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Mean field system of a two-layers neural model in a
diffusive regime

Xavier Erny

Université Paris-Saclay, CNRS, Univ Evry, Laboratoire de Mathématiques et Modélisation d’Evry, 91037, Evry,
France

Abstract: We study a model of interacting neurons. The structure of this neural system is
composed of two layers of neurons such that the neurons of the first layer send their spikes
to the neurons of the second one: if N is the number of neurons of the first layer, at each
spiking time of the first layer, every neuron of both layers receives an amount of potential of
the form U/v/'N, where U is a centered random variable. This kind of structure of neurons
can model the neural retina. In the model, we study the "averaged effect”" of the neurons
of the first layer on a single neuron of the second layer. The theoretical model consists in
two stochastic processes, one modelling the membrane potential of the neurons of the first
layer, and the other the membrane potential of the neuron of the second layer. We prove
the convergence of these processes as the number of neurons N goes to infinity and obtain a
convergence speed. The proofs rely on similar arguments as those used in Erny, Lécherbach
and Loukianova (2019): the convergence speed of the semigroups of the processes is obtained
from the convergence speed of their infinitesimal generators using a Trotter-Kato formula, and
from the regularity of the limit semigroup. Contrarily to the situation in Erny, Locherbach
and Loukianova (2019), the stochastic flow of the limit process is not continuous, and we need
to use a kind of Girsanov’s result to recover the regularity of the limit semigroup from the
regularity of the stochastic flow of an auxiliary process.

MSC2020 subject classifications: 60J35, 60J60, 60K35, 60G55.
Keywords and phrases: Mean field interaction, Piecewise deterministic Markov processes,
Interacting particle systems.

1. Introduction
1.1. Model

The aim of this paper is to study a model of two layers of neurons such that:

e the neurons of the first layer send their spikes to the neurons of both the first and second
layers,
e the spikes of the neurons of the second layer do not have effect on these two layers.

This kind of multi-layers structure, where the neurons of a layer send their spikes to the neurons
of the next one, can model the neural retina. This kind of interaction with more than two layers
has already been studied in Ditlevsen and Locherbach (2017) and at Section 5 of Erny, Locherbach
and Loukianova (2021).

We note N the number of neurons of the first layer. The idea of our modelling is to study the
"averaged effect" of the first layer on a single neuron of the second one. We model the behavior
of the first layer in the following way: every neuron of the first layer shares the same membrane
potential and this potential does not undergo the effect of the repolarization. In our frame, it is
natural not to consider the effect of the repolarization for the first layer since it affects each neuron
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individually and we only consider these neurons through an averaged affect on a neuron of the
second layer.

Let us note Z™V'! the counting process related to the neuron of the second layer, and Z™?
(2 <i < N +1) the counting processes related to the neurons of the first layer. In the model, ZtN"1
is the number of spikes emitted by the neuron of the second layer, and ZtN’i 2<i<N+1)is
the number of spikes emitted by the i—th neuron of the first layer before time ¢. We assume that
ZN:1 admits a stochastic intensity of the form (f2(Y;Y))i>0 where Y, is the membrane potential
of the neuron of the second layer at time ¢ and fs is its spike rate function. Similarly, we assume
that every ZN+J (2 < j < N + 1) admits a stochastic intensity of the form (f1 (XY ))¢>0 where X}V
models the averaged effect of the membrane potentials of the neurons of the first layer at time ¢
and f; is the spike rate function of these neurons. We assume that this function f; is the same
for all the neurons of the first layer, meaning that these neurons have similar characteristics. It is

well-known that such point processes can be represented as thinnings of Poisson measures (see e.g.
Theorem I1.7.4 of Ikeda and Watanabe (1989)):

zN1 :/ 1 dr'(t, 2),
t 0.]xR., {z<f2(vN)}

ZN’i:/ 1 dr'(t,z), 2<i<N+1,
t [0,¢] xRy {z=nxi} (2

where 7 (1 <4 < N +1) are i.i.d. Poisson measures on R? having intensity d¢-dz. For the moment,
let us note J}¥ the jump process that models the effect of the spikes of the neurons of the first layer.
Then, the dynamics of the process X~ and YV are given by the following SDEs:

dXN = — o XNdt + dJN, (1)
YN = — apYNdt +dJN —vNdz}M'.

