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Abstract

®

CrossMark

Single photon avalanche diodes (SPADs) are widely used to monitor fast and weak optical
signals. The modeling of two main figures of merit of SPAD, namely the dark count rate (DCR)
and the photon detection probability, requires one to calculate the avalanche triggering
probability (ATP), usually obtained by numerically solving two transcendental equations (the
Mclntyre model) as post processing of technology computer-aided design simulations. This
paper proposes an analytical alternative to this approach, exploiting an approximation of the
impact ionization rates, in principle valid only under high field conditions, but extended to all
fields by a simple fitting procedure. The proposed approximated/analytical ATP calculation can
be efficient and relevant for SPAD compact modeling that is compatible with a spice-like
simulator. As an illustration, a full analytical calculation for DCR based on both ATP and

generation terms for a PYN abrupt diode junction is presented.

Keywords: single photon avalanche diode, avalanche triggering probability, McIntyre model,

dark count rate, compact modeling

(Some figures may appear in color only in the online journal)

1. Introduction

Single photon avalanche diodes (SPADs) are essentially PN
junctions that are reverse biased above the breakdown voltage
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that can be used for detection of photons or charged particles.
The basic working principle of SPADs (or avalanche diodes
operating in the Geiger mode) is that it takes few absorbed
photons or the path of charged particles to generate an
electron—hole pair, that may reach the multiplication region
and trigger an avalanche. Once the avalanche is triggered, a
high current circulates through the device and may damage
it, if not properly extinguished [1-3]. To avoid degradation,
quenching circuits (such as a simple series resistor) are used
to turn off the avalanche current. After quenching, the SPAD
is set ready for another detection, as illustrated in figure 1.

© 2021 The Author(s). Published by IOP Publishing Ltd  Printed in the UK
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Figure 1. The working principle of Geiger-mode photodiodes.

(1) The PN junction is reverse biased above the breakdown voltage
(VBD); Vex is the excess voltage. (2) Once a photon hits the SCR and
generates an electron—hole pair, the latter is accelerated due to a
high electric field and produces a high current, due to ionization
impact. (3) Quenching electronics reduce voltage across the diode.
The SPAD is then ready for a new detection.

SPADs have been widely used for several applications:
detection of weak optical signals, time of flight measurements
[4-6] and detection of charged particles [7-9], for example.
The main drawback of SPAD devices is their intrinsic noise,
called the dark count rate (DCR), corresponding to the number
of avalanches that are triggered in dark conditions (false detec-
tions) for a fixed time window. Carriers that eventually start
the avalanche can be produced by thermal generation, band-
to-band (B2B) tunneling or migration into the multiplication
zone from the neutral zones [8]. The DCR estimation can be
carried out by integrating the product of the generation rate
within the space charge region (SCR) by the avalanche trig-
gering probability (ATP), noted as Py, [9-11]. P, calculation is
also needed to estimate the photon detection probability (PDP)
and efficiency of the device [12].

To calculate Py, the McIntyre model [13] has been widely
used. It was developed in 1973, based on Oldham’s equations
[14]. Starting from the ionization coefficients for electrons and
holes, it states that one can numerically calculate the probabil-
ity of avalanche triggering for a carrier at the beginning of the
SCR as the multiplication region (holes for an NP junction, and
electrons for a PN junction), and then one can determine the
total ATP across the SCR. This model has recently been imple-
mented in Synopsys Sentaurus [15]. The main inconvenience
of this model lies in the fact that at least two transcendental
equations need to be numerically solved, preventing any use
in the field of compact modeling. In this paper, an alternative
analytical solution is proposed, based on a high electric field
approximation. In the next section, the Mclntyre model theory
is reviewed. In section 3, the new analytical approach prin-
ciple is presented in detail and comparisons between rigorous
and approximated models are presented. In section 4, a prac-
tical method for choosing adequate fitting parameters is pro-
posed. The results of DCR calculations are shown in section 5,
including a full analytical method, before the conclusions are
presented.

2. Theoretical background

The model of Oldham [14] and Mclntyre [13] is a powerful
technique used to compute the joint probability P, (x), i.e. the
probability that an electron—hole pair generated at x will ini-
tiate an avalanche in the space charge layer of an NP junc-
tion. Once P, is known, it is possible to deduce the DCR or
PDP, two SPAD figures of merit, by means of post processing
analysis of technology computer-aided design (TCAD) simu-
lations.

