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Parametric Graph for Unimodal Ranking Bandit
Supplementary Materials

Camille-Sovanneary Gauthier "' > Romaric Gaudel *3 Elisa Fromont*3? Boammani Aser Lompo ¢

The appendix is organized as follows. We first list most of the notations used in the paper in Appendix A. Lemma 1 is
proved in Appendix B. In Appendix C, we recall a Lemma from (Combes & Proutiere, 2014) used by our own Lemmas and
Theorems, and then in Appendices D to F we respectively prove Theorem 2, Lemma 2, and Lemma 3. In Appendix G we
define KL-CombUCB and discuss its regret and its relation to GRAB. Finally in Appendix H we introduce and discuss
S-GRAB.

A. Notations

The following table summarize the notations used through the paper and the appendix.

SYMBOL MEANING

TIME HORIZON

ITERATION

NUMBER OF ITEMS

INDEX OF AN ITEM

NUMBER OF POSITIONS IN A RECOMMENDATION

INDEX OF A POSITION

SET OF INTEGERS {1,...,n}

SET OF PERMUTATIONS OF K DISTINCT ITEMS AMONG L

VECTORS OF PROBABILITIES OF CLICK

PROBABILITY OF CLICK ON ITEM §

VECTORS OF PROBABILITIES OF VIEW

PROBABILITY OF VIEW AT POSITION k

SET OF BANDIT ARMS

AN ARM IN A

THE ARM CHOSEN AT ITERATION ¢

BEST ARM AT ITERATION ¢ GIVEN THE PREVIOUS CHOICES AND FEEDBACKS (CALLED LEADER)

BEST ARM

GRAPH CARRYING A PARTIAL ORDER ON A

MAXIMUM DEGREE OF G

NEIGHBORHOOD OF a(t) GIVEN G

PROBABILITY OF CLICK ON ITEM i DISPLAYED AT POSITION k

CLICKS VECTOR AT ITERATION ¢

REWARD COLLECTED AT ITERATION ¢, () = S r_, cx(t)

EXPECTATION OF 7(t) WHILE RECOMMENDING @, flg = Y v, Pay

HIGHEST EXPECTED REWARD, p* = MaXgcpl fla

GAP BETWEEN [ AND 11

MINIMAL VALUE FOR A,

GENERIC REWARD GAP BETWEEN ONE OF THE SUB-OPTIMAL ARMS AND ONE OF THE BEST ARMS
CONTINUED ON NEXT PAGE
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SYMBOL MEANING
R(T) CUMULATIVE (PSEUDO-)REGRET, R(T) =Ty — E [23:1 Ma(t)]
IIy(a) SET OF PERMUTATIONS IN P ORDERING THE POSITIONS S.T. pa, .m) = Pan, .y = 2 J——
T ELEMENT OF II,(a)
T ESTIMATION OF
ao (T, Tk41) PERMUTATION SWAPPING ITEMS IN POSITIONS 7T AND 741
a[rg :=1] PERMUTATION LEAVING @ THE SAME FOR ANY POSITION EXCEPT 7x FOR WHICH @[Tk = |, =1
F RANKINGS OF POSITIONS RESPECTING I, F = (ﬂ“)aepé S.T. Ya € P, mq € I,(a)
T; 1 (t) NUMBER OF ITERATIONS S.T. ITEM i HAS BEEN DISPLAYED AT POSITION k, T} () = S°07) 1{ax(s) = i}
~ =~ d, — ~
Ta(t) NUMBER OF ITERATIONS S.T. THE LEADER WAS @, T4, (t) ef St 1{a(s) = a}
Ta(t) NUMBER OF ITERATIONS $.T. THE CHOSEN ARM WAS a, Tu(t) = 3.'_} 1{a(s) = a}
Ta(t) NUMBER OF ITERATIONS S.T. THE LEADER WAS @, THE CHOSEN ARM WAS @, AND @ WAS CHOSEN
K . a _ t—1 ~ _ = _ 2
BY THE ARGMAX ON D> " by 1(8): T (t) =3 1 1 {a(s) =a,a(s) =a,T5(s)/L ¢ ]N}
Pik(t) ESTIMATION OF p; 5, AT ITERATION t, p; 1 (t) = ﬁ S 1 {an(s) = i}ex(s)
bik(t) KULLBACK-LEIBLER INDEX OF p; 1 (t) , bs 1 (t) = f (ﬁi,k(t),Ti,k(t),T&(t)(t) + 1)
f KULLBACK-LEIBLER INDEX FUNCTION, f(p,s,t) = sup{p € [p,1] : s X kl(p, p) < log(t) + 3log(log(t))},
kl(p, q) KULLBACK-LEIBLER DIVERGENCE FROM A BERNOULLI DISTRIBUTION OF MEAN p
TO A BERNOULLI DISTRIBUTION OF MEAN ¢, kl(p, ¢) = plog (%) + (1 —p)log (}%Z)
Ba(t) PSEUDO-SUM OF INDICES OF @ AT ITERATION T, B, (t) = Z,}le ba,, k(1) — Z,ﬁil ba, (t),x ()
Nzx(a™) NEIGHBORHOOD OF THE BEST ARM
K, (WITH COMBINATORIAL BANDIT SETTING) NUMBER OF ELEMENTS IN @ BUT NOT IN a*,
Ko = mingrea:py«=p* @\ a”|
Kmas (WITH COMBINATORIAL BANDIT SETTING) MAXIMAL NUMBER OF ELEMENTS IN A SUB-OPTIMAL ARM a
BUT NOT IN AN OPTIMAL ARM @, Kimaz = MaXac A:pq#u* Ka
c* (0,k) COEFFICIENT IN THE REGRET BOUND OF PMED
c (IN £,-GREEDY) PARAMETER CONTROLLING THE PROBABILITY OF EXPLORATION
c (IN PB-MHB) PARAMETER CONTROLLING SIZE OF THE STEP IN THE METROPOLIS HASTING INFERENCE
m (IN PB-MHB) NUMBER OF STEP IN THE METROPOLIS HASTING INFERENCE

