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EXTENSION OF HOLOMORPHIC FUNCTIONS DEFINED ON
SINGULAR COMPLEX HYPERSURFACES WITH GROWTH
ESTIMATES IN STRICTLY PSEUDOCONVEX DOMAINS OF C”

WILLIAM ALEXANDRE AND EMMANUEL MAZZILLI

ABSTRACT. Let D be a strictly pseudoconvex domain and X be a singular analytic set
of pure dimension n — 1 in C" such that X N D # () and X NbD is transverse. We
give sufficient conditions for a function holomorphic on D N X to admit a holomorphic
extension which belongs to LY(D), g € [1,+o0], or to BMO(D). The extension is given
by mean of integral representation formulas and residue currents.

1. INTRODUCTION

In this article we are interested in the following natural question : Given an analytic set
X, a strictly pseudoconvex domain D such that X N D # () and a function h holomorphic
on X N D, does their exist a function H, holomorphic on D, such that the restriction of
H to X N D coincides with h ? Oka in [20] asserts that the answer is positive, even if D
is only pseudoconvex. Difficulties arise when we want H to satisfy growth conditions like
being bounded or belonging to L4(D) or BMO(D).

When X is a hyperplane and D is pseudoconvex, Ohsawa and Takegoshi proved in [19]
that any h € L2(X N D) N O(X N D) admits an extension H € L?(D) N O(D). Ohsawa
in [18] generalized this result to complex manifolds of higher codimension. When D is
strictly pseudoconvex, Amar in [3] and Henkin-Leiterer in [14] proved that any function
holomorphic and bounded on XN D has an extension holomorphic and bounded on D. The
case of bounded functions defined on a manifold and extended to bounded functions on
weakly pseudoconvex was also positively solved in the case of convex domain of finite type
in [1] and [10]. Concerning L extensions, the following results were proved by Beatrous
in [4] (see also [8] and [13]). Let d(z) denote the distance from z to bD, the boundary of
D. Fors>-1,0<p<ocand Y = DorY = X N D, we denote by LE(Y) the set of
measurable functions f on Y satisfying

1l = ( /Y !f\pést)p <5
[ Fllpos == ( | \f|pda> .
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where do denotes the volume element on bY', the boundary of Y. Then AL(Y) is the space
of all holomorphic functions in L(Y) and A” (D) is the usual Hardy class consisting of
holomorphic functions on Y with boundary values in L” | (D). When D is strictly pseu-
doconvex in C" and when X is an m-dimensional complex submanifold of a neighborhood
of D which intersects bD transversaly, Beatrous proved that for —1 < s and 0 < p < 400,
there exists a continuous extension operator from A? . (X N D) to AS(D).

When X is no longer a manifold but a singular variety, things are much more com-
plicated. In [9], Diederich and the second author exhibit, in C3, an algebraic complex
hypersurface X with singularities and a function & bounded and holomorphic in the inter-
section of X and the unit ball which does not have a L?-extension in the unit ball. This
result was generalized to weighted L2-spaces by Guan and Li in [12].

In [5], for X a singular varieties and D pseudoconvex, Berndtsson gave a condition
under which h € O(X N D) has an extension in O(D) N L?(D). However if h satisfies
this condition, h must vanish on Sing(X), the set of singular points of X. Hence, if h is
constant on XND, Berndtsson’s result does not provide a holomorphic extension of h which
belongs to L?(D) while it trivially exists. In [2], when X is a singular variety in C", when
D is a strictly convex domain and when ¢ belongs to [1, +oc], the authors gave necessary
conditions for h € O(X N D) to have an extension H € O(D) N LY(D). When n = 2 and
q € [1,+o0], they also proved that these conditions are sufficient and when ¢ = 400, they
proved that these conditions imply that H belongs to O(D) N BMO(D). In this article,
we aim at generalizing the results of [2] for n > 2 and for strictly pseudoconvex domains.
Moreover, we want to give conditions which are stable by biholomorphic transformations.

Let D be a strictly pseudoconvex domain in C” with smooth boundary. We write D as
D ={z € U/ p(z) < 0} where p is a smooth strictly plurisubharmonic function defined
in a neighborhood U of D, such that the gradient of p does not vanish in a neighborhood
of bD, the boundary of D. We denote by Dy, t € R, the set D, = {z € C", p(z) < t},
by bD; its boundary, by 7, the outer unit normal to 0D, at a point p € U and by
T;)Cpr(p) the complex tangent space to bD ., at the point p. For all p in U, we denote
by €1(p) = np, €2(p), ..., €n(p) an orthonormal basis of T;)CbD
depends on p.

Let X = {¢ € U/ f(¢) = 0} be an analytic set of pure dimension n — 1 in C". We
denote by Reg(X) the set of regular points of X and by Sing(X) the set of singular
points of X. We also denote by C4(X,p) the fourth Whitney tangent cone at p € X to
X, that is the set of vectors v for which there are sequences of points (z;); of Reg(X)

o(p) Which locally smoothly

converging to p and vectors (v;); converging to v such that, for all j, v; is tangent to X
at z;. For all p € X, dimCy(X,p) > n — 1 and Stutz showed in [23] that the algebraic
set J = {p € Sing(X)/ dim C4(X,p) > n — 1} has dimension at most n — 2 and is thus
strictly smaller than Sing(X). In this paper, we will assume that J is in fact empty.

In all this work, we assume that X and D satisfy the following assumptions :

(a) The intersection X N D is non empty.
(b) The intersection X N bD is transverse in the sense of tangent cones, that is, for all
p € bD N X, the vector space generated by T;cbD and Cy(X,p) is C™.



(¢) X is irreducible at all point p € X NbD.
(d) Any point p € bDN X is either a regular point of X or p is a regular point of Sing(X),
such that dim Cy(X,p) =n — 1.

We will prove the following theorem which gives extension in the class BMO(D).

Theorem 1.1. Let X be an analytic set of pure dimension n — 1 in C" and let D be a
strictly pseudoconvex domain in C™ which satisfy (a-d). Let h belongs to O(X N D). If for
all holomorphic disc v : A — D such that v(A)NX # 0, there exists h, € O(A) such that

o supy |hy| is bounded uniformly with respect to vy,
o for allt € A such that y(t) belongs to X, hy(t) = ho~(t),

then h has a holomorphic extension in BMO(D).

Of course, if H is bounded and holomorphic in D, its restriction to X N D satisfies
the hypothesis of Theorem 1.1 which gives us not a bounded extension but only a BMO
holomorphic extension. The BMO class replaces in many problems of extension and
division of holomorphic functions the class of bounded functions that is missed by a little.
Thus the result given by Theorem 1.1 is not an “if and only if” theorem but is not, for
this kind of questions, a bad answer.

We also notice that the assumptions in Theorem 1.1 are kept under biholomorphic
transformations. Moreover, since any h belonging to O(X N D) always has a holomorphic
extension to D, it suffices in Theorem 1.1 to consider not all discs but holomorphic discs
close to the boundary of D. We will also see that it suffices to consider only regular
holomorphic discs 7 such that the intersection of 7(A) and any branch of X is either a
singleton or empty. And in fact, provided we are in suitable coordinates, it suffices to
consider linear discs, i.e. images of A by complex affine transformations.

We finally point out that when X is a manifold, and when h is holomorphic and bounded
on X N D, given a holomorphic disc v such that v(A) N X is a singleton, we can trivially
extend h to y(A) and we thus get a uniformly bounded extension of h to y(A). We thus
nearly recover Henkin’s results in [13].

Theorem 1.1 will be a consequence of the following theorem which generalizes Theorem
1.1 of [2] :

Theorem 1.2. Let X be an analytic set of pure dimension n — 1 in C" and let D be a
strictly pseudoconver domain in C™ which satisfy (a-d).

There exists an integer k > 1 depending only on X such that if h is a holomorphic function
on X N D which has a C™® smooth eztension h on D which satisfies

(i) there exists N € N such that |p|Nh vanishes at order k on bD,

(ii) there exists q € [1,+00] such that % ’P’aﬁaﬁémn belongs to L1(D) for

all multi-index o with la] <k,
(i) % =0 on X ND for all multi-index o with 0 < || < k,
then h has a holomorphic extension H in LY(D) when g < 400 and in BMO(D) when q =

+00. Moreover, up to a uniform multiplicative constant depending only on k and N, the

9°h |p|a1+7a2+“2‘+a”

norm of H is bounded by the supremum of the L?-norm of ¢ = | g=at —geam

for o multi-index such that || < k.



The extension will be given as in [2] by an integral operator combining a Berndtsson-
Andersson operator and the 9 of a current T’ which is a refinement of the current of [16]
and which satisfies f7' = 1. The current 97 is some kind of a perturbation of the classical
current 0 [H which defined in [15] via Hironaka’s theorem and thus which is not very
explicit. In order to have precise estimates of the extension, we need a completely explicit
current. We will defined it in a neighborhood of any point p € D by taking into account
branches of X which are “close” or “far” from p. Having tools which enable us to quantify
how a branch is close or far from a point, is the first problem we have to overcome. The
first part of the solution will be given by Koranyi balls and the structure of homogeneous
space of a strictly pseudoconvex domains which will provide a good (pseudo-)metric in
order to quantify the meaning of being far or close from a point p. The second part of the
answer will be given by Hypothesis (c-d) which provide us a parametrization of X.

The current will act by differentiation on a Berndtsson-Andersson kernel and such
kernels have a worse behavior when they are differentiated in the normal direction than in
the tangential directions to the boundary of the domain. In dimension 2, there is only one
direction but not when n > 2 and we have to find the good one. Moreover, in dimension
2, the singularities of an analytic set are always isolated. In particular, a singularity is
either far from the boundary of the domain or belongs to the boundary of the domain and
so0, there is a kind of dichotomy. When n > 2, there can be a “continuum” of singularity
which goes through the boundary of D. It should be noticed that in most papers dealing
with singular varieties and giving fine estimates, singularities are often assumed isolated,
but we do not make such an assumption here and we will learn to deal with non isolated
singularities.

