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Abstract. In the context of yawed wind turbine wakes, the validity of the so-called 1D
momentum theory is arguable. The 1D momentum theory emerges from an inviscid, steady and
irrotational analysis of the streamtube surrounding a wind turbine while the wake aerodynamics
under yaw is modified. In this work, the mean flow streamtube around a single DTU 10MW
wind turbine, under yaw misalignement and turbulent inflow is investigated with Large-Eddy
Simulation combined to the Actuator Line method. The simulations are performed on a highly
resolved grid counting billions of elements. The streamtube construction from the mean flow
is based on the transport of accurate conservative level set functions. Integration of local
flow quantities within the streamtube presents similarities when the streamtube expansion
occurs past the turbine until the velocity deficit starts to recover. Mean kinetic energy and
momentum budget are then presented to explain the yawed wake recovery and deflection process.
Background turbulence plays a key role in the recovery process while the deflection of the wake is
impacted by pressure forces on the streamtube. From these budgets, four wake regions showing
similar flow dynamics are defined and correlated to local flow structures.

Keywords: Large Eddy Simulation, Actuator Line Method, Yawed Wakes, Budget, Streamtubes

1. Introduction
Yaw control strategies have become an attractive approach to maximize the generated electrical
power output of offshore wind farms. The wake deviation resulting from yawed turbines offers
the possibility to reduce wake interactions within a wind farm and hence to reduce the associated
power losses [1]. However, the yawed turbine aerodynamics is modified and leads to conditions
out of the validity range of engineering wake models. Since experimental investigations on actual
wind farms are difficult to carry out and given the constant growth of computational resources,
high-order numerical simulations tend to be a promising approach [2].

High-fidelity unsteady flow simulations based on the actuator line method (ALM) [3] are
becoming a state-of-the art tool to better predict and understand wind turbine wakes. Such
simulations require a high spatial resolution, leading to meshes counting tens of million up to
several billion cells. With the tremendous amount of generated data, the analysis is therefore
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difficult. Nonetheless, these simulations should help understanding the wake behavior and
eventually improve reduced engineering models [4; 5] based on 1D momentum theory [6].

This work aims at investigating the wake of a yawed wind turbine under uniform and turbulent
inflow using Large-Eddy Simulation (LES). The wake analysis is based on the construction of
a streamtube [7] surrounding the turbine obtained via Level Set functions [8] transported by
the time-averaged flow. Four cases are investigated with different yaw misalignment and inflow
turbulence conditions. First, global quantities are integrated over the streamtube sections.
Variations of velocity, pressure and turbulent kinetic energy allow to draw connections between
the mean flow behavior explained through 1D momentum theory and the highly resolved flow
dynamics. This analysis seeks to complete the already observed flow deflection downstream
yawed wind turbine [9]. Then, an analysis based on mean kinetic energy (MKE) and mean
momentum (MM) budgets is performed. The MKE budget terms are associated to the wake
destabilization process depending on the inflow turbulence. The deflection of the wake is finally
investigated through the MM transport terms projected on the horizontal axis.

2. Numerical Framework
The filtered Navier–Stokes equations for constant density flows read:

∂ũj

∂t
+
∂ũiũj

∂xi
= ν

∂2ũj

∂xi∂xi
−
∂τ rij
∂xi
− 1

ρ

∂P̃

∂xj
+ f̃j and

∂ũi

∂xi
= 0 . (1)

The truncation operator, which consists in projecting a field onto the LES grid, is written as •̃.
Using the Einstein summation convention, u is the fluid velocity vector, P is the hydrodynamic
pressure, ν is the kinematic viscosity of the fluid, ρ is the fluid density and f the volume forces.
The subgrid scale stress tensor τ rij is based on the Dynamic Smagorinsky model [10].

This set of equations is integrated using the YALES2 flow solver [11]. YALES2 is a massively-
parallel finite-volume solver, which is specifically tailored for Large-Eddy Simulation, and relies
on a central 4th-order numerical scheme for spatial discretization, and a 4th-order Runge-Kutta
like method [12] for the time integration on unstructured grid. Benard et al. [13] have shown the
necessity of fairly high order numerics to ensure the proper transport of fine vortical structures
present in wind turbine wakes in the context of ALM.

