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Abstract An Eulerian, hyperbolic, multiphase-flow model for dynamic and irreversible compaction of 5

porous materials is constructed. A reversible model for elastic, compressible, porous material is derived.
Classical homogenization results are obtained. The irreversible model is then derived in accordance with
the following basic principles. First, the entropy inequality is satisfied by the model. Second, the stress
coming from the elastic energy decreases in time (the material behaves as Maxwell-type materials). The
irreversible model admits an equilibrium state corresponding to a Gurson-type limit which varies with 10

the porosity. The sound velocity at the yield limit is smaller than that of the reversible model. Such
an embedded model structure ensures a thermodynamically correct formulation of the porous-material
model. The usual model used in the detonation community is recovered. The model is then validated
on quasi-static loading–unloading experiments with HMX. The ability of the model to capture strong
shock propagation in porous material as well as its ability to deal with interface between a fluid and a 15

porous material is demonstrated and validated on Hugoniot curve of aluminium with various porosities
for a unique set of empirical parameters.

Keywords Multiphase-flow model · compaction · porous media · granular media · Godunov-type
scheme

1 Introduction 20

When a granular bed or a porous material is subjected to mechanical loading, local deformations occur
resulting in rearranged deformed grains forming a compact porous solid. Such a process is irreversible.
Indeed, if the loading constraint is removed, the porous solid slightly expands but never recovers its
initial volume.

In the area of powder compaction and porous material, the literature provides at least three classes 25

of models, without or with non-trivial connections:

– The first class is composed of elastic and plastic modelling in solids [14,29,32,3,17].
– The second class considers granular media at the discrete level [25].
– The third class is composed of multiphase-flow modelling of granular media [30,2,7,4,22,33,12].

In the first and second classes, the wave dynamics, as well as the material compressibility, are often 30

neglected. Whereas in the last class, the wave dynamics is taken into account but not the irreversibility
of the compaction process.
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In this work, the irreversible compaction of porous or granular material is addressed in the context of
the multiphase-flow theory of granular materials in the presence of a compressible gas phase. We consider
a special case where the porosity is closed. Therefore, there is no diffusion of the gas in the solid matrix35

and a one-velocity model is sufficient for the dynamics description. The one-velocity approach can also
be used in the case of open porosity, where the characteristic diffusion time is much larger than the
characteristic time of the dynamic process. Some success has been reached in this area with Kapila’s
model [22]. In particular, they introduced a configuration energy (or granular energy) as a function of the
volume fraction. This is the energy necessary to maintain the contact between grains. However, such an40

approach is unable to model hysteresis phenomena. [16] (see also [21]) proposed a model able to deal with
hysteresis phenomena. However, the model does not take into account the second phase (trapped gas).
Also, the model uses a new variable called “no-load volume fraction” in terms of which the “compaction
energy” and inter-granular stress are expressed. The physical sense of the “no-load volume fraction”
is not direct. Another attempt appears in [12] where hysteresis phenomena are taken into account but45

where the model is not able to capture the pure-phase behaviours.

The aim of this paper is to propose a mathematical model of granular materials expressed in terms of
well-defined physical characteristics. This model is analogous to multiphase-flow models developped for
solid–fluid interactions in [13,11,28] and is able to recover the following limits in a unique multiphase-flow
model:50

– Capture the quasi-static, elastic behaviour of a porous media obtained by homogenization as in [20]
or by acoustic measurement.

– Capture the static and dynamic behaviour of pure solids and pure fluids.
– Capture the plastic behaviour of the porous solids [17,41] and granular materials [21].
– Consider the compressibility of the solid and fluid phases in the porous material and be able to55

capture the Hugoniot of the material with different porosity and with the same set of parameters.
– Able to capture the interface between a fluid and a porous material.

The model also verifies the following properties:

– It preserves mass, momentum and total energy.
– It is hyperbolic.60

– It verifies the second law of thermodynamics.

Numerical methods to solve interface conditions in the context of compressible fluids governed by
different equations of state (EOS) have been paid considerable attention during the last two decades
owing to the pioneering works of [1]. Multiphase-flow models have been used in this work in order to
solve interface conditions with correct thermodynamics at interfaces, but in the context of fluid–fluid65

interfaces only. Surface tension was addressed later in [37], evaporating interfaces in [35] and solid–fluid
interfaces by [11].

In Section 2, the reversible model is derived and validated on the quasi-static limit for elastic, porous
material. In Section 3, dissipative effects are introduced to take into account the plastic evolution of
the material. We also present the plastic limit used for modelling granular energetic materials and solid70

porous materials. Hydrodynamics closure for the different materials is presented in Section 4. These
EOS can be calibrated using experiments on load–unload cycles. In Section 5, we present the numerical
method to solve the problem. One-dimensional examples and a parameter analysis of the model are
presented in Section 6. Conclusion is addressed in Section 7.

2 Reversible model75

The aim of this section is to build a flow model describing the reversible compaction of the granular
material in contact with compressible fluid. In this section, as in the whole paper, we will consider that
the shear stress can be neglected. Comments on the inclusion of shear stress are made in the conclusion.
The model must take into account the compressibility of the solid and the fluid (denoted with subscripts
s and g, respectively) and it must be able to deal with interfaces between pure fluids, granular materials,80

porous materials and pure materials.

2



2.1 Derivation of the reversible model

The mass conservation law reads
∂ρ

∂t
+∇ · (ρu) = 0, (1)

where ρ = αsρs +αgρg is the mixture density, αk and ρk are the volume fraction and density of phase k.
The volume fractions satisfy the saturation constraint

∑
k αk = 1. The mass and entropy of each phase 85

are also conserved
dYk

dt
= 0 and

dηk

dt
= 0, (2)

where Yk = αkρk
ρ and ηk are the mass fraction and entropy of phase k, and with the material derivative

operator

d(·)
dt

=
∂(·)
∂t

+ u · ∇(·). (3)

Note that we consider here a reversible process.
We introduce herein, as in [12], a new variable λ. This variable corresponds to λ = det

(
F−1

)
where 90

F = ∂x
∂X is the gradient deformation tensor with X the Lagrangian coordinates and x the Eulerian

coordinates. Since the deformation-tensor evolution is governed by

dF

dt
−
∂u

∂x
F = 0, (4)

one can show that this variable verifies

∂λ

∂t
+∇ · (λu) = 0. (5)

As in [13] and in [12], we can write αsρs = αs0ρs,rλ. At the initial time, we will set αs0(x) =
αs(x, t = 0) and λ(x) = ρs(x)/ρs,r, where ρs,r is a material constant. Subscript r stands for reference 95

while subscript 0 stands for initial conditions. One can note that in the case of pure solids (αs = 1), we
have ρs = ρs,rλ. Here, we modify the energy proposed in [12] and we propose the following total energy
per unit mass

E = Ysκ(αs)f (ξ) +
∑
k

Ykek(ρk, ηk) +
u2

2
, (6)

with ξ = ρs,rλ/ρs. In the case of the reversible model, this variable can be rewritten ξ = αs/αs0 and
is then not independant with αs. It therefore seems useless because functions κ and f could be merged 100

as a unique function and because αs is already computed. However, in the irreversible case detailed in
Section 3, the link would be lost and this justifies the necessity of this additional variable introduced
here for consistency with the irreversible formulation. In this energy, ek(ρk, ηk) is the internal energy
of each phase k and κ(αs) is a positive function which increases with the solid volume fraction. This
function depends on the material and will be defined later. f is a positive function of the variable ξ with 105