We will face an other difficulty which does not appear in [2] and which is due to the non
convexity of D. In order to define the extension operator, we have to write f(z) — f(¢) =
> 5=1bi(¢2)(25 — (). Any such decomposition b = 377, b;d(; enables us to define an
extension operator but not all b give a good extension because we need some kind of
compensation between b and the term % which will appear in the kernel of our operator

(see Lemma 3.2 for details). In [2], the convexity of D was used in order to have b; equal

|a|+1 . .
t0 - 101<k m%@)(z — )%+ O(|¢ — z|**1). Here, we will prove that given any

Hefer decomposition of f, we can construct a good decomposition which will be equal to
the derivatives of f up to order k (see Lemma 2.12).

In Theorem 1.2, we assume the existence of a smooth extension H of h € O(X N D),
although no such assumption was made in the previous papers (see [3, 8] for example).
However, during the proof of the existence of good extensions, often a smooth extension
is first constructed. In general, this construction is a bit obvious : if h is defined on a
manifold, maybe after a local biholomorphism, this manifold is equal to the set {¢; = 0}
and the smooth extension is just h(¢) = h(0,(a, ..., ¢,). This smooth extension will then
satisfies the hypothesis (i-iii) of Theorem 1.2. Of course, a singular variety cannot be
written in such a way and, in our case, we have to assume the existence of such a smooth
extension. The next questions are thus “when such a smooth extension does exist 7” and
“how do we construct such a smooth extension ?7”.



In [2] we gave conditions under which such extensions exist in C2. They were formulated
in terms of control of divided differences on linear discs. Roughly speaking, a divided
difference of order m of a holomorphic function H near a singularity is close to a m-th
derivative of H and Cauchy inequalities tell us that if H is bounded in D or if H belongs to
L%(D), we control its derivatives and thus its divided differences with powers of d(-,bD),
the distance to the boundary of D. These conditions, even if necessary and sufficient or
nearly sufficient, were not stable under biholomorphism. We want to give here conditions
which are kept under biholomorphic transformations.

In Theorem 4.3, still using extension on holomorphic discs, we will also give an analog of
Theorem 1.1 for Li-extension when ¢ < +o0o0. However in order to have Li-extension, we
need some kind of average properties that will be formulated with homogeneous covering
and Koranyi discs. The condition of Theorem 4.3 will also be stable under biholomorphic
transformations and will be necessary and sufficient for h to have a holomorphic extension
which belongs to L(D).

The paper is organized as follows. In Section 2, we construct the extension operator. In
Section 3, we prove that it satisfies the conclusion of Theorem 1.2. In Section 4, we prove
Theorem 1.1 and give necessary and sufficient conditions on A for i to have a holomorphic
extension which belongs to LY(D), g < 4o0.

2. CONSTRUCTION OF THE CURRENT

We first want to define a current 1" such that f7° = 1. We will define T locally but we

first need more analytic informations on the analytic set X. We denote by d(z,bD) the
distance from z to bD and we define the anisotropic Koranyi balls centered at z of radius
r>0by Pr(z) = {2+ M+ pv/ v € TEbD 0, |A| + [p]? < r}.
We also adopt the following convention : we Wlll write A < B if there exists a constant
¢ > 0 such that A < ¢B. We write A < B if both A < B and B < A hold true. Moreover,
through out this paper, C will always represent a big constant and ¢ a small one such that
choosing ¢ smaller does not imply that C' must be chosen bigger. However, we accept that
choosing C' bigger implies that ¢ must be chosen smaller.

2.1. Local parametrization of X. Without restriction, we assume that 0 belongs to
Sing(X) NbD and we work near 0.
Hypothesis (¢) and (d) and Proposition 4.2 of [23] imply that there are a neighborhood
U(0) and a one to one holomorphic map ® of a neighborhood V(0) ¢ C"~! of 0 onto
U(0) N X such that
() Sing(X) NU(0) = 2(V(0) (G = 0}),
(ii) @ :V(0)\ {t1 = 0} — Reg(X) NU(0) is biholomorphic,
(iii) after perhaps a holomorphic change of coordinates, ® is of the form

B(t) = (t, t2, -, ta1s (1)),
where k is the multiplicity of the cover of X over C*~! in a neighborhood of 0, ¢ is
holomorphic in V(0) and ¢(0) = 0.
Thus, locally and maybe after a local change of coordinates, Sing(X) = {z € C"/ z; =
zn, = 0} and by transversality, we deduce that ng # (0,...,0,1).



Moreover we can write X near 0 as

_ 1.
X=¢zeC" P H< —z10(2 wa,ZQ,...,zn1)>

1 1
where 2 satisfies (2 )F = 2.

Intuitively, in these 10cal coordinates, the action of the current 7" on a test function ¢
will be of the kind ( = 1;(5) 8,? Since f = uP with u zero free, we integrate a
bounded quantity and so T is well deﬁned When we integrate k times by parts, we get
fr=1.

The extension operator will make T acting on a Berndtsson-Andersson reproducing
kernel. Thus we will differentiate a reproducing kernel k times and it is well known that,
a2,6D) bD) More
precisely, a derivative in the normal direction implies a loss of a factor d(-,bD) and a

near the boundary of a domain, these derivatives explode like a power of

derivative in a tangent direction implies a loss of a factor d(-, bD)%. Thus, our interest
will be to differentiate only in a tangential direction. In order to do this, we will cover
a neighborhood of bD with Koranyi balls Pi(z; 0D) (2j), 7 € N, and on each Koranyi ball,
we will define a current T} of the previous kind such that we differentiate in a tangential
direction at z;. Thus for any point z close enough to 0, we will have to choose a basis
depending on z, not necessarily orthonormal, such that for example the last vector of this
basis is tangent to bD .y at z and such that in the coordinates induces by this new basis,
X has a parametrization of type ¢t = (t},ta,. .., tn_1, 80, (1)).

If we denote by (eq,...,e,) the canonical orthonormal basis, we have 1y # +e,. So,
for z near 0, we can put w, = m(en — (€n, Mz)Nz) = Wz 1€1 + ...+ W, pey. Since
en 7 Mo, we have wg, # 0 and, by continuity, w,, # 0 for all z sufficiently close to
0. For such a point z, we denote by A, = [e1,...,e,—1,w,| the change of coordinates
matrix from the canonical basis to (ej,...,e,—1,w;) and for ¢ € C", we put m,(¢) =
(721(0)y- -, m2n(€)) = A7'¢. We want to prove the following lemma which gives us a
parametrization of X in the coordinates induced by the basis (eq,...,ep—1,w,).

Lemma 2.1. There exist a neighborhood U(0) of the origin in C™ and a neighborhood
V(0) of the origin in C"~1 such that for all z close enough to 0, there exists a function o,
holomorphic in V(0) which satisfies

(i) e (1) S|, uniformly with respect to z and t/,
.. _ k k
(i) X () = m { (85t () ¥ = (8 ) € V(0)].

Moreover, @, can be assumed uniformly bounded.

Proof: We fix a holomorphic k-th roots in the disc D(1,1) C C and put
-t (1- 22 p(0))

O (zt,t) > 2 - <t2 - %itlf‘p(t»

b1 — (tn—l - %tlf‘ﬂ(t))

==



where ¢ is given by (iii). Since ¢(0) = 0, %(0, 0,0) = —Idgn-1. The implicit functions
theorem implies that there exists a neighborhood U(0) of 0 € C™, two neighborhoods V(0)
and V'(0) of 0 € C** and ¥ : 4(0) x V'(0) — V(0), holomorphic with respect to ¢’ and
smooth with respect to z, such that for all (z,¢,¢') € U(0) x V(0) x V'(0), ®(z,t,t') =0 if
and only if ¢t = W(z,¢'). Moreover ¥(z,0) = 0 so [¥(z,t')| < |¢/|, uniformly with respect
to z and t'.

Differentiating the following equality

1
- - 3
(1) th — Wq(z,t) <1 _ Yl o \Il(z,t’)) =0,
We,n
we get for all multi-index a = (0, g, ..., ap—1)
ol
W(27 O) =0.
Differentiating (1) with respect to | and evaluating at (z,0), we get
0¥,
0)=1.

Therefore there exists a holomorphic function ¢, such that Wy (z,#') = t, (1 + $.(t')) and
|2.(t)| < |t'|, uniformly with respect to z and ¢'.
Finally, we put ¢, (t') = ﬁ (1+ @.(t)* p(U(z, ).

If ¢ is close to 0 and beloﬁgs to X, then it can be written as ¢ = (t},t2, ..., ta_1,t0(t)).

1
Putting ¢’ = <t1 <1 — %cp(t)) oty — %ﬁt’fgp(t), ey tne — Wt’fgp(t)) we thus ob-

Wz,n

tain 7,(¢) = (¢, th, ..., t,,_1,tFo.(t') and conversely. ©

For a given point z, we will denote by ¢’ the coordinates of a point ¢ in the coordinates

system centered at 0 and of basis eq,...,e,_1,w,. We define
k—1 o
P =TT (6 = el Ghon o Cn))
=0

where w = ¢ % and C{% is any complex number such that (C{%)k = (}. Therefor ¢ belongs
to X if and only if P,(7,(¢)) = 0. We want to link uniformly P, to f :

Proposition 2.2. For all z near 0, there exists a holomorphic function u, such that
f(€) = uz(Q)P:(7:(C)) for all ¢ in a neighborhood of O which does not depends on z and
|uy| = 1 uniformly with respect to z.

Proof: We consider the family of functions (f,), where for all z, f,(¢') = f(7;1(¢"))
f(ller+... 4+, _qen—1+w,). We first want to apply Rouché’s theorem to fo(0,...,0,
and f.(¢1, ..., C_1,0)-

Weierstrass Preparation Theorem implies that, near 0, there exist a non vanishing holo-
morphic function u and a Weierstrass polynomial P(¢) = ¢¥ + ¢ tay(¢r, ..., CGot) +. .+

)



ag(Ciy ..., Cp—1) such that f = uP. Since the function ¢, — f(0,...,0,(,) vanishes at
order k at 0, we also have a4 (0, ...,O) =...=ag(0,...,0) = 0. Moreover, we can write

H < Clgp Cl 7<2a"'aCnl)>

from which we get

_ o
fo(o, ...,0 =u t’LU() H (two,n — wo,ltw((tw()’l)ﬁw], two2, ... ,t’wo’n_l))
= tha(t)
- - 1 . .
where |a(t)] = |u(twy)| H?Zé ‘w()ﬂ — wo,10((two,1) *w’, twp 2, . . . ,twom_l)‘ ~ 1if |t is

small enough.
Therefore there exists a small ¢ > 0 such that for ¢ in D(0,e) = {¢ € C/ |¢] < ¢},

fo(0,...,0,t) = 0 if and only if ¢ = 0. In particular, fy(0,...,0,-) does not vanish on
bD(O,e), the boundary of the disc D(0,¢). We put a = 1nfbD(08 |f0(0,...,0,-)| > 0.
The mean value inequality then gives us ¢’ > 0 such that if (¢1,.. tn_l,t) belongs to

D(0,")"t x D(0,¢) then |fo(t1,...,tn—1,t) — fo(0,...,0,t)| < %.