2.1. Wind turbine modelling
In this work, the modelled wind turbine is the academic DTU10MW [14]. This turbine
follows the technological evolution of offshore wind turbines, reaching today hundreds of meters
diameters. In the following, all quantities are scaled by the wind turbine diameter D = 178.3 m
and the free-stream velocity uref = 10 m/s. The blades use multiple airfoils along the span
with variable chord and twist [14]. The deformation of the blades are not taken into account
in this study, which implies a strong hypothesis on the loads computation. Indeed, for such
diameters the flapwise blade deformation at the tip can reach up to tens of meters [15]. With
this hypothesis, the authors choose to use the non-prebended blades with the designed cone
angle of 2.5◦. The rotation speed is imposed to obtain the design tip speed ratio λopt = 7.5,
giving a Reynolds number of approximately Retip ≈ 6 × 106 at the blade tip. No control is
applied and the pitch angle is kept to zero as the operating point lays in the first control region.
The rotor blades are modelled as actuator lines which compute the blade forces at each time step
based on the inflow velocity, the angle of attack α and the chord-based Reynolds number lift
CL and drag CD coefficients obtained from the airfoil properties [14]. After the computation of
lift and drag forces F2D = (L,D) at the ALM location using two-dimensional airfoil theory, the
blade forces are regularized on the Eulerian grid by performing a convolution using an isotropic
three-dimensional Gaussian kernel [3]. In such model, the unsteady force distribution of a blade
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Case γ inflow # elements 〈CP 〉 ± CP
′ 〈CT 〉 ± CT

′

LY0 0◦ uniform 1.9× 109 0.466± 0.003 0.772± 0.002
LY30 +30◦ uniform 1.7× 109 0.366± 0.006 0.606± 0.003
TY0 0◦ TI−2D = 14% 1.9× 109 0.49± 0.09 0.78± 0.07
TY30 +30◦ TI−2D = 14% 1.7× 109 0.39± 0.08 0.62± 0.06

Table 1. Cases and mesh properties. Reference values for a laminar inflow are 〈CP 〉 = 0.476
and 〈CT 〉 = 0.814 [14].

Figure 1. Horizontal slices at z/D = 0 of (a) instantaneous streamwise velocity and (b)
mean streamwise velocity for cases LY30 and TY30. The full domain is not represented,
x/D ∈ [−2.5; 18.0] and y/D ∈ [−2.0; 1.0].

on the flow is prescribed instead of being resolved by the flow solver. Each blade is discretized
using 75 sections, i.e 75 points per actuator lines.

2.2. Cases description
The computational domains dimensions are Lx × Ly × Lz = 25D × 10D × 10D. The turbine
is centred at 5D from the inlet. Such dimensions allow to properly study the far wake and to
prevent confinement effect due to the boundary proximity. Four cases are investigated in this
work, two yaw angles (γ = 0◦,+30◦) and two inflows (with and without turbulence), see Tab. 1
for the turbine performances of each cases. Special attention was paid to have a homogeneous
cell size, D/∆ = 162, in the wake and upstream the turbine, whether the turbine is yawed or
under turbulence by using pre-computation and streamtube volumes to refine the mesh in the
proper area. This part is not discussed further in this paper for the sake of brevity. The obtained
meshes gather billions of elements, see Tab. 1. The injected turbulence is generated using the
Mann algorithm [16].

Figure 1 presents a horizontal slice of the instantaneous and time-averaged streamwise velocity
fields for cases LY30 and TY30. Temporal statistics, denoted with 〈•〉, are averaged over 100
D/uref . The instantaneous velocity fields present a wide range of turbulent scales, from tip
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Figure 2. (a) Streamtube surface of the TY30 case based on the level set position, various
streamwise slices are represented by bold lines (b) Half of a streamtube slice, picturing the
considered surfaces and volume for data integration.

vortices being convected (LY30) to wake meandering (TY30).