∂f
∂ξ

∣∣∣
(ξ=1)

= 0. One can note that this variable ξ will always be equal to 1 in the case of pure solids and

corresponds in the case of an incompressible matrix (ρs = ρs,r) to ξ = λ. In the incompressible case, the
energy corresponds to the model proposed in [12]. The added energy (first term) can be considered as a
micro-mechanical energy. One can note that this approach is reminiscent of the micromorphic approach
developed in [8], neglecting the second-gradient aspects. 110

Using Hamilton’s principle and following the section 6 of Chapter 4 in [6], the momentum equation
reads

∂ρu

∂t
+∇ ·

(
ρu2 + pI

)
= 0, (7)

where p = αgpg +αsps is the mixture pressure. The system is closed by the pressure-equilibrium relation
(details in Appendix)

pg = ps − ρs,rκ
∂f

∂ξ
λ− ρYs

∂κ

∂αs
f. (8)

3



With such a choice, the energy conservation is automatically satisfied115

∂ρE

∂t
+∇ · ((ρE + p) u) = 0. (9)

Taking the differential of the pressure equilibrium (8), one can obtain

dαs

dt
=

ρgc
2
g − ρsc2s + ρs,rκ

∂f

∂ξ
λ+ ρYs

∂κ

∂αs
f

ρgc
2
g

αg
+
ρsc

2
s

αs
+ κ

∂2f

∂ξ2
(ρs,rλ)2

αsρs
+ ρYs

∂2κ

∂α2
s

f + 2
∂κ

∂αs

∂f

∂ξ
ρs,rλ

∇ · u. (10)

with c2k = ∂pk/∂ρk and ck being the sound speed of phase k. Let’s denote

ρsς

αs
= κ

∂2f

∂ξ2
(ρs,rλ)2

αsρs
+ ρYs

∂2κ

∂α2
s

f + 2
∂κ

∂αs

∂f

∂ξ
ρs,rλ. (11)

It then becomes

dαs

dt
=
ρgc

2
g − ρsc2s + ps − pg
ρgc

2
g

αg
+
ρs(c

2
s + ς)

αs

∇ · u. (12)

Therefore, the reversible model reads

dαs

dt
=
ρgc

2
g − ρsc2s + ps − pg
ρgc

2
g

αg
+
ρs(c

2
s + ς)

αs

∇ · u,

∂αkρk

∂t
+∇ · (αkρku) = 0,

∂λ

∂t
+∇ · (λu) = 0,

∂ρu

∂t
+∇ ·

(
ρu2 + pI

)
= 0,

dηk

dt
= 0,

∂ρE

∂t
+∇ · ((ρE + p) u) = 0.

(13)

2.2 Sound speed of the equilibrium model

The aim of this section is to determine the sound speed of the equilibrium model to guaranty that, in120

the absence of dissipation, the wave propagates correctly. Moreover, the obtained sound velocity allows
to compare our model against classical results from acoustics (see Section 2.3). Reader not interested in
the details can jump to Eq. (17).

Let’s differentiate the pressure

p = αsps + αgpg = ps − αgκρs,rλ
∂f

∂ξ
− αgρYs

∂κ

∂αs
f, (14)
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and using the mass-conservation law we can write 125

dp

dt
=
∂ps

∂ρs

dρs

dt
+

(
ρs,rλκ

∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
dαs

dt
− αg

((
ρYs

∂2κ

∂α2
s

f + 2
∂κ

∂αs

∂f

∂ξ
ρs,rλ

)
+
∂2f

∂ξ2
(ρs,rλ)2

αsρs

)
dαs

dt

+

(
αgρs,rλκ

∂f

∂ξ
+ αgρYs

∂κ

∂αs
f

)
∇ · u

=

(
−ρsc2s + αgρs,rλκ

∂f

∂ξ
+ αgρYs

∂κ

∂αs
f

)
∇ · u

+

(
ρs,rλκ

∂f

∂ξ
+ ρYs

∂κ

∂αs
f −

ρsc
2
s

αs
−

(
αgρYs

∂2κ

∂α2
s

f + 2αg
∂κ

∂αs

∂f

∂ξ
ρs,rλ+ αg

∂2f

∂ξ2
(ρs,rλ)2

αsρs
κ

))
dαs

dt

=
(
−ρsc2s + αg(ps − pg)

)
∇ · u +

(
ps − pg −

ρsc
2
s

αs
− αg

ρsς

αs

)
dαs

dt
.

(15)
Using Eq. (12), we obtain

dp

dt
= −ρc2r∇ · u, (16)

with

ρc2r =
(
ρsc

2
s − αg(ps − pg)

)
+

(
pg − ps +

ρsc
2
s

αs
+ αg

ρsς

αs

)
ρgc

2
g − ρsc2s + ps − pg
ρgc

2
g

αg
+
ρs(c

2
s + ς)

αs

. (17)

The sound velocity of the reversible model cr is analogous to Wood’s sound speed for fluids [43,42], i.e.
when κ = 0

ρc2r = ρsc
2
s +

(
ρsc

2
s

αs

)
ρgc

2
g − ρsc2s

ρgc
2
g

αg
+
ρsc

2
s

αs

=
1

αs

ρsc2s
+

αg

ρgc2g

. (18)

2.3 Qualitative behaviour of the sound speed 130

In the small-deformation case, [20] used a first-order homogenization procedure and proposed two bounds
for the multiphase solids. The bulk modulus K of a solid material with spherical voids can be expressed
under the following form

K∗s = Ks +
αg

1

Kg −Ks
+

3αs

3Ks + 4µs

, (19)

and when spherical particles are considered in a fluid, the bulk modulus reads

K∗g = Kg +
αs

1

Ks −Kg
+

3αg

3Kg

, (20)

where Kk and µk are the bulk and shear modulus of phase k. These results are obtained in the quasi- 135

static configuration. This corresponds to the equilibrium model. Let’s consider the material at rest
ps = pg = 105 Pa. The parameters for aluminium and air are given in Table 1. We choose herein to use a
quadratic micro-mechanical energy with f(ξ) = χ(ξ − 1)2 and the following dependency on the volume
fraction

κ(αs) =
αnκs

1 + aκαg
, (21)

with nκ and aκ some positive parameters. Other choices are possible. At the equilibrium state ξ ≈ 1, we 140

thus have ς = 2κχ. The equilibrium sound speed reads

ρc2r = ρsc
2
s +

(
ρsc

2
s

αs
+ αg

ρsς

αs

)
ρgc

2
g − ρsc2s

ρgc
2
g

αg
+
ρs(c

2
s + ς)

αs

. (22)
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Material ρk (kg m−3) Kk (Pa) µk (Pa)
Air 1 0.1089 × 106 0

Aluminium 2700 75.75 × 109 26 × 109

Table 1: Physical parameters of materials in the linear case used for [20] limits.

