability analysis: right and left eigenmodes have to be computed in order to get the

reduced system.

To compute the basis of eigenvectors of the double modal synthesis method, mass

and stiffness matrices have to be condensed on the boundary degrees of freedom (i.e. the

pad/disc frictional interface in our case). Let us introduce the following transfer matrix

T2: 
ξp

ξd

up
j

ud
j

 =


0 0

0 0

I 0

0 I


︸ ︷︷ ︸

T2

{
up
j

ud
j

}
(13)

The transfer matrix T2 allows to define the reduced matrices M̂ = TT
2 M̃T2 and

K̂ = TT
2 K̃T̃2.

Right and left eigenvectors are computed, respectively, using the two following equa-

tions: (
−ω2

i M̂ + K̂
)

Xi
Br = 0 (14)(

−ω2
i M̂

T + K̂T
)

Xi
Bl = 0 (15)
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Then, the reduced system can be obtained by introducing the matrices Tr and Tl as

follows:

Tr =

 I 0 0

0 I 0

0 0 XBr

 (16)

Tl =

 I 0 0

0 I 0

0 0 XT
Bl

 (17)

where XBr is the matrix of the first modes Xi
Br and XBl is the matrix of the first modes

Xi
Bl. The eigenmodes of the system are then computed as follows:(

λ2i

(
TlM̃Tr

)
+ λi

(
TlC̃Tr

)
+
(
TlK̃Tr

))
Φi = 0 (18)

Finally, the Complex Eigenvalue Analysis (CEA) can be applied on the reduced finite

element model to investigate the stability analysis of the brake system under study.

Algorithms in universal formal pseudo-code are provided for the Double Modal syn-

thesis on the case of both real and complex modes in Appendix A. The global sequence

for the stability analysis of the nonlinear brake system with the classical modal reduction

and the two possible condensations at the frictional interface are also given in Appendix

A.

4. Results

In this section, we present the results of the stability analysis of the brake system for

µ ∈ [0, 1]. As it will be shown later, three unstable modes (around 2000Hz, 3400Hz and

4600Hz) are present in the frequency range of interest (i.e. [0, 5000]Hz).

To summarize, three synthesis techniques and calculations will be performed and

compared :

• the “reference” without any interface condensation (i.e. by applying the classical

Craig & Bampton reduction and using the matrices K̃ and M̃, see Section 3.1);

• a modal reduction using “real” eigenvectors [23];

• a modal reduction using “complex” eigenvectors, as described in Section 3.2.

At this stage, it is also important to remember that the present work also offers origi-

nal features and extensions on other aspects compared to the previous study proposed by

Monteil et al. [23]. In this paper, the mathematical-modeling at the frictional interface

is more complex by considering a nonlinear stiffness (see equations 2, 3, 4 and 5). This

leads to take into account a non-zero equilibrium point (by solving equation 8) and the

contribution of Jacobian matrix (i.e. the linearized expression of the nonlinear forces

around an equilibrium point).
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Figures 2a and 2b show evolutions of the real and imaginary parts in the complex plan

for the first unstable mode (around 2000Hz) by using the complex or real eigenvectors,

respectively. It is observed that the use of 12 complex eigen-modes is enough to provide an

error of less than 2Hz for both double modal synthesis techniques. The two double modal

synthesis based on real or complex eigenvectors can be efficient in order to undertake

the stability analysis of a nonlinear system with non-zero equilibrium point. If we now

compare specifically the two proposed approaches, it seems, however, that the results

obtained using real eigenvectors are not as good as the results obtained by using complex

eigenvectors. This fact is especially clear for 20 interface modes (compare Figures 2a and

2b).

Then, Figures 3a and 3b give evolutions of the real and imaginary parts in the complex

plan for the second unstable mode (around 3400Hz). Here the two proposed modal

reduction methods give good results and the difference between these two techniques is

hardly visible. For the two modal reductions, increasing the number of interface modes

drastically enhances the approximation quality for both the real parts and the frequency.

Considering 20 complex eigen-modes seems to be enough to provide a good estimation

of the second unstable mode.