2.3. Stream tube and Level Set functions
With the tremendous amount of data resulting from LES simulations, one should be able to
retrieve the wake bounding of a wind turbine. Depending on the turbine alignment with
the wind or the inflow, the wake bounding will change. The definition of a closed control
volume surrounding the turbine allows to retrieve global quantities [17; 18], i.e. integrated
data, compacting the relevant information to understand the wake physics. A volume based
on streamtubes have shown interesting physical properties [19; 20] and can be defined around
the turbine. The construction of a streamtube is based on the time averaged quantities and
aims to represent the mean path of flow particles emanating from an upstream position. In this
work, streamtubes are generated using Accurate Conservative Level Set (ACLS) [8] functions.
Such functions are commonly used for two phase flow simulations in order to track a liquid-
gas interface while remaining strictly conservative and with low diffusion errors [21]. The ACLS
function is set to be a hyperbolic tangent profile where the interface is located at the iso-level 1/2.
Here, the level set initialization is based on the mean regularized forces of the wind turbine on
the eulerian grid, ensuring that all the modelled wind turbine forces are within the streamtube.
In the ACLS function, a scalar ψ is advected according to the following equation:

∂ψ

∂τ
+
∂ψ 〈ũi〉
∂xi

= 0 (2)

where τ is a pseudo time used to propagate the ACLS function. The streamtube is considered
converged when the overall domain integral reaches a convergence factor ∂ψ

∂τ < ε. Thanks to

the free divergence of velocity, this ensures the correct streamtube property 〈ũi〉 ∂ψ∂xi ≈ 0. The
streamtube integrals are then obtained by triangulating the streamtubes faces as depicted on
Fig. 2(a). Streamwise volume slices, see Fig. 2(b), of the streamtube are then used to study
the evolution of the wake quantities. The exterior streamtube section surface is noted Sst, the
upstream face is Sin, the downstream face Sout and the volume Vst. Integrals averaging, either
on volume or surface, are denoted with 〈•〉S , S being the corresponding surface or volume. For
all cases εD/uref = 1.783 × 10−4 and the dot product 〈〈ũi〉ni/‖ 〈ũ〉 ‖〉S,st remains below 0.6%.
Therewith, the streamtube surface normal is considered orthogonal to the the local mean filtered
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Figure 3. Streamwise evolution of (a) mean streamwise filtered velocity (b) hydrodynamic
pressure and (c) turbulent kinetic energy integrated over the streamtube volume for cases LY0
( ), LY30 ( ), TY0 ( ) and TY30 ( ).

velocity. The streamtubes are computed from 2D upstream to 12D downstream the turbine and
discretized into 150 cross-sections of approximately 20 mesh cells thickness.

3. 1D momentum theory from streamtube data
In order to understand the yawed wake behavior, quantities of interest are averaged over control
volume cross-sections, using the streamtubes control volume presented in section 2.3. Figure 3
shows the evolution of streamwise velocity, pressure and mean turbulent kinetic energy (TKE)
for each case. TKE is defined as k = 1/2

〈
ũ′ 2i
〉
, with •′ = •− 〈•〉 being the temporal fluctuation

operator. These quantities can be compared to the 1D momentum theory, which considers
a one-dimensional velocity and pressure within the streamtube. The pressure drop is located
at the turbine position when the flow decelerates as a consequence of the turbine momentum
extraction from the flow. For yawed cases, inducing a lower thrust coefficient, the velocity
deficit and the pressure difference are lower. For cases with turbulent injection, half of the
deficit is restored after 4.5D downstream the turbine. Without turbulence, the deficit takes at
least twice this length to recover, demonstrating the major role of turbulence on the velocity
deficit recovery. The TKE evolution also gives information on the wake recovery dynamics. For
uniform inflow cases, a plateau can be observed up to 1.5D behind the rotor followed by an
increase of TKE. This variation of TKE is precisely located at the maximum velocity deficit
position. Figure 4 depicts the streamtube cross section area, its center and the horizontal mean
velocity evolution along the axial axis. As the streamtube volume is mass-conserving, the cross
section area change is directly linked to the previous observations on the velocity deficit. When
the streamtube approaches the turbine, its section expands until the maximum velocity deficit
is reached while its section shrinks when the wake starts to recover. This last part differs from
the classical streamtube analysis where only an upstream and downstream cross-section/velocity
state are considered [6], the velocity deficit recovery is not included in this theory.