Again the mean value inequality givesuse” > 0 such that if 2 belongs to B(0,&") = {z €
C"/ |z| < €"}and (t1,...,tn_1,t) belongs to D(0,&")" "1 x D(0,¢), then ]fz(tl, ey tne1,t)—
fo(ti, .. tao1,t)] < ¢ Th1s yields |f.(t1,...,tn—1,t) — f0(0,...,0,t)] < § for all z €
B(0, e”) and (t1,...,tn—1,t) € D(0,&') x D(O,s). Rouché’s theorem then implies that
fz(t1,... ,th—1,-) has exactly k zeros in the disc D(0,¢).

NOW we apply Welerstrass Preparation T heorem to f, and we write f, = u,(Q), where
Q.(¢) =<, (Cl, ()¢, "l +a (Cl, ...,C,_1) is a Weierstrass polynomial
and u, does not Vamsh in D(0,")" 1 x D(O,e). Since fz(t’lk,t’g, . ,t;b,tl 0.(t") =0, we
conclude that @), = P,.

For all ¢ € D(0,¢')"~! x D(0,¢), we have

1' < ’QZ(Clv"wC;L_l,t)‘
uz(¢’) \t| \fz(él,...,géfljt)y

On the first hand, for all (¢{,...,¢, ;) € D(0,&/)"! and all t € bD(0, ¢), we have
a
’fz(é:’l?"'7<7{1/717t)‘ 2 ’f0(07"'707t)’_|fZ(C:’L7"‘7C’I/'L*17t)_f0(07"'707t)’25'

On the other hand, since (f,), converges uniformly to fy when z tends to 0, Weierstrass

Preparation Theorem also implies that (Q,). converges uniformly to Qo when z tends to
0 and so Q. is uniformly bounded. Therefore we have |u,(¢’)| > 1 uniformly with respect
to z and ¢’ . Analogously, we also have |u,| <1 and so |u,| = 1. ©

We now want to understand the interplay of the geometries of X and D. This will be
the goal of the following propositions, firstly near Sing(X).

Proposition 2.3. There exists C > 0 big enough such that for all ¢ > 0, all z suf-
ficiently close to 0 such that d(z,Sing(X)) < 1OC(c|p(z)\)%, all ¢ € Pyjp(z)(2) and all
5 € C such that gk = 772,n(C)7 we have |7TZ,TL(C) - W271(C)(Pz(§77rz,2(g)7--'77rz,n71(C)‘ <



C2lep(2)|2 and the point w7 (151()s -+ a1 (O)s Mot (O (€, m22(C)s -y Tan1(C))) =
CA (216 m22(C)s -5 Tzm1(C)) = T2 (C))ws belongs to X N Pecajzy(2)-

Proof: Tf d(z, Sing(X)) < 10C|ep(2)|2 then for all ¢ € Py (z) we have
d(¢,Sing(X)) < [¢ — 2| + d(2, Sing(X))
< (10C + 1)lep(2)| 2.
Since d(¢, Sing(X)) = /[G[> + [Ga?, it comes |71 (¢)| = ‘Cl — 2=1(,] S Clep(2)|7, and

IT2m(Q)] S C|cp(z)\%. Now, if € € C is such that £¥ = 7, 1(¢), if C is big enough, we have
uniformly with respect to (, C' and ¢

1 1

T2 (Q) = 72,1 (O (€, m22(0)s -+ Tain1(Q)) S Clep(2)|7 < CPep(2)]7.
Moreover, since w, is a tangent vector to bD;) at z, provided C' > 0 is big enough, the
point ¢ + (7,1(Q) (&, m22(C), - -+, T2n-1(C)) — T2.n(¢))w: belongs to X N Pecajyzy(2). O

Now we are interested in the case where z is far from Sing(X).

Proposition 2.4. There exists C > 0 sufficiently big such that for all small ¢ > 0, for all
z near 0 with d(z,Sing(X)) > IOC\cp(z)\% and X NPgyy(2) # 0, for all ¢ € Pejp(z) (2)

we have
(i) 7.1 ()] > 2C|ep(2)]2,

1

(ii) 721 (C)] = Clep(2)]2, 1
(111) m.1(C) belongs to D(m,1(2),Clep(2)|2).

Proof: Firstly, for all z and all ¢ belonging to Pg,(;)(2), we have |r,1(¢) — 7.1(2)] <
C]cp(z)ﬁ for some big C' > 0 which does not depend on ¢ or z and so 7, 1(¢) belongs to
D(r.1(2), Clep(2)|2). 1

If z is a point such that d(z, Sing(X)) > 10C|cp(2)|2 and X N Pejy(2)((2) # O we prove
that |71 (2)| > 2C|ep(2)|2 so that |m.1(C)] > Clep(2)|2 for all ¢ € Pyprzy(2).

Let ¢ be a point in Pelp(z))(2) N X. Since 710, 7m22(C), -+ -, T2m—1({),0) belongs to
Sing(X) and since d(z, Sing(X)) > 1OC|cp(z)|%, provided C'is big enough, it comes

10C)ep(2)|7 < |2 = 721 (0,m22(C)s -+, 7201 (C), 0)]

< |77 H(m1(0), 0,0, 0,70 (0))| + |2 — |

< 17 (©) + we e O + [0 (O + Clep(2)] 3
Therefor
(2) V171 (0) + 0217 (O + [0z (O = 9Cep(2)]3 > 0.

Since ¢ belongs to X, if z is close enough to 0 which implies that  is close to 0, Lemma
2.1 implies that |7, ,(¢)| < |72,1(¢)|. Therefor, with (2), we get |7, 1(¢)| > 3C|cp(z)|%.
Finally, since ¢ belongs to Pejo(2)|(2)s 1m.1(C) = m21(2)| < Clep(z)

21 (2)] > 1721 (O)] = 721(C) = m21(2)] > 2C|ep(2)|2. O

[

2 which yields



We notice that, under the hypothesis of Proposition 2.4, there exist holomorphic k-roots
of 7.1 on Pejy(2)|(2). We also point out that the constant C' and ¢ in Propositions 2.3 and
2.4 are independent. This is of importance because we will have to chose ¢ even smaller.

Corollary 2.5. Under the hypothesis of Proposition 2.4, if & — 5% is a holomorphic k-th
root on D(m, 1(2), C\cp(z)]%), for all j we have :

1

(i) if C belongs to Py, (2), the point 7TZ_1<7TZ71(C), .. .,Wz’n_l(C),7T371(C)(,0Z(7TZ71(<)E(A}]',
722(C), ... ,7727”_1(())> belongs to X,

1.
(ii) if ¢ = 71;1(({,..;,%71,{7’1) beloizgs to Peip(z)|(2) and if [(, — C1e=(GFw?, G, oo
ol < 2|ep(2)|2, then for all ¢ belonging to Pejy.)(2), we have, uniformly with

respect to , ¢ and z,
‘Wz,l(g)(pz(ﬂ-z,l(g)%wja 7Tz72(<~), v 77Tz,n—1(§)) - Wz,n(g_)’ < Cz‘cp(z)’%

- ~ 1 . - -
In particular, (+ (7‘(’271(()(,02(7['271(()16(,0], 722(0), ., Tan—1(C)) — 7rz7n(g‘)> w, belongs
to X N Pecajpz)|(2) if C is big enough.

Proof: For ¢ € Py (2), we set a;(() = 7rz71(C)g02(7r271(C)%wj,ﬂz,g((), ooy Ten—1(C)) as
a shortcut. By Lemma 2.1, 7 1 (7,.1(¢), ..., T2n-1(¢), @j(¢)) belongs to X.

Provided C' is big enough, the first derivatives of ; are uniformly bounded by C. So,
if some point ¢ belongs to P, (), then for all (e Pelp(2)(2), we have uniformly

1 (0) = T ()] < 10 () = (O] + Q) = Tan (O] + M2 (¢) = T ()]
< CI¢ — |+ 2fep(2)|2
< Clep(2)]7 < CPep(2)|2

provided C' is big enough.

Since ¢ belongs to Pelp(z)|(#) and since the vector w, is tangent to bD this implies

p(2)>
that 71 (wz,l(g‘), e T (O, 11 (D)o <7TZ71((J:)’1“wj PN nz,n_l(é)» belongs to

PCC4|p(z)|(Z) if C' is big enough, independently of ¢, ¢ or z. O

We want to point out the following remarks which will be important when we will
look for an upper bound of an extension. The two last propositions tell us in terms of
the homogeneous geometry induced by bD, that if z is close from Sing(X), then every
branches of X is near z and if z is far from Sing(X) either a branch is always far from z
or always close from z. Now we define the current in small Koranyi balls.

2.2. A very local definition of the current. Now, for z in a neighborhood U(0) of the
origin, we construct a current T, supported in P|,(.)/(z) and such that fT, = 1. Let U(0)
be a neighborhood of the origin such that the Propositions 2.3 and 2.4 and Corollary 2.5
hold true for all z belonging to ¢(0).

