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Two notes on the history of biology

Giuseppe lurato
Ministry of Educations, Italy

Abstract. This paper has two historical notes concerning biology: in the first one, we wish simply
to point out again that the operon model, due to 1965 Nobel laureates Francois Jacob and Jacques
Monod in the 1950s, might be laid out within the historical framework of the epigenetics, as well
as one of its first biological models making use of a systemic approach, at the crucial crossroad
from prokaryotes to eukaryotes, while, the second one, regards the celebrated work of D’Arcy
Wentworth Thompson, entitled On Growth and Form and published in 1917, which has been a
milestone of mathematical and theoretical biology, but it has yet undergone some criticisms due to
the alleged incompatibility of some its ideas and assumptions with respect to Darwinian main
ideas, so we wish simply clarify such dyscrasias making use of some mathematical notions and
tools able to build up a possible formal framework, within which to lay out better those D’Arcy
Thompson’s ideas deemed to be liable to have given rise to such incompatibilities, with the end to
dispel or minimize these.

First note: Francois Jacob, Jacques Monod, and the dawning of epigenetics

1. Introduction

Frangois Jacob (1920-2013) and Jacques Monod (1910-1976) have been central figures of modern
science, recalled as founders of modern molecular biology. They worked mainly at the laboratories
of the Institut Pasteur of Paris, where they directed the unities of bacterial genetics and cellular
biochemistry. In these places, from 1960s onward, new ideas on Neo-Darwinism were worked out
within the new framework of molecular biology of DNA, were pursued, fitting together genetic
variability with natural selection assumption. The DNA, seenas a structured set of genes, undergoes
to a linear combinatorial logic which may have various dimensions of combination, as a 1-
dimensional, a 2-dimensional, until to a 3-dimensional one, to give rise spatially arranged living
organisms, with a certain geometrical shape, where also a fourth dimension may be added, as the
one related to the temporal dimension. In such a combinatorial building up of life, the chance, the
contingency or the possibility play a very fundamental role, so that what we get in as a real living
world is only one of the many possible worlds which we should have could get; so, the strict
necessity in getting out a certain living organism, is not absolute in biology, but there exist yet
constrains which force nature to have certain configurations rather than others. Jacob and Monod,
just from their remarkable work in the new molecular biology, devoted much of their time to think
and reflect also in epistemology of natural sciences, giving deep and valuable contributions to the
philosophy of biology and natural sciences, besides to open new perspectives of research (Mayr,
1982; Monod, 1970; Morange, 1998; Piattelli Palmarini, 1987; Redi, 2018; Rheinberger & Muller-
Wille, 2017).

It is just the case considered in this paper, in which we wish to recall, another time, what crucial
and valuable perspectives opened Jacob and Monod around the late of 1950s when they published
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some works of the molecular biology of bacteria which will give first theoretical models upon the
gene expression regulation in prokaryotes, with their so-called operon model, whose importance
will be later acknowledged with Nobel prize in 1965, won together with André Lwoff (1902-1994).
We would like to recall briefly sucha model, hence to highlight what outcomes were achieved by it
in the field of molecular biology, with a particular attention to the biological trend of epigenetics
and the systemic approach later called systems theory inbiology. The operon model, as we stand out
in this paper, just provides first patterns of epigenetics, through a systemic approach based on
feedback mechanisms, as well as it has provided new insights about the crucial bifurcation from
prokaryotes to eukaryotes. Monod started to study bacteria cultures since 1940s, and observed that,
also in presence of sugars, bacterial growth was yet quite anomalous, so inferring that enzymatic
synthesis depended on environment conditions and the related needs. His further researches were
pursued just on such an ‘‘environmental adaptation’” of enzymatic synthesis, studying in particular
the role of either environment and hereditary factors on it. In doing so, Monod established a
collaboration with André Lwoff, who introduced the study of viruses in French, and Francois Jacob
(1920-2013), within Pasteur Institut in Paris, in the 1950s, together the American biologist Arthur
B. Pardee (1921-2019) during an his sabbatical period of research in Paris (Duris & Gohau, 1997).

In the late of 1950s, Jacob, Monod and co-workers introduced the notable notion of operon?, as a
structural group of contiguous genes whose biofunction is ruled by another brief consequent group
of genes said to be operator, together the as many important notions of structural gene, regulator
gene and induction/repression of enzymatic synthesis. The operon was therefore conceived as the
minimal unity of coordinated expression, by the operator, ofa group of structural genes that it rules.
The operator, on its turn, is influenced by other external proteins, which act as either inductor or
repressor of enzymatic synthesis, by ruling the control function of the operator through allosteric
effects. What had to be clarified better concerned the mechanisms with which such processes taken
place, so Jacob and Monod hypothesized new types of RNA to accomplish to such ends: precisely,
they introduced mRNA and pRNA, as chief means to transport and transfer genetic information,
hence identified in the early 1960s, also in collaboration with Jean-Pierre Changeux (1936), the so-
called allosteric regulation, i.e., new stereodynamic mechanisms (later called allosteric processes)
ruling repression and induction processes by means of certain external proteins said to be allosteric
effectors (Duris & Gohau, 1997).

The 1950s work of Jacob, Monod and co-workers, on the molecular biology of prokaryotes, then
acknowledged by Nobel prize in 1965, given the first models of gene expression regulation of cells,
although limited to prokaryotes, analyzing, in particular, how does protein synthesis to take place,
hence clarifying phenotypic manifestation processes, from the epigenetic standpoint therefore. They
also pointed out how environmental conditions may influence these latter, so identifying possible
mechanisms just based on a systemic approach of feedback type. Their models were also of help in
deducing analogous patterns for the gene expression regulation in the eukaryotic case, as well as in
clarifying the crucial bifurcation from prokaryotes to eukaryotes and their typical features (like cells
differentiation and replication). Therefore, after having briefly recalled the main basic notions of
molecular biology need to understand better operon model and lay out it within the right biological
framework, we discuss the chief aspects of such a pattern, highlighting which are its notable results
of interest for epigenetics and the systemic approach in biology.

! See (Jacob et al., 1960), hence (Jacob & Monod, 1961).
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2. Molecular biology and Darwinian evolutionism: basic ideas and concepts

Darwin’s theory of evolution is based on the so-called natural selection which occurs by means of
mutations that, although everyone is quite rare (about, 1:10°), have yet selection power due to their
collective accumulation into a certain population, which therefore evolves phylogenetically. Along
the biological evolution, it has been possible to identify certain invariants, as cellular organization,
some basic metabolic processes, genetic code and its capability to transmit genetic information by
reproduction. This last, with the capability to evolve, are the common traits of all living organisms
structurally done by cells (Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio,
1982).

Historically, i.e. from a phylogetical standpoint, it has been hypothesized that cell sprung out from
a unique, initial pre-cellular pattern which, on its turn, arisen from a previous (prebiotic) chemical
phase in which an accumulation of certain organic substances took place, with substances able to
warrant its replication by self-catalysis, this latter due to other simplest chemical substances which,
along evolution route, have become ever more specialized until up to give rise the first biological
form of a primordial pre-cell, basically surrounded by a protective membrane, and having a certain
hereditary patrimony together a set of catalysts able to bring to the replication of such an heritage,
hence to the duplication of such a pre-cell. The basic uniqueness of such a pre-cell pattern justifies
the substantial analogies amongst the next cellular organization of all living organisms (Frontali &
Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982).