In the SDEs above, ay and ap are positive parameters of the model. These drifts model the fact
that the potentials of the neurons tend to go to the resting value that we assume to be zero. In this
model, we assume that the potentials go to zero at exponential speed with respective rate oy for the
neurons of the first layer, and oy for the neuron of the second layer. In the following, J¥ is directed
by the point processes Z™:¢ (2 < i < N + 1), modelling the fact that the spikes of the neurons of
the first layers modifies the values of the potentials of the neurons. The third term in the SDE of
YN above models the repolarization of the potential of the neuron: right after the neuron emits a
spike, its potential goes fast (here it jumps immediately) to its resting value that we assume to be
Zero.

Remark 1.1. Note that it is not mandatory to assume the parameters ay and as to be positive for
our results to hold true. This condition is natural for the modelling.

In order to study the limit of this model as the number of neurons N goes to infinity, we need
to assume that the effect of each individual spike of the neurons vanishes as N goes to infinity. To
the best of our knowledge, there exists two such kinds of models: when the effect of a spike is of
order N~! (which corresponds to a law of large number) and when it is stochastic, centered and of
order N~'/2 (which corresponds to a central limit theorem). In the first case, the process J¥ is of

the form
N+1

1 _
JN = — / 1 dm (t, z). (2)
t N Z 0.4 x B {z<h(x¥)}

Jj=2
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In the second one, to make the height of the jump stochastic, we need to consider Poisson
measures m/ (2 < j < N + 1) defined on R% x R rather than on R%, with intensity d¢ - dz - dv(u),
where v is a centered probability measure. In this case, the process J” is of the form

N+1

a \F Z /[Ot xllthu Lesnoanydr (5, 7). (3)

The convergence of the processes XV, Y™ and Z™? (i > 1) as N goes to infinity in the first case
(i.e. when J¥ is given by (2)) is classical. We give the related results and references at Section 3.

So in this paper, we focus mainly on the second case (i.e. when JV is given by (3)). It is a
generalization of the model of Erny, Lécherbach and Loukianova (2019) where we have studied the
convergence of the process X . The interesting points of the model of this paper is that it is more
relevant for the modelling of a particular structure of neural network, and that we can still prove
similar results.

We are interested in proving the convergence (and obtaining a convergence speed) of the following
sequence of two-dimensional Markov processes

N+1

1 )
N _ N - .
dX; =—mX; dH\/NjE:Q A+XRU Lecp ey’ (t2,u), (4)

N+1
1 .
dyN — — 0.V Ndt 75:/ w-1 dri(t, z,u —/ vN1 dr'(t, 2).
¢ 2 VN = IR xR {z<n(xM)} ( ) R, ' {z<r(v)} (t.2)

to the following limit process

dXy = — a1 Xy + o/ fr(Xe)dWr, (5)
dﬁ = — OLQY;dt + o4/ fl(Xt)th — / Y;_]l{z<f2(}7t,)}d7_r1(t7 Z)
R+ -

where W is a standard one-dimensional Brownian motion and 7! is a Poisson measure on Ri with
Lebesgue intensity.

Note that it can be more practical to simulate the trajectories of the process (X,Y’) than those
of (XN, Y¥). Indeed, to simulate (X"V,Y") one has to compute the behavior of the N point
processes ZN:* (2 < i < N + 1), which can be computationaly hard if N is large. So it can be
easier to simulate a single Brownian motion W instead of those point processes. If one wants to
approximate the process (X~,Y?) with (X,Y), it is interesting to quantify "weak error" between
these processes. This is done in Theorem 1.2.

To obtain the convergence speed of the semigroups (P}Y); of the processes (X{¥,Y,N); to the
semigroup (P;); of the limit process (Xy, Y;)s, we use similar arguments as in Erny, Locherbach and
Loukianova (2019). We consider the infinitesimal generators AY and A of respectively P and P.
We begin by proving the convergence of these generators and by obtaining a convergence speed.
Then, we deduce a convergence speed for the semigroups using the following formula:

Pig(x,y) — PNg(x,y) = /Pth (A— AN) Pyg(x,y)ds.
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One of the main step of the proof consists in studying the regularity of the limit semigroup (P;);.
For this purpose, we need to study the regularity of the related stochastic flow. Compared to the
proofs of Erny, Locherbach and Loukianova (2019), there are two additional technical difficulties
that we handle at Section 2.2:

e The trajectories of the process (X,Y) are not continuous. Whence, its stochastic flow is not
a Brownian flow and Theorem 1.4.1 of Kunita (1986) cannot be used on this flow.

e The jump times of the process (X,Y) occur at the rate fo(Y;_). This implies that this rate
depends on the initial condition of the process. The regularity of this dependency is hard to
study directly.