On Figure 1, we plot the different bounds of Hashin and Shtrikman and that for different values of
parameter nκ with χ = µ and aκ = 4000. The sound speeds are obtained using the following definition
c2k = Kk/ρk. One can observe that for such parameters when nκ = 0, the [20] upper limit is recovered.145

The exponent nκ will only change the evolution for higher porosity. This example highlights that it is
possible to obtain the elasticity properties of porous materials with the reversible model. Furthermore,
unlike the model of [12], one can note that the pure-phase sound speeds are also recovered.
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n = 6

Fig. 1: Evolution of the sound speed as function of the porosity for different parameters. The upper and
lower [20] limits are plotted in dashed lines. Results for nκ = 0, 1 and 6 are given respectively with solid,
dotted and dash-dotted lines.

3 Irreversible model

The aim of this section is to introduce the dissipation in the previous model. The approach is similar150

to the one developed in [10,9,31] for the treatment of visco-plasticity and in the compaction model
presented in [12]. For the sake of clarity, we introduce a multiplicative decomposition of λ: λ = λpλe,
where λp is the plastic part of the deformation while λe is the elastic part. Note that in the reversible
case, we have λ = λe and λp = 1. Let’s now introduce a source term λ̇e, used to introduce plasticity, on
the right-hand side of the equation for λe155

∂λe

∂t
+∇ · (λeu) = λ̇e. (23)
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One can note that the equation on λ (5) still holds and that we are loosing the link λe = det
(
F−1

)
,

which means that αsρs 6= αs0ρs,rλ
e and therefore ξ 6= αs/αs0. This approximation can be seen as a

multiplicative decomposition from plastic theory. We also introduce a relaxation term in the volume
fraction equation in order to account for the differences in the acoustic behavior of both phases. This
term is related to the [2] pressure non-equilibrium terms. 160

∂αs

∂t
+ u · ∇αs = α̇s. (24)

Such an approach was used in [36] to replace the equilibrium condition ps = pg by a partial differential
equation to get a pressure disequilibrium. Here we use such approach to replace our pressure equilibrium
condition (Eq. 8). In the following, we follow the same procedure as in [36,12,10] and others.

3.1 Entropy inequality

Using Eq. (6), we differentiate the potential energy 165

ρ
dYsκ(αs)f (ξ) +

∑
Ykek(ρk, ηk)

dt

= ρYsκ
∂f

∂ξ

(
ρs,r

ρ
λ̇e +

ρs,rλ
e

αsρs

dαs

dt

)
+ ρYs

∂κ

∂αs
f
dαs

dt
+ ρ

∑
k Yk

∂ek

∂ρk

dρk

dt
+
∑
k ρYk

∂ek

∂ηk

dηk

dt

= ρYsκ
∂f

∂ξ

ρs,r

ρ
λ̇e −

∑
k αkpk∇ · u +

(
ρs,rκλ

e
∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
dαs

dt
+
∑
k

(
−pk

dαk

dt

)
+
∑
k ρYkTk

dηk

dt

= ρs,rYsκ
∂f

∂ξ
λ̇e −

∑
k αkpk∇ · u +

(
pg − ps + ρs,rκλ

e
∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
dαs

dt
+
∑
k ρYkTk

dηk

dt
.

(25)
Using the momentum equation, we obtain

ρs,rYsκ
∂f

∂ξ
λ̇e +

(
pg − ps + ρs,rκλ

e ∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
dαs

dt
+
∑
k

ρYkTk
dηk

dt
= 0. (26)

This equation should be separated into two equations, because we need the entropy evolution equation for
each component. Such a separation is always phenomenological. There is only one constraint to respect:
The entropy inequality. We use here a proposition adapted from fluid–fluid and solid–fluid interaction
models in [12,36,28,11,33] and others, where all the dissipation due to the plastic deformation and the 170

elastic energy (κf) of the solid is put in the solid phase.

ρYsTs
dηs

dt
= −Ysκ

∂f

∂ξ
ρs,rλ̇e −

(
pI − ps + ρs,rκλ

e ∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
dαs

dt
(27)

and

ρYgTg
dηg

dt
= − (pg − pI)

dαs

dt
. (28)

Here pI is the interface pressure. This pressure can be chosen for example from the Riemann problem
between solid and gas [34].

pI =
Zg

Zs + Zg

(
ps − ρs,rκλe

∂f

∂ξ
− ρYs

∂κ

∂αs
f

)
+

Zs

Zs + Zg
pg, (29)

where Zk are acoustic impedances of corresponding components. One can prove that with such a choice, 175

the entropy inequality reads

∂ρ
∑
k Ykηk

∂t
+∇ · (ρ

∑
k Ykηku)

= −
Ys

Ts
κ
∂f

∂ξ
ρs,rλ̇e −

(
1

Ts

(
pI − ps + ρs,rκλ

e
∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
+

1

Tg
(pg − pI)

)
dαs

dt

= −
Ys

Ts
κ
∂f

∂ξ
ρs,rλ̇e −

1

TsTg

TgZs + TsZg

Zg + Zs

(
pg − ps + ρs,rκλ

e
∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
α̇s.

(30)
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Thus, the entropy inequality is verified if

λ̇e = −
1

τ

∂f

∂ξ
and α̇s = −µ

(
pg − ps + ρs,rκλ

e ∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
, (31)

where τ and µ are positive. τ is the characteristic relaxation time of the viscosity of the solid material
(visco-plasticity) and 1

µ is the characteristic time needed to reach the pressure equilibrium due to wave
interaction in the mixture. In the following, we will consider µ = µ0αsαg with µ0 a positive constant. A180

discussion on the value of τ is provided in Section 3.3.

3.2 Hyperbolicity of the irreversible model

Finally, we propose the following irreversible model of dynamical compaction for granular material where
the phase energies in the system are deduced from the previously built entropy equations

∂αs

∂t
+ u · ∇αs = −µ (pg − ps + π) ,

∂λe

∂t
+∇ · (λeu) = λ̇e,

∂αsρs

∂t
+∇ · (αsρsu) = 0,

∂αgρg

∂t
+∇ · (αgρgu) = 0,

∂ρu

∂t
+∇ ·

(
ρu2 + pI

)
= 0,

∂αsρses

∂t
+∇ · (αsρsesu) + αsps∇ · u = −ρs,rYsκ

∂f

∂ξ
λ̇e − (pI + π)

dαs

dt
,

∂αgρgeg

∂t
+∇ · (αgρgegu) + αgpg∇ · u = pI

dαs

dt
,

(32)

where

π = ρs,rκλ
e ∂f

∂ξ
+ ρYs

∂κ

∂αs
f, (33)

and where the internal-energy equations are compatible with the following total-energy equation

∂ρE

∂t
+∇ · ((ρE + p) u) = 0. (34)

Since the model is invariant by the rotation group, we only consider the one-dimensional case. The model185

then admits the following real characteristic velocities

ω1,2,3,4,5,6,7 = u and ω8,9 = u±
√∑

k

Ykc2k, (35)

and 9 linearly independent eigenvectors. The system is therefore hyperbolic.