Afterwards, from such a basically unique primordial chemical pre-cell, then developed that basic
morphophisiological unit of living organisms which will be the biological cell, whose fundamental
structure and function are quite analogous to all living organisms. What has, instead, marked the
first, remarkable differentiation amongst the various types of cells, has been the net distinction
between prokaryotes and eukaryotes, the first being characterized by a simple cellular organization,
while the latter have a more complex and articulated cellular organization. This distinction between
cellular types, has also beenthe major of the discontinuities along the phylogenetic evolution of the
living organisms (Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982).

The genetic material, which warrants cell reproduction, growth and development, is done by DNA,
which, in turn, rules protein synthesis and cellular characteristics. These latter are, in turn, stated by
proteins themselves (cellular proteins), so the synthesis of these, by genetic material contained into
DNA, is a fundamental biochemical process for any living organism and its characters. Structurally,
DNA is done by genes (as traits of DNA, which are ordered sequences of certain nucleobases) and
groups of genes (chromosomes), which are also sequentially ordered. Proteins, in turn, are ordered
sequences of amino acids?, which are determined exactly by traits of DNA. A mutation, then, is a
variation of DNA of a cell, which may entail a modification of the amino acids sequence of a
certain protein, with a consequent alteration of those cellular functions depending onsuch a protein
(Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982).

A protein, as made by amino acids, may have either an enzymatic or a structurating function, in
dependence on the 3-dimensional arrangement of its constituent amino acids, of which it is possible
to identify a primary, a secondary, a tertiary and a quaternary structure, mainly through X-rays

2 The four nucleobases of DNA combine according to simple dispositions of class 3 (which are totally 4°=64>20) to
give rise proteins formed by sequences of 20 amino acids (polypeptides sequence). Thus, genetic information of DNA is
elicited by triplets (codons).
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diffraction methods, characterizing its biological activity; such a 3-D structure is, in turn, specified
by DNA. The synthesis of a protein takes place thanks to ribosomes, which are particular cellular
subunits done by proteins linked by ribosomal RNA (rRNA), through the information brought by
messenger RN A (mRNA), arising from a splitting of DNA double helix into two single helixes, and
reaching ribosomes, where the protein synthesis takes place by means of one out of the two helixes
sprung out from such a DNA splitting, with nucleobases sequences complementary of each other,
and that forming mRNA being a filament of many ribonucleobases, first attached to DNA, then,
after splitting, migrating to ribosomes to produce proteins (Frontali & Schiesser, 1989; Lattanzi,
1974; Lehninger, 1975; Morchio, 1982).

The splitting of DNA double helix, to give rise one single helix of mMRNA (whose sequences of
ribonucleobases, moulded by DN A, will be then translated into sequences of amino acids), is due to
a particular enzyme, said to be polymerase RN A (pRNA), which sticks up on certain sequences of
nucleobases (or better genes, of one of the two DNA helixes), said to be promoters, to give rise then
MRNA. Such a process, through which nucleobases sequences of DN A (having, therefore, genetic
information) are transcribed into new sequences of (ribo)nucleobases of mMRNA, is said to be
genetic transcription, while the process through which proteins are synthesized, is said to be genetic
translation, in that new information is got by the passage from sequences of nucleobases triplets (of
MRNA) to sequences of amino acids, so we have a kind of “‘change of linguistic register’’, from the
one done by sequences of nucleobases, to the one made by sequences of amino acids; the genetic
code just allows such a passage, from one register to the other (Frontali & Schiesser, 1989; Lattanzi,
1974; Lehninger, 1975; Morchio, 1982).

In these molecular biology processes, related to the protein synthesis of living organisms, what is
interesting, from our enquiry standpoint, regards the way in which a triplet of one DNA helix, then
transcribed in a triplet of MRNA, determines the insertion ofa certain amino acid into a polypeptide
chain, that is to say, how the translation process (by genetic code) takes place. In this regard, some
years later the discovery of the DNA structure (1953), it was conjectured the existence of a specific
molecule able to insert a given amino acid into a polypeptide chain; such a molecule, therefore, has
the main role to <‘adapt”’, inside a ribosome oscillating along mRN A filament®, a certain amino acid
to the triplet of nucleobases of mMRNA, after having recognized both. Such a molecule, later
discovered, was named transfer RNA (tRNA). It has a low molecular weight (with respect to the
other types of RNA), is — geometrically — formed by a unique filament made by 80 nucleobases,
amongst which there are some new bases, as the methylated ones. This filament is refolded on
itself, and, at its two extremities, there are two triplets of nucleobases, one (said to be anticodon)
able to recognize the other one, a complementary triplet of nucleobases (codon) lying on mRNA
(Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982).

3. Fist instances of epigenetic phenomena: the enzymatic synthesis and its regulation

Enzymes are proteins useful for metabolic processes, and some biological processes in which they
are involved, may provide remarkable examples of how environment conditions may influence their
biological activity, so having first epigenetic phenomena. For instance, yeasts work either in aerobic
and anaerobic conditions, notwithstanding that their genetic patrimony remains unchanged: in fact,
yeasts usually work in anaerobic conditions via fermentation processes (anaerobic metabolism), but

® The molecular system made by ribosomes oscillating along the same filament of mRNA, is said to be a polysome.
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if environment conditions change, for instance imposing aerobic conditions, then the fermentation
processes cease to work (Pasteur effect), and yeast itself so starts to synthesize new enzymes (which
are absent in aerobic conditions), allowing to work now in aerobic conditions (aerobic metabolism).
And all this takes place without changing of genetic patrimony of yeasts, yet they are able to change
own metabolic processes in dependence on environment conditions according to biological abilities
or regulative mechanisms, evolutionarily selected for the advantage of yeast cells themselves and
their metabolic processes (Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio,
1982; Morpurgo, 1997).

The example just exposed above — regulation of enzymatic synthesis — is a modality of regulation
of the cell metabolism, through the synthesize of proteins. It relies on the main fact for which not all
the possible proteins, of which a cell has their genetic patrimony, are however synthesized, but only
those strictly necessary for the cell metabolism or for other biological processes or phenomena in
which it is involved. Therefore, it follows that the synthesis of proteins, which takes place through
gene expression, is then ruled in dependence on the various needs and contingent conditions in
which cell is embedded. For instance, some enzymes are synthesized only when, in the environment
of growth of a cell, are present certain, other inducing substances (as inductors) which allow their
synthesis; in such a case, we speak of inducible enzymes. Fist genetic models about gene regulation
in prokaryotes were worked out by Francois Jacob, Jacques Monod and André Lwoff in the 1950s
and 1960s at Pasteur Institute of Paris, so providing historically first explicit instances of epigenetic
processes for prokaryotes, which are yet quite different from those regarding eukaryotes, except in
part DNA methylation which are also involved partially in prokaryotes enzyme synthesis* (Frontali
& Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982; Morpurgo, 1997; Seong et al.,
2021; Willbanks et al., 2016).