To overcome the first point, we study the regularity of the stochastic flow between the jump times
(see Proposition 2.6). Let us remark that Bally, Goreac and Rabiet (2018) have already used the
idea of working between the jump times of the flow to study its regularity and that of its semigroup.
For the second point, we introduce an auxiliary limit process ()Nf , 17) for which the rate of the jump
is constant. Then, we deduce the regularity of the semigroup (P;); from the regularity of the flow
of (X,Y) using a kind of "Girsanov result" giving the explicit Radon-Nikodym derivative between
the processes (X,Y) and (X,Y) (see Proposition 2.3).

1.2. Notation

Throughout the paper, we use the following notation:

e For n € N*, we note CJ'(R) (resp. C7*(R?)) the set of R—valued functions defined on R (resp.
R?) that are C™, bounded and such that all their derivatives (resp. partial derivatives) up to
order n are bounded.

e We call 8 € N? a multi-index and we note |3| = f; + B2. If g : R2 — R is O™ and if § is a
multi-index such that |5| < n, we write dgg the partial derivative of g w.r.t. 5. For the first
order partial derivatives, we write instead d;g and J2g, and for the second order derivatives,
we write 8§jg (1,7 € {1,2}). When there is no possible confusion, we may use the classical
notation 9,g(z,y) = d1g(x,y).

e For g € C7'(R?), we note

9lln.ce = D 11059]lc-

1Bl<n

e Given a process X (resp. a multi-dimensional process (X,Y")) that is solution to some SDE, we
note X (*) (resp. (X(@¥) Y(#))) the process solution to the SDE w.r.t. the initial condition
Xo = 2 (resp. (Xo,Yp) = (x,y)). The function z — X®) (resp. (z,y) — (X@¥) Y @))) is
called the stochastic flow of the process X (resp. (X,Y)).

e In all the paper, C denotes an arbitrary constant that is independent of any parameters except
the parameters of the model. If a constant depends on some parameter 0, we write Cy instead.
The value of such constants can change from line to line in an equation.

1.3. Assumptions and main result

To begin with, let us state the conditions we need to study the model.

Assumption 1.
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(i) The function fy is continuous, bounded and positive,

(ii) the function fs is non-negative, Lipschitz continuous and belongs to C(R)
(iii) the function \/f1 is Lipschitz continuous and belongs to Cy(R),

(iv) the probability measure v is centered and admits a finite third moment.

Under Assumption 1.(i)-(ii), the well-posedness of the previous SDEs is classical. The bound-
edness of f1 is not mandatory for our results to hold true but it simplifies some technical details.
Without this boundedness, the convergence speed given in Theorem 1.2 would depend on the initial
condition. However, the boundedness of f; is important to control the Radon-Nikodym derivative
between the limit process (X,Y) and the auxiliary process (X,Y) that we introduce at Section 2.2
(see Proposition 2.3 for the form of this derivative).

Condition (ii7) allows to prove that the stochastic flow of the auxiliary process is C® between its
jump times (see Proposition 2.5). And condition (iv) allows us to obtain a convergence speed for
the generators (see Lemma 2.2).

Under the additional assumption that (X, YY) converges in distribution to (Xo,Yp), it is
classical that the process (X, Y?) converges in distribution to (X,Y’) in Skorohod topology (see
Theorem IX.4.21 of Jacod and Shiryaev (2003)). The main result of this paper consists in obtaining
the convergence speed of the semigroups PV and P of these processes (recalling that the processes
(XN, YY) and (X,Y) are defined respectively at (4) and (5)).

Theorem 1.2. Grant Assumption 1.(i)-(iv). For all t > 0, N € N*, g € C3(R?) and z,y € R,
|Pig(z,y) — PNg(a,y)| < Co- N7V2

Theorem 1.2 is proved at Section 2.3. The following figure presents two simulations of the process
YN with N =100 and N = 1000.