When d(z, Sing(X)) > 10C\cp(z)]%, we choose a holomorphic k-th root & — 5% on
D(rm;1(2), C’|cp(z)\%). If ¢/ belongs to . (P,(2)(2)), then, by Proposition 2.4, ¢{ belongs

10



to D(m;1(2),Clep(z)|2 ) S0 Cl is well defined and we can set

J. = {.7 € {07 . "k})EK/ € 7TZ(,Pc|p(z)|(z))7 /@Z(Ci%wj’géa . '7C;L*1) - C’I/'L‘ < 2|Cp(2:)‘%} :

We also denote by #.J, the cardinal of J,. We use this set J, in order to pick up the
branches of X which are close to z. According to Corollary 2.5, for all j € J, and all

¢ = 17(¢") € Pappgoy)(2), we have |Clon (CLFed, & Coy) — CB] S Ip()]E- Tt j does not

belong to J, then for all ¢ € P, (2), we have ’C{gpz(g‘{%wj,@, ) _CH > |p(z)]%
When d(z, Sing(X)) < 10C|cp(z )|%, every branch of X is close from z. We put J, =

{0,...,k —1}. We then define for a smooth (n,n)-form g supported in P, (2) :

(T.,g)

T
., [es. (Gh = Clo= (R, Gy s Gir)) g (r9) €)
#J,! ¢'emz(Pejp))(2)) f(m‘l(C’)) 8@#JZ :
We point out that when d(z, Sing(X)) < 1OC\cp(z)|%, there is no holomorphic root on
1
Pelp(z)|(2) but J, = {0,...,k — 1} so (1% simply needs to be any complex number such

that (q%)k =l

1 .
Moreover, since Hjejz (C/ — (1. (C{%ﬂ,(&, e )) is polynomial of degree #J, in
¢}, integrating #.J, times by parts leads to ( fTZ, f’P o (2
clp(z
Finally, we also notice that if J, = (), the preceding deﬁmtlon stlll makes sense. In

particular, if we are given a point z such that X NU(0) = 0, setting J, = 0 for all
z € U(0), the previous definition gives the current

1
(T.,9) = /CGPqp(z)(Z) mg (€)-

Now we cover U(0) with Koranyi balls and glue together the currents defined on each ball.
We must define carefully the covering as in [2].

2.3. Koranyi covering. The Koranyi balls give to the boundary of D a structure of
homogeneous space. For z € D, v a unit vector in C™, and ¢ a positive real number, we
set 7(z,v,e) = sup{T > 0, |p(z + \v) — p(2)| < ¢ for all A € C, |\| < 7}. The Koranyi
balls have the following homogeneous properties :

Proposition 2.6. There exists a neighborhood U of bD, a sufficiently small ¢ > 0 and a
sufficiently big C' > 0 such that
(i) for all ¢ € U N D, Pyejp(c)|(C) is included in D,
(it) for alle >0, all {,z €U, P-(¢) N P:(2) # O implies P-(z) C Pc:(C),
(iii) for all € > 0 sufficiently small, all z € U, all ¢ € P(2) we have uniformly |p(z) —
POl Se,

(iv) for alle > 0, all unit vector v € C", all z € U and all { € P:(z), 7(z,v,e) =~ 7(¢, v, €)
uniformly with respect to €, z and C.

For U given by Proposition 2.6 and z and ¢ belonging to U, we set d(z,() = inf{e >
0,¢ € P:(2)}. Proposition 2.6 implies that § is a pseudo-distance in the following sense:

11



Proposition 2.7. ForU and C given by Proposition 2.6 and for all z, ¢ and & belonging
to U we have ]
and

6(2,¢) < C(0(2,€) +6(£,€))-
Let U be a subset of C" and g be a small positive number. We cover U N (D \ D_.,)

with a family of Koranyi balls (Pc| p(zj)|(zj)) . where ¢ is a small positive real number.
j€

We assume that ¢ is so small that for all z and all { € Pej,(,) () we have 3|p(2)| < |p(¢)| <
%\ p(z)]. This construction uses classical ideas of the theory of homogeneous spaces and is
analogous to the construction of the covering of [7].

Let €9, k and ¢ be positive real numbers sufficiently small. We construct a sequence of
points of U N (D \ D_.,) as follows.

Let k be a non-negative integer and choose arbitrarily z%k) I bD_(1_cpykey-

k)

When z% yeen ,z](.k) are chosen, there are two possibilities. Either for all z € bD_ N

1—ck)keq
U there exists ¢ < j such that 5(z,zz-(k)) < ck(1 — ck)key and the process ends here, or
there exists 2 € bD_(1_xyhs, NU such that for all i < j we have §(z, zl(k)) > cr(1 —ck)Feq

and we chose zj(-lj_)l among these points. Since bD_(_.. k., N U is bounded, this process

stops at some rank ny.
We thus have constructed a sequence (Zj(‘k))keN,je{l,A..,nk} such that
(i) For all k € N, and all j € {1,...,nx}, zj(-k) belongs to bD_(1_cyke, NU.
(ii) For all k e Ny all 4,5 € {1,...,nx}, i # j, we have (5(z£k),z](-k)) > ck(1 — ck)Feg.
(iii) For all k € N, all z € bD_ there exists j € {1,...,nx} such that o(z, 2 k)
k

j )<
ck(1l — ck)"eq.

1—ck)keqr

For such sequences, we prove the following proposition.

Proposition 2.8. Fork > 0 and ¢ > 0 small enough, let (z](k)

which satisfies (i), (ii) and (iii). Then
(a) D\ D_., NU is included in U; 2 Uik, Pc|p(z§k))‘(z§k))’
(b) there exists M € N such that for all z € D\ D—_cy NU, Psecajp(z)|(2) intersects at most
M Koranyi balls 775cc4|p(22(k>)‘(z§k)).
Proof: We first prove that (a) holds. For z € D\ Dy, let k € N be such that
(1 —cr)feg < Jp(2)] < (1 = cr)Fep,
and let A € C be such that ¢ = z + An. belongs to bD__ k... On the one hand,
the assumption (i7¢) implies that there exists j € {1,...,n;} such that ¢ <C, z](k)) <
cri(1 — ck)¥ep. On the other hand we have || = §(z,¢) < Cer(1 — ck)¥ ey where C neither

) be a sequence
kENJE{L i}
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depends on z nor on ¢ nor on ck. These two inequalities yield
6 (527) < (50 +3(6AM)
< keC(1 = cr)leg(C +1)
(k)
elo ()]

provided « is small enough. Therefore z belongs to Pc‘p(z(k))|(2§k)) and (a) holds.
i
We now prove (b). Let z be a point of D\ D_., NU(0). For all ¢ € Ps.cujp.y(2), if ¢ is

small enough, proposition 2.6 yields

S1p(2)] < 10(O)] < 2lo(2)].

The same inequalities hold for all zj(k) and all ¢ € P5C C4|p(2;k))|(2§k)). Thus if the intersec-

IN

tion P (k)

5CC4|p(z](k))|(Z] ) N Pscca|p(z)|(2) is not empty, we have

i’p(g)‘ < (1 — cr)rey < 4lp(2)].

ln( ~ ~
Therefore 0 >k > Q

ThiZey 2 k2 TiniZen 50 k can take only a finite number of values.

For such a k, we set [}, = {j e{l,...,nk}, 735604‘,0(25@)‘(2]@)) N Psecia|p(z)|(2) 7 @}. As-

sertion (b) will be proved provided we show that #I, the cardinal of Ij, is bounded
uniformly with respect to k and z.

We denote by o the area measure on bD__,.» For all 7,7 € I; distinct, we have

€0°
0 <zi(k), z](k)) > ck(1 — ck)*eq. So, provided C is big enough, we have

k k
o <Ujelkp5cc4)p<z§k)>‘(z_§ ) me—(l—cn)kE()) >0 <Uj61kp%(1—05)kao(zj(‘ N bD—(l—c;{)ka())

CK n

> #1; - (6(1 - cm)kso)

k
5cc4|p<z§k>>|(za(‘ ) me(lm)%). We fix

Now we look for an upper bound of o <Uj€1k77
Jjo € Ix. For all j € I, since 735004|p(z(k))|(zj(- )) N 735CC4|p(Z)|(Z) and P5CC4|p(Z<.k))|(Z§O)) N
J Jo

Psect|p(z)|(2) are not empty, we have
(k) _(k) (k) (k)
5(zj0,zj )§6<zjo,z>+5(z,zj )

soec (fo () + o (57)])

< 5eCH(1 — ck)Peq

13



uniformly with respect to k, j and jyp. Thus there exists K neither depending on z, nor

oN (zj(.k)) CP Therefore

on 7, nor on jg nor on k such that P, 5004K|p(z(k))‘(2§f))'
J0

506’4|p(z§-

o (Ujelkp&cﬂp(zj(_k)”(Z§k)) N bD(1cn)kso> <o <7’5CO4KP(Z]<_§>)Z](-§) N bD(lcn)’%g)
< (KCC4(1 — cn)k’éo)n
which yields #1; < (C5> . D
The covering property (a) allows us to settle the following definition :

Definition 2.9. LetU be any subset of C". If the sequence (zj);jen can be renumbered such

that (i), (ii) and (iii) hold true, the family (Pc|p(zj)|(zj)> . will be called a c-covering of
j€

UN(D\D_.,).

If we are given an open U and a c-covering (Pc‘p(zj)‘(zj)) - of U N(D\ De,), we will
jE

need to know how many Koranyi balls of a given diameter cover it. In this spirit, we prove
the following lemma.

Lemma 2.10. LetU be an open set, let (Pc‘p(zj)‘(zj)) - be a c-covering of UN (D \ Dy,)
jE

and let z be a point in U N (D \ D.,). Let us renumber the point (2;)jen in the following
way :
Let jo be an integer such that (1 — ck)0eg < [p(2)] < (1 — ck) 0~ Leg, let zi’j, . zw’f”,
1eN, je Z be the points of the covering such that
p(zi) = —(1 = cr)T =gy,
(5(zm ,2) belongs to [ic(1 — ck)IH0gg, (1 4 4)c(1 — ck)!ogg],
5zl 2) < eg.
For j > jo, let io(j) be the mon-negative integer such that io(j)r(l — ck)?™90 < 1 <
(1+io(j))r(1 — er)I 0.
Then
MP?UHDC@ﬁNM)m”%Mw@$

(11) my;; S i uniformly with respect to zo, z,% and j.