4. An historical case-study of inducible enzyme: the p-Galactosidase of Escherichia Coli

In the history of molecular biology, the first and best known instance of inducible enzyme is the so-
called g-Galactoside (in short, p-G) of the bacterium® Escherichia coli (in short, E. coli); the related
synthesis process is called s-Galactosidase®. Such an enzyme, which catalyzes hydrolytic splitting
of lactose and other galactosidases, it is need for cell may use such substrates in its metabolism, so
that cells devoid of such an enzyme cannot grow up in a culture environment having only lactose as
a unique source of carbon. Usually, E. coli cells do not contain -G enzyme, but they synthesize it
when are into a culture containing lactose, so that B-G is an inducible enzyme, while lactose and
galactosidases are inducing substances (which, in turn, are, in general, substrates of the induced
enzyme). However, the presence of lactose only, as a unique source of carbon for E. coli cells
metabolism, induce -G together other two enzymes’, namely the -Galactoside permease (in short,
B-Gp) and the p-Galactoside transacetylase (in short, B-Gt), that allow other biological processes
inside E. coli cells (Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982;
Morpurgo, 1997).

4 See (Willbanks et al.,, 2016). On the other hand, methylation processes are already involved in tRNA phenomena,
which were discovered just by Francgois Jacob and Jacques Monod in the late of 1950s, in studying biology of E. coli.
See (Jagob & Monod, 1961).
> This bacterium is particularly suitable for such type of studies as it contains a mixture of many different enzy mes.
® See (Jacob & Monod, 1961).
" And these two other enzymes are always produced concomitantly to the production of p-G.
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Fromthe evolutionary biology standpoint, it has been a biological advantage the enzyme synthesis
in that, a cell may survive in different environments choosing optimally what type of enzyme to use,
hence generate (this being always possible at genetic level), in the suitable metabolic process need
for the cell. The regulation of such an enzyme synthesis has just been defined also optimal because
it synthesizes just the right and strictly necessary enzymes needed for, but not others which might
turned out to be superfluous. Thus, E. coli cells, when are in presence of both glucose and lactose,
do not synthesize any enzyme for metabolic purpose, because the glucose only is faster usable as a
source of carbon rather than synthesize -G (hence, also $-Gp and B-Gt) for the presence too of the
lactose, a synthesis which might at the same time be triggered as a further process; to be precise,
this latter does not take place until up glucose is present, as it just explicates the double function® of
inhibition (or repression) of such an enzyme synthesis or of induction of it, which run basically
according to a feedback mechanism, hence through a systemic fashion, so making optimal the cell
metabolism (Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982;
Morpurgo, 1997). These two main mechanisms — of repression and induction — are basically
periodic in their formal nature, in agreement with their positive/negative feedback feature (or
systemic fashion), so they may be also mathematically described through certain formal models
based on periodic oscillations, either genetically and/or environmentally controlled, which rule
many important cellular and subcellular processes, like enzymatic synthesis and activity,
guarantying certain levels of induction of enzymes also to some next generations®. This justifies, in
the context of mathematical biology, the name of epigenetic oscillations given to those related to
enzymatic synthesis, and of metabolic oscillations given to those related to enzymatic action, as
done by llya Prigogine and Gregoire Nicolis in the 1970s, who achieved remarkable researches and
studies in this field, just after the pioneering works by Jacob and Monod of the 1950s, in turn based
on many, previous works done by other scholars on E. coli biological phenomenology (Prigogine &
Nicolis, 1981).

The Jacob-Monod pattern. The mechanisms of repression and induction of enzyme biosynthesis
of above, have many similarities and analogies. Indeed, as pioneeringly pointed out by Francois
Jacob and Jacques Monod in the late of 1950s, such repression and induction mechanisms arise,
respectively, from the deactivation and activation of the transcription of those structural groups of
genes containing that genetic information related to the enzymatic biosynthesis. Each of such
specific groups of structural genes, was said to be operon; in general, its genes are sequentially
ordered along DNA and attached of each other'®. Alongside any operon, there is attached a
particular chromosomal segment (i.e., a set of genes), said to be operator (in short, O), which
mainly controls and regulates the gene expression of the operon to which it is attached, allowing
mMRNA to work for the transcription, via pRNA, of the whole operon. So, the starting point of DNA
replication is just in the operator. Jacob and Monod hypothesized a molecular mechanism for the
regulation of the operon genes, working out a theoretical model, then called Jacob-Monod pattern,
to explain the induction of -G and other related phenomena (Frontali & Schiesser, 1989; Lattanzi,
1974; Lehninger, 1975; Morchio, 1982; Morpurgo, 1997).

& Which should be meant from a systemic standpoint, because it acts according to a feedback mechanism: if the
concentration of glucose is not zero, then such an inhibition occurs; if the concentration of glucose is zero, then such an
inhibition does not take place, hence enzy matic synthesis starts as the concentration of lactose is not zero.
%30, these last facts have just epigenetic nature.
1911 the case of E. coli and the related synthesis of B-G, such an operon is called lac.
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Jacob and Monod, therefore, from E. coli case-study, supposed that, besides the genes (of DNA)
appointed to the protein synthesis, that Monod calls structural genes (and forming the operon),
other particular genes (of DNA) exist and are in charge of regulate the activation (induction) or the
inactivation (repression) of the structural genes, that Monod calls regulating (or regulator) genes'!
(acting upon the operator), still synthesizing another specific protein which will be said inductor or
repressor in dependence on the regulation function elicited by it. Further, the gene sequence of the
operator O is just placed between the place where pRNA (i.e., the promoter) sticks up (for the
transcription, with the consequent production of the related mRNA) and the sequence of structural
genes (i.e., the operon). It follows that, when, for example, the repressor sticks up on O (i.e., the
operator), then the synthesis of mRNA cannot take place (as promoter has not access), hence the
genes of the operon remain not expressed. Likewise, inductor acts on the stereodynamics of the
repressor meant as a protein, to be precise, it does a conformational modification (of allosteric type)
on the spatial structure of repressor? in such a manner that this latter cannot anymore stick up on
the operator. So, in the case of E. coli studied by Jacob and Monod, when the inductor — i.e., the
lactose — is present, the repressor is unable to block the synthesis of mMRNA because lactose
prefers®® to stick up to repressor, which therefore cannot run, hence the transcription of structural
genes (of the operon) may start, with consequent synthesis of B-G, B-Gp and B-Gt (Frontali &
Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982; Morpurgo, 1997).

Moreover, Jacob and Monod considered also the case of enzymes which are repressible: namely,
in the case of E. coli cells, if these are in a culture rich of nutrients, and containing all need amino
acids, then no one enzyme, need to biosynthesize these latter, is present, hence they are repressible
enzymes'*; nevertheless, these latter appear as soon as the amino acid synthesized by them, or some
its substrate, becomes present, so any final product of their biosynthesis acts as a corepressor. In
fact, in the case of biosynthesis of the histidine, it is just the histidine-tRNA to act as a corepressor,
activating the repressor of the related operon of the histidine, so blocking the biosynthesis of the
many enzymes typically attending at the synthesis of histidine. Therefore, in presence of histidine,
formation of histidine-tRNA takes place, hence a corepression process starts to block the synthesis
of all the enzymes occurring in the biosynthesis of new histidine. Ina few words, corepressor works
as an activator of the repressor of the related operon, which so starts its usual function of repression
of the synthesis of enzymes (Frontali & Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio,
1982; Morpurgo, 1997).