Let us provide a recap of the main results of this model. The
joint (electron and hole) ATP P, is given by:

Pi (0)f(x)
1 =Py (0) + Pn (0)f(x)

Py (x) = (1)

where Py, (x) is the probability that an avalanche will be initi-
ated by a hole that has been generated at position x, i.e. Py (0)
represents the probability that a hole triggers an avalanche at
the edge of the left-side N-doped region (boundary condition),
and f(x) is given by:

X

£(x) = exp / (e () — o (u)) @

0

where o, and oy, are the electron and hole ionization rates,
respectively.

The boundary condition Py, (0) can be found by solving the
following transcendental equation:

(WP O
[P, (0)+ P4 (0)/(w)

L= (1— Py (0)) exp / 3)

Despite its simplicity, the model requires several numer-
ical calculations, essentially because the integral equations (2)
and (3) do not have any closed form solution, limiting its use
in the field of compact modeling. Indeed, the various ana-
Iytical equations of the ionization coefficient, o, (for elec-
trons) and «y, (for holes) that have been proposed in the liter-
ature [16-19], cannot be analytically integrated. Actually, as
an example, the ionization coefficient function of the electric
field E can be formulated with the Okuto—Crowell equation
[17] as follows:

aoc (E) = aE exp (—;) 4

or the Reggiani model (also known as the UniBo model) [19]
by:

AR (E) = E

a+bexp |:E~dH':| (5)

where a, b, ¢, d are model parameters.
In this paper, an approximated method is proposed to
address this issue.
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Figure 2. The electron impact ionization coefficient versus the
inverse of the electric field at 7= 323 K, for Okuto—Crowell and
Reggiani equations. Original model: solid line; approximation:
dotted line.

3. A novel approach for ATP P, analytical
estimation

3.1. Presentation of the model: main approximation

Let us first observe that under high electric field conditions
(E > few 100 kV cm™"), all models predict a linear depend-
ency of the ionization coefficient on the electric field, as can
be seen in figure 2

@oC (E) E——>>oo aFE (6)
E
ox (E) E—ocoad+Db @)

Interestingly, it may be convenient to use such an approx-
imation, as the electric field E can easily be integrated,
observing that:

V(x)

/XE(x)dx— / —dV=V(0) - V(x) @)

0 V(0)

However, the high field approximation of the ionization
coefficient is typically valid in a limited range, close to the
maximum of the electric field profile, and not in the full
space charge layer, where, in contrast, the ionization coeffi-
cient becomes rapidly negligible.

Starting from these observations, the central idea of this
paper consists of using the following linear approximation (3
coefficient) for the ionization coefficient in a limited area of
the space charge layer, figure 3

Forx, < x < xp, «a(E)=pE 9)

For x < x, or x > x;, a(E)=0 (10)

IE|

Xa Xp

Figure 3. A schematic drawing of the electric field in an NP
junction (abrupt junction approximation), indicating x, and x;
abscissas.

The abscissas x, and x;, are defined from a minimum value
Enin of the electric field (as illustrated in figure 3). When
E < E.in, the ionization coefficients for electrons and holes
are assumed negligible

E()Ca) :E(xb) :Emin (11)
The values of 8 (8. for electrons and Gy for holes) can

be taken from their extremum values in high field conditions,

respectively, for Okuto—Crowell and Reggiani models:

Buroc =a (12)
_ ! 13
BHER = Py (13)

To account for eventual deviation to the high field approx-
imation (a real SPAD typically operates in moderate electric
fields to prevent B2B tunneling and, consequently, excessive
DCRs), a fitting parameter y has been introduced for electrons
and holes. The values of the fitting parameters v depend on
the value of the maximum electric field in the structure, which
is directly related to the applied voltage across the junction.
A discussion on how to choose the fitting parameters for this
model is presented in section 4

5= O (14)
gl
According to this approximation,
e (X) = BenE (x) if x, <x < xp (15)

3.2. Application to the calculation of the avalanche triggering
probabilities for electrons and holes (P, and Py,)

Using equation (15), the f(x) function can be calculated as:

X

£(x) = exp / (te () — () d
0
V(x)

[ ~G-sav

V(Xa )

(16)

=exp
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S(x)=exp((Be — Bn) (V(xs) = V(x))), forx, <x<xp (17)

fx) =exp((Be — Bn) (V(xa) —

V(xp))), forx >x, (18)
Py, (x) is the probability that an avalanche will be initiated
by a hole that has been generated at position x. The probability
P (x) can be calculated as follows [13].
For x, <x < xp:

X

Py(x)=1—(1-Py(0)) exp /ah (u) Py (u) du| (19)
0

Let us introduce the quantity 7 (x) as

T [ a@P(0)fw)
I(x)f/ah(u)Pp(u) du= /I—Ph(O)—i-Ph(O)f( >du
0

0

(20)
By using the proposed approximation, I(x) can be integ-
rated, leading to:

1(x)
BukE () Py (0)exp (B — Bn) (V(xa) = V(W)
J 1=Py(0) + Py (0)exp((Be = Br) (V(xa) = V()
1)
I(x)
V(x)
_ / —hPh (0)exp ((Be — ) (V) = V) ()
i 1— Py (0) + Py (0)exp ((Be — fn) (V(xa) — V)
E (22)
I(x) = 566 i1 =Py (0)+ Py (O)exp (5~ )
% (V) = V) ) (23)
I(x):ﬂeﬂ 5h1n[1—Ph(O)+Ph(0)exp((6e—ﬁh)
x (V(xqg) = V(x)))] (24)
Py (x) = 1= (1= Py (0)) (1= Py (0) + Py (0)exp ((Be — fn)
Bh
X (V(xa) = V(x)))) e = P (25)

For > x:
Py(x) =1—(1—=Py(0)) (1 =Pu(0)+ Pn(0)exp((Be — fn)
B
X (V(xa) = V(x)))) Pe = B (26)

Py, (0) is an unknown boundary condition, the solution of
the following transcendental equation:

0= 1 (1= P, (0)) (1~ P4 (0) + Pu (0)exp (. — i)
bh
X (V) =V (x))) e~ P 27)
This equation can be rewritten as (for P, (0 # 1)):
1
A=pP(0) (1 =Py (0) + P (0)exp((Be — Bn)
Pn
X (V) = Vw)) e =P (28)

P, (x) is the probability that an avalanche will be initiated
by an electron that has been generated at position x. Similarly,
the probability P, (x) can be calculated starting from:

X

P.(x)=1—exp / aePp (x)dx (29)
0
Leading to, for x < xp:
Pe(x)=1—(1—="Py(0)+Pn(0)exp((Be — Bn)
PBe
X (V(xa) = V(x))) Fe =B (30)
And for x > x:
Pe(x)=1—(1—Py(0)+Pn(0)exp((Be — bn)
e
X (V(x) = V(x)))) e = Fn 31)

Equations (25) and (26) are analytical expressions for Py, (x)
(and for P, (x), respectively, equations (30) and (31)), provided
that Py, (0) is extracted from a numerical solution of equation
(28), and that the fitting parameters 7. and v, have been found.
These results are compared with TCAD simulations in the next
section.

3.3. Comparisons with TCAD simulations

To validate the model and its assumptions, comparisons have
been performed with TCAD simulations (Synopsys) under
several conditions: textbook NP abrupt junctions with uniform
doping profiles (both symmetrical, i.e. the same N and P dop-
ing level or asymmetrical), and more realistic non-uniform
doping profile PN junctions. In all cases, the popular Okuto—
Crowell impact ionization model has been used (although tests
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Figure 4. Avalanche triggering probabilities for electrons, holes and pair in an abrupt NP junction. Synopsys simulations (McIntyre model)
are the solid line, and the model proposed here is the dotted line. The doping profile is also indicated in log scale. The excess voltage is 1 V.
Figure 4-left: an almost symmetrical NP junction (Vap = 5.3 V and e = 2.25, 4, = 2.77). Figure 4-right: an asymmetrical NP ™

junction (Vgp = 7.1 V and e = 1.54, v, = 2.10).
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Figure 5. Avalanche triggering probabilities for electrons, holes and pair in a non-abrupt PN junction [11]. Synopsys simulations (McIntyre
model) are the solid line, and the model proposed here is the dotted line. The doping profile is also indicated in log scale. The excess voltage
is 2 V. Figure 5-left: a PN junction with equivalent doping level on both sides (Vgp = 9.5 V and . = 1.54, v, = 2.10). Figure 5-right: a less

abrupt PN junction (Vgp = 16 V and . = 3.30, 7, = 6.05).

(not shown here) have also been performed with the Reggiani
model, leading to similar conclusions).

In the model, the threshold for ionization has been set to
Emin = 0.1 MV cm™! for both electrons and holes (i.e. the
default threshold electric field for the definition of the multi-
plication region used in the Sentaurus device simulator [15]),
and the fitting parameters y have been set by adjusting the
function f(x) (equation (2)) numerically and analytically cal-
culated using equations (17) and (18). An alternative approach
for determining -y is proposed in section 4.