The wake center deflection represents one of the main features of a yawed wind turbine.
The case without turbulence is less deflected after 5D downstream the turbine. The analysis
of Bastankhah and Porté-Agel [9] based on experimental results is contradictory at first glance,
presenting that a decrease in the incoming turbulence intensity is found to increase wake
deflection for a yawed turbine. Yet the computed deflection here is based on the mean streamtube
center while it is based on the maximum velocity deficit position in [9]. It is qualitatively visible
in Fig. 1(b) that the maximum velocity deficit is less deflected for the turbulent case. The
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Figure 4. Streamwise evolution of (a) the streamtube sectional area, Sin normalized by the
section at the rotor position, (b) the streamtube center in the transverse plane direction (c) the
horizontal mean velocity. Cases LY0 ( ), LY30 ( ), TY0 ( ) and TY30 ( ).

horizontal velocity is directly linked to the streamtube center deflection. At the turbine position,
the local mean velocity goes from positive to negative values which implies a redirection of the
flow and will be further discussed in section 5.

4. Turbulence impact on Mean Kinetic Energy budget
To quantify the wake destabilisation process and wake recovery, mean kinetic energy (MKE)
budgets are performed. The MKE transport equation are derived from equation (1) by
multiplying them with 〈ũi〉. Then, terms are decomposed as time-averaged and resolved
fluctuations and integrated over streamtube cross-sections, giving:

‹
S

(
1

2
ρ 〈ũi〉 〈ũi〉 〈ũj〉
︸ ︷︷ ︸

i

+ 〈ũj〉
〈
P̃
〉

︸ ︷︷ ︸
ii

+ 〈ũi〉 ρ
〈
ũ′iũ
′
j

〉
︸ ︷︷ ︸

iii

+Aj,S

)
nj dS

−
˚

Vst

(
ρ
〈
S̃ij

〉 〈
ũ′iũ
′
j

〉
︸ ︷︷ ︸

iv

+ ρ 〈ũi〉
〈
f̃i

〉

︸ ︷︷ ︸
v

+AV

)
dV = 0 ,

(3)

with
〈
ũ′iũ
′
j

〉
denoting the Reynolds stress tensor and S̃ij = 1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
the strain rate tensor.

Viscous and subgrid scale terms, on the surface and in the volume, are gathered as AS and
AV , respectively, and are further ignored in the analysis since they are negligible at such high
Reynolds numbers, but are correctly taken into account in the budget residual. Numbered terms
respectively denotes: i) the change in flux of MKE by advection, ii) the pressure work, iii) the
work of the Reynolds stress tensor on the streamtube surfaces, iv) the production of TKE within
the streamtube volume and v) the work of the turbine.

This integrated budget is shown on Fig. 5, comparing the yawed wind turbine cases TY30(a)
and LY30(b). One of the major contribution to the MKE budget is the turbine work, generating
the first energy drop. It is counter balanced by the pressure and advection of MKE, therewith
being the first source of MKE. Afterwards, the wake can be decomposed in different regions,
denoted I, II, III and IV . The first, appearing only for LY30, is the vortex advection region. In
this region the tip vortices remain helical until 1.5D downstream. The first vortices instabilities
appear in the streamwise direction. The second region starts with the production of TKE,
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Figure 5. Mean kinetic energy equation terms integrated over the streamtube cross-section for
cases TY30(a) and LY30(b). Each term is normalized by the total turbine power such as the
integral of term v is equal to -1. The residual corresponds to the sum of all terms of equation (3).

a) TY30

b) LY30

Figure 6. 3D visualisation of the instantaneous Q-criterion colored by the regions determined
from the MKE budgets for cases TY30 and LY30.

removing energy from the mean (also observed on Fig. 3(c)). The Reynolds stress work balances
this production by supplying energy to the streamtube. The tip vortices pairs up to each other
in this region, or interact with background turbulence generating a TKE production peak. The
third region is delimited by the MKE advection becoming negative in the wake until it begins
to increase again. Here, the wake velocity deficit starts to recover due to the large Reynolds
stress contribution. From Fig. 3(c) the end of this region presents the maximum of turbulent
kinetic energy. The last identified region contains the wake turbulence decaying. Turbulence
production becomes negligible and the Reynolds stress work decreases significantly. The velocity
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deficit continues to recover but at a lower rate than the previous region. Figure 6 pictures the
3D iso-contour of Q-criterion for both cases, colored by the different regions presenting the
vortex dynamics. Similar regions are observed for LY0 and TY0, but not presented here for
the sake of brevity. The only point is that region III ends further downstream for LY0 (9D)
compared to LY30 (6D). This last point implies a slower wake recovery for the unyawed case
under uniform inflow, which is not observed with the turbulent cases. Yet comparing the four
cases, the background turbulence plays a large role in the wake dynamics as mentioned in the
literature [20; 22].