! | -9 ! | |
0 2 4 6 8 10 0 2 4 6 8 10

Fieure 1. Simulation of trajectories of (YN )o<t<i0 with X =0, YN =0, a1 = a2 =1, v = N(0,1), fi(z) =
fo(z) = 2.2 + 1.4 arctan(10z — 2), N = 100 (left picture) and N = 1000 (right picture).
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2. Proofs
2.1. Infinitesimal generators

One can note that the processes (X,Y) and (X, Y¥) (N € N*) are Markov processes. In the
following, we note P and PV (N € N*) their respective semigroups, and A and AN (N € N*) their
respective infinitesimal generators. We refer to Appendix A of Erny, Locherbach and Loukianova
(2019) for the notion of generator we use here, and for their precise definition. In particular, if
X is a Markov process and A its infinitesimal generator (in the sense of Definition A.1 of Erny,
Locherbach and Loukianova (2019)), we note D’(A) the set of functions g : R? — R such that, for
all x € R?,

o E.g(X,) —g(z) = E, [ Ag(X,)ds,
o E, fot |Ag(X;)|ds < .

The following lemma is a direct consequence of Ito’s formula and of the form of the SDE (4)

Lemma 2.1. Grant Assumption 1.(i)-(ii).
C%(R?*) C D'(A), and for g € CZ(R?) and (z,y) € R?,

Ag(z,y) = —anzdig(,y) — asydag(a,y) + 7]01 Z 92 j9(x,y) + fo(y) lg(x,0) — g(,y)] .

,j=1
CL(R?) C D'(AVN), and for g € C}(R?) and (x,y) € R,

ANg(z,y) = — 1201 9(x,y) — azydag(z,y)
NG [ [g (x e W) - g(x,yﬂ dv(u) + faly) [9(2,0) — gl y)]

We have the following control on the convergence of the generators.

Lemma 2.2. Grant Assumption 1.(i)-(ii) and Assumption 1.(iv). For g € CZ(R?) and (z,y) € R?,

AN ([ i) X 10ssll

|B]=3

|AN g(x, y) — Ag(z,y)| <

CM»—~

Proof. Recalling that v is a centered probability measure and that o2 is its variance,

ANg(x,y) — Ag(z,y)

:/RNfl(x) {g (a:+\/uﬁ,y+ \/UN) —9(%@} dv(u) —*fl Z 9;59(@.y)

i,j=1

u u u 2 'LL2 2
= Nfl(fv)/R g <x+ ﬁ’y+ m) —g(x,y) — Wi ;&g(rﬂ,y) ~ 3N > 029(x.y) | dv(u).

4,j=1
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As a consequence

|ANg(z,y) — Ag(a,y)|

u u u 2 'LL2 2
<80 [ |0 (2 Ty ) o0~ S deten) gy 3 oo | dvto

1= 1,7=1

Then Taylor-Lagrange’s inequality gives the result. O

2.2. Semigroups and stochastic flows

In this section, we prove the regularity of the semigroup of the limit process (X,Y) w.r.t. its
initial condition and a control of its derivatives. However there are additional technical difficulties
in this proof compared to Erny, Locherbach and Loukianova (2019). The main difficulty is that
the trajectories of the process (X,Y) are not continuous. Whence the associated stochastic flow is
not a Brownian flow and Theorem 1.4.1 of Kunita (1986) cannot be applied directly to study the
differentiability of the flow. So, we study the stochastic flow between its jump times. Then we face
another difficulty: the jump times of the stochastic flow depends on the initial condition, and we
do not want to study the regularity of this dependency.

This is why we introduce the following auxiliary limit process (X,Y). The only difference with
the limit process (X,Y) is that the stochastic intensity of the jump term in the SDE of Y is
constant. In other words, the occurrences of the jump times of the process Y are distributed as a
homogeneous Poisson process.

dX; = — o X, + o4/ f1(X)dWy,
4Y; = — anYadt + o/ f1 (Xe)dW; — / Y, d7\(t,2),

[0,]1f21]lo0]

1

where 7" is a Poisson measure on Ri with Lebesgue intensity.

Let us note Ny = 7([0,#] x || f2||oo) the number of jumps of the process Y before time t. By
definition of 7!, (V;);>¢ is a homogeneous Poisson process with rate || f2||oo. We also note T}, (n > 1)
the jump times of the process Y.

The next proposition can be seen as a Girsanov’s theorem for jump processes. It gives the Radon-
Nikodym derivative between the distribution of (X,,Y;) and that of (X;,Y;), for any ¢ > 0. This
result is a straightforward application of Theorem 3.5 of Locherbach (2002) (see also Theorem VI.7'3
of Brémaud (1981)), its proof is therefore omitted.