All the results (see figure 4 for an abrupt NP junction and
figure 5 for a non-abrupt PN junction [11]) indicate an overall
good agreement between simulations and the model, demon-
strating its capability of capturing the correct trend for ioniza-
tion probabilities, even in cases where the high field conditions
are not satisfied. As expected, the fitting parameters -y tend to
increase when the electric field within the space charge layer
decreases, as in the case of low excess voltage or non-abrupt
junctions.

4. Determination ‘a priori’ of the ~ fitting parameters

As seen in section 3, the good choice of fitting parameters -y is
crucial to improve the model accuracy. So far, the v parameters
have been obtained by fitting the exact solution of equation
(2) using its approximation (equation (16)). This procedure is
quite simple, and has been found to be quite efficient in all
devices tested. However, it needs to be done for each voltage
and each doping profile.

In the following, an empirical procedure is proposed to
determine a reasonable value of ~, avoiding this calibration
procedure.

To this aim, two abrupt NP junctions were analyzed by
means of TCAD simulations. The first is a symmetrical abrupt
junction, while the second is asymmetrical. Their doping
concentrations can be seen in table 1. For both junctions,
the applied reverse voltage (Vgp + Vex) was varied, aim-
ing to change the value of the electric field. Then, the fit-
ting parameters were manually adjusted to provide a good
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Table 1. Doping parameters for symmetrical and asymmetrical
abrupt junctions.

Np (cm™?) Na (cm™3)
Asymmetrical junction 2% 10" 3% 10"
Symmetrical junction 3 x 108 3.3 x 108
25 ~
7
b}
©
E 2]
©
| .
©
o
(=)} L
e 1.5
=
LL
1 i
1 1.5 2

E (MV/cm)

Figure 6. Fitting parameters for electrons and holes in the
symmetrical abrupt junction.

approximation of the probabilities (maximum error = 10%,
when compared to TCAD results). It is possible to observe
that the fitting parameters highly depend on the maximum
value of the electric field in the junction (figures 6 and 7);
this value is basically a function of the applied voltage and
doping parameters. By considering that the latter is often not
precisely known in commercial technologies, due to confiden-
tiality issues, this paper focuses on determining y according to
the applied reverse voltage (Vgp + Vex).

The evolution of these fitting parameters according to the
maximum of the electric field is plotted in figures 6 and 7.
As can be seen, both 7. and 7, follow a 3rd order polynomial
evolution, according to excess bias voltage:

Y (Vex) =aV3 +bV2: +cVex +d (32)

where a, b, c, d are fitting coefficients.

The coefficients that describe the curves in figures 6 and 7
can be seen in table 2. By taking into account the nature of
the junction’s doping (symmetrical or asymmetrical), and by
knowing the excess voltage applied to the junction, one can
determine the fitting parameters for the model, by using the
aforementioned curves.

5. Implementation of the analytical solution of the
ATP for the DCR estimation

To estimate the DCR (only taking into account the contribution
of the SCR), equation (33) is often used [9-11, 20, 21], where

Fitting parameters

-
[6)}

1 1.2
E (MV/cm)

o
o5

1.4

Figure 7. Fitting parameters for electrons and holes in the
asymmetrical abrupt junction.

Table 2. Coefficients used in equation (32) to describe the fitting
parameters’ evolution according to excess voltage applied to the
junction.

Symmetrical junction Asymmetrical junction
e Yh Ve Th
a —1.106 —0.822 -3.7 —1.028
b 5.777 4.664 11.72 5.243
c —10.26 —9.406 —13.37 —9.874
d 7.453 8.092 7.454 8.03

P, (x) is the ATP and GR (x) is the carriers’ generation rate in
the SCR (1D approach)

DCR = / P, (x) GR (x) dx

Xa

(33)

When calculating the DCR from equation (33), the gen-
eration rate can be obtained by TCAD simulations, when
considering Shockley—Read—Hall (SRH) accounting for trap-
assisted tunneling (TAT) contribution and B2B generation—
recombination mechanisms, or the B2B tunneling effect alone,
for example. As an illustration, we present, in figure 8, the
DCR estimation based on both the rigorous and approx-
imated/analytical ATP calculation (here, the SRH and B2B
generation rates were obtained by TCAD simulations). As
observed in figure 8, differences are negligible, which valid-
ates the use of the P, analytical model to estimate the DCR in
SPAD devices.