Finally, Figures 4a and 4b show evolutions of the real and imaginary parts in the

complex plan for the third unstable mode (around 4600Hz). In the latter case, it clearly

appears that the new formulation gives much better results than the previous proposed

modal reduction [23]. Indeed, the use of 12 complex eigen-modes is enough to provide

very good results if the modal reduction with complex eigenvectors is used (as illustrated

in Figure 4a). On the contrary, the modal reduction based on real eigenvectors is not able

to provide a suitable approximation of the unstable mode. More than 20 eigenvectors

will be necessary in order to obtain a good prediction of the third unstable mode (this

fact will be discuss in detail later in the paper). So the advantage of considering complex

eigenmodes for double modal synthesis technique is clearly illustrated for this last case.

In conclusion, we have shown that calculations using real and complex eigenvectors

can allow a good estimate of the unstable modes for a nonlinear system with non-zero

equilibrium point. The effectiveness of the generalized double modal synthesis method

with complex eigenmodes has been highlighted: this latter allows to obtain very con-

vincing results for a small number of interfaces modes while the previous double modal

synthesis method [23] does not work in all cases very well for the same number of inter-

faces modes.

For the interested readers, Figures 5 show the frequencies of the interfaces modes

by increasing the number of interfaces modes from 5 to 50. This data allows a better

understanding of the system under study plus information on the frequency of interface

modes compared to the frequency of the three unstable modes. For example, it may be

noted that the first fifty interface modes have a lower frequency than the frequency of the

second unstable mode. Moreover, Figures 5b and 5a give evolutions of the frequencies

for the three unstable modes (in the case of µ = 1) versus the number of interfaces modes

for the double modal synthesis method with real and complex eigenmodes, respectively.
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First it can be seen that modal convergence occurs significantly more slowly in the case

of the use of real eigenvectors than in the case of complex eigenvectors (i.e. the double

modal synthesis method with real eigenmodes requires a higher number of interfaces

modes). This is especially noticeable for the third unstable mode for which a decrease

in the frequency is still visible: indeed, it appears that the results by using the double

modal synthesis method with real eigenmodes have not yet converged completely even

if 50 interfaces modes are kept. We can also see that a small jump is visible when the

20th interface modes is added. This vibration mode (which is around 1000Hz) provides

an additional contribution in term of mode shape which allows an improvement in the

prediction of the three unstable modes.

Now we propose to undertake more precisely a convergence study for each double

modal synthesis method in order to compare more accurately these two approaches.

This convergence study will be conducted for a number of interface modes ranging from

20 and 30. This choice is only guided by the fact that it was previously seen that an

acceptable convergence is obtained with 20 interface modes and it allows to carefully

compare the two proposed modal reduction techniques. In order to quantify the quality

of the convergence, two criteria that are based on the relative error criterion between

imaginary and real parts for the unstable modes in the frequency range of interest are

proposed. Error on the real parts (i.e. divergence rate) of the kth unstable mode is given

by

εa,k =
ak − ãk
ak

, (19)

where ak is the real part of the kth unstable mode for the ”‘reference” (i.e. computed

without any interface condensation) and ãk the approximate real parts of the kth unstable

mode calculated via the real interfaces modes or the complex interface modes. The

calculation of error on the frequencies for the kth unstable mode is defined by the following

relation

εω,k =
ωk − ω̃k

ωk
, (20)

where ωk is the ”‘reference”’ pulsation of the kth unstable mode (i.e. pulsation of the

system without any interface condensation) and ω̃k is the approximate pulsation of the

kth unstable mode calculated via the real interfaces modes or the complex interface

modes.

Figure 6 and Tables 2 and 3 show the convergence of both double modal synthesis

techniques for µ = 0.5 by increasing the number of interface modes from 20 to 30 for the

three unstable modes. For more than 20 modes, both double modal synthesis techniques

are efficient, but the advantage of the new proposed double modal synthesis technique

is clearly visible: in all cases, errors on the real and imaginary parts made with the

new reduction method are below those calculated by using the previous double modal

synthesis method. Results follow the same trend for µ = 1, as illustrated in Figure 7

and Tables 4 and 5, thus demonstrating the efficacy of using the new proposed modal

reduction with complex eigenvectors. It can be noted that the difference between the

two double modal synthesis techniques is even greater. If we use complex interface
11



modes (with a number of eigen-modes between 20 and 30), almost no error is observed

for the third unstable modes, while if we use real interface modes more than 1% is

obtained. This illustrates the fact that the modal double modal synthesis with complex

modes takes better account of the friction contributions (i.e. the Jacobian matrix of

the linearized expression of the non-linear contact and friction forces at the equilibrium

point) so providing a better prediction of the squeal occurrence.