Proof: Point (i) can be shown exactly as lemma 4.2 in [2] because this property relies
only on the homogeneous properties of the Koranyi balls and not on the dimension. For
the second point (ii), the only difference with [2] is that o(bD. N P,(z)), the area of
bD. N P,(z), if non empty, is of order r - (\/77)2(n_1) =™ and so we get a power n instead
of 2 in dimension 2. O

2.4. The global definition of the current. For any point p of D, we first define locally
currents T™) supported on a neighborhood U of p and such that fT¢) =1,

First case : If we are given a point p of bD N X, let U be a neighborhood of p such
that the Propositions 2.3, 2.4 and 2.6 hold true for all z in 4. We fix an arbitrary c-

covering (Pc‘p(zj)‘(zj)>j€N of U N D and a partition of unity (1;);jen associated to this

14



c-covering. We mention here that any partition of unity associated with the covering
(Pc‘p(zj)‘(zj)) - will give a current T such that fT =1 onUN(D\D_.,). However,
j€

in order to have a good extension, we must choose a partition of unity such that for all

J, if w1 = mn;,we,...,wy, is an orthonormal basis, then for all multi-index o and 3,
alal+8ly, ) i

———(2)| < — . We then set

‘ Ow owP ( ) ~ ‘p(zj)‘alJrglJrM

T =% T,
JEN

where T, is the current defined in Subsection 2.2. Since fT., = 1 for all j, we trivially
have fTW =1 on U N D. Moreover, if the support of a form ¢ does not intersect D, it
intersects none of the Koranyi ball P, (2;) and we have (T “) . g) = 0. Therefor the
support of T is included in D.

Second case : If we are given a point p of bD \ X, let U be a neighborhood of p such that
UNX = (. We then define for a smooth (n,n)-form g supported in U :

(T, g) = /CemD (109(()-

In this case we trivially have fT¢) =1 on U N D and TY) is trivially supported in D.

By compacity of bD, we get finitely many open Uy, ..., Uy given by the first and second
cases such that bD is included in Ujvzl U;. There exists a small real number that we still

denote by g such that D\ D_., C U;VZ1 U;.
Third case : For any point p € D_,,, maybe after a linear change of coordinates, there

is a neighborhood U of p included in D, a non vanishing holomorphic function u and a
Weierstrass polynomial Py(2) = 2, +a1(z1,...,2n-1)2k" 4. ..+ ay(21,. .., 2,—1) such that
f=uPy onU. Now for a smooth (n,n)-form g supported in U, we put :

w L[ QI
<T“,g)—“ /{eu f(C) ac:l(

As in the very local definition of the current in Subsection 2.2, after [ integrations by
parts, we get fT™ = 1. Moreover, T is again supported in D.
Finally, we choose a finite covering of D_., and putting it together with the finite

covering of bD, we get a covering of D that we still denote by U, . .., Uy and the associated
currents TM) . TUN)  Using a partition of unity (Xj)j=1,.,~ associated with this
covering, we set

N
7j=1

We have here defined a current such that fI' = 1 on D. We will need to apply T to
forms which are not necessarily C* smooth and with support included in D and not only
in D. We now prove that T' can be applied to forms whose support is included in D and
of class C**1 where k is the maximal order of the singularities of X.

Let U be an open set among the U; which define T" and let g be a (n,n)-form of class
C*+1 supported in D NU.

15



If we are given an open set U as in the second case, then % is bounded and so

[ 59| % Il

where ||g||or+1 is the usual C* norm of g.

If U is as in the third case, then ? is bounded and

Pu(¢) d'g
/CEM f(<) 8§7nl ©)

S llgllorss -

Now if U is as in the first case, without restriction, we may assume that U/ is of the form
772%(2). Let <P0|p(zj)|(zj)) o be the c-covering and let (1) en be the partition of unity
JE

1
Hlejzj (CQ_GSOZJ- (C{ k wl7Cé,...,C;L_1)>

used in the definition of 7). Then for all j, the quotient Co@)
%

k=T

is bounded by |p(z;)|” 2z

On the other hand, since g vanishes outside of D and since bD is smooth (at least of classe
Ck+1), for all z € D and all linear differential operator A; of order I < k, |Ag(2)| <
|p(2)|F+1=!, uniformly with respect to z. Proposition 2.6 implies if ¢ is sufficiently small

that [p(z)| = |p(z;)| uniformly with respect to z in Py ,(.;)(2;). Moreover,

o, <<)] <

]
ow 3 ~

|p(zj)|_% for all [. Therefore

/ I, (C& —Cisozj(q%wj,cg,..., 72_1)) g, (
¢rems; (Pejoz1(21)) () 9T

n
s el
Pelp(zj)1(%)

S o) llgllers

W';jl*%jg) ()

k—#Jz .
2

Loz gl orndV ()
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Now, if we renumber the sequence (z;);jen as in Lemma 2.10, we get

f / Hlerj( Cl@z](cl wl Cga--- n 1)) Pl
j—=o0 |/ ¢ €ms; (Pc\p(zjn(zj)) f(Trzj (€)) acl 7

+OOZ() ' mz]

SY DTN UpEDI gl orn

j=jo i=0 m=1

JrOOZO ] ng

< gl Z Z Z 1_0,“ Jogo)nn

Jj=jo =0 m=1

+oo . i0(4)
S HgHok+158+2 Z (1— cﬂ)(J*JO)(nJﬂ) Z i
J=jo i—0

+oo
Sllgllerreg™ D (1 = er) T2, (jymtt
j:jo

S llgllereg™ Z k)0
Jj=Jjo

S llgllorsr-

Therefor, we can apply T to forms of class C**1, where k is the maximum order of the
singularities of X, and which vanish outside of D.

2.5. Berndtsson-Andersson reproducing kernel in C". We now recall the definition
of the Berndtsson-Andersson kernel of D when D is a strictly pseudoconvex domain of
Cc".

We denote by ¢! the support function for strictly pseudoconvex domain, given in

Theorem 16 of [11] and the remarks following it, times —% and by (gj( ))j 1

decomposition. If bD is of class C" , the functions g (C ,z) and g] (C, z) are of class

C" ! in a neighborhood of D x D, holomorphlc with respect to z when ( is fixed and ¢(*)
satisfies

(1) g (¢, ¢) =0 for all ¢ in a neighborhood of D,
(ii) for all ¢ and z in a compact set K of D :
2Re g1 (¢,2) < p(2) = p(¢) — 20kd(C, 2)%,
where d(-,-) is a distance on a neighborhood of D and dx > 0 depends on K.

n its Hefer

-----

We cannot use these functions in order to define our extension operator, because we would
fail to get good estimates of our extension. We need a more explicit support function near
the boundary as the Levi polynomial F'. We set for ¢ near bD and z in C" :

n 8p o 1 n 62,0 . .
_;OCJ(O(Z] G) + 5 Z R () (¢ (G k).
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For all ¢ and z in a neighborhood of bD, such that | — z| is sufficiently small, we have
2Re F(,2) < pl2) — p(¢) — 2B/ — 2

where [ is strictly positive. Since this estimate holds true only for ¢ and z close from

each other, we have to use a global version of the Levi polynomial. From the proof of

Proposition VII.3.1 of [22], there exist a neighborhood U(bD) of bD, a neighborhood

U(D) of D, e > 0, a function ¢(© defined on U (bD) x U(D) and a function v defined on

U(D) x U(D) such that

(iii) ¢©(¢, 2) is holomorphic with respect to z in U(D),

(iv) Re glO(¢, ) > 0 for all (C, 2) € UDD) x U(D) such that |¢ — 2| > ¢,

(V) g( ( ) (Cv )1+F (, z)(v SUDL(5) ED) and Re g(o) (g, Z) < Re F(C, Z) for all (C, Z) S
UbD) x Z/{(D) such that [ — 2| <e.

Let g% ), e ,gfz ) be the Hefer decomposition of ¢(©).

Finally, let x be a smooth cutoff function such that y = 1 near bD and x = 0 outside
of the neighborhood U (bD) where g(©) is defined. Then, we put

9(¢,2) = x(Q)g' (¢, 2) + (1 = x())gV (¢, 2),

9i(¢,2) = (g (¢, 2) + (1= x(O))g (¢, ),
"

7 W -

]:

gj de

Then
e g is defined in a neighborhood of D x D,
e There exists v > 0 such that Re G({,z) +1 > ﬁ (M v|¢ — 2| ) > 0 for
all (¢,z) e U(D) xU(D),
o >0 19i(C2)(G — 2) = 9(C, 2).
We then can define the Berndtsson-Andersson reproducing kernel by setting for arbitrary
positive integers N and k and all (,z € D :

Nk B L N+k o A
PYc = o () o)

where Oy . € C is a constant. We also set PNV*((,2) =0 for all z € D and all { ¢ D. The
following representation formula holds (see [6]):

Theorem 2.11. For all g € O(D) N C*(D) we have
o) = [ OPYG )

2.6. The extension operator. We now come to the definition of the extension operator.
Let b(C,2) = >_7_; bj((, 2)d(; be a holomorphic (1,0)-form such that > %, b;((,2)(zj —
¢j) = f(2)—f(¢). Asin [2], for a function h holomorphic on X ND and admitting a smooth
extension h which satisfies the assumptions of Theorem 1.2, we define the extension En(h)
of h by setting

En(h)(z) = C1OT[hb(-, z) A PN "L 2)],  VzeD,
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where C is a suitable constant (see [16]). It was shown in [2] that En(h) is indeed an
extension of A and does not depend on the choice of the smooth extension iL, provided it
satisfies the hypothesis of Theorem 1.2. However, we have to make some restriction on
the choice of b in order to have a good extension. We need that b satisfies the following
lemma.