So, repressor plays a very important role in influencing the whole functioning of the DNA system
{Operator (O) + operon (SGs)}, often called lac operon, where SGs stands for structural genes of
the operon. As we have seen above, the repressor R, as a protein, mainly runs in dependence on the
possible (allosteric) configuration that it may assume amongst a variety of — at least — two possible
stereodynamic configurations'®, say R and R’. To this end, the regulator genes, as a kind of

1 Therefore, Monod considered the existence of genes which rule other genes, via complex molecular mechanisms of
regulation (Borek, 1965).
121 this regard, the so-called allosteric proteins act in analogous manner. more
13 probably, because the chemical reaction {lactose + repressor} is thermodynamically more advantaged with respect to
other possible reactions.
14 Such enzy mes are obviously biologically advantaged, this quality having been acquired in an evolutionistic way.
15 As genes of the operon cannot be permanently locked, so repressor, as a kind of switch, must allow sometime the free
expression of such operon genes; this may be possible only when at least two different stereodynamic configurations of
the repressor exist, with one spatially compatible with the operator configuration, and the other not, so leaving unlocked
it to act on the operon genes (Morchio, 1982).
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molecular switch, establish, with the help of another external substance, said to be effector E, what
stereodynamic configuration the repressor R has to assume on the basis of the interaction E — R.
Therefore, the effector is that substance with respect to which the operator O (and, accordingly, the
related operon) has to be activated or blocked, so it is the chief element that rules the whole
functioning of the genetic system Q = {operator O + operon} (lac operon), of whose environment,
E is an its element (e.g., the B-G in the case of E. coli). The action of such an external (with respect
to Q) element E, to activate or block the operator O through the repressor R (which is produced by
the genetic system Q — so that, it is an its internal element, differently from E — in, at least, two
allosteric configurations, say R and R”), is optimally functional to the production or not of certain
enzymes having metabolic ends; moreover, such a molecular process explicates through a clear
systemic approach of feedback type, as it constantly verifies the presence or not of the enzyme to be
produced, hence activate or not R on the basis of its concentration and use rate, through E (which is
also able to change R in R’, or vice versa, in dependence on the metabolic needs'®) (Frontali &
Schiesser, 1989; Lattanzi, 1974; Lehninger, 1975; Morchio, 1982; Morpurgo, 1997).

To sum up, we may consider the following, very simple scheme explaining the basic mechanisms
of Jacob-Monod model:

RGs (regulator genes) <» Operator (O) | SGs MRNA Amino acids — Proteins
—

Ew»lR|

where E stands for effector, R for repressor, RGs for regulator genes, and SGs for structural genes
(of the operon). The Jacob-Monod pattern was basically verified experimentally by Walter Gilbert
and Benno Miiller-Hill in 1967, identifying some components of the lac operon; further empirical
proves were then found by Jonathan R. Beckwith and co-workers, some years later. Anyhow, the
operon model due to Francois Jacob and Jacques Monod is acknowledged as the first pattern to
understand the complex interactions between the regulation of gene function or expression and the
phenotypic development for both prokaryotes and eukaryotes (Yavin et al., 2011), as well as it
promoted the notion of regulatory circuits in biology besides to have been a precursor of either the
systemic approach to biology and the developmental systems theory’’ (Baylin, 2016; Cavalli, 2011;
Gann, 2010; Tajbakhsh et al, 2011); in particular, Jacob-Monod works stimulated further
multidisciplinary researches, and the gene regulatory circuits, whose notion just started with such a
pattern, have showed to own the main property to propagate the memory of a specific gene
regulatory state long after it has been established and even when the original inducer is no longer
present, this last feature being clearly an emblematic epigenetic phenomenon (Cavalli, 2011). So,
phenotypic expression of genes depends on the complex interactions and networks of genetic
programmes according to a model first postulated just by Jacob and Monod in the late of 1950s, for
a simple bacterial system, more than half ofa century ago (Rheinberger & Miller-Wille, 2017).

18 E (i.e., the effector) may also be an environment condition, like the lacking of a certain substance for metabolic ends,
which, in this case, rules suitably R or R’ in such a manner that it may be now synthesized; this is the case of histidine,
for the E. coli.

" The pioneering work of Jacob and Monod, later acknowledged with Nobel prize in 1965, besides to have pointed out
the systemic functioning of gene expression regulation in prokaryotes, stood out too that DNA follows a Boolean logic,
hypothesizing that every other biological gene regulation system obeys to such a basic combinatorial logical principle
(Monod, 1970).
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5. The comparison with the eukaryotic case

Froman historical standpoint, in this paper we have briefly recalled Jacob-Monod pattern about the
B-G synthesis (Jacob & Monod, 1961), as well as, we have pointed out that it might be also seen as
one of the first attempts to shed light on epigenetics of prokaryotes, to which will follow then the
epigenetics of eukaryotes that, although much more complex than the former, it has yet received
help by epigenetics of prokaryotes and, in general, by genetics of bacteria and its basic mechanisms,
notwithstanding the remarkable differences between prokaryotes and eukaryotes. For instance, in
eukaryotes, genes appointed to enzymatic synthesis are not sequentially ordered one attached to the
other in contiguity, differently from the case of prokaryotes in which it has been possible to identify
a sequential unity of contiguously ordered genes, forming an operon, ruling the enzymatic synthesis
itself whose mechanisms depended on such a structurally ordered genes’ set; and this does not hold
for eukaryotes, supposing therefore that other types of enzymatic synthesis methods hold. Likewise,
enzymatic synthesis control seems to have a relatively different role in prokaryotes and eukaryotes,
being much more important for the former than the latter. Yet, these aspects may play a certain role
in trying to understand the crucial biological evolution bifurcation from prokaryotes to eukaryotes:
in fact, as an instance, at the present in none eukaryote, even the most primitive one, it has not been
found any operon, which therefore is a structure typical of prokaryotes only® (Gann, 2010;
Lattanzi, 1974; Morpurgo, 1975; 1997).

Although epigenetic mechanisms inherent to eukaryotes are quite different from those related to
prokaryotes, nevertheless a comparative study of either prokaryotes’ epigenetics and eukaryotes’
epigenetics, with the related mechanisms, might turn out to be useful from an evolutionary biology
standpoint to try to understand better, for instance, the basic and crucial passage from prokaryotes
to eukaryotes (Gann, 2010; Willbanks et al, 2016). Indeed, as has been said above, a main
difference between prokaryotes and eukaryotes relies on the fact that enzymatic syntheses are quite
different for it, with the latter having biosynthetic processes not based on the ordered structure in
operons of DNA genes devoted to biosynthesis as in the former, in that eukaryotes have a more
specialized and articulated biological development, temporally scanned, so genes (for biosynthesis)
have their own specific and distinct moment of expression, which should have been impossible for a
contiguously ordered genes as in prokaryotes. Thus, eukaryotes have biosyntheses quite different
from those of prokaryotes, in particular these processes do not depend on environment in regulating
genes expression (diversely from prokaryotes case, where this closely depends on environment
conditions through E, hence R), that is, they should have much more autonomy and independence
from the environment®®, which are also guaranteed by a more complex and articulated internal
cellular structure than prokaryotic cells case (Morpurgo, 1975; 1997).