Proposition 2.3. Grant assumption 1.(i)-(ii). For all g € C,(R?), and, z,y € R,
B B ) ) Ni f. f/(f’y) ¢ .
o) slo(aio) B e[ G655) )]

n=1 o0

with Ny := 71([0,1] x [0, || f2||o])-
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In order to obtain a control on the regularity of the semigroup P of the limit process (X,Y),
we rely on the previous proposition and on a control of the derivatives of the stochastic flow of the
auxiliary process (X,Y). The next step is to prove this control.

Let us note ¢;(z,y) (t € Ry, (z,y) € R?) the stochastic flow related to the following 2—dimensional
SDE:

dX; = — o Xedt + 0/ 1 (Xt)th,

dY; = — apYidt + o/ f1(X¢)dW.
One can note that o;(x,y) is the flow of the process (X, Y) between its jump times. We admit that
¢t(z,y) is a Brownian flow in the sense of Kunita (1986).

Remark 2.4. Contrarily to the more general framework of Kunita (1986), the stochastic flow
oi(x,y) does only depend on one time parameter, because the process is time-homogeneous.

Proposition 2.5. Grant Assumption 1.(i), Assumption 1.(iii) and assume that fo is bounded.
Almost surely, for all t > 0, (x,y) — i(x,y) is a C3—diffeomorphism.

Proof. We rely on Theorem 1.4.1 of Kunita (1986) and use the notation therein. One can note that
the local characteristics (a,b) of the flow p;(x,y) are

ba.y) = (210 and a((z,9). (') = *VA@AE) (] 1)
(Zon) (1)

—0QyY

One can check that the Assumptions 1, 2 and 3 of Kunita (1986) are satisfied. Then, Theo-
rem 1.4.1 of Kunita (1986) allows to conclude the proof. O

Proposition 2.6. Grant Assumption 1.(i)-(iii). Almost surely, for allt > 0, (x,y) — (X't(x), f’t(x’y))
is C3 and, for all even p € N*| for all multi-index 3 € N? such that 1 < |B| < 3,

- P N p
sup E [ sup (35X§$)> ] + sup E [ sup <8/3YS($’y)) } < 00.
zeR  [0<s<t zyeR  |0<s<t

Proof. We already know that, for all ¢t > 0, x — Xt(z) is C® by Proposition 2.5. Indeed, by definition

X is the first coordinate of oy (,y). o
Now, let us recall that T, (n € N*) denote the jump times of the process (X*), Y (®¥)) and that
these jump times do not depend on the initial condition (z,y). For ¢t < Ty,

(X7, V) = pula,y)
is C% w.r.t. (z,y) by Proposition 2.5. And, for ¢t € [T},, T}, 41] (n € N¥),
(X V) = oy, (X472, 0),

which is also C® w.r.t. (x,y) as a composition of the function (z,y) € R? — ¢;_r, (z,y) and
the function (z,y) € R? (X'%),O). This proves that, almost surely, for all ¢ > 0, (z,y) —

(Xt(x), fft(m’y)) is C3. Now, we prove the second part of the statement.
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By definition, for all ¢ > 0,

t t
Xt(w) =T — Q1 / ng)ds + 0’/ fl (Xs(z))dwe
0 0

X =1—o /t 8, X ds + a/t 9, X @) (\/ﬁ)’ (ng)) dW..
0 0

We also know that

t t t
81:};;(1,?!) _ _a2/ awffs(a:,y)ds + U/ an's(ac) ) fr (Xs(x))dWs _/ / amffs(:c,y)dﬁ-(&z)_
0 0 0 [OVHfZHOO]

Noting that the initial condition of the process (8122,5(@, aszt(f”’y)) is (1,0), Lemma 4.2 allows to
prove the result of the lemma for the first order partial derivative w.r.t. . The results for the other
partial derivatives follow from the same reasoning. O

This implies

Proposition 2.7. Grant Assumption 1.(i)-(iii). For allt > 0 and g € C}(R?), the function (z,y) €
R?  Pyg(z,y) is C° and for all multi-index B such that |3| = 3,

02?; ||3BPSQHOO < Ctllgl13,00

where Cy > 0 does not depend on g.

Proof. For the sake of readability, we do not prove the result for the multi-indexes 8 such that
|8] = 3 but for those such that || = 1. This case is easier to prove and the technics are exactly the
same.