Lemma 2.12. For all positive integer k and all function f, holomorphic in a pseudoconvex
neighborhood of D, there exist functions by, ..., b, holomorphic in a neighborhood of D x D
such that

(i) 225=1 b6, 2)(z = ) = £(2) = £(O),
.. || 41 a
(i6) b5(C, ) = Y jajcn a2 et ()= — )7 + O(I¢ — 2[++1).
Proof: Since f is holomorphic in a pseudoconvex neighborhood of D, there exist n func-
tions bl,.. b, holomorphic in a neighborhood of D x D, such that f(z) = f(O) =

> i=10j(C,2)(25 — (). Therefor, there exists R > 0 such that for all ¢ € D and all
u € (C" with \u| < R the following equalities hold :

f(C+u) - ZblCC—i—u

n —+oo
1 97b,
=22 2 Gigea GO
=1 j= 1‘04| =7
On the other hand, for all u € C" with |u| < R

+00 i
107
FCrm -1 =33 L8 e
These yields for any multi-index o with || > 0 :

1 glolf - 1 lol=1p;
al aco ©=2 arl (o — D ap! 92010 am) (€.0

=1
->1

dlel=1p,
(3) = Z ol 8,2 a1,..,05—1,..,0m) (C’ C)

7 alelp; la|+1 )
We now define b (¢, ) = b;(C, 2) = ¥ jaj<r a1 g5 (6 O (E= O+ 0k m Femart (O Yarer
We have

oy (p_ e - olj
b6 - Y 200 - ¥ L8 oo

|| <k || <k

= 0(¢ - =),

19



Now we check that f(z) — f(¢) = > 7, b;((, 2)(2j — ¢;). The definition of b implies that

= 1 9lelp;
D bi(C 2 (2 = ¢) =f Y e (GOE= 0z =)
Jj=1 J=1]a|<k

1 olalt1f N
D3PI (ol 7T acag, @ = )

J=1|a|<k

Using (3) we compute

lal,
>y L0 0% - &)

7=1 \a|<k

i+ 1 olelb; .
DI .(oiil)z...an!aa(c Oz =G (2 = ) (= )™

j=1 \a|<k

olol= 1b
>y A G OE =0

=1 \a|<k+1
]

ola \—15
- Z Z ‘ 82 Q] ey — 1,. A,,an) (Ca C)(Z — C)O‘

0<|a|<k+1 j=1

19l f o
= 2 e ©E-On

0<|ar|<kA+1

We also compute

1 olal+1 ¢ N
>y a1 acae, QG — 0% = )

j=1|a|<k
S gl O G (s ) (G
_Z:: Z<: |a]|_|_1 ac(ah Sat+1a )(C) all...](aj—{]—l)!...ozn!

" . lel
-3 > GOk

5=1 0<|a|<k+1

1 9l

- Z GO0

0<|a\§k+1

from which we deduce the equality Z?:l bi(¢,2)(z5 — ) = f(2) — f(¢). O
3. ESTIMATES OF THE EXTENSION OPERATOR

We prove in this section that the previously defined extension operator satisfies the
conclusion of Theorem 1.2.

3.1. More estimates. In order to prove the BM O-estimates of Theorem 1.2 we apply
the following classical lemma:

20



Lemma 3.1. Let h be a function of class C* on D. If there exists C > 0 such that
dh(¢) < Clp(¢)|~! then h belongs to BMO(D) and 1Al Baropy < C.

Thus we need to estimate the extension operator and its first derivatives. As usually

with Berndtsson-Andersson kernel, problems occur when ¢ and z are close from each
other and close from the boundary. Thus, it suffices to consider a point z near bD, i.e.
z € D\ D_.,, and to integrate only for ¢ in P < (z). Moreover, the only interesting case
for us is when z is near a singularity of X.
We use the same notation as in Subsection 2.1 and we assume that z = 0 belongs to
Sing(X)NbD, and is a singularity of order k. We set w = ¢ and we assume that we are
given a c-covering (Pgp(-;)|(2j))jen of a neighborhood U(0) of 0 where Propositions 2.3,
2.4 and 2.6 hold true.

Lemma 3.2. Let p be any of the points among the z;’s, j € N. Then for all (' €
Tp(Peipp)| (), we have uniformly with respect to ¢" and p :

H‘ C’rll_C/SD C/%wjuclv"wC;L— % Jp—1 k %
s (G (GG Gt)) <)Y ()"

T =\ lp(p)]
) Hjer(gg—cgwp (C{éwj,cé,...,cg_l)) (B 2)| < o )‘lek:(a(p,z))%
: ) S =\l

Proof: We only prove the first inequality, the second can be proved in the same way. Since
for all ¢/ € mp(Py () (p)) We have 6(m, ("), 2) S 8(m, ' (¢),p) + 6(p, 2) < lp(p)| + 6(p, 2),
it suffices to prove the inequality with d(r,*(¢’), ) instead of 6(p, 2).
We have to distinguish two cases.
First case : When d(p, Sing(X)) < 10C’|cp(p)|%, according do its definition, J, = {0, ..., k—
1}, and so we have to prove that

o1 k 5 7T_1 ! 2 %
(4) () 02| < o)l 5 Y (“[p((pc)‘))) :

a=0

We prove that for K > 0 and all ¢ € B(p, K]p(p)ﬁ), we have | f({)| < |p(p)|§, uniformly
with respect to p and (. We have d(¢, Sing(X)) < d(p, Sing(X)) +|¢ —p| < |p(p)\% Since
. : : 1 1

d(¢, Sing(X)) = [G1] + [Cnl, setting ¢ = my(C), it comes (7] < |p(p)|2 and |G| < [p(p)]2.

k
Now, if we denote by (C{)% a complex number such that ((C{)%) = ({, for any j we have

D=

G = (G R, G, o) S L)

This readily implies that | £(¢)| < |p(p)|?.
It then comes for all multi-index « and all { € B(p, K| p(p)]%) the inequality ’%Zlaf (¢ )‘ S

k—|o

lp(p)] 2~ . Now Inequality (4) then immediately follows from lemma 2.12.
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Second case : When d(p, Sing(X)) > 1OC’|cp(p)|%, we put f¥ = fom, ! and b* = (7751)* b=
> j=1 b3d(} where (' = mp((). For all [ we have
() = Y = DI oy - ¢ Oz -
P al(lal + 1) 9¢a¢) P P '

|| <k

Again, we have to control the derivatives of f. Proposition 2.2 gives
k—1
* (1 —1/ 4 / / 1T, G A /
(5) () = up(m, (N [T (6 = Gn(GFe? G G)
j=0
where £ — 5% is a holomorphic k-root defined on D(my,1(p), C’|cp(p)|%).
For simplicity sake, we will assume that u, is in fact constant because, since u, and its
derivatives are uniformly bounded, u, won’t play any role.

a|a\+1f;
o]

F c{0,...,k — 1} such that #F > k — |a| — 1 of the following terms

oI5l (Q/L - g%(gﬁwﬂ',g, e 7@/;—1))
a(/ﬁj

We deduce from equality (5) that for all [, ‘ (¢’ )‘ is smaller than a sum over all sets

[T |6 - Ghencited G- 6hn)]

jeF FE{0,. k—1]\F

where the 8;’s, j € {0, ..., k—1}\F, are multi-index such that 3, 8; = a+(0,...,1,...,0),
the 1 being at [-th position.
For all ¢" € m,(Py,

since |7, 1(p)| > 2C’|cp(p)|%, we have |(]] 2 |p(p)\% Since from Lemma 2.1, the derivatives
of ¢, are bounded, we get

01 (¢, - Choplcited G-, o)
8</5J'

(»(P)), from Proposition 2.4, (1 belongs to D(p,1(p), C]cp(p)ﬁ) and

18411
2

S le(p)|

and then, denoting by A°¢ the complement of the set A in {0,...,k — 1}, we have :
1.
[es, (Gh = Clon(ClEe? G- Guy) ) Bloltipr
fr(¢) a¢'*a¢;

HJEF <<7/z - Cisop(qéwjv Cé’ SR C;m—l)) | ( )‘_1+\a|*k+#F
) pp 2

S 2

1.
Fc{o,...,k—1} HJlg (C’;L - Ci‘PP(Cikw]7 Cé’ s ’C;l—l)

#F<k—|a|—1
1.
HjeFme <C7/1 ST (CLITC I C?,’L—l)) _1t|o|—k+#F
2

S ) ) o(p)]

1.
Fc{o,...,k—1} HJ;gﬂFC (qz - Ci@p(qk“ﬂ’ Cév s 7C7/1—1)

#F<k—|a|—1

o

3(m, (¢ 2) 2

The definition of J, implies that

G = Gep(CRed G Gn)| 2 1o(@)]7 for all ¢ €

7p(Peip() (p) and all j & J,. From Corollary 2.5 comes |, — Clpp(CiFwd, &, Ch )| S
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p(p)|7 for all ¢ € my(Py ) (p) and all j € J,. Therefore

[es, (6= Clon(¢Fad ¢ Gy ot ()
() a¢'*o¢;
#(FNJp)—#(JpNFC)~1—|a|+k—#F . lal
S D o) 2 5y 1), )T

FcAo,..., k—1}
#F<k—|a|-1

Since #(F' N Jp) + #F° = #J, + ##(J; 0 F°), this leads to

[jes, (G = Clop(¢Fad,¢h o Gy) ) lott s < i (2O
;) ¢ P ’

which was to be shown. O

()=

Lemma 3.3. There exists a neighborhood U(bD) of bD such that for all p € U(bD) N D
all ¢ € Pyppy|(p) N D and all z € D, we have
1
1+ GG 2)] 2 E

(m(lp( 2)[ + [p(O)] +6(¢; 2))-

Proof: For all p, ¢ € Pip(p)|(p) we have d(p,¢) < c|p(p)| and |p(¢)| > 5|p(p)|. Choosing ¢
such that ¢ < 4, it comes :

6] +5(,0) 2 3lp®) + 50(2.p) — 6(¢,p)

Vv

%,p(p)\ + %5(17, z) — clp(p)|
2 ()] +6(p. 2)

and therefor it suffices to prove that |p(¢) + 9?0 (¢, 2)| 2 |p(2)|+ |p(¢)|+6(C, 2). Moreover,
it suffices to consider the case | — z| < ¢ for some arbitrary small £ > 0. From Subsection
2.5 we have

(F + |F*(v — supy gy [v])

21+ F(v — supyp, ]v\)\Q

©0) —

and so
(ReF + |F|?*Re(v — Supy(py2 [v])
2\1+F(v—supu IR

Re g(o) =

If |¢ — 2| is sufficient small, |1 4+ F(v — SUDy(p)2 [v[)]*> > 1 and so
p(Q) + Re g(¢,2) < p(¢) +Re F(C,2)

p(z) + p(Q) 2
< PP g g
This implies that
(6) () + Re gO(¢, )| > PANTIQL g o

2
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We also have 6((,2) = [¢ — 22 + |[(ne, 2 — €)]- So if [(ne, 2 — ¢)] < v[¢ — z|* for some
arbitrarily big v > 0, (6) gives [p(¢) + Re g0(¢, 2)| Z |p(2)] + [p(Q)] + 8(¢, 2)-
If [(nc, 2 = Q) = 71¢ — 2
199(¢,2)] Z Re ¢ (¢, 2)] + [Tm V(¢ 2)]

> |[F(¢,2)| = O(¢ = #*)