Indeed, biological evolution of eukaryotes from prokaryotes has been featured just by the attempt
to reach an higher internal autonomy of cell, and to keep constant its internal environment, an aim
which was achieved thanks at first with the construction of a cellular membrane, so allowing cell to
be independent, as soon as possible, from environment. From this step, it followed an enrichment of

18 And therefore, as operons are ordered structures, we may also suppose that, their absence in eukaryotes, might be due
to the occurrence of symmetry breaking phenomena, to be precise, the breaking of an ordered symmetry (just typical of
ogperons), during such a crucial evolutionary biology bifurcation.
19 For this reason, such processes are specifically said to be constitutive syntheses.
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the internal cell organization, with the rising of new biological constituents and settings?® which
entailed a cell autonomy from the external context of the cell, whose structure went gradually to
become ever more self-organized?, specialized, integrated and articulated until up to reach first
primitive forms of eukaryotic cellular nature. At the same time, this latter stored gradually nutritive
reserve substances to become ever more self-sufficient in the metabolism as well as independent
from the environment, although for a limited time range, with the establishment of new type of
biosyntheses processes now depending rather on an internal program than on environment
fluctuations as in the prokaryotic case. At the same time, the gaining of cell autonomy from
environment has entailed structural/functional enrichment, cellular and biological differentiation,
morphogenesis as well as the rising of new mechanisms of replication/duplication (Lawrence, 2002;
Morpurgo, 1975; 1997; Ralston, 2008).

Operon genes in prokaryotes, especially in bacteria, are almost simultaneously coregulated as they
need to change and adapt rapidly in dependence on environment conditions and the related nutrients
available, just these latter being rapidly changing. Such a typical feature of prokaryotes to have the
genes grouped into operons, and to be coregulated all together by a common control mechanism, is
possible for their simple cellular structure and organization, as well as for their need to adapt fastly
to rapid environment changes, a necessity which would not be easily satisfied or accomplished if
prokaryotic cell structure weren’t very simple, and not so articulated and rich as in the eukaryotic
case. Notwithstanding that, prokaryotes have an highly organized genome, as well as are efficiently
able to control and regulate their genes and the related expression in dependence on environment
conditions and changes (Lawrence, 2002; Morpurgo, 1997; Ralston, 2008).

6. Conclusions

As has been said above, prokaryotic mechanisms of gene expression regulation are quite different
from those of eukaryotic cells mainly because of the major complexity of the structure, organization
and biological function of these latter with respect to the former. If protein synthesis mainly takes
place at two chief levels of regulation, the first one being the level of control of transcription (from
DNA to pPRNA/MRNA) and the second one the level of control of translation (related to the setting,
the beginning and the velocity of synthesis of polypeptide chains), then we may say that the first
level mainly regard the prokaryotic case, while both levels are instead involved in eukaryotic case,
even if the control of transcription seems to be more economic at molecular level. However, just
due to cellular differentiation, gene expression regulation in eukaryotic case operate above all at the
translation and post-translational level in a irreversible way, by new mechanisms of gene regulation,
typical of higher cells, and nowadays studied by epigenetics of eukaryotes. Furthermore, most of
eukaryotic genome is irreversible and constantly repressed, differently of prokaryotic case, besides
to have totipotency? yet not owned by prokaryotes; thus, genome of eukaryote, although potentially
totipotent, expresses only a minor part of it, the one appointed to that specific biofunction to which
it is devoted, leaving unexpressed (or repressed) the remaining part, permanently (Bonaldo et al.,
2019; Lehninger, 1975).

20| jke, the important thermal ho meostasis.
2L About further and in-depth mathematical aspects of self-organization of living organisms, comprised the E. coli case,
see (Prigogine & Nicolis, 1981), above all Chapters 14 and 15.
22 That is, any eukaryotic cell contains the genetic information related to the whole living organism to which it belongs,
and potentially able to ontogenetically develop it.
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Empirical evidence has yet ascertained the basic invalidity of Jacob-Monod patter (worked out for
prokaryotes) for eukaryotes, even if some biofunctional aspects might be considered valid for both
types of cells. Higher biological specialization, an enriched cellular structure and differentiation as
well as a major degree of internal cellular self-organization with a wider biochemical irreversibility
for eukaryotic cells, have made Jacob-Monod pattern inapplicable to eukaryotes, yet remaining a
still valid model for prokaryotic cells and their epigenetics. Nevertheless, later models of the genes
regulation expression for eukaryotes, like the Britten-Davidson pattern®, have been then worked
out just starting from the Jacob-Monod pattern, which may be seen as first models of an epigenetics
of prokaryotes and eukaryotes (Gann, 2010; Lehninger, 1975; Pardee, 2013; Yavin et al., 2011).
Therefore, Jacob-Monod pattern, as a valid model for the epigenetics of prokaryotes, may be
considered, from an epistemology of biology standpoint, as a prolegomenon for the epigenetics of
eukaryotes, which, nowadays, is a central and innovative trend of modern and contemporary
biology, as well as a useful starting point to compare epigenetic models to be put into reciprocal
comparison to clarify the evolutive biological line from prokaryotes to eukaryotes as well as to
understand deeper which may have been the possible causes or reasons about this crucial biological
bifurcation, upon which a useful comparison between prokaryotic and eukaryotic epigenetics might
turn out to be clarifier (Gann, 2010).

References

Baylin, S.B. (2016). Jacob, Monod, the Lac Operon, and the PaJaMa Experiment — Gene
Expression Circuitry Changing the Face of Cancer Research. Cancer Research, 76 (8): 2060-2062.
doi: 10.1158/0008-5472.CAN-16-0865

Bonaldo, P., Crisafulli, C., D’Angelo, R., Francolini, M., Grimaudo, S., Rinaldi, C., Riva, P., &
Romanelli, M.G. (2019). Elementi di Biologia e Genetica. Napoli, IT: EJiSES Universita.

Borek, E. (1965). The Code of Life. New York, NY: Columbia University Press.

Britten, R.J., & Davidson, E.H. (1969). Gene Regulation for Higher Cells: A Theory. Science, 165
(3891): 349-357. doi: 10.1126/science.165.3891.349

Cavalli, G. (2011). From Linear Genes to Epigenetic Inheritance of Three-dimensional
Epigenomes. Journal of Molecular Biology, 409 (1):54-61. doi: 10.1016/j.jmb.2011.03.001

Duris, P., & Gohau, G. (1997). Histoire des sciences de la vie. Paris, FR: Editions Nathan.