Recalling Proposition 2.3, we have

g o (2,y)
Pig(z,y) =E |g (Xfx),ﬁ(z’y)) ﬁ % exp [— /Ot (fz (K(x,y)) - ||f2||oo) ds] . (6)

n=1

To prove that the function Pig is C', we rely on Lemma 4.1 which is a generalization of the
classical result about the "differentiation under the integral sign" that uses Vitali theorem instead
of the dominated convergence theorem.

By Proposition 2.6, we know that the expression in the expectation of the right-hand side of (6)
is C! almost surely. In addition, one can control the expectation of the derivatives of this expression
thanks to Proposition 2.6 (see below for the explicit expression of the derivatives).

So Lemma 4.1 (applied twice) implies that P,g is C'. In addition, denoting by

N f, (YT(:,.U)

11 ||f2||oo)‘3"<p [‘ / (/2 (FE) = U fellee ) ds} ,

n=1

Li(x,y) :=
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we have

02 (Pug) (w,y) = E [0,7, - 029 (X, V) Li(a, y)]

ey e B (V) e (VY t )
+E |g (X7.707) 3 0,140 ) 11 U )exp / (Ilfalloc = F2(TL79))ds
= A=A 0

_E [ /Ot 0,770 £ (V=) ds g (X&), 70 Lt(x’y)} |

As a consequence,

92 (Pg) (,9)] <l|agllce 2 =E [|0, 7]

!
gl = et [, sup [, 7351
||f2||oo 0<s<t
1l ol V218 | sup [o,750)]).

The expressions of the first line and the third line above can be bounded uniformly in (z, y) thanks
to Proposition 2.6. For the expression of the second line, we can use Cauchy-Schwarz’s inequality
for example (we can recall that N; follows the Poisson distribution with parameter t||fa||co)-

This implies that

sup sup |0 (Psg) (z,y)| < Ctllgl|1,00-
z,yeR 0<s<t

With similar computation, we can prove that

sup sup |01 (Psg) (z,y)| < Cillg]
z,yeR 0<s<t

1,00

So we have proved the result for the two multi-indexes 4 such that |3| = 1. Note that in the
case for the multi-indexes /8 such that || = 3, we would need a control on higher moments of the
processes X, Y and their derivatives to control expectations of product of these processes. Indeed,
the partial derivative w.r.t. the multi-index (1,2) would involve terms as

2
( sup |asz;w’y>|> ( sup |ayff;f’y>|) ]
0<s<t 0<s<t

which can be controlled using Cauchy-Schwarz’s inequality, recalling that Proposition 2.6 allows to
bound every polynomial moment of the partial derivatives of the process (X,Y’) w.r.t. its initial
condition. O

E

2.3. Proof of Theorem 1.2

With a similar proof as the one of Proposition 5.6 of Erny, Locherbach and Loukianova (2019), we
can prove that, for all t > 0, N € N*, g € C3(R?), z,y € R,

(Pt - PtN) g(z,y) = /0 PN, (/i - AN) P.g(z,y)ds.
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Consequently,

t
(7= ) st < [ Buay (A= 4%) P v [ s

t
<C. N2 / Eiwy | AN S 105 (Pog) lloc | ds
|8]=3

<Gy N7V2 | fillcllglls,00,

where we have used Lemma 2.2 to obtain the second line above, and Proposition 2.7 to obtain the
third one.

3. The model in normalization N1

The aim of this section is to state the convergence of the process (X~,Y") given in (1) with the
process JV defined by (2) instead of (3). In this section, the process (X, Y¥) is solution to

N+1
1 )
dXtN :7041Xtth+ N Zz /RJr ]l{zgfl(xtj\i)}dﬂj(t,z),
j=

N+1
1 .
N N 2 N _
di/;f = a2)/t dt + N /]R+ ]I{ZSfI(X,N_)}dﬂ-] (t7 Z) - /]R+ Yt—ﬂ{zgfa(Yﬁ)}dﬂ-l(t’ Z),
=2

where 7/ (1 <j < N+ 1) are i.i.d. Poisson measures on R? with Lebesgue intensity.
In this framework the limit process (X,Y") is solution to the following SDE:

dXt = — Oletdt + E [fl (Xt)] dt,

dY, = — aVidt + E [f2(X,)] dt - /

R TP
Ry

where 7! is a Poisson measure with Lebesgue intensity. Note that the equation of X above is

deterministic, as long as the initial condition Xj is.