3.3 How to choose the source term λ̇e

As in [12,10,9], we consider a classical visco-elastic theory of Maxwell-type material. The corresponding
dynamical system governing such a “plastic transformation” can easily be written. For example one can190

take a Perzyna-type relaxation term

λ̇e = −

(
〈π − β〉
Ky

)nλe
∂f

∂ξ
, (36)

where 〈a〉 = max(a, 0), Ky is the viscosity of the material, nλe is a parameter to deal with non-linear
viscosity and β is, in our model, a ‘plasticity limit’ defined below.
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If µ is very large, we reach a pressure-equilibrium condition pg = ps − π. This equilibrium condition
is reached in both plastic or pure-elastic cases. First, the elastic case which was studied in Section 2 and 195

where λ̇e = 0. Second, when plasticity occurs (i.e. λ̇e 6= 0), we consider the limit case where Ky tends to
zero. In that case, the value of λe is obtained solving π = β and therefore pg = ps − β.

When the porous or granular material is undergoing compression, elastic energy will be stored in
the porous matrix. Then, the porous matrix will be deformed permanently owing to plastic deformation
and the rearrangement of the solid part. During the plastic process, a part of the configuration energy 200

(κ(αs)f(ξ)) will be transformed in internal energy (e(ρk, ηk)). We denote β the value of the configuration
pressure on the yield limit and it can take the form of any of the two following limits that we denote βK

and βG for the Kapila [22,2,33] and Gurson [17,44,41] limits, respectively:

– In hydrodynamic models of compaction, the plastic limit is often taken as a configuration energy

B(αs) and this choice leads to a configuration pressure βK = ρYs
dB(α)
dα (see for example [22,2,33]) 205

with

B(αs) =
a

np
(αgln(αg) + (1 + ln(αg0))(αs − αs0)− αg0ln(αg0))np , (37)

where a and np are model parameters. Therefore

βK = aρYsln

(
αg0

αg

)
(αgln(αg) + (1 + ln(αg0))(αs − αs0)− αg0ln(αg0))

np−1 . (38)

[[NF:

g = Cosh

(
πs
aρYs

)
− Cosh

(
ln

(
αg0

αg

)
(αgln(αg) + (1 + ln(αg0))(αs − αs0)− αg0ln(αg0))

np−1

)
(39)

]] This configuration pressure corresponds in the model to the difference between pressures, i.e.
βK = ps − pg. One can note that in the previous references, the configuration energy is a reversible 210

energy and that the loading–unloading process will follow the configuration pressure. Herein we only
consider the proposed configuration pressure as a yield limit.

– Another possible choice is to consider the well known Gurson–Tvergaard–Needleman model [17,44,
41] used in solid mechanics. The plastic limit reads

F =


3

2
S : S

σY


2

+ 2q1(1− αs)cosh

(
q2

3ph

2σY

)
− (1 + q3(1− αs)2) = 0, (40)

where S is the deviatoric part of the Cauchy stress tensor σ and ph = − 1
3Tr(σ) is the hydrostatic 215

pressure. The yield limit of the pure material is denoted σY . q1, q2 and q3 are material parameters
depending on the pore geometry. In this paper, we only consider the hydrodynamic compaction, thus,
the contribution of the deviatoric part of the stress tensor is neglected. Eq. (40) can be rewritten

ph =
2σY

3q2
arccosh

(
1 + q3α

2
g

2q1αg

)
. (41)

The Gurson model is originally built to deal with plastic materials under small deformation and with
empty voids. Further, it does not take into account the atmospheric pressure neither the compress- 220

ibility of the matrix. Let’s consider the thinking experiment of a porous material with open porosity
in a high-pressure liquid. At low-pressure variations, the pressure of the solid will be equal to the
liquid’s and there is no reason the solid plastified with the pressure increase. Hence, it seems logical
to consider the Gurson limit βG as the previous limit β

βG =
2σY

3q2
arccosh

(
1 + q3α

2
g

2q1αg

)
. (42)
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3.4 Sound velocity at the yield surface225

The aim of this subsection is to compare the new model with the model of [22]. In the Kapila’s model,
they consider a ‘configuration energy’ to follow what we call the yield surface. We therefore prove in
this section that the sound speed of our model exactly corresponds to the Kapila’s sound speed on this
surface in the equilibrium condition (pg = ps − β). Reader who are not interested in the calculation can
directly jump to Eq. (48).230

To find the sound velocity, it is sufficient to consider the case where the entropy ηk and the mass
fraction Yk are constants. Taking the differential of this equilibrium condition pg = ps − β(αs, ρYs), we
obtain

∂pg

∂ρg

dρg

dt
=
∂ps

∂ρs

dρs

dt
−

∂β

∂αs

dαs

dt
−

∂β

∂ρYs

dρYs

dt
. (43)

With the mass-conservation law we get

dαs

dt
=

ρgc
2
g − ρsc2s + ρYk

∂β

∂ρYs
ρsc

2
s

αs
+
ρsc

2
s

αs
+
∂β(αs, ρYs)

∂αs

∇ · u. (44)

By differentiating the pressure p = αgpg + αsps = ps − αgβ, using the mass-conservation law and235

considering β = β(ρYs, αs), we obtain:

dp

dt
=
∂ps

∂ρs

dρs

dt
+ β

dαs

dt
− αg

∂β

∂ρYs

dρYs

dt
− αg

∂β

∂αs

dαs

dt

=

(
αgρYs

∂β

∂ρYs
− ρsc2s

)
∇ · u +

(
β − αg

∂β

∂αs
−
ρsc

2
s

αs

)
dαs

dt
.

(45)

Replacing Eq. (44) in Eq. (45), we obtain

dp

dt
= ρc2i∇ · u, (46)

with

ρc2i =

(
ρsc

2
s − αgρYs

∂β

∂ρYs

)
+

(
αg

∂β

∂αs
+
ρsc

2
s

αs
− β

) ρgc
2
g − ρsc2s + ρYk

∂β

∂ρYs
ρsc

2
s

αs
+
ρsc

2
s

αs
+

∂β

∂αs

, (47)

where ci is the equilibrium sound speed for the irreversible model.
If we consider the yield limit equal to the configuration energy proposed by [22] β = βK , we obtain240

the following equilibrium sound speed identical to the one they obtained

ρc2K =
(
ρsc

2
s − αgβ

)
+

(
αg

∂β

∂αs
+
ρsc

2
s

αs
− β

)
ρgc

2
g − ρsc2s + β

ρsc
2
s

αs
+
ρsc

2
s

αs
+

∂β

∂αs

. (48)

3.5 Main characteristics of the model

Finally, we propose a hyperbolic model which is compatible with the following natural model require-
ments:

– The entropy inequality is verified.245

– The microscopic granular energy is decreasing during the relaxation process.
– The elastic properties of a porous matrix can be recovered.
– The properties of pure phases can be recovered.
– The equilibrium sound speed following plastic curves is recovered.
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Stiffened-gas parameters
Material γ p∞ (GPa)

Air 1.4 0
Aluminium 2024 3 26.4

Cochran–Chan parameters
Material γ ρ0 (kg m−3) A1 (GPa) A2 (GPa) E1 E2

HMX 0.93 1905 12.87 13.42 4.1 3.1

Table 2: Stiffened-gas and Cochran–Chan parameters for the materials used in the result section 6. The
parameters for the HMX are taken from [26,27]. For the aluminium, the parameters are calibrated on
the Shock Wave database (http://www.ihed.ras.ru/rusbank/, [23]).