Z [ne, z = Ol = O(I¢ = 21%)

Z (¢, 2)
provided ~ is big enough. With (6), we are done in this case too. O

We denote by 1, the smooth cutoff function of the partition of unity related to P, ) (p)-
The following corollary then immediately follows :

Corollary 3.4. There exists a neighborhood U(bD) of bD such that for all p € U(bD)ND,
all ¢ € Pyppy(p) N D and all z € D :

_ ot 1y o e\ 1
| (" o) €2) | 5 (Vi) o)

a¢ 3
77;1* (prN,nfl) (CI72)>‘ g < |p(p)| 1

_ a#Jp N
= ag ( lp(p)] +d(p Z)) ntgie
n P ’ lp(p)|" T2z

3.2. BMO-extension. Let & be a smooth extension of A as in the hypothesis of Theorem
ag+...+an

Wf’f%%an(é)’ Ip(O)|***=2 . In order to prove Theorem

1.2. We set o0 = Sup ¢ep
la| <k

1.2 when ¢ = 400, we have to prove that En(g) is in BMO(D) and ||En(9)| Brmo(D) S Yoo
We keep the notations of the previous section. If p is any point among the points z; of the
covering, we get from Lemma 3.2 and Corollary 3.4 for ¢' € 7 1(776| p(p)|(P)) and z € D :

ey, (G = Gion (4 6o Gin)) o
fmp H(C) G

z

(7™ (phb A PYY) (¢ 2)

lp(p)| 1

N
<
~ <|ﬂ(p)! +(p, Z)) |p(p)["+2
for some integer N’ > 2. Therefor, when we integrate over Py, (p), we get

d / HjEJp <C7/7, _C{SOP <<1%WJ7C§77C,/1_1>>
’ ¢ € (Peip(p)| (P)) f(ﬂgl(cl))

5 07 —1* n— /
ac, #7r (ﬂp Y (Wphb A PN (€ ’Z)> |

<, lo(p)[ N !

()] +d(p,2)Y

Now, we renumber the covering (Pc|p(zj)|(zj)> o of U(0) as in Lemma 2.10. In order
je

to apply Lemma 3.1, we show that E;ijo ZZOZ%) 2221 ( (z‘+1)‘|pp((ffj))‘|i |pzz))N’ is uniformly
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bounded by |P(Z)| We have:

oo to(g) mi . N'—1
(1 —cr)? . 1
< D, <(z+1)(1—cm)3+1> G+ D)0 =) +1)p(2)]

Jj=jo i=0 m=1
S D3 P S 5D
= G+ DV P
lp(2)] == (t+1) e (i+ )N =1 — ck)I
1
p(2)]
So En(g) belongs to BMO(D) and ||En(9)|lBao(p), up to a multiplicative uniform con-
. af, agt...+an
stant, is lower than sup cep 861%8786% 0) ’ p(C) [+ 5 o

la|<k

3.3. LY extension. The L%-estimates of Theorem 1.2 are left to be shown. For ¢ €]1, +00[
we will apply the following lemma (see [21]):

Lemma 3 5. Suppose the kernel k((, z) is defined on D x D and the operator K is defined

by Kf(z fg‘eD (¢, 2)f(C)AA(C). If for every e €]0,1], there exists a constant c. such
that

[ 0O M) < el vaeD,

¢eD
and

| kG < wlpOrF Ve D,
zE
then for all q €]1,+oo[, there exists cg > 0 such that ||K f||zepy < |fllLe(p)-

Proof of Theorem 1.2 for q €]1,+o0[ : Applying Lemma 3.2 and 3.5 and Corollary 3.4,
it suffices to prove that for all £ €]0, 1| there exists ¢. > 0 such that

PN .

" feo T B e O S ), v D
O |p(2)| = .

" Lo TrOTE o b ) < O, e €

The inequality (7) can be shown as in the proof of Theorem 1.2 for ¢ = 0o
In order to prove that the inequality (8) holds true, we cover D with the Koranyi balls

Peto(0)(€) and (Pai+1e)p(c) () \ Paselp(c)((€)), J € N.
For 5 € Puyio(0), 1)) = |p(C)] and thus

PN p(2)

9 7
©) /ZEPCP(C)(C) ([o(O] + [p(2)] + (¢, Z))N s

dA(z) < |p(Q)™*
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When we integrate on Pojt14,(¢)|(€) \ Pajclp(c)(C) We get

(O |p(2)|
)
/”zjﬂcp(o(C)\szc|p(<)|(<) (O] + |p(2)] + 8(¢, 2)) N T+ ?)
()N z1
S j dA
- 1], 1127+ el p(O) (Ip()] + 2iclp()P™ )

[el,lyalsslen | lyn |<V27F el p(0)]

: - PO
< 2J+lc e+n+1 .
= @D (1p(O)] + 27l p()P™ "+

(10) < Jp(¢)| 2N,

Summing (9) and (10) for all non-negative integer j we prove inequality (9). Theorem 1.2
is therefore proved for g €]1,4o00[. O

Proof of Theorem 1.2 for ¢ = 1 : We prove directly that Ex(g) belongs to L'(D). Lemma
3.2 and Corollary 3.4 yield

/|ENg |d)\ <Z Z / |a1+w

=0 o] <#J,+1 Pelp(z)| (2

: \p(C)IN' .
</D (Ip(Q)] + p(2)] + 8(C, z))N’+n+1d)‘( )> dA(C)-

We may show that [, I OMP(L’;T?;](VQ Shie dA(z) is bounded exactly as (8) and we don’t

repeat it here. We then get

/ Eng(2)ldA(2)
D
<> / ()1

§=0 |a|<#J=; +1 7 Pelo(zp) (%)

DY

0<|a|<k+1

olelh
661 (Zj)al . 6'en(zj)

(6773

olalp
de1(z;) " ... Den(z))

o (Q)] dA(C)

a1+a2+4.4+an aaiL
g '% |p(C)| 2 aaal . 8504”

4. SMOOTH LY EXTENSION

4.1. Case ¢ = +oo. In this subsection, we finish the proof of Theorem 1.1. We want to
apply Theorem 1.2 and so we need to construct a smooth extension which satisfies the
assumptions of this theorem.

We choose ¢ > 0 sufficiently small so that P,|,(,)(z) is included in D o) for every z

sufficiently close to bD, and we prove the following lemma.

Lemma 4.1. Let h € O(X N D) be such that for all zy sufficiently close to bD, there
exists an extension ho € O(Pgp(zy)|(20)) of h satisfying SUDP, . (20) lho| < 1, uniformly
with respect to z.
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Then there exists an extension h € C>°(D) of h which satisfies hypothesis (i-iii) of Theorem
1.2 for ¢ = +o0.

2
small. Let €1(zj) = 7,,...,€n(2;) be an orthonormal basis of C". We denote by ¢* =
(¢f,...,¢) the coordinates system centered at z; and of basis €1(z;), ..., €,(2;). We now

Proof: We choose a £-covering <P§‘p(zj)‘(zj)>jeN* of D\ D_., where g9 > 0 is sufficiently

choose a partition of unity (1) en relative to the covering (P%‘p(zj)‘ (z5)) N UD_., of D
JeN~

such that for all j > 0, for all multi-indexes « and £,

plal+18ly, ‘ < 1
W(C) ~ n . a .
. oo R
Now, we put h = jzog yjh; where hg is a holomorphic extension of h given by Cartan B
theorem and where, for j > 0, h; is the holomorphic extension of h on P,(.,)(zj) given
by the hypothesis of the lemma.

Cauchy’s inequalities imply that for all j, all ( € P%|p(zj)|(zj) and all multi-index «,

jalp, ) .
‘%(C )‘ S +1a2+,”+an uniformly with respect to ¢ and j. Therefore, for all multi-
lp(z;)|t 2
lal+1Blap by
indexes o and f3, W(C)‘ < 1 TR It follows immediately that for
lo(z;)| 101+

all N € N*, pN'h vanishes to order N on bD. Since |p(¢)| = |p(z;)| on P§|p(zj)|(zj), for all

a1+2?:2 oL glelaph;
| 2 —=52(¢) and so

multi-index « also comes the uniform boundedness of |p(()

ac
ol ag+...+an . . .
of % ot s Finally, since for all j the functions h; are holomorphic,
0°h =0on X N D for all multi-index . ©

Je1%1.. e, on
Therefor, in order to prove Theorem 1.1, it suffices to extend locally and uniformly h.

We will achieve this goal with divided differences. If ¢ is a function defined on an open
set U of C and if ¢1,...,t; are j pairwise distinct points in U, we set

olt] =p(t1), I=1,....],
(p[tl, o ,tj] _ (,0[752, e ,tjl'— gOt[tl, e ,tj,ﬂ .
g — U1
Proof of Theorem 1.1 : according to Lemma 4.1, it suffices to extend h holomorphically
and boundedly on any Koranyi ball Pc|p(p)|(p) where p € D is close to bD. Without
restriction, we assume that P, (p) intersects X and that p belongs to a neighborhood
U(0) of the point 0 which belongs to bD N Sing(X). We adopt the notations of Subsection
2.1. Let k denotes the order of the singularity 0.
If d(p, Sing(X)) < 10C'|cp(p)|%, we set J, ={0,...,k — 1} and for any £, we choose an
arbitrary complex number £ % such that &= (¢ %)k
If d(p, Sing(X)) > 1OC|cp(p)|%, we set as in Subsection 2.1 :

Jp = {] € {Oa ) k}/ EIC/ € 7I-p(,PC|p(p)|(p))a ’(i‘pp(CI%wjagéa s 74:1—1) - C’H < 2|Cp(p)|%}
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where £ — 5% is a k-root defined on D(m,1(p), C]cp(p)]%) and w = e . We then define
hy by setting h, = Hp o 777,_1 and

1o /% L~ !
H,() = Z H ( , G — C1p(C1Fw’, Ggs -+ Grt) / )
Cl@p( 7Cn71)

. T
JEJT, lijp C{koﬂ,gé,...,g’%l)—C{@p(qkwl,(ﬁ,...
1]

1
(T (GG ClplCF W G, ) )

Thus Hy(¢') is well defined provided that m, ' (¢,..., ¢, 1, C{gop(q%wl, Gy Cl_q)) be-

longs to X N D for all [ € J,, and provided that for all j # [, Q{@p(q%wl,g‘é, () #
1.