Case mode 1 mode 2 mode 3

20 real eigenmodes 1.8% 2.6% 1%

20 complex eigenmodes 0.4% 0.05% 0.6%

30 real eigenmodes 1.4% 2% 0.58%

30 complex eigenmodes 0.4% 0.2% 0.6%

Table 2: Real vs complex modes: error εa,k for µ = 0.5 (cf. equation 19) – three first unstable modes

Case mode 1 mode 2 mode 3

20 real eigenmodes 0.026% 0.05% 0.35%

20 complex eigenmodes 0.018% 0.028% 0.04%

30 real eigenmodes 0.023% 0.042% 0.25%

30 complex eigenmodes 0.018% 0.028% 0.04%

Table 3: Real vs complex modes: error εω,k for µ = 0.5 (cf. equation 20) – three first unstable modes

Case mode 1 mode 2 mode 3

20 real eigenmodes 4.48% 7.2% 2%

20 complex eigenmodes 0.15% 0.35% 0.2%

30 real eigenmodes 3.2% 5.1% 0.46%

30 complex eigenmodes 0.1% 0.1% 0.2%

Table 4: Real vs complex modes: error εa,k for µ = 1 (cf. equation 19) – three first unstable modes

Case Error mode 1 Error mode 2 Error mode 3

20 real eigenmodes 0.041% 0.057% 1.21%

20 complex eigenmodes 0.02% 0.03% 0.02%

30 real eigenmodes 0.029% 0.035% 1%

30 complex eigenmodes 0.02% 0.028% 0.02%

Table 5: Real vs complex modes: error εω,k for µ = 1 (cf. equation 20) – three first unstable modes
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5. Conclusion

In this paper, a new interface reduction method that is based on the use of complex

interface eigen-modes is proposed to predict the occurrence of squeal noise. Furthermore,

the use of the double modal synthesis approach [23] was tested in the case of a nonlinear

brake system with a non-zero equilibrium point.

All the numerical results indicated that the new proposed double modal synthesis

technique gives a better prediction of the stability analysis of the brake system in com-

parison with the previous double modal synthesis approach (only based on real modes):

a better convergence of the unstable modes in terms of real and imaginary parts is ob-

served.

The calculation cost of the proposed method is nearly the same as the technique

based on real eigen-modes. Nevertheless, the eigen-modes basis depends on µ: the basis

has to be computed of each value of µ, which can be quite costly if µ takes various values;

in this case, the use of real eigen-modes can remain a good choice, even if the results are

not as good as the new proposed double modal synthesis method.

Appendix A. Reduction procedure

This appendix provides the global sequence for the stability analysis of the nonlinear

brake system with the classical modal reduction and the two possible condensations at

the frictional interface. Algorithms in universal formal pseudo-code are provided for the

Double Modal synthesis on the case of both real and complex modes.
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pad FEM

reduced pad model

disc FEM

reduced disc model

M̃Ẍ + C̃Ẋ + K̃X = F̃NL + F̃ext

interface matrices: M̂, K̂

contact with

friction + NL

force (cf Figure 1)

complex or real

modes?

left eigenmodes:
(
K̂− ω2

i M̂
)

Xi
Bl = 0

right eigenmodes:
(
K̂T − ω2

i M̂
T
)

Xi
Br = 0

cf. algorithm I

real eigenmodes [23]

cf. algorithm II

reduced

model

stability analysis

λi = ai + iωi

stable

mode

unstable

mode

Craig & Bampton reduction Craig & Bampton reduction

µ

complex modes

real modes

ai < 0

ai > 0
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Algorithm I Double modal synthesis: complex modes

Require: M,C,Ktot, Φp, Ψp, Nb (number of interface modes), Nd (number of disc

mode), Np (number of pad modes), Nc (number of contact points)

Ensure: Construction of transfer matrix T

1: for n← 1, Np do

2: Φp
n ← nth fixed mode of the pad

3: Tn construction ← Φp
n

4: end for

5: for n← 1, Nd do

6: Φd
n ← nth fixed mode of the disc

7: TNp+n construction ← Φp
n

8: end for

9: for n← 1, Nc do

10: Ψp
n ← nth boundary mode of the pad

11: TNp+Nd+n construction ← Ψp
n

12: Ψd
n ← nth boundary mode of the disc

13: TNp+Nd+Nc+n construction ← Ψd
n

14: end for

Ensure: Craig & Bampton reduction

15: M̃← TTMT

16: K̃← TTKtotT

17: C̃← TTCT . continued on next page. . .