4 Hydrodynamic closure for the different materials 250

Herein, we consider the following equations of state for phases k (subscript is omitted for clarity):

– Stiffened gas [24]

ρe =
p+ γp∞

γ − 1
, (49)

where γ and p∞ are some given positive constant parameters, determined by using material reference
curves [24].

– Cochran–Chan [5] 255

The Cochran–Chan EOS can be written under a Mie–Gruneisen form

p(ρ, e) = ργ (e− eCC (ρ)) + pCC(ρ), (50)

with

eCC(ρ) =
A1

ρ0(E1 − 1)

( ρ

ρ0

)E1−1

− 1

− A2

ρ0(E2 − 1)

( ρ

ρ0

)E2−1

− 1

 , (51)

and

pCC(ρ) = A1

(
ρ

ρ0

)E1

−A2

(
ρ

ρ0

)E2

, (52)

and where γ, ρ0, A1, A2, E1 and E2 are model parameters.

The parameters for the materials used in the result section 6 are given in Table 2. 260

5 Numerical solution

5.1 Generality

In this section, we propose a Godunov-type scheme [15] for the solution of the compaction multiphase
flow. Rewriting the system (32) with

∂αsρsκf

∂t
+∇ · (αsρsκfu) = −π

dαs

dt
, (53)

11
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it reads

∂αs

∂t
+ u · ∇αs = −µ (pg − ps + π) ,

∂λe

∂t
+∇ · (λeu) = λ̇e,

∂αsρs

∂t
+∇ · (αsρsu) = 0,

∂αgρg

∂t
+∇ · (αgρgu) = 0,

∂ρu

∂t
+∇ ·

(
ρu2 + pI

)
= 0,

∂ρE

∂t
+∇ · ((ρE + p) u) = 0,

∂αsρs (es + κf)

∂t
+∇ · (αsρs (es + κf) u) + αsps∇ · u = −ρs,rYsκ

∂f

∂ξ
λ̇e − pI

dαs

dt
,

∂αgρgeg

∂t
+∇ · (αgρgegu) + αgpg∇ · u = pI

dαs

dt
.

(54)

The thermodynamic closure is achieved using the EOS presented in Section 4.265

The numerical scheme to solve this system is an extension of [36] approach with finite relaxations
and is described in the following. Furthermore, since the main interest of the paper is the model, we only
propose a first-order scheme to solve the system and we invite the reader interested by the modelling to
jump to the result section 6. The solution is obtained through three steps (executed at each time-step
stage if a high-order method is used):270

– Solution of the non-relaxed, hyperbolic equations (µ = λ̇e = 0) (Section 5.2).
– Correction of the energy of each phase to ensure conservation of the mixture total energy (Section

5.2.5).
– Finite relaxation of the compaction variable λe and volume fraction αs ((µ, λ̇e) 6= 0) ensuring a slow

convergence to a mechanical equilibrium (Section 5.3).275

These steps are detailed hereafter.

5.2 Hyperbolic step

We present here the first-order Godunov method [15]. The system to solve is

∂αs

∂t
+ u · ∇αs = 0,

∂λe

∂t
+∇ · (λeu) = 0,

∂αsρs

∂t
+∇ · (αsρsu) = 0,

∂αgρg

∂t
+∇ · (αgρgu) = 0,

∂ρu

∂t
+∇ ·

(
ρu2 + pI

)
= 0,

∂ρE

∂t
+∇ · ((ρE + p) u) = 0,

∂αsρs (es + κf)

∂t
+∇ · (αsρs (es + κf) u) + αsps∇ · u = 0,

∂αgρgeg

∂t
+∇ · (αgρgegu) + αgpg∇ · u = 0.

(55)

The characteristic velocities expressed in one dimension are

u and u±
√∑

k

Ykc2k. (56)
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We use a HLLC approximate Riemann solver [39]. It preserves positivity of the volume fraction and
the density, and is able to deal with strong shocks. With this solver, each wave is considered as a 280

discontinuity and consequently jump relations are needed. The system being non-conservative, shock
relations are non-conventional.

In the following, the jump relations, the Riemann solver and the Godunov scheme are presented in
one dimension.

5.2.1 Jump relations for conservative variables 285

The hyperbolic system is similar to the fluid–fluid system in [36]. The main difference is on the energy.
The jump relations for the mass across a discontinuity (other than interface) at velocity D are

αkρk(u−D) = α0
kρ

0
k(u0 −D) = mk. (57)

The variables with superscript “0” denote the unshocked state. With p =
∑
k αkpk, ρ =

∑
k αkρk and

m =
∑
kmk the mixture pressure, density and mass flux, respectively, the momentum jump relation

reads 290

p− p0 +m2

(
1

ρ
−

1

ρ0

)
. (58)

The jump of the compaction variable is

λe(u−D) = λe,0(u0 −D). (59)

The mixture-total-energy jump relation is

mE + pu = mE0 + p0u0. (60)

The generalized Hugoniot curve reads

e− e0 + Ysκf − Y 0
s κ

0f0 =
1

2
(p+ p0)

(
1

ρ0
−

1

ρ

)
, (61)

with e =
∑
k Ykek.

5.2.2 Jump relations for non-conservative variables 295

The volume fraction is continuous through the jump across a discontinuity (other than interface)

αk = α0
k. (62)

The internal-energy equations being in non-conservative form, they are not adapted for the determination
of jump relations. A path has to be defined to circumvent this difficulty. Since the results depend on the
path, these shock relations are only used to predict the total-energy repartition. A correction is made
afterwards to preserve the total-energy evolution of the system. The convergence of this method, different
from [36], is highlighted in the result section (Section 6). The following jump relations are proposed

es − e0s + κf − κ0f0 =
1

2
(ps + p0s)

(
1

ρ0s
−

1

ρs

)
,

eg − e0g =
1

2
(pg + p0g)

(
1

ρ0g
−

1

ρg

)
.

(63)

This choice generalizes classical additive principle for heterogeneous mixtures (see [33,28,13,11,40] for
details) and is compatible with the following requirements:

– Single-phase limit: When a phase vanishes, the preceding jump relations correspond to the jump
relations for the total energy. 300

– Total-energy conservation: By multiplying each equations of (63) by Yk and by summing them, we
obtain Eq. (61).

With the help of these relations, the approximate Riemann solver can be built as developed hereafter.
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5.2.3 Interface relations

The set of interface relations are

u = u0,
p = p0.