References to Theorems

Lemma 1 (PBM Fulfills Assumption 1).

Theorem 1 (Upper-Bound on the Regret of GRAB).

Theorem 2 (Upper-Bound on the Regret of KL-CombUCB).

Lemma 2 (Upper-Bound on the Number of Iterations of GRAB for which a(t) = a # a*).

Lemma 3 (Upper-Bound on the Number of Iterations of GRAB for which 7(t) ¢ Il,(a)).

B. Proof of Lemma 1 (PBM Fulfills Assumption 1)

Proof of Lemma 1. Let (L, K, (pi ) (i,k)e[L]x[K]) be an online learning to rank (OLR) problem with users following PBM,
with positive probabilities of looking at a given position. Therefore, there exists @ € [0, 1% and k € (0, 1)X such that for
any item 7 and any position k, p; = ;K.

Leta € PE be a recommendation, and let w € I, (a) be an appropriate ranking of positions. One of the four following
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properties is satisfied:

3k € [K = 1] st b, <0a, 7
Jk € [K — 1] st Ky, < Emppy s ®)
Ji € [L]\ a([K]) st. 0, < 0, ©
Wk € [K = 1],00, >0,
Vk € [K —1],kn, = Fny . (10
Vi € [L]\ a([K]),0a,, > 0;

Let prove, by considering each of these properties one by one, that a is either one of the best arms, or a fulfills either
Property (2) or Property (3) of Assumption 1.

If Property (7) is satisfied and 6,,, = 0, then by definition of w and I1, (@), 0 = 0, tir, > 0
absurd. / '

gy B > 0 which is

Or
Therefore, If Property (7) is satisfied, ——+- > 1.

Oar,

Note that by definition of w and I, (a), and as p; 1 = 0;ky, Oar, Ky = 9%“1 Kotpops -

00‘"‘k+1

Hence kir, > 5 Kmyy > Kmpyy» and
Tk

Ha — Hao(my,mri1) = aﬂwk Ky, T ea,rk+1 Rrgpr — (9“"k+1 Ky, + eaﬂk ’iﬂk+1)

= (Hawk - Gawkﬂ) (K = K )
<0,

meaning fig < flao(r,,m,, ) Which corresponds to Property (2) of Assumption 1.
Similarly, if Property (8) is satisfied, then Property (2) of Assumption 1 is fulfilled.
If Property (9) is satisfied,

Ha — Ha[rg:=i] = eaWK Rpg — einrK

- (ew - ei) Koy
<o.