Frontali, L., & Schiesser, A. (1989). Chimica delle fermentazioni e microbiologia industriale.
Roma, IT: EUROMA-Editrice Universitaria di Roma/La Goliardica.

Gann, A. (2010). Jacob and Monod: from Operons to EvoDevo. Current Biology, 20: R718-R723.
doi: 10.1016/j.cub.2010.06.027

Georgiev, G.P. (1969). On the structural organization of operon and the regulation of RNA
synthesis in animal cells. Journal of Theoretical Biology, 25 (3): 473-490. doi: 10.1016/S0022-
5193(69)80034-2

Jacob, F., Perrin, D., Sanchez, C., Monod, F., & Edelstein, S. (1960). L’opéron: groupe de génes a
expression coordonnée par un opérateur. Comptes Rendus de [’Académie des Sciences de Paris, 250
(2):1727-29.

23 Due to Roy J. Britten and Eric H. Davidson in the late of 1960s; see (Britten & Davidson, 1969) and also (Yavin et
al.,, 2011). A further, remarkable model of regulation of gene expression in higher cells based on Jacob-Monod one, was
due to Georgii P. Georgiev in about the same period; see (Georgiev, 1969).

11



Jacob, F., & Monod, J. (1961). Genetic Regulatory Mechanism in the Synthesis of Proteins. Journal
of Molecular Biology, 3: 318-56.

Lattanzi, A. (1974). La rivoluzione molecolare: frontiere attuali della biologia. Torino, IT: Editore
Boringhieri.

Lawrence, J.G. (2002). Shared strategies in gene organization among prokaryotes and eukaryotes.
Cell, 110: 407-413.

Lehninger, A.L. (1975). Biochemistry. 2nd Edition, New York, NY: Worth Publishers, Inc.

Mayr, E. (1982). The Growth of Biological Thought. Diversity, Evolution, and Inheritance. London,
UK/Cambridge, MA: The Belknap Press, Ltd./Harvard University Press, Inc.

Monod, J. (1970). Le hasard et la nécessité: essai sur la philosophie naturelle de la biologie
moderne. Paris, FR: Editions du Seuil.

Morange, M. (1998). A history of molecular biology. Cambridge, MA: Harvard University Press.
Morchio, R. (1982). Fondamenti della biofisica. Torino, IT: UTET.

Morpurgo, G. (1975). Capire [’evoluzione. Argomenti di genetica e biologia molecolare. Torino,
IT: Editore Boringhieri.

Morpurgo, G. (1997). La logica dei sistemi di regolazione biologica. Torino, IT: Bollati Boringhieri
editore.

Pardee, A.B. (2013). Francois Jacob memorial. Proceedings of the National Academy of Sciences of
the United States of America, 110 (25): 10053-10054. doi: 10.1073/pnas.1309173110

Piattelli Palmarini, M. (1987). Scienza come cultura. Luoghi, protagonisti e idee delle scienze
contemporanee. Milano, IT: Arnaldo Mondadori Editore.

Prigogine, ., & Nicolis, G. (1981). Self-Organization in Nonequilibrium Systems. New York, NY:
John Wiley & Sons, Inc.

Ralston, A. (2008). Operons and Prokaryotic Gene Regulation. Nature Education, 1 (1): 216.

Redi, C.A. (a cura di) (2018). Epigenetica: dall’ereditarieta transgenerazionale alla malattia.
Pavia, I T: Edizioni Internazionalei/EDIMES-Edizioni Medico-Scientifiche.

Rheinberger, H-J., & Miller-Wille, S. (2017). Gene. From Genetics to Postgenomics. Chicago, IL:
The University of Chicago Press, Inc.

Seong, H.J., Han, S-W., & Sul, W.J. (2021). Prokaryotic DNA methylation and its functional roles.
Journal of Microbiology, 59 (3): 242-48; doi: 10.1007/s12275-021-0674-y

Tajbakhsh, S., Cavalli, G., & Richet, E. (2011). Integrated Gene Regulatory Circuits: Celebrating
the 50" Anniversary of the Operon Model. Molecular Cell, 43 (4): 505-514. doi:
10.1016/j.molcel.2011.08.003

Willbanks, A., Leary, M., Greenshields, M., Tyminski, C., Heerboth, S., Lapinska, K., Haskins, K.,
& Sarkar, S. (2016). The Evolution of Epigenetics: From Prokaryotes to Humans and Its Biological
Consequences. Genetics & Epigenetics, 8:25-36. doi: 10.4137/GEG.S31863

Yavin, M., Wright, P., & Karn, J. (Eds.) (2011). The Operon Model and Its Impact on Modern
Molecular Biology. Journal of Molecular Biology, 409 (1): 1-88 (Special Issue).

12



Second note: An epistemological remark on W. D’Arcy Thompson’s On Growth and
Form

1. Introduction

D’Arcy Wentworth Thompson (1860-1948) was a pioneer of natural sciences, providing remarkable
contributions to mathematical biology, in particular to morphology. In his celebrated work of 1917,
entitled On Growth and Form. The Geometry of Nature, which has seen several later editions, he
has casted the mathematical foundations for a formal morphology of living organisms, in particular
analysing and comparing a certain number of living organisms and their skeletal morphology, trying
to identify the possible invariants. In doing so, he compared their main skeletal parts, which had a
certain geometrical form (or shape), by means of a mathematical method mainly based on Cartesian
geometry and its geometrical transformations just applied to such forms. Coursely, he made use of
the mathematics of his time, with its typical denomination, until up its higher levels. To be precise,
as possible mathematical transformations between biological forms (like skeletal configurations), he
considered — in Chapter XVI1 of his 1917 work, and in Chapter 1X of the abridged 1961 edition —
generic Cartesian transformations related to different coordinate systems (that is, oblique coordinate
transformations), as well as properly geometrical transformations, like deformations, which are able
to transform, or to pass from, a biological form into another one, in a continuous way. For instance,
he correlated, just through mathematical transformations of this type, the skull bone configurations
of very different, or biologically far, living organisms, like humans, chimpanzees, baboons and dogs
as in Figure 1, saying that the existence ofa possible correlation among them would be possible.

Statements like this latter, have induced many biologists to criticize D’ Arcy Thompson’s work and
to consider it as contrary to Darwinism and evolutionary theory®*, in that such a comparison — as the
one related to Figure 1 — concerns living organisms belonging to evolutionarily different biological
species, and accordingly cannot be put under a reciprocal phylogenetic comparison, as established
by D’Arcy Thompson. But, such a type of criticisms may be overcome simply re-reading carefully
the original work of D’Arcy Thompson, which provides further clarifications to his statements and
ideas, as well as laying out his theory of evolution within a specific mathematical framework, based
on modern theories, which will make D’Arcy Thompson ideas biologically more rigorous and much
more coherent, or in agreement, with Darwinism. In such a way, the celebrated D’Arcy Thompson’s
work will receive a more respectable status from an epistemological standpoint, so deleting — or, at
least, minimizing — those misunderstandings which have made his ideas apparently not aligned with
the mainstream Darwinism.