(64)

5.2.4 HLLC Riemann solver305

Consider a cell boundary with a left state (L) and a right state (R). The left- and right-facing wave
speeds are obtained following Davis’ estimates [39]

SR = max(uL + cL, uR + cR), SL = min(uL − cL, uR − cR). (65)

The speed of the intermediate wave (also called contact discontinuity) is estimated under the HLL
approximation [39]

SM =
(ρu2 + p)L − (ρu2 + p)R − SL(ρu)L + SR(ρu)R

(ρu)L − (ρu)R − SLρL + SRρR
= u∗. (66)

From these wave speeds, conservative state variables in the star region (see Figure 2) are determined310

(αkρk)∗L,R = (αkρk)L,R
SL,R − uL,R
SL,R − u∗

, (67)

p∗ = pR + ρR (uR − SR) (uR − u∗) , (68)

The compaction variables are obtained using

λe,∗L,R = λeL,R
SL,R − uL,R
SL,R − u∗

. (69)

The right and left mixture total energies are

E∗L,R = EL,R +
pL,RuL,R − p∗u∗

ρ∗L,R(u∗ − SL,R)
. (70)

The jumps of the internal energies are obtained with the help of the Hugoniot Eq. (63). Indeed, the phase
pressure p∗k,L,R are calculated as functions of the phase densities ρ∗k,L,R and of the compaction variable315

λe∗L,R. The internal energies are therefore determined using EOS relations

e∗k,L,R = e∗k,L,R(ρ∗k,L,R, p
∗
k,L,R). (71)

With the help of this approximate solver, it is then possible to derive a Godunov-type scheme.

5.2.5 Godunov-type scheme combined with the correction of the energy of each phase

The conservative part of the system, in absence of relaxation terms, is updated with the conventional
Godunov scheme [15]320

Un+1
i = Un

i −
∆t

∆x

(
F∗(Un

i ,U
n
i+1)− F∗(Un

i−1,U
n
i )
)
, (72)

with
U = (λe, αsρs, αgρg, ρu, ρE)T , (73)

and
F = (λeu, αsρsu, αgρgu, ρu

2 + p, ρ(E + p)u)T . (74)

The previous solver and scheme for the conservative variables is similar to the one presented in [36].
However, for the energy of each phase, we consider a different scheme. The complete scheme is therefore:

– Evolve the conservative equations following the precedent scheme (72).325
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– Evolve the non-conservative equations with the following schemes. For the volume fraction, the scheme
is

αn+1
s,i = αns,i −

∆t

∆x

(
(αsu)

∗
i+ 1

2
− (αsu)

∗
i− 1

2
− αns,i

(
u∗i+ 1

2
− u∗i− 1

2

))
. (75)

For the internal energies, the original scheme is

(αkρk (ek + κf))
n+1
i = (αkρk (ek + κf))

n
i −∆êk,i, (76)

where

∆êk,i =
∆t

∆x

(
(αkρk (ek + κf)u)

∗
i+ 1

2
− (αkρk (ek + κf)u)

∗
i− 1

2

+ (αkpk)
n
i

(
u∗
i+ 1

2

− u∗
i− 1

2

) )
. (77)

One can note that the aim here is only to obtain an evaluation of the repartition of the energy. 330

– Evaluate the variation of the internal energy (
∑
k ρYkek + Ysκf) from the total energy

∆ẽi =

(
ρE −

ρu2

2

)n+1

i

−

(
ρE −

ρu2

2

)n
i

. (78)

– Evolve the internal energy with the following scheme

(αkρk (ek + κf))
n+1
i = (αkρk (ek + κf))

n
i −

∆êk,i∑
k∆êk,i

∗∆ẽi. (79)

With such a scheme, one can note that the equations of the internal energies are compatible with the
total energy. This step will allows to deal with finite relaxation time for the volume fraction since the
updated step used in [36] is no more necessary. 335
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5.3 Relaxation step

The system to solve reads

∂αs

∂t
= −µ (pg − ps + π) ,

∂λe

∂t
= λ̇e,

∂αkρk

∂t
= 0,

∂ρu

∂t
= 0,

∂ρE

∂t
= 0,

∂αsρs(es + κf)

∂t
= −Ysκ

∂f

∂ξ
ρs,rλ̇e + pIµ (pg − ps + π) ,

∂αgρgeg

∂t
= −pIµ (pg − ps + π) ,

(80)

This system of ordinary differential equations (ODE) can be solve using your favourite ODE solver. In
the following, we use a classic, first-order, explicit, Euler scheme with time-step subdivisions. The number
of subdivisions is adapted at each time step to verify the following condition µ |pg − ps + π|∆tEuler <340

10−3αsαg.

6 Results

6.1 Quasi-static loading–unloading cycle on granular HMX

We consider the test presented in [21]. A piston presses a HMX powder sample at 1 m s−1. The charac-
teristic times Ky and 1/µ are sufficenctly small to consider the relaxation time effects to be negligeable.345

Loading and unloading of the material is considered. For the reversible part of the compression, we
consider χ = 7 GPa, aκ = 1.8× 105 and nκ = 0.5. For the plastic part, we consider:

– First, the theoretical Gurson law (Eq. 42) βG with 2σY /3q2 = 50 MPa, q3 = 8 and q1 = 2.85.
– Second, the plastic limit (Eq. 38) βK used in [33,12] where the parameters for the yield limit are
a = 3 kPa and np = 1.04.350

The elastic parameters are fitted on the last loading–unloading curve using the linearized slope. The
plastic parameters are calibrated on the plastic curve of the experimental results.

The Cochran–Chan EOS parameters of pure HMX are given in Table 2.
Numerical results are compared with experimental data of [21] on Figure 3 (a) and (b), respectively.

The agreement for the Gurson limit is good but a discrepancy is observable which may come from the355

fact that the material is not homogeneous (binder+ HMX) and the pores are not ellipses. Moreover, this
fit is unable to get the beginning of the curve because the compaction pressure is 0 Pa for αs = 0.6875.
While the agreement for the Kapila limit is very good and catches the behaviour of the low compaction
pressure.

These tests highlight the ability of the model to deal with quasi-static compaction of granular material360

with different yield limits. Moreover, even if the elastic part of the model is calibrated using the last
loading–unloading zone, it is able to capture, for different porosities, the other elastic loading–unloading
path.

6.2 Wave and interface dynamics

Let us consider a shock tube of 1 cm length involving a high-pressure chamber on the left, filled with air at365

p = 100 MPa, and a low-pressure chamber on the right, filled with HMX at atmospheric pressure. The air
is considered as a perfect gas while the HMX is computed with the Cochran–Chan EOS (Table 2). For the
yield limit, Eq. (38) for βK is used with similar parameters than in Section 6.1. The viscosity parameter
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Fig. 3: Quasi-static loading–unloading curve for granular HMX. Numerical results (thin, purple line)
using the (a) Gurson and (b) Kapila limits, compared with experimental results (thick, green line) [21].

is set to Ky = 65 Pa s−1 and the relaxation constant is set to µ = 8 s Pa−1. The influence of these two
parameters are analysed in section 6.3. The initial discontinuity is located at coordinate x = 6 mm. The 370

solid volume fraction in the left chamber is set to αs = 10−5 and in the right chamber to αs = 0.8.
The initial density of the solid is constant in the whole domain and is equal to ρs = 1900 kg m−3. The
gas-phase density in the high-pressure chamber is set to 100 kg m−3, while in the low-pressure chamber
it is set to 1 kg m−3. Both initial states are initially at rest.