Hence piq < pa[ry:=4), Which corresponds to Property (3) of Assumption 1.
Finally, if Property (10) is satisfied, pq = p*.

Overall, either a is one of the best arms, or a fulfills Property (2) of Assumption 1, or a fulfills Property (3) of Assumption
1, which concludes the proof.

O

C. Preliminary to the Analysis of GRAB

The analysis of GRAB requires a control of the number of high deviations, as expressed by Lemma B.1 of (Combes &
Proutiere, 2014). Let us recall this lemma, which we denote Lemma 4 in current paper.

Lemma 4 (Lemma B.1 of (Combes & Proutiere, 2014)). Let i € [L], k € [K], € > 0. Define F(T) the o-algebra generated
by (e(t)),e(r)- Let A © N be a random set of instants. Assume that there exists a sequence of random sets (A(s)) >, such
that (i) A C U,sq A(s), (ii) forall s > 1 and all t € A(s), T; 1 (t) > es, (iii) |[A(s)| < 1, and (iv) the event t € A(s) is
Fi-measurable. Then for all § > 0,
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Z IL{t € Av |ﬁi,k(t) -

t>1

D. Proof of Theorem 2 (Upper-bound on the Regret of KL.-CombUCB)

Proof of Theorem 2. Leta € A be a sub-optimal arm. Let a* € A be an optimal arm such that |a \ a*| = K,

def def

We denote K, = la* \ al|, To(t) Z ]l{a,( ) = a} the number of time the arm a has been drawn, and T, (t) =
22;11 1{e € a(s)} the number of time the element e was in the drawn arm.
Let decompose the expected number of iterations at which the permutation a is recommended:

d A
E Zn{aa):a}] > e Zﬂ{ )=l - il > 32 |

eca\a*

Z E Zﬂ{be(t)gpe}]
eca*\a t=1
a A
+E Zn{a(t):a,veea\aﬁme() pel < 55 veea \ab()>pe}
t=|E)|
+|E|.

The proof consists in upper-bounding each term on the right-hand side.

First Term Lete € a\ a*, and denote A, = {t €T]:a(t) =a,|pt) — pe| = 2AK,,}

Ae € U e Ax(s), where A (s) = {t € A, : To(t) = s}. For any integer value s, |Ax(s)] < 1 as T,(t) increases for
eacht € A.. Note that for each s € N and n € Ai(s), Te(n) = To(n) = s. Then, by Lemma 4

E[A[ <E|) 1{te A}

d A

~ _ > a
Su{te b -nlz 52|
t=1
_ 4K
S A2 .

a

N KS
Hence,zee,,\,,*E{23:11{a<t>=a,|pe<t>—pe|>2%;,,}}=zeea\a* 4] < 2.

=E

Second Term Lete € a* \ a, and denote B, {t € [T]:be(t) < pe}-

By Theorem 10 of (Garivier & Cappé, 2011), E[|B.|] = O(loglogT), s0 3 44 E [ZtT:l]l{be(t) < pe}} =
O(K,zloglogT).

Third Term Let note C' </ {t e [T\ [|E]] : a(t) = a,Ye € a\ a*, |pe(t) — pe| < B2, “\ a,be(t) > pe}.

Lett € C.

At each step of the initialization phase, the algorithm removes at least one element e of the set £ of unseen elements.
Therefore, the initialization lasts at most |E| iterations. Hence, at iteration ¢, a(t) = a is chosen as ) _, b.(t) =

MaXa/c A Y pcqr De(t).
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Then, by Pinsker’s inequality and the fact that t < T', and T, (t) > T,(¢) for any e in a,

0 < Zbe(t) - Z be(t)

eca eca*
Z be(t) - Z be (t)
eca\a* e€a*\a
. log(t) + 3log(log(t

< zjmm+v/()2Tm(<”—-§jmm

eca\a* ¢ e€a*\a

log(T") + 3log(log(T))
eca\a* eca*\a
log(T) + 3log(log(T))

SZpe Zpe+K +K\/ o (t)

eca eca*

—_A,

247, log(T") + 3log(log(T))
2 N 2T, (1) '