With classical computation (see e.g. Delattre, Fournier and Hoffmann (2016), Fournier and
Locherbach (2016) and Ditlevsen and Locherbach (2017)) and under the assumption that the coef-
ficients of the SDEs are Lipschitz continuous, we can prove that for all ¢ > 0,

E| sup | XN - Xs@ +E [ sup [V¥ — z@ < 0y (N2 4+ E[IX) — Kol] +E [ = Yal]).
0<s<t 0<s<t

Figure 2 presents two simulations of the process YV with N = 100 and N = 1000.

Note that in this model, a result similar to the one above above holds true even without "averag-
ing" the effect of the first population. More precisely, let us introduce X >/ the membrane potential
of the i—th neuron of the first population (2 <i < N +1), and Y that of the neuron of the second
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0 2 4 6 8 10 0 2 4 6 8 10

Ficure 2. Simulation of trajectories of (YtN)Ogtglo with Xév =0, YON =0, a1 =a2 =1, v=N(0,1), fi(z) =
fa(z) = 2.2 + 1.4 arctan(10z — 2), N = 100 (left picture) and N = 1000 (right picture).

one. Assume that these processes are solutions to
| N1
Ny _ N, j Ny i
XN = — a1 X] zdt—i—ﬁz:/R ]l{zgfl(Xﬁ’j)}dW](t’Z)_Xt—Z/R ]l{ZSfl(X,fv,’i }dﬂ' (t,2),
Jj=2 " 7F +
J#i
| N
N N j N 1
YN = —ap¥Ndt + Z/R 1{zgf1(xﬁj)}dﬁa(t7z)_y;,/R Lioc vy (t,2),
j=2 R4 +

where Xév’i (2 <i< N +1) are exchangeable. B B
Then one can show that these processes converge respectively to X¢ (2<i < N +1) and Y

dX; =— o X} +E [f1(X])] dt—/R Xf_ﬂ{zgfl()—(ti_)}dw"(t,z), 2<i<N+1,
+

dYy = — Y, + E [f1(X})] dt—/

% —1
- YA crmoydm (2)

in the following sense: for all ¢ > 0,

1N—Q—l
— E Xt xNi E Y, - YN
N2 o 15| [ g [ -2

N+1
_ 1 . ; _
<, (N 1/2+N > E[|X0—Xév’ |} +E[YO—YON]> .
1=2
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4. Technical lemmas

The first lemma, allows to differentiate under an integral sign. Contrary to the classical result that
relies on the dominated convergence theorem, this result relies on Vitali convergence theorem. In
other words, we use a uniform integrability criterion instead of a domination condition.

Lemma 4.1. Let F': (z,w) € R x Q +— Ry be a measurable function, where (Q,P) is a probability
space. Assume that:

e P—almost surely, x — F(x,w) is C!,
e there exists p > 1 such that

sup/ |01F (2, w)|” dP(w) < oc.
zeR JQ

Then, P—almost surely, © — [, F(x,w)dP(w) is C' and its derivative is

/Q 01 F (2, w)dP(w).

Proof. Let (z,), be a sequence of real numbers that converges to some x € R. Let us write

F(z,w) — F(xn,w).

Tr—x,

Gp(w) ==

We have )

T — T,

1 €T
<—— [ 1are)d

|z — x|

Gn(w)| =

/ 01 F(y,w)dy

Then, by Jensen’s inequality and Fubini-Tonelli’s theorem,

/ G ()P dP(w) < —— / / 01 F (y,0)” dydP(w)
Q |$—33n| QJz,
<1 / / 0F (y, ) |? dP(w)dy < sup / 101 F (y,0)” dP(w).
\$—$n| Zn JQ yeR JQ

As the previous bound is uniform in 7, this implies that the family of random variables {G,, : n €
N} is uniformly integrable. Since P—almost surely, G,,(w) converges to 01 F'(x,w) as n goes to infinity,
Vitali convergence theorem allows to prove that [, Gy, (w)dP(w) converges to [, &1 F(z,w)dP(w) as
N goes to infinity. O

The next lemma, allows to obtain a priori estimates on solutions of certain SDEs. This result is not
written to be general, because some specific properties of our SDEs allows to do some simplifications
to obtain the result.