The aim of this test case is to show the ability of the model and the numerical scheme to compute 375

a shock propagation in a granular material (capturing an elastic–plastic shock wave) and his associated
compaction, the rarefaction in the gas and the interface evolution separating a nearly pure gas from a
granular mixture.

Results are presented on Figure 4 at time t = 4.6 µs, on a mesh with 1000 cells and with CFL = 0.5.
First, an elastic shock wave propagates in the granular media. This shock wave is followed by a plastic 380

shock wave. The rarefaction wave in the gas is well captured. There is no oscillation of the mixture
pressure and of the velocity at the interface.

We also compute the error (L2 norm) for the results obtained with different mesh sizes with a reference
solution obtained using a very refined mesh (4× 104 cells). The curve is presented on Figure 5 and we
observe a convergence order of approximately 0.6. 385

We now consider a (non-physical) stronger test case to highlight the ability of the model and the
numerical method to deal with extremely high pressures and therefore very strong shock. The pressure
and air density in the left chamber are now set to 100 GPa and ρg = 1000 kg m−3, respectively. Results
are presented on Figure 6 at time t = 0.327 µs and on a mesh with 1000 cells. The shock wave propagates
in the porous HMX. The compaction effect can only be seen on the magnified plot on the pressure. The 390

interface condition u = const and p = const are preserved and the rarefaction waves in the gas are well
captured.

6.3 Analysis of the thickness of the plastic shock

We consider the low-amplitude shock tube studied previously and we vary separately the viscosity and
relaxation parameters. A sensor is also set at coordinate x = 7.5 mm. 395

On Figure 7, results obtained with Ky = 325 Pa s−1, 65 Pa s−1, 6.5 Pa s−1 and 0.65 Pa s−1 are pre-
sented (µ = 8). One can observe for higher viscosity coefficient, the amplitude of the first shock and
the plastic-shock layer increase. For small values, the results are almost superposed. Indeed, the viscous
dissipation can be neglected compared to other sources of dissipation (pressure relaxation coefficient µ
and numerical dissipation). 400

On Figure 8, results obtained with µ = 5 s Pa−1, 0.5 s Pa−1, 0.05 s Pa−1 and 0.005 s Pa−1 are presented
(Ky = 65 Pa s−1). When µ is decreasing, the elastic shock is faster and with a higher amplitude. Though,
the elastic and plastic shocks are more diffused. This result is similar to the effect of the plastic viscosity.
Although, the relaxation parameter µ will diffuse the shock oppositely to the viscous coefficient Ky which
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Fig. 4: Low-amplitude shock tube with air–HMX interface.

has no influence on the elastic shock layer. Furthermore, if µ is sufficiently large, results are superposed.405

Again, the dissipation due to the relaxation parameter can be neglected compared to other sources of
dissipation (numerical and viscous dissipation).

6.4 Hugoniot of aluminium

We consider testing the model and method on an impact test problem with various impact velocities and
initial porosities for porous aluminium 2024. The domain is initially cut in two sections both filled with410

the porous aluminium: On the left, a velocity is imposed and directed to the right, and on the right, a
null velocity. The domain is also large enough so the waves don’t reach the boundaries. The pores are
filed with air and we measure the shock velocity and the resulting pressure for a converged mesh. From
these tests, the piston velocity is half the impact velocity (from initial left section).

The stiffened-gas EOS is used for the aluminium hydrodynamic behaviour. For its plastic behaviour,415

the Gurson limit is considered. Air and aluminium EOS parameters are given in Table 2. Further, elastic
and plastic parameters for aluminium are given in Table 3 and its initial density is ρ0 = 2784 kg m−3.
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Elastic parameters
χ (GPa) nκ aκ

7 0.5 1.8 × 104

Plastic parameters
Ky (Pa s−1) µ (s Pa−1) nλe σY (MPa) q1 q2 q3

65 1 × 10−5 1 360 1 1 1

Table 3: Elastic and plastic parameters for aluminium 2024.

Note that the parameters are fitted on the pure-material Hugoniot from the Shock Wave Database
(http://www.ihed.ras.ru/rusbank). One should also note that for such types of tests, the elastic and
plastic parameters have little influence on the results. Indeed, the hydrodynamic part is mainly dominant. 420

Therefore, the elastic and plastic parameters should only be chosen as reasonable.

On Figure 9, the numerical results are compared with the experimental results [23] for different
porosities. The agreement is almost perfect for piston velocity lower than 3.7 km s−1 (corresponding to
an impact at 7.4 km s−1 on a fixed target). For higher velocities, the error on the shock velocity is less
than 10%, which is acceptable. The small discrepancies on the pressure come from the stiffened-gas EOS 425

which can only fit on a small range of parameters. The use of Mie–Gruneisen-type EOS may improve
the agreement for stronger shocks. This test highlights the ability of the model to capture the behaviour
of the porous material with a single set of parameters for a very large range of shocks.

6.5 Spherical-tension test case

We consider here a spherical test case where loading–unloading traction (hydrodynamic stress tensor 430

σ = −pI) on aluminium with two different initial porosities (αg0 = 10−4 and 10−6). This test is done
with a unique one-dimensional cell to avoid classical localization problems during tensile test. The system
can be considered as quasi-static since the strain ε evolves with tr(ε̇) ≈ div(u) = ±0.1 s−1: One boundary
has a switching imposed velocity while the other is fixed (u = 0). We choose the relaxation parameters
(Ky and µ) very small and because the test case can be considered as quasi-static, they have negligible 435

influence on the results.

The hydrodynamic tensile stress, corresponding in the classical elasticity theory to p = −tr(σ)/3,
is presented on Figure 10 and compared with theoretical elastic curve for linear elasticity, p = Ktr(ε),
where K is the compressibility modulus (Table 1). One can observe a first elastic zone until a volume

variation of tr(ε) =
∫ t
0
∇ · (u) dt = 1.5% where both materials behave as the theoretical elastic law. Then 440

plasticity is taken under account. During this step, unloading occurs and irreversible deformation can
be observed. Further, the small variation on the initial volume fraction of gas will only induce different
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Fig. 6: High-amplitude shock tube with air–HMX interface.

yield limit for the material. This property might be used with a probabilistic repartition of the volume
fraction of voids to avoid numerical localization.

6.6 Comparison with a micro-mechanical modelling for pore collapse445

In this section, the aim is to compare the results of our modelling during pore collapse with the micro-
mechanical modelling described in [26] where a spherical domain contains one pore. The model is recalled
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Fig. 7: Influence of the viscosity parameter Ky on the shock structure for the low-amplitude shock tube
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)2

ξ,

dρg

dt
= −3

ρg

a
ξ,

dpg

dt
= pg0γρ

γ−1 dρg

dt
,

(81)

where a is the radius of the pore, b is the radius of the pore control volume, φ = (a/b)
3

is the porosity,
Y is the plastic limit of the pure HMX and K is the viscosity. One should note that we neglect the heat 450

and mass transfer which was present in the original version.