15



Ensure: Construction of transfer matrix T2

18: for n← 1, 2Nc do

19: for m← 1, Np +Nd do

20: if m = n+Np +Nc then

21: T2(m,n)← 1

22: else

23: T2(m,n)← 0

24: end if

25: end for

26: end for

Ensure: Construction of transfer matrices Tr and Tl

27: M̂ ← TT
2 M̃T2

28: K̂ ← TT
2 K̃T2

29: for n← 1, Nb do

30: Xn
Br ← nth right interface mode . obtained by solving

(
−ω2

nM̂ + K̂
)

Xn
Br = 0

31: Xn
Bl ← nth left interface mode . obtained by solving

(
−ω2

nM̂T + K̂T
)

Xn
Bl = 0

32: end for

33: for n← 1, Nb do

34: for m← 1, Nb do

35: Tr(Np +Nd +m,Np +Nd + n)← XBr(m,n)

36: Tl(Np +Nd +m,Np +Nd + n)← XBl(n,m)

37: end for

38: end for

Ensure: Complex eigenvalue analysis

39: for n← 1, Np +Nd +Nb do

40: (λn,Φn)← solve
(
λ2
n

(
TlM̃Tr

)
+ λn

(
TlC̃Tr

)
+

(
TlK̃Tr

))
Φn = 0

41: end for
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Algorithm II Double modal synthesis: real modes [23]

Require: M,C,Ktot, Φp, Ψp, Nb (number of interface modes), Nd (number of disc

mode), Np (number of pad modes), Nc (number of contact points)

Ensure: Construction of transfer matrix T

1: for n← 1, Np do

2: Φp
n ← nth fixed mode of the pad

3: Tn construction ← Φp
n

4: end for

5: for n← 1, Nd do

6: Φd
n ← nth fixed mode of the disc

7: TNp+n construction ← Φp
n

8: end for

9: for n← 1, Nc do

10: Ψp
n ← nth boundary mode of the pad

11: TNp+Nd+n construction ← Ψp
n

12: Ψd
n ← nth boundary mode of the disc

13: TNp+Nd+Nc+n construction ← Ψd
n

14: end for

Ensure: Craig & Bampton reduction

15: M̃← TTMT

16: K̃← TTKtotT

17: C̃← TTCT . continued on next page. . .
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Ensure: Construction of transfer matrix T2

18: for n← 1, 2Nc do

19: for m← 1, Np +Nd do

20: if m = n+Np +Nc then

21: T2(m,n)← 1

22: else

23: T2(m,n)← 0

24: end if

25: end for

26: end for

Ensure: Construction of the transfer matrix TR (real modes)

27: M̂ ← TT
2 M̃T2

28: K̂ ← TT
2 K̃(µ = 0)T2 . the real modes are obtained for µ = 0

29: for n← 1, Nb do

30: Xn
R ← nth real interface mode . obtained by solving

(
−ω2

nM̂ + K̂
)

Xn
R = 0

31: end for

32: for n← 1, Nb do

33: for m← 1, Nb do

34: TR(Np +Nd +m,Np +Nd + n)← XR(m,n)

35: end for

36: end for

Ensure: Complex eigenvalue analysis

37: for n← 1, Np +Nd +Nb do

38: (λn,Φn)← solve
(
λ2n

(
TT

RM̃TR

)
+ λn

(
TT

RC̃TR

)
+
(
TT

RK̃TR

))
Φn = 0

39: end for

18



−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

8 complex interface modes

−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

12 complex interface modes

−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

16 complex interface modes

−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

20 complex interface modes

(a) complex interface modes.

−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

8 real interface modes

−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

12 real interface modes

−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

16 real interface modes

−100 −50 0 50 100

2016

2018

2020

2022

2024

2026

2028

Real part

F
re

q
u

e
n

c
y
 (

H
z
)

20 real interface modes

(b) real interface modes.

Figure 2: Evolution of the first unstable mode in the complex plan. o: reference, ·: interface modes.
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Figure 3: Evolution of the second unstable mode in the complex plan. o: reference, ·: interface modes.
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Figure 4: Evolution of the third unstable mode in the complex plan. o: reference, ·: interface modes.
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Figure 5: Convergence study versus the number of interface modes and frequencies of the interfaces

modes (from bottom to top : first, second and third unstable modes)
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Figure 6: Convergence study for the real and imaginary parts of the three unstable modes (from bottom

to top : first, second and third unstable modes for µ = 0.5)
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