Crep(CrFw? G, oy Gry)-

For all ¢ € m, 1 (Pejp( (p)) and all j € J,, Corollary 2.5 and Proposition 2.3 give that
(S .,C;fl,gigop(g%wl,g, -+, Gy_1) belongs to X N P.cajy(z)(2) which is included
in X N D provided c is small enough.

1 1 .
Now if we have (f¢,(¢1*w!, ¢, ..., Chy) = Cop(CiFwd ¢y .. ¢ _y) for § # 1, then

1
ﬂgl(({,g, . 7%717({90;3(({%00%@, .. .,C;Fl)) belongs to Sing(X) and so (| = 0. There-
for, it suffices to prove that H, is bounded when ({ # 0 in order to prove that H, is
holomorphic everywhere.
The function H,, is a polynomial in (], with coefficients depending on (i, ..., {/,_; which

1
interpolate h o ;' at the points (¢f,...,¢,_1,Clep(CiFwl, 5y ), L € Jp. Tt can
therefor be rewritten using divided differences. We set for ¢{ # 0 and ji,...,5 € Jp
pairwise distinct:

1.
ajl(da t 711—1) =ho ﬁp_l(Ci, tt ’:1—17 Ci@p(dkwﬂvgéy RS é—l))»

/ / _ Ajr,ynjioa (Civ T ;L—l) - a]’%--ﬂi(d? T C;L—l)
ajly--wjl(clﬂ"'anfl) -, L , , L, , .
Cep(Crwdt, Gy, Grog) — Gop(CrFw?t, Gy, Gy g)
Writing J,, as Jp = {j1,...,Ji}, where [ = #J,, we thus have

HP(C{, ce 74-7,1)

-1

= a5 (oo G o (G o) T (G wnlGRe? G G

m=1
We show that for all ji,...,jm € Jp pairwise distinct and all ¢ € m, 1 (P, (), (1 # 0,
we hive Jaj, i (G Gooy)| £ |o(o)| =5 Sinee for all j € J, and € € Py (p) we
have by Proposition 2.3 and Corollary 2.5 ‘(;L — cpp(C{%wj, Chyoo G < 02’6,0(]7)’%7 we

will have proved that H), is bounded.
Let ¢’ be a point in ng(PC‘p(p)‘ (p)). We consider the disc vy : t — 7rp_1(q, e G, ¢ )

for t € D(0, 2(3’2]cp(p)]%). For all such t, y(t) = m,({’) + tw, and since w, is tangent,
7(t) belongs to Pscajcp(p) () Which is included in D provided c is small enough. Therefor,
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by hypothesis, h oy admits an holomorphic extension A to D(0, 202|cp(p)|%) bounded by
some constant which does not depend on +.
1 .
We set for j € J,, t; = Clop(ClFwi ¢}, ¢ ) — ¢, We then have [t;] < C2|cp(p)|2
and
A1y (C{a K C;l—l) = h’Y[tju s ?tjm]'
We then get from [17] :
1 ho(t)
ajlm.qjm(é-:/l’"’?C’I/'L*l) = / 1 (f—¢t. s dt
tl=2C2lep(p) 2 ( .

2 ‘

from which we deduce
-1

‘ajlv'-wjm(cjll?“'7(’1/171)‘ S.z ‘Io(p)liT sup L |h7|
D(0,2¢C2|p(p)|2)

Sle(p)” 7 .o

4.2. Case ¢ < +o0.

Lemma 4.2. Let (73§|p(zj)|(zj)) . be a 5-covering of X N D NU(bD) where U(bD) is a
j€

neighborhood of bD. Let h € O(X N D) be such that for all j, there exists an holomorphic

extension hj € O(Pejp(z,)(25) N LI(Pe|p(z;) (25)) of h such that ;;08 HhJ'Hqu(P

finite.

Then there exists an extension h € C*°(D) of h which satisfies hypothesis (i-iii) of Theorem

1.2.

18
clo(z;)1(23))

Proof: We define h as in Lemma 4.1 using our given g-covering and we use the notation

of Lemma 4.1. Thus the Hypothesis (iii) of Theorem 1.2 is immediately satisfied.
Cauchy’s inequalities then give

91°Ih;

1
s (©

0‘2+--2-+04n+nT+1 ”hj”Lq(Pdp(zj)\(zj))

()™

uniformly for all j, all multi-indexes « and all { € 775‘ p(zj)‘(zj).

l175]]
. glal+18l . b La( Py ()
Therefore, for all multi-indexes o and 23, 7@5] Q)] < ( £Z< Jil +2> .
a¢**ac* ay+p+=i=2 0 ndd

) 1p(z5)|
It follows immediately that for all N € N, pN+7*2}, vanishes to order N on bD.
It also comes

/gp(zjn(zj)
Since Y%7 175170

orem 1.2. O

s o Al by
ot 07shy

q
ac* (C)) dA(¢) S ||hj||%q(7)c|p(2j)\(zj))'

(IP(C)IO‘I+

P ., is finite, this implies that i satisfies hypothesis (ii) of The-
clo(z;)1(24))

Theorem 4.3. Let (P§|p(zj)|(zj)> be a §-covering of X N D NU(bD) where U(bD) is a
neighborhood of bD and let h belongs to O(X N D) such that for all j, there exists c¢; > 0
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such that for all holomorphic disc v : A — D with y(A) included in Psccajp(z; (%)), there
ezists hoy € O(A) which satisfies

(1) hy(t) = ho(t) for all t € v~ 1(X),

(2) [hy(B]" < W% Jfor all t,

(3) ZJZOS ¢j is finite.
Then there exists an extension H of h in O(D) N LY(D).

Remark 1. As for Theorem 1.1, not all disc have to be tested but only reqular disc, i.e.
disc v such that v does not vanish. In fact, as we shall see in the proof of Theorem 4.3,
the discs that we use are in fact linear discs.

The conditions of Theorem 4.3 are in fact necessary and sufficient. Indeed, if the
function h belongs to O(D) N LY(D), then for any covering <P§|p(zj)‘(zj)) and any disc y
included in 735004‘p(zj)‘(zj) for some j, we can set hy = ho~y. Then Cauchy’s inequalities
will give |h ()9 S Vol(P

L with ¢; = HthLq(P ) Since any point z € D

1
CIp(Zj)\( 5cc4\p(zj)|(zj
belongs to a finite number M of Koranyi balls of a given covering, M which does not

depend on z, the sum j:og 1A%, P is bounded up to a multiplicative constant

5cCp(z;)] (1))
by 1A%

If X is a manifold, we know from the work of Ohsawa that a function h € L*(X N
D)NO(X N D) as a holomorphic extension in L?(D) and thus satisfies the hypothesis of
Theorem 4.3. This can also be checked directly by extending trivially h over a holomorphic
disc and by using Cauchy’s inequalities in order to prove that this extension satisfies the
required estimates.

Proof of Theorem 4.8 : In order to apply Lemma 4.2, we proceed as in the proof of
Theorem 1.1 from which we use the notations. For j € N, we exhibit a holomorphic
extension hj € O(Pyp(z;)|(25)) N LUPyp(z;)(25)) of h such that ||hj\|qu(
uniformly with respect to j.

We put p = z; and ¢(p) = ¢;. If d(p, Sing(X)) < 1OC|cp(p)|%, we set Jp, ={0,...,k—1}
and for any &, we choose an arbitrary complex number & % such that E=(¢ %)k

If d(p, Sing(X)) > 1OC’|cp(p)|%, we set as in Subsection 2.1 :

Jp={5 €40, 1}/ 3¢ € mp (P (9)) [Chippl(GHFe? G, Gmr) = Gl < 2Aen(p)] |

where & — 5% is a k-root defined on D(mp,1(p), C|cp(p)|%) and w = e’* . We then define
hy by setting h, = Hp o 77;1 and

, ¢ = Clop(CLFwl Gy Chy) )
H (C) = ( T . 1
’ J;Jz zg Cep(CFwd, Gy 1) — Clop(CrFwh, ¢y ¢l y)

< e
Pelp(zj)|(2)) ~ 71

R GRRNARN N LN ) )

30



for ¢’ € lel(Pc‘p(p)‘(p)). We rewrite H, as in the proof of Theorem 1.1. We consider

the disc v : t — m,1(¢],..., ¢ 1,¢, + 1) for t € D(O,QCQ\cp(p)\%). For all such ¢,
~y(t) = 771;1((’)—|—th and since wy, is tangent, (t) belongs to Ps.c2 ()| (p) Which is included
in D provided c is small enough. Therefor, by hypothesis, h o v admits an holomorphic

: 1
extension h, to D(0,2C%|cp(p)|2) such that |hy|9 < mc(}?)-

As in proof of Theorem 1.1, we write J, as J, = {ji,...,5i} and set for j € Jp,
tj = C{@p(q%wj, Chyoo oy Cl_1) —¢,. We then have |t;] < C’2|cp(p)|% and we get from [17] :

! o (1)
G/‘P."'m C/7"'7C’;7,— :/ i dt
i (61 Y 2T Jjy=3c2(ep(p) 2 (8= tj) - (E—15,,)

for all ¢" € 7, (Pyp(p)| (). It then comes
1

2m

3 %

@i G G S iy [ (G enp)|e)
2rlp(p)| = Jo

Using Jensen’s inequality, we get for all (" € m,(Pe|pp) (P))

q
1.
RSN (TSR B | [ (A CIEN) (L PER RN )
j:jly"'7jm—1
< L [T hCeclpyte| o
~on )y |t IPPIe

1
Ve )

Therefor H), is bounded in {¢" € 7, (P () / (1 # 0} and can be extended holomor-
phically in 7, (PC| p(p)|(p)). Moreover, we have

/ (H,(¢)7AA(C) < e(p). 0
T (Pelp(p)| (P))

Remark 2. In the proof of Theorems 1.1 and 4.3, we have use divided differences in order
to construct a holomorphic extension of h € O(X N D) and we proved that these divided
differences are bounded in a certain sense using the existence of good extensions of h in
holomorphic discs. But when we look at finding those good extensions in holomorphic
discs, a good way (only way ?) is to use divided differences. And in fact, the existence of
good extensions in holomorphic discs is equivalent to the control of the divided differences
that we used.
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