To match with the hypothesis made in [26], the pressure in HMX is imposed during all the relaxation
process to p = 1.5 GPa. The density is set to ρs = 2150 kg m−3 with a volume fraction of pore αg = 0.017
at atmospheric pressure. We then compute the evolution of the different pressure and volume fractions
of pore. The Cochran–Chan EOS is used for the HMX with the parameters in Table 2. To be able to 455

compare the results with those of [26], we use the following plastic limit β = −σyln(αg) with σy = 2 GPa.
The relaxation time parameter used is µ = 0.011 and K = 65 Pa s−1.

One can observe on Figure 11 that the agreement between the micro-mechanical modelling and the
new compaction modelling is almost perfect with only one fitting parameter (µ) and without computing
the whole partial differential system. 460
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Fig. 8: Influence of the relaxation parameter µ on the shock structure for the low-amplitude shock tube
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7 Conclusion

A multiphase flow model for the numerical simulation of irreversible compaction of porous material
has been built and validated. It is able to reproduce with a good accuracy loading–unloading cycles
as well as interface dynamics separating fluids and porous material in the case of isotropic traction
and compression. The model can’t solve problems where shear is dominant. The shear effect will be465

introduced in future work using for example the hyperelastic approach developed in [11]. Dispersive
effects (micro-inertia and localization) must also be introduced. In many applications, the porosity can’t
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be considered as closed. The extension to multi-velocity model will be done with the principle proposed
in [18] and validated against impact experiments of [19]. Further, this model will be implemented in the
public version of ECOGEN [38] ; an open-source CFD platform for numerical simulation of compressible 470

multiphase flows.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that
could have appeared to influence the work reported in this paper.

Acknowledgment 475

This work was partially supported by A*MIDEX and ANR; grants ANR-11-LABX-0092, ANR-11-IDEX-
0001-02 and ANR-ASTRID project SNIP ANR–19–ASTR–0016–01.

23



References

1. R. Abgrall and S. Karni. Computations of compressible multifluids. J. Comp. Phys., 169(2):594–623, 2001.
2. M. R. Baer and J. W. Nunziato. A two-phase mixture theory for the deflagration-to-detonation transition (DDT) in480

reactive granular materials. Int. J. of Multiphase Flows, 12:861–889, 1986.
3. D. J. Benson, V. F. Nesterenko, F. Jonsdottir, and M. A. Meyers. Quasistatic and dynamic regimes of granular material

deformation under impulse loading. J. Mech. Phys. Solids, 45(11-12):1955–1999, 1997.
4. J. B. Bzil, R. Menikoff, S. F. Son, A. K. Kapila, and D. S. Steward. Two-phase modeling of a deflagration-to detonation

transition in granular materials: A critical exmination of modeling issues. Phys. Fluids, 11(2):378–402, 1999.485

5. G. Cochran and J. Chan. Shock initiation and detonation models in one and two dimensions. Lawrence National
Laboratory Report, CID-18024, 1979.

6. F. Dell’Isola and S. Gavrilyuk. Variational models and methods in solid and fluid mechanics, volume 535. Springer
Science & Business Media, 2012.

7. P. Embid and M. Baer. Mathematical analysis of a two-phase model for reactive granular material. Continuum Mech.490

Thermodyn., 4:279, 1992.
8. A. C. Eringen. Theory of micropolar elasticity. In Microcontinuum field theories, pages 101–248. Springer, 1999.
9. N. Favrie and S. Gavrilyuk. Dynamics of shock waves in elastic-plastic solids. In ESAIM: Proceedings, volume 33,

pages 50–67. EDP Sciences, 2011.
10. N. Favrie and S. Gavrilyuk. Mathematical and numerical model for nonlinear viscoplasticity. Philoso. Trans. Roy.495

Soc. A: Math., Phys. Eng. Sc., 369(1947):2864–2880, 2011.
11. N. Favrie and S. Gavrilyuk. Diffuse interface model for compressible fluid–compressible elastic–plastic solid interaction.

J. Comp. Phys., 231(7):2695–2723, 2012.
12. N. Favrie and S. Gavrilyuk. Dynamic compaction of granular materials. Proc. R. Soc. A: Math., Phys. Eng. Sc.,

469(2160):20130214, 2013.500

13. N. Favrie, S. L. Gavrilyuk, and R. Saurel. Solid–fluid diffuse interface model in cases of extreme deformations. J.
Comp. Phys., 228(16):6037–6077, 2009.

14. D. T. Gethin, V. D. Tran, R. W. Lewis, and A. K. Ariffin. An investigation of powder compaction processes. Int. J.
Powder Metall., 30(4):385–398, 1994.

15. S. K. Godunov. A difference method for numerical calculation of discontinuous solutions of the equations of hydrody-505

namics. Mat. Sb., 89(3):271–306, 1959.
16. K. A. Gonthier. Modeling and analysis of reactive compaction for granular energetic solids. Combust. Sci. Technol.,

175(9):1679–1709, 2003.
17. A. L. Gurson. Continuum theory of ductile rupture by void nucleation and growth: Part I–Yield criteria and flow rules

for porous ductile media. J. Eng. Mater. Technol., 99(1):2–15, 1977.510

18. S. Hank, N. Favrie, and J. Massoni. Modeling hyperelasticity in non-equilibrium multiphase flows. J. Comp. Phys.,
330:65–91, 2017.

19. S. Hank, S. Gavrilyuk, N. Favrie, and J. Massoni. Impact simulation by an Eulerian model for interaction of multiple
elastic-plastic solids and fluids. Int. J. Impact Eng., 109:104–111, 2017.

20. Z. Hashin and S. Shtrikman. A variational approach to the theory of the elastic behaviour of multiphase materials. J.515

Mech. Phys. Solids, 11(2):127–140, 1963.
21. V. Jogi. Predictions for multi-scale shock heating of a granular energetic material. MS thesis: Louisiana State

University, USA, 2003.
22. A. Kapila, R. Menikoff, J. Bdzil, S. Son, and D. Stewart. Two-phase modeling of DDT in granular materials: Reduced

equations. Phys. Fluids, 13:3002–3024, 2001.520

23. V. Kogan, P. Levashov, and I. Lomov. Shock Wave Database, 2003. http://www.ihed.ras.ru/rusbank/.
24. O. Le Métayer, J. Massoni, and R. Saurel. Elaborating equations of state of a liquid and its vapor for two-phase flow

models. Int. J. Therm. Sci., 43:265–276, 2004.
25. C. L. Martin, D. Bouvard, and S. Shima. Study of particle rearrangement during powder compaction by the discrete

element method. J. Mech. Phys. Solids, 51(4):667–693, 2003.525
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A Equilibrium condition of the reversible model 560

In order to find the pressure-equilibrium relation let’s consider the derivation of the internal energy using

the entropy equation
dηk

dt
= 0

ρ
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(
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f

)
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.

(82)

Using the momentum equation we obtain

∂ρE

∂t
+ div

(
ρEu +

∑
k

αkpk

)
=

(
pg − ps + ρs,rκλ

∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
dαs

dt
. (83)

The total energy is conserved if
dαs

dt
= 0 or if

(
pg − ps + ρs,rκλ

∂f

∂ξ
+ ρYs

∂κ

∂αs
f

)
= 0. This condition

corresponds to the classical condition in the multiphase-flow community pg = ps. Note that one could 565

also obtain such condition using Hamilton’s principle [6].
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