Lemma 4.2. Let (X;,Y:): be a solution of the following two-dimensional SDE
dXt :bl (Xt, n)dt + S1 (Xt, }Q)th,

dift :bQ(Xt, Yt)dt + §2(Xt, }/t)th - / Yt—]l{zgf(Yt,)}dW(Za t),
[0,400]
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where (W), is one-dimensional standard Brownian motion, m a Poisson measure on R2 with
Lebesgue intensity and f a non-negative measurable function. Assume that the functions by, bs,
¢1 and o are sublinear: for all x,y € R,

(b1 (z, y)| + [b2 (2, y)| + [61 (2, y)| + |sa(, y)| < C(1 + [z] + [y])-
Then:
(@) for any even p € N such that Xy and Yy both have a finite p—order moment, for all t > 0,
E[X7]+E[Y] < Cp(1+E[XG]+EYT]),

with Cyp, > 0 some constant,

(i) if Xo and Yy both have a finite 2p—th moment (for some even p € N*), for all t > 0,
E [ sup X;’} +E { sup Ysp} < Cip (1+E x| +E[¥57]),
0<s<t 0<s<t
with Cy, > 0 another constant.

Proof. Step 1. Let us prove the point (7). By Ito’s formula, for all ¢ > 0,

t ) st t

xp=xg+p [t vods + B2 [ o vts s [ X g voa,
0 0 0

)

t _1) t
v =g p [ Vet vds + 22D [y vt v [ viia . voam,
0 0 0

- / Y Lcry, yydn(s, 2)
[0,t] x[0,4o00[

t t t
-1
§Y0P+p/ np—le(Xs,}g)dsﬂ%/ np—ZgQ(Xs,n)ster/ YP 6 ( X, Ys)dWs.
0 0 0
(8)
Now for M > 0, let us introduce the following stopping time
v =1nf{t >0 : |X;| > M or |Y}| > M},

and the function
uM’P(t) =E [(Xt/\TM )p + (Yrt/\TM )p] .
Thanks to (7), we have for all ¢ > 0,

(=BG 4B [ (et v + 20

AT X)) i

P AT p—1 p(P—1) op o 2
= E [XO] + E /0 st/\'rMbl (XS/\TM ) YS/\TM) + TXE: S1 (Xs/\TM7Y;/\TM) dS
t
<E [X(Z))] + C/ E [|XSA‘FM|p_1 : |b1(X5/\TJ\47YS/\TM)| + Xf/?fmgl(Xs/\'erYs/\'rM)Q} ds
0

eG4 [ (o) ds
0
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where we have used the sublinearity of the functions b; and ¢; to obtain the last line. With the
same reasoning, we also have using (8) for all ¢ > 0,

B ((Vinne ) < BIY)+C [ (4 ungyls) s

So, for all ¢t > 0,
t
wnip(t) < E[XT] + E[YP] + Ct +C / wntp(s)ds.
0

Then, as the function wpy, is finite valued (thanks to the stopping time 75/), Grénwall’s lemma
implies that for all ¢ > 0,

upsp(t) < (B[XB]+EYP] + Ct) et < (1 + E[XE] + E YY), (9)

where C; > 0 does not depend on M.

Now let us prove that 7p; goes to infinity almost surely as M goes to infinity. Firstly, as (7a7) p
is non-decreasing w.r.t. M, we know that 75, has an almost sure limit 7 as M goes to infinity. We
have, for all ¢ > 0, by Markov’s inequality and thanks to (9),

1
+YtpATM 2 Mp) < ﬁuM,p(t) — 0.

<t) < p
P(TM_t)_IP(X M Moo

tATM

Consequently, for all £ > 0,

]P’(TS)&)S]P’( N {ngt}>: lim P (ry < t) =0.

M —o00
MeN*

Whence

]P’(T<oo)§P<U{T§t}>O.

teN*
This means that 7a; goes to infinity almost surely as M goes to infinity.
Finally, applying Fatou’s lemma to (9) gives that for all ¢ > 0,

E[X? +Y/] < Gi(1+E[XF] + E[Y7)).

Step 2. Let us prove the point (i¢). By (7) and Burkhoélder-Davis-Gundy’s inequality,

t _ 1 t

| sup 2] <m0+ [ B[ as+ P e e, v s
0<s<t 0 0

1/2

+Cp (/OtE (X226 (X,, Ys)?] ds>
<E [X{] +O/ot(1 +E[XP]+E[YP])ds+C (/Ot (1+E[X2] +E [Y7*]) ds>1/2
<E[X}]+C /Ot (I+E[XZ] +E[Y2?])ds
<c (1+E x| +E[v7]).

The result for the process Y follows from the same computation using (8) instead of (7). O
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