A, log(T") + 3log(log(T))
__2+K“\/ 2T (t)

Hence, To(t) < Kgmog(THﬁAl;g(log(T)). Therefore, C' C {t e [T\ [|E|] : a(t) = a,T4(t) < Kngog(T)JrGAl;g(log(T)) },

a

and

T

A,
E Z]l{a(t):a,Veea\a*,ﬁe() pe\<2 ,Ve € a” \ab()>pe}
t=|E|
=E[C]]
2log(T) + 6log(log(T
<EH&eﬂnnmmaw—mnm<kf ()8 osl (”H]
< K2 2log(T) + 610g(log(T))'
a A?I
Regret upper-bound Overall,

T

4K 2log(T) + 6log(log(T

E | 1{a(t) =a}| < A3+ OEaloglogT) + K e(D) e slog(T)) | |

t=1 a

2K? K2
= A; log(T) + O <( + A2> log logT>

a

and

R(T)= > AR Z]l{a —a}]
a€A:pa A p*

< > K‘%lo()qt(? KA+K—2 loglog T
S A g(T’ A, g log

a€Apatpr @

<|A|A mzm logT)
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which concludes the proof.

E. Proof of Lemma 2 (Upper-bound on the Number of Iterations of GRAB for which
a(t) =a # a*)
Proof of Lemma 2. Leta € PL \ {a*} and prove that E [ZLI 1{a(t) =a}| = O (loglogT).

The proof requires notations related to the neighborhood of a. Let A/ wf Urep i Nz (@) be the set of all the potential

neighbors of a. By definition of the neighborhoods,
N ={ao(kK): kK €[Kk>K}U{ak:=i]:ke[K],ie[L]\a(K])},

and its size is N = K(2L — K — 1)/2. As a is sub-optimal, and due to Assumption 1, for any appropriate ranking of
positions w € II, (@), there exists a recommendation a™ with a strictly better expected reward than a in the neighborhood
Nz(@). We denote

Nt U {a+ € Nz(@) : pg+ = max ua}

nell, (@) acN=(@)
the set of such recommendations. We also chose € < min{1/(2N), 1/L} and note

def . .
6 = min min max ;- .
TETL, (@) aENR (@)U{aH\N+ (a/e/\/,,(a) Ha M")

To bound IE [1{a(t) = a}], we use the decomposition {t € [T]: a(t) = a} C U, + cp+ Aa+ UB where for any permutation
at e N,
Ag+ ={t:a(t) =a,T,+(t) > eTa(t)}
and ~
B={t:a(t)=a,Va" € A+, T,+(t) < eT5(t)}.

Hence,
E(l{a(t) =a}] < > B[4 || +E[B].
ateA+

Bound on E [|4,+|] Leta™ be a permutation in A’ and denote K the set of positions for which a™ and a disagree:
K+ ={k € [K] : af # a}. The permutation @™ is in the neighborhood of @, so eithera™ = ao (k, k') ora® = alk := 1],
with k and &’ in [K], and 4 in [L]. Overall, K] < 2.

By the design of the algorithm and by definition of €, we have that V¢ € Aq+, T5(t) > T5(t)/L > €T5(t). Moreover, at the
considered iterations a is the leader, so

Ags C {t La(t) = a, Ta(t) < 1} U {t La(t) = & min{Ta(t), Tor (0} > Ta() 2 LY paglt) Zﬁa;,eu)}
¢ ¢

C {t:d(t) =a,Ts(t) <1l {t:d(t) = a,min{Ta(t), Tor (1)} > €Ta(t), > pa,n(t) > > ﬁa:’k(t)}

keK+ keK+

~ 1
C {t:d(t):d, alt) < =
€
- S = . 4 .
U {t a(t) = a, min{T5(t), To+ (t)} > ela(t), 3k € ’C+v |p&k,k(t) - p&k7k| > 2|’C+| or |pa2',k:(t) - paz,',k| >

JoU U e

kekt ie{&k#l:}

Q
a | =

C {t:d(t) —a,Tx(t) <

)

2|K|

|
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with i < {2 a(t) = & min{Ta (), Tos ()} > €Ta (1), 19in(t) = pisl > 57 }-

Fix kin K and i in {ax, a; }. Aip © Usen Aik(s), with A; i (s) e {t € Aig = Ta(t) = s}. [Aik(s
increases for each t € A; ;. Note that for each s € N and n € A; x(s), T} x(n) > min {7y (n), T+ (n)} >
Then, by Lemma 4

)| < 1as Ta(t)
€Tz(n) = es.