2. The main ideas of D’Arcy Thompson’s transformation theory

D’Arcy Thompson was one of the main exponents of the so-called functional morphology, which
considered the geometrical form or shape of living organisms mainly due to plasticity phenomena,
as those depending on environmental conditions of growth and development, so putting in a second
level the role of natural selection. According to such a program, D’Arcy Thompson’s work may be

24 See, for example, (Mayr 1982, Ch. 8).
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considered as a prolegomenon to the new epigenetic trend of evolutionary biology which will come
some decade later his work, and opened just by an his pupil, Conrad H. Waddington (1905-1975),
as pointed out in (lurato & Igamberdiev, 2020). This brief note would be just an addendum to this
last paper, in which we now complete, in a certain sense, what stated there, clarifying moreover that
D’Arcy Thompson’s work is not in contrast wholly with Darwinism, but may be better aligned with
it if one lays out his ideas within a formal framework from which these will then receive another
possible interpretation thanks to which they will assume another epistemological stance, this time in
more agreement with Darwin’s ideas.

To this end, we begin from an emblematic instance considered by D’Arcy Thompson in his book,
the one briefly summarized in Figure 1.

Fig. 180. Skull of babaan. Fig. 181. Skull ef dog, compared with the human skull «

Figure 1. The comparison of skulls by D'Arcy Thompson (1961)

In such a figure, which quotes four main figures®® of the original D’Arcy Thompson’s work of
1917, the author wishes to stress what possible mathematical transformation might hold among the
skull configurations of four biologically different species, with each one relatable with the other by
a certain coordinate transformation (just relating of each other) of the deformation type, which is
also continuous (in the geometrical sense). Thus, according to him, it would be possible, in
principle, to relate the skull configuration of every species with the one of another, by simple
(mathematical) deformations, no matter by what type of biological evolutive line may hold between
them. Many of the criticisms raised against D’ Arcy Thompson’s work just rely on such type of
argument, that is to say: how is it possible to put into biological relationship species so evolutively
different? In doing so, it was just unavoidable to go against main Darwin’s ideas, so many authors
concluded accusing D’Arcy Thompson’s ideas to be in disagreement with the latter; and, limiting
the discussion just at this point, they were right.

Nevertheless, if one reads carefully the whole last chapter of D’Arcy Thompson’s work, in which
he exposed such a celebrated transformation theory of biological forms, then such criticisms soon
will lost their initial power. Indeed, in the same chapter devoted to such arguments, i.e., the chapter
XVII, he says that, although it would be possible, in principle, to relate biologically different
species through a mathematical transformation, the correlations so established to be taken into

25 See Figures 404-407 of pages 770-71 of the 1917 ed ition.
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account are only those having in common a certain invariant, that he for instance identifies in some
biometrical parameters of the related geometrical configurations of the that anatomical part of the
species under consideration (e.g., the skull), like the distance between two different and precise
points of such an anatomical part. Therefore, what is really important, in such a type of formal
correlations between two different species, is the identification of such an invariant, deemed to be a
mathematical invariant of the related coordinate transformation linking such two biological species.
Only in this last case, in which such an invariant exists, D’ Arcy Thompson says that the two related
species may be put into relation among them, so he provides a clear formal definition about
biological species which might be put into relationship, from the evolutionary biological standpoint.
In such a fashion, his ideas can be considered in agreement with Darwinism, as such an invariant
would be that parameter which would identify two species biologically related among them, along
an evolutionary line, that he calls transitional series.
Indeed, inthe new 1942 enlarged edition, himself first states that

«After easily transforming our coordinate diagram of the human skull into a corresponding
diagram of ape or of baboon, we may effect a further transformation of man or monkey into
dog no less easily; and we are thereby encouraged to believe that any two mammalian skulls
may be compared with, or transformed into, one another by this method.» (D’Arcy Thompson
1945, p. 1085),

which is basically the same criticism prototype moved to him by Darwinists, but he goes on stating
that

«There is something, an essential and indispensable something, which is common to them all,
something which is the subject of all our transformations, and remains invariant (as the
mathematicians say) under them all. In these transformations of ours, every point may change
its place, every line its curvature, every area its magnitude; but, on the other hand, every
point and every line continues to exist, and keeps its relative order and position throughout
all distortions and transformations.» (D’Arcy Thompson 1945, p. 1085),

therefore himself again points out clearly which are the limits of his method based on functional
transformations, stating that

«We can discover a certain invariance, somewhat more restricted than before, between the
mammalian skull and that of fowl, frog or even herring. We have still something common to
them all; and using another mathematical term (somewhat loosely, perhaps) we may speak of
the discriminating characters which persist unchanged, and continue to form the subject of
our transformation. But the method, far as it goes, has its limitations. We cannot fit both
beetle and cuttlefish into the same framework, however we distort it; nor by any coordinate
transformation can we turn either of them into one another or into the vertebrate type. They
are essentially different; there is nothing about them which can be legitimately compared.
Eyes they all have, and mouth and jaws; but what we call by these names are no longer in the
same order or relative position; they are no longer the same thing, there is no invariant basis
for transformation. The cuttlefish eye seems as perfect, optically, as our own; but the lack of
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an invariant relation of position between them, or lack of true homology between them (as we
naturalists say), is enough to show that they are unrelated things, and have come into
existence independently of one another.» (D’ Arcy Thompson 1945, p. 1086).

And, just from these latter quotations, we may build up the whole formal framework within which
to lay out D’ Arcy Thompson ideas, allowing a better retrospective clarification of these latter, with
respect to either evolutive biology and the various criticisms moved against them as regard Darwin
main ideas. This will be done just after we have recalled briefly some of the main modern concepts
of algebraic topology, that will provide the most suitable mathematical tools with which to work out
such a formal framework.

3. Some elementary notions of algebraic topology

What has just been said above, suggests directly that algebraic topology (Kosniowski, 1980; Singer
& Thorpe, 1967) may provide the most suitable mathematical notions and tools to formalize the
main ideas of D’Arcy Thompson transformation theory. Indeed, he mainly consider continuous
deformations of curves and surfaces (as, just in the last part of Chapter XVII of his work, he points
out that the theory of transformations therein used for two-dimensional case, is easily extendible
also to the three-dimensional case), through which it is possible to pass froma certain anatomical
configuration to another one, having geometrical meaning, that is to say, able to be formalized in
geometrical terms. Now, the geometrical shape of skulls of living organisms may be, with a good
approximation, moulded by curves and surfaces just meant in the usual mathematical sense, so their
formal transformation, in terms of biological homology, might be also understood as a functional
transformation belonging to algebraic topology which is a chapter of geometry dealing just with the
deformation of curves and surfaces, and their related formal models. All this, on the other hand, was
clearly stated by D’ Arcy Thompson himself, as we can see from what has been just said in the last
part of the previous section, with its related quotations.