The proposed approximated/analytical ATP calculation can
be efficient and relevant when considering a full analytical cal-
culation that includes generation rates. Hence, the GR (x) term
can also be analytically formulated for compact modeling pur-
poses [20, 21]. As a first assumption, GR (x) can be estimated
as the sum of the SRH and B2B generation processes.
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Figure 8. Estimation of the DCR as a function of excess voltage for
the same devices as in figure 5 with a non-abrupt PN junction. The
generation rates were obtained by TCAD simulations, while
changing the ATP calculation method (rigorous or
approximate/analytical).

Concerning the SRH generation process in the SCR, a
preliminary formulation can be expressed as GRS®H = #,
where 7, and 7, are the carrier lifetimes for electrons and holeps,
respectively. These can be formulated as the function of the
doping level (Ngoping)» the temperature (7) and the electric field

(E) using the following equation [15, 20, 21]

Tmax — Tmin T
T = | Tmin +

[0

— ) (14Tar(E)”
Sy ) (1+ o (8)
+(NREF)

(34)

where Tiin» Tmax, VREF» @, 3 are the carrier lifetime model para-
meters (depending on whether we consider electrons or holes).
Here, (14 Irar (E)) ™' is a correction term accounting for the
TAT effect. The I'rar (E) function can be expressed as Hurkx
et al or Schenk et al proposals as described and implemented
in [15].

A T'rar (E) compact formulation has also been proposed by
Hurkx et al [22] and is used in Xu et al’s work [20, 21]:

24m* (kT)?
qh
(35)

|E| E\?
Crar (E) = 2V37m—exp <> with Er =
Er Er

where m* is the effective mass of the carrier (m* = 0.25my,
with my the free electron rest mass), and k and # are, respect-
ively, the Boltzmann and the reduced Planck constants.

On the other hand, the B2B generation (GRP?®) can be
expressed following various models. As an example, one can
use Liou formulation [23] for the GRPB?® function of the elec-
tric field (E), available in [15] as follows:

GRP? —A. |E|” - exp <|g|) (36)

98] —
w i S n

log( DCR ) (Hz/um?)
(3]
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Figure 9. DCR estimation based on full analytical formulation for
the ATP and generation terms (P™N abrupt diode junction) function
of excess bias and P+ doping level (Np =3 x 10" cm™3,

T =300 K).

Table 3. The main parameters used in equations (34)—(36).

Category Parameter Value Unit
SRH model Tmin (electron/ 10743 x 107> pus
(equation (34)) hole)
and (equation T (electron/ 10733 x 1074 us
(35)) hole)

Ndoping 10 cm™?

«@ 1 —

B 1 —

m* /mg 0.25 —
Band-to-band A 1.1 x 107 em2s7Hv!
model B 1.8 —
(equation (36)) C 21.3 x 10° Vem™!

where A, B, C are the B2B generation model parameters.

As an illustration of a full analytical calculation for both
ATP and generation terms, figure 9 presents the DCR estim-
ation for a PTN abrupt diode junction function of excess
bias and Pt doping level (parameter details are shown in
table 3). This efficient approach allows one to retrieve the DCR
increase with excess bias voltage and doping level taking into
account the B2B generation and ATP dependence on biasing
conditions and electrical field distribution (linked to the dop-
ing level). In this specific case, the TAT effects are negligible
compared to the B2B contribution. However, note that as this
model essentially focuses on the modeling of the ATP P, (x),
it is valid no matter which model is used for the generation
rate. This aims to implement a full analytical approach for
SPAD compact modeling that is compatible with a spice-like
simulator (e.g. the Verilog-A model), where the DCR value
can be used to generate events with the inter-avalanche time 7,
expressed as 7, = — 5&g - In (1 — random [0. ... 1]), i.e. the Pois-
son distribution.
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6. Conclusion

In this paper, an analytical approach was proposed to calcu-
late avalanche triggering probabilities in SPADs. This method
consists of using high electric field approximation for ion-
ization coefficients, which lead to a closed form solution of
Mclntyre’s equations. This method can be extended to the
average and low-field regime, provided that one fitting para-
meter for the electron and one for the hole are introduced. In
this latter case, the accuracy of the approximation depends on
the choice of fitting parameters, which depend essentially on
the maximum value of the electrical field in the multiplica-
tion region, and thus on the doping profile and applied voltage.
These fitting parameters can be either found accurately using
case-to-case study, or qualitatively, using empirical laws, cal-
ibrated on symmetrical and asymmetrical abrupt NP junctions.
The proposed approximation provides faster results than the
method implemented in TCAD simulation, allowing one to
calculate the DCR for instance with very good accuracy.
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