E[|A ] = Z]l{teAzk}
d 5
=K 14t Az s Di k() — pi
; { € ik, Pik(t) p7k|>2|lc+|}
4|’C+‘2
<
€42
+3
Hence, E [|Ag+]] < JFZkeIC* Zze{ak a+}EHAz kll < % 8”552' :

Bound on IE [| B|]  We first split B in two parts: B = B U B, where B' LS {t € B:T;(t) < to}, BE = {te B:
T&(t) > 1}, and ¢ is chosen as small as possible to satisfy three constraints required in the rest of the proof.

Namely, t; = max {1, (14+N)(1 -1 —eN)~!,inf {t : 2\/log(t+1)+3log(log(t+l)) < g}}. Note that g only depends

et

on K, L and 6, and that (1 — + — eN) > 0 (assuming L > 2) as € < 1/(2N).

We also define
. D% U(a,k)E(NU{&}\N+)><[K] Dy 1, where Dy, k = {t € [T]:a(t) = a,a(t) = a,|pay,k(t) = pay.k| = g}v
et U(a+ ken+ x (K] Pat k> Where Eg+ k = {t eT]:at) = d,ba;k(t) < pazr’k},
e and F % {t €T):a(t)=a,7n(t) ¢ 11, (a)}.

Lett € Bg;. By construction, GRAB forces itself to select [T&Lt)—‘ times the leader a between iterations 1 and ¢ — 1. So,

. Ta(t) .
- 50|+ 3 a2
aeNU{a}
where T2(t) = 22;11 1 {&(5) =a,a(s) =a,T5(s)/L ¢ ]N} is the number of times arm a € A U {a} has been played

normally (i.e not forced) while @ was leader, up to time ¢ — 1. Let prove by contradiction that there is at least one
recommendation a that has been selected normally more than 73 () + 1 times, namely T2(t) > eT5(t) + 1.

Assume that for each recommendation a in N U {a}, T3(t) < T5(t) + 1. Then

aeNU{a}
Ta(t)
T+ N(eTa(t) + 1),

Therefore Ty (t)(1 — + — Ne) <1+ N, which contradicts ¢ € BY..

So, there exists a recommendation a such that T3(t) > €T5(t) + 1. Let denote ' the first iteration such that T2 (s") >
€15 (t) + 1. At this iteration, T2(s") = T2(s' — 1) + 1, meaning that a(s' — 1) = a,a(s' — 1) = a, T3(s' — 1)/L ¢ IN, and
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Ta(s' — 1) > €T5(t). Therefore, the set {s € [t] : a(s) = a, T®

a(s)(8) = €T5(t), Ta(s)/L ¢ IN} is non-empty. We define
1(t) as the minimum on this set

<
—~
N
Il
E.
=
—
Va)
m
=
(<X
©
I
k)
o3
=
—~
[Va)
SN—
\Y

eTa(t), Ta(s)/L ¢ ]N} .

We note a the recommendation a(t)(t)) at iteration ¢(t). We have a ¢ N since for any recommendation a* € N'¥,
T2, ((t) < T2 (t) < T+ (t) < €T3(t). Leta™ be one of the best recommendations in NV (1)) (@)U{a}, meaning fiq+ =
MAXg’ €Nz (1), (@)U{a} Ma’»> and let K denote the set of positions for which @ and a™ disagree. As both recommendations are
in ,}(w(t))(d) U{a}, K| < 4.

Let prove by contradiction that ¢)(¢t) € DU E U F. Assume that ¢(t) ¢ D UE U F.
Since ¢ (t) ¢ F, @ (1(t)) belongs to II, (a) and hence a™ isin A" and >, Pat k= 2ok Park = fla+ — Ha = 0.

Moreover, since (t) ¢ D U E, for each position k € [K],

P (D) — pag ] < Soand bs  (0(0)) > pys 4.