Basic notions of algebraic topology are those of homotopy and homology, which have an intuitive
meaning closely related to the geometrical deformation of curves and surfaces (at least, in R3, i.e.,
the usual three-dimensional Euclidean space, as a good formal model for the common environment
in which all biological organisms live). The latter is much more complex than the former, but they
are closely related of each other by the so-called homotopic invariance theorem, so, for our limited
purposes, we simply restrict to homotopy, which is the first formalization attempt to give a rigorous
mathematical definition of deformation of a curve or surface, intuitively clear to everyone from the
geometrical standpoint. So, for instance, a deformation of a curve y, to a curve y,, in a continuous
manner, is formalized by a certain continuous function H(t,s): X x [0,1] — Y, from the topological
product of X and [0,1], meant as topological spaces (the second one, being equipped with the usual
Euclidean topology of R), to the topological space®® Y, such that H(t,0) = y,(t) e H(t, 1) = ¥, (¢t),
where y, € y, are two continuous curves having the same extreme points x and y. In this case, we
say that such curves are homotopic of each other, through the homotopy H, and we write y, ~, ¥; -
Therefore, the homotopy H formalizes the (homotopic) deformation of y, to y, (see Figure 2) as a
continuous curves (Kosniowski, 1980; Singer & Thorpe, 1967).

26 Mathematically, the notion of topological space comprehends that of curve and surface as intuitively meant in R3, so
the former notion may be considered as a generalization of these latter.
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Figure 2. An instance of hom otopic deformation

Now, the binary relation ~,, of above, is an equivalence relation amongst the continuous functions,
so it identifies a partitions of the class of continuous functions into equivalence classes, which is the
related gquotient set: every continuous function belongs to an equivalence class of this type, said to
be an homotopy class, and two distinct equivalence classes of this quotient set, are always disjoint.
From such a notion of homotopy and the related quotient set linked to ~,, it is possible to reach the
definition of homology, which, together that of homotopy, allows to classify all manifolds?’, hence
curves and surfaces in particular, through the identification of certain algebraic invariants (mainly
having a group structure) intrinsically related to such manifolds. The fundamental outcome of such
an homotopic classification of all manifolds (hence, curves and surfaces, in particular), is the use of
certain algebraic invariants (mainly having a group nature) in identify, intrinsically, the equivalence
class in which a given manifold belongs.

Ina few word, homotopy and homology are two crucial algebraic topology notions, geometrically
related with the intuitive idea of continuous deformation, which, through well-defined equivalence
relations, allow to classify all the possible manifolds (hence, curves and surfaces) so repartitioned in
equivalence classes (forming overall a quotient set) each of which is then intrinsically identified by
a certain algebraic invariant which is just typical of every manifold belonging to the own belonging
equivalence class; whence, two manifolds belonging to different equivalence classes, have different
algebraic invariants and are not related of each other by homotopy, that is, they are not obtainable
of each other by a continuous deformation.

4. Conclusions

So, after having briefly exposed the main crucial notions of algebraic topology, i.e., homotopy and
homology (based on the main idea of continuous deformation), hence their ability to algebraically
classify (in particular) curves and surfaces through certain algebraic invariants, in terms of quotient
set and its equivalence classes, we may go back to D’Arcy Thompson’s main ideas of his known
transformations theory on morphology of living organisms, to describe exactly how it is possible to
lay out it within the formal framework of algebraic topology as roughly worked out above. Indeed,
the functional transformation of anatomical parts of living organisms (like, the skull), as meant by

2" The mathematical notion of manifold, which is a particular topological space, also extends and generalizes that of
curve and surface of R3.
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D’Arcy Thompson, should be understood just as an homotopy amongst the related geometrical form
or shape of such anatomical parts, so, for instance, these may be put in homotopic relationship only
when they have the same (algebraic) invariant (as for example a certain biometrical parameter), and
vice versa, as D’ Arcy Thompson himself had already said above (see the quotations of the § 2). In
other words, when D’Arcy Thompson states that the only functional transformation to be taken into
account amongst the anatomical forms or shapes of different living organisms (as the skulls of the
Figure 1) and having an evolutive biological sense, are those having a certain invariant in common,
he simply says, in modern mathematical terms, that the transformation into question is an homotopy
and the geometrical forms or shapes put into reciprocal relations just belong to the same homotopic
equivalence class, hence they have a same algebraic invariant, just the one mentioned by D’Arcy
Thompson in § 2.

In conclusion, apart from the biological meanings that such algebraic invariants may have, D’Arcy
Thompson’s transformations theory should be more correctly laid out within the algebraic topology
framework, hence rightly interpreted and worked out with respect to it. Insuch a manner, his theory
of functional transformations turns out to have an epistemological status more coherent as it is now
in agreement with Darwinism. In fact, D’ Arcy Thompson is aimed to put into relation only those
morphological forms (of living organisms) which have a some (biometrical) invariant in common,
according to a certain coordinate transformation relating these, which formally corresponds to put
into mathematical relation such geometrical configurations through an homotopy which deforms, in
a continuous fashion, one into the other, in such a way they will belong to the same (homotopic)
equivalence class, hence will have a same (algebraic) invariant as a parameter that intrinsically will
characterize them, and that might also have an evolutive biological meaning. In such terms, D’Arcy
Thompson’s transformations theory is not in contrast with Darwinism as, for instance, those living
organisms which are into reciprocal relation via a coordinate transformation, meant in the sense just
described above (i.e., homotopically), identify a unique (homotopic) equivalence class in which all
they belong, so identifying, in a certain sense, a kind of biological species?, like the Darwinian
ones, in dependence on the related coordinate transformation so considered, and the typical
invariant that is intrinsically associated to such an equivalence class, or transitional series (see § 2).

References

Dieudonne, J. (1982). A Panorama of Pure Mathematics (As Seen by N. Bourbaki). New York, NY:
Academic Press, Inc.

lurato, G., & lgamberdiev, A.U. (2020). D’Arcy W. Thompson’s On Growth and Form: A
landmark for the mathematical foundations of epigenetics. Biosystems, 198: 104279. doi:
10.1016/j.biosystems.2020.104279.

Kosniowski, C. (1980). A first course in algebraic topology. Cambridge, UK: Cambridge
University Press.

Mayr, E. (1982). The Growth of Biological Thought. Diversity, Evolution, and Inheritance. London,
UK/Cambridge (MA), US: The Belknap Press/Harvard University Press.

28 In this paper, we have only established such a possible formal view of D’Arcy Thompson’s transformations theory,

and we cannot, in this place, to carry on in analyzing what possible new type of biological classification or taxonomy

such (homotopic) equivalence classes may provide, as well as which possible relations may hold with the others,

already existent biological classifications. Our intention was only aimed to point out that D’Arcy Thompson’s ideas are

not in disagreement with Darwinism, but rather in agreement with it, if we look at them from a suitable formal stance.
18



Singer, I., & Thorpe, J.A. (1967). Lecture Notes on Elementary Topology and Geometry. Glenview,
IL: Scott, Foresman & Company.

Thompson, D’Arcy W. (1917). On Growth and Form. Cambridge, UK: Cambridge University
Press.

Thompson, D’ Arcy W. (1945). On Growth and Form. A new edition. A reprint of 1942 first edition.
Cambridge, UK/New York: Cambridge University Press/The MacMillan Company.

Thompson, D’Arcy W. (1961). On Growth and Form. An Abridged Edition. Edited by John Tyler
Bonner, Cambridge (UK): Cambridge University Press.

19