Finally, T, () (t)) > T2(1(t)) > €T5(t) > 1, and therefore b, (¥ (t)) and pa, 1 (¢ (t)) are properly defined for any
position k € [K].

Then, by Pinsker’s inequality and the fact that ¢ (t) < ¢, T5(s) is non-decreasing in s, and T, (¥ (t)) = €T5 (1),

S b s ($(0) = 3 bt o ((0) = 3 by k(1) — by, (6(0)
k k

ke
log(T5 1) 4 3log(log(Ts 1
<Zﬁak,k<w(t))+\/°g( Wy +y+ (Jig)og( WED+) ey
kex e
0 log(T5(t) 4 1) + 3log(log(T5(t) + 1))
<D part gt . — Pt
2kt \/ 2Ta(t) Pal
5§ 4
<D Pack T gty Parn
kex
b
< Zpak,k - Zpakﬂk + |K] '2§
k k
5
< —6+8§
=0,

which contradicts the fact that a is played at iteration ¢ (t). So ¢ (t) € DUFE U F.

Overall, forany t € B{., ¢(t) € DUEUF. So, BL, € U,,c pupur BEN{t € [T]: ¢(t) = n}. Letnbein DUEUF. For
any ¢ in B, N {t € [T]: (t) = n}, T2, (n) = [Ta(t)] and T5(t + 1) = Ta(t) + 1. So [BE, N {t € [T]: (t) = n}| <
1/e + 1. Overall,

E (Bl < to+E[|By] <to+(1/e+1)(E[D[] +E[E] + E[ F]).

It remains to upper-bound E [| D|], E[|E

], and IE [| F'|] to conclude the proof.

Bound on E [|D|] The upper-bound on E [|D|] is obtained with the same strategy as the last step in the proof of the
upper-bound on [E [| A4+ []. Let @ be a recommendation in N'U{a} \N'*, and k € [K] be a position. Dg x € ey Aa.k(5)s

where Aq () =4 {t € Da . : To(t) = s}. [Aa.k(s)] < 1asTy(t) increases for each t € D, j. Note that for each s € IN
and n € Ag 1 (8), Ty, k(1) = Ta(n) = s. Then, by Lemma 4

Af,
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~

E[|Da,rl] <

E|) 1{te D, k}}

t=

=

T
dou {t € Dak; |Par.k(t) = par.kl = 2

| &,
—
[

N+1DK
Hence, E[|D|] < Z(a,k)g(NU{&}\N*)X[K] E[|Da x|l < w.

Bound on E[|E|] By Theorem 10 of (Garivier & Cappé, 2011), E [|Eg+ || = O(log(log(T))), so E[|E|] <
(e wyen+x(x] B [ Ea+ ] = O(INF|K log(log(T))).

Bound on E[|F|] ByLemma3, E[|F|]=E Zthl 1{a(t) =a,7n(t) ¢ 11, (d)}} =0(1).

Overall E[1{a(t) =a}] < "4 SSICL oy o (24 1) SO 4 0 (WK 0glogT) + O(1)
O (@ log log T), which concludes the proof. O

F. Proof of Lemma 3 (Upper-bound on the Number of Iterations of GRAB for which

7 (t) ¢ Tlp(a))
Proof of Theorem 3. Let a be a K-permutation of L items. If IT, (@) contains all the permutations of K elements, the set
{t-a(t) =a,x(t) ¢ 11, (a)} is empty.
Otherwise, let denote § the smallest non-zero gap between the probability of click at position & and the probability of click
at position k' # k: § %/ 1in {pan.k — pa, w : (k, k') € [K]?, pay.k — pa,. i > 0}. The gap § is the minimum on a finite
set, s0 § > 0.

By definition of (%), Pa, () (6),7: (6) (£) 2 Pany ()72 (0)(E) 2+ 2 Par 0y (0), 7 (1) (E), 505

{tram=arx®¢m,@r= J U {#:80)=a70) =7 pa0 a0 < Pas,, 0 |

mePK ke[K—1]

par i ()—par 7 1>3
U U { Ca() =a () =4, e e }

P kel1) Paz, 1 7hgr (D=paz, 7 |>3
T

U U A

wePK ke[K]

N

with Az £ {t ra(t) = a,m(t) =, |pas, 7, (1) — pas, 7| > g} , for any ranking of positions # € PZ and any rank
k € [K].

Let # € Pk be a ranking of positions, and k € [K] be a rank. Az C Uy Ase(s), with Az i (s) = {t € A :

Ta(t) = s}. |Az x(s)] < 1 as Ts(t) increases for each t € Az . Note that for each s € IN and n € Az x(s), T, 7 (n) 2



Parametric Graph for Unimodal Ranking Bandit (Supplementary Materials)

Algorithm 2 KL-ComUCBI (generic version)
Input: set of elements F, set of arms A
t+1
while {e € £ : T.(t) =0} # @ do
E« {ec E:T,(t)=0}
Ac—l{acA:anE+# 2}
recommend a(t) = argmax Z be(t)

acA  cca
observe the weights [w,(t) : e € a]
t+t+1
end while
to <t

fort =tg,t9+1,... do

recommend a(t) = argmax Z be(t)
acA oo
observe the weights [w,(t) : e € a]
end for

Ta(n) > Tz(n)/L = s/L. Then, by Lemma 4

T
Z ]l{t S A,}yk}‘|

a 5
Z ]1 {t S Ail',k‘? |ﬁﬁ,,~rk,ﬁ'k (t) - pa;,k ,ﬁk| > 2}‘|

E[[Azil] =E

Hence,

7ePK ke[K]
4LKK!
52
= 0O (LKK!),

which concludes the proof.

G. KL-CombUCB and its Application to PBM Setting

In this section we first define the generic combinatorial semi-bandit algorithm KL-CombUCB and we compare two
upper-bounds on its regret. Then, we present the application of KL-CombUCB to PBM setting and discuss its relation to
GRAB.

G.1. KL-CombUCB for Generic Setting

CombUCBI1 (Kveton et al., 2015) is a bandit algorithm handling the following combinatorial setting. Let F be a set of
elements and A C {0, 1} be a set of arms, where each arm a is a subset of E. Following the terminology used in (Kveton
et al., 2015), F is the ground set and A the feasible set. At each iteration, the bandit algorithm chooses a subset of elements
a € A and receives the reward ., we, where w is an independent draw of a distribution v on [0, 1]¥. Given these
assumptions, CombUCBI1 chooses an arm a(t) at each iteration, aiming at minimizing the total regret defined as usual.
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Algorithm 3 KL-ComUCBI (applied to PBM)
Input: number of items L, number of positions K
fort=1,2,...,Ldo
recommend a(t) = (¢ — 1)%L) + 1, #%L) + 1,...,((t+ K —2)%L) + 1)
observe the clicks-vector ¢(t)
end for
fort=L+1,L+2,...do

K

recommend a(t) = argmax Z bay k(1)
aePIL( k=1
observe the clicks-vector ¢(t)
end for

def ) d
We denote p, lef Ey~. [we] the expected reward associated to element e, g e/ Euy~y [Zeea we] = D cca Pe the

. d
expected reward when choosing the arm @ € A, and p* et maXge A [bg the best expected reward. We also denote
d d .
Ao lef ¥ — 1ig the gap between the best expected reward and the reward of an arm a, and A,,;,, lef minge 4:a,>0 Aq the
. . def . . . .
smallest gap of a suboptimal arm. Finally, K = max,c 4 |a| denotes the maximum size of an arm (meaning the maximum

def .
number of chosen elements), K, = ming-c A:p,.—p=

a \ a*| is the smallest number of elements to remove from a to get

. de ..
an optimal arm, and K4, lef MaXae A:pa £u* Ka 1s its lager value.

In our paper, we use the Kullback-Leibler variation of CombUCB1 which chooses the arm based on the index b, (¢) (defined
hereafter) instead of the usual confidence upper-bound derived from the Hoeffding’s inequality. The corresponding algorithm
(KL-CombUCB) also assumes that the weight-vector w(t) is in {0, 1}¥. KL-CombUCB is depicted by Algorithm 2 which
uses the following notations. At each iteration ¢, we denote

t—1
pet) ™ s S 1e cals)hues)

the average number of clicks obtained by the element e, where
des t—1
T.(0) " Y 1{e € als)}
s=1

is the number of times element e has been selected; p.(t) /) when T.(t) = 0. The statistics p.(t) are paired with their
respective indices

be(t) < £ (pe(t), Tu(t), 1),

where f(p, s, t) stands for
sup{p € [p, 1] : s X kI(p, p) < log(t) + 3log(log(t))},

with
def p 1—p
kl(p,q) = plog () + (1 —p)log ()
(v.9) 2) + (- pog (=2
the Kullback-Leibler divergence from a Bernoulli distribution of mean p to a Bernoulli distribution of mean ¢; f(p, s, t) fq

whenp=1,s=0,0ort =0.

Kveton et al. prove that the regret of CombUCBI1 is upper-bounded by O (|E|K /A log T'), and a similar proof would
lead to the same upper-bound for KL-CombUCB. In our paper we prove in Theorem 2 a completely different regret
upper-bound for KL-CombUCB: O (\A|K 2 ) Amin log T). For most combinatorial bandit settings, this new bound is
useless since |A| > |E|, and K4, ~ K. However, the analysis of GRAB involves an application of KL-CombUCB to a
setting where the new bound is smaller than the standard one as | A| = |E| — 1 and K4, = 2.
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Algorithm 4 S-GRAB: Static Graph for unimodal RAnking Bandit
Input: number of items L, number of positions K
v+ K(2L—-K—-1)/2
fort=1,2,... do
K

(1) + argmax > oy 4(0)
ae’Pé k=1

a(t) if 200 e N,
K
argmax Z ba, k(t) ., otherwise
ac{a(t)}uNG @) 1=
where N (a) = {ao (k, k') : k, k' € [K]?, k> k' } U{a[k := 1] : k € [K],i € [L] \ a([K])}
observe the clicks vector ¢(t)
end for

recommend a(t) =

G.2. KL-CombUCB Applied to PBM Setting

In the experiments (Section 6), we apply KL-CombUCB to PBM bandit setting by choosing the ground set E = [L] x [K],
the feasible set © = {{(ay, k) : k € [K]} : @ € Pk}, and the expected weights p; )y = 0;ry, for any “element” (i, k) € E.
Note that the observed weights of the generic setting correspond to the clicks-vector in the PBM setting.

The corresponding algorithm, depicted by Algorithm 3, recommends at each iteration ¢ the best permutation given the
indices b; (t) defined for GRAB. This optimization problem is a linear sum assignment problem which is solvable in
(@] (K 2(L+logK )) time (Ramshaw & Tarjan, 2012). Note the close relationship with GRAB:

* both algorithms solve a linear sum assignment problem, they only differ from the metric to optimize: Zle Pay k(1)
for GRAB vs. Zle ba, .k (t) for KL-CombUCB;

* both algorithms recommend the best permutation a regarding Zszl ba,.x(t), they only differ from the considered set
of permutations: {a(t)} U Nz (a(t)) for GRAB vs. Pk for KL-CombUCB.

By considering a larger set of permutations, KL-ComUCBI1 suffers a O(LK?/A i, log T) regret (by applying (Kveton
et al., 2015) bound), which is higher than the upper-bound on the regret of GRAB by a factor k2.

H. S-GRAB: OSUB on a Static Graph

The algorithm S-GRAB, depicted in Algorithm 4, is similar to GRAB except that it explores a static graph G = (E, V)
defined by

v L,
EY {(aa0 (k) : kK € [K]>. k> K} U{(a,alk =) : k € [K],i € [L]\ a([K])}.

This graph is chosen to ensure that with PBM setting any sub-optimal recommendation has a strictly better recommendation
in its neighborhood given G. This graph is fixed and does not require the knowledge of a mapping P, but its degree is also
about K times larger than the degree of the graphs handled by GRAB.

As for GRAB, any recommendation in the neighborhood of the leader given G differs with the leader at, at most two positions.
Therefore a proof similar to the one of Theorem 1 ensures that S-GRAB’s regret is upper-bounded by O (LK /A, i, log T).
This regret upper-bound is higher than GRAB’s one by a factor K due to the larger size of the considered neighborhoods.
However, this regret remains smaller than KL-CombUCB’s one by a factor K thanks to the bounded number of differences
between the leader and the arm played.
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