5. Yaw impact on Mean Momentum budget
Mean momentum transport equations are used to understand the wake deflection of the
turbine under yaw misalignment. Decomposing Eq. (1) terms into time-averaged and resolved
fluctuations, integrating them over a streamtube cross-section and projecting the terms onto the
streamwise and horizontal axis gives, respectively:

‹
S

(
〈ũx〉 〈ũj〉nj︸ ︷︷ ︸

i

+
1

ρ

〈
P̃
〉
nx

︸ ︷︷ ︸
ii

+
〈
ũ′xũ

′
j

〉
nj︸ ︷︷ ︸

iii

+Ax

)
dS −

˚
Vst

〈
f̃x

〉

︸ ︷︷ ︸
iv

dV = 0 , (4)

‹
S

(
〈ũy〉 〈ũj〉nj︸ ︷︷ ︸

i

+
1

ρ

〈
P̃
〉
ny

︸ ︷︷ ︸
ii

+
〈
ũ′yũ

′
j

〉
nj︸ ︷︷ ︸

iii

+Ay

)
dS −

˚
Vst

〈
f̃y

〉

︸ ︷︷ ︸
iv

dV = 0 . (5)

Similarly to Eq. (3), viscous and subgrid scale terms are gathered in A and are negligible, yet
included into the budget residual. Numbered terms respectively denote: i) change in momentum,
ii) pressure force, iii) forces due to Reynolds stress and iv) the turbine forces on the flow.

Figure 7 represents the mean momentum budget terms projected on the streamwise and
horizontal axes for both laminar inflow cases. A region analysis similar to the one of the MKE
budget can be performed with the projection on the streamwise axis: both cases show similar
regions with region IV being delayed for LY0. The horizontal projection brings more useful
data and a different behaviour appears. All LY0 case terms are negligible in this direction.
With the LY30 case, a part of the forces are imposed in the horizontal direction and induces
a drop in the horizontal momentum. As in the streamwise direction, this sink of momentum
is counter-balanced by the pressure forces and the change in momentum. Note that when
the change in momentum is negative (on the opposite, positive), horizontal velocity increases
(decreases). The absolute value informs on the velocity change rate. In the LY30 case, since the
change of momentum upstream the turbine is negative, the flow field is slightly reoriented in
the horizontal direction (around 1.0◦). In region I, the momentum changes abruptly to positive
values to counter the turbine forces and the horizontal flow direction changes to −8◦. Then the
horizontal velocity starts recovering quickly. These comments on the horizontal velocity can be
correlated to the streamtube center deflection (see Fig. 4(b-c)). In the second region, pressure
forces drop due to Reynolds stress forces triggering the vortices pairing. A balance between the
pressure term and the Reynolds stress was suggested in the experimental work of Bastankhah
and Porté-Agel [9] but could not be measured. The momentum flux becomes constant, but
remains almost negative and the horizontal velocity recovers linearly. In region III, MM terms
are mainly constant. In the last region, all MM terms slightly tend to 0: the wake deflection
direction is kept downstream.

6. Conclusions
Mean momentum and kinetic energy budgets were performed on wind turbine wake streamtubes
constructed from high-fidelity LES. The advantage of this streamtube analysis strategy is double.
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equations. The regions discussed in the previous section are colored on (b).

First, it allows to reduce the amount of information from high-fidelity simulation counting billions
of elements. Secondly, the obtained results are comparable to classical 1D momentum theory
for steady, inviscid and irrotational flows, which are at the basis of wake models for the design
of modern wind turbines. Variations of yaw angle or turbulence inflow have shown a similar
behavior of the streamtube averaged quantities compared to theory. Indeed, the streamtube
expands as it approaches the turbine and a velocity deficit appears. For yawed turbine cases,
the expected horizontal deviation of the streamtube center is observed. Moreover, the mean
kinetic energy budget analysis showed that the wake recovers in different regions downstream
the turbine. These regions are related to the local vortex structures in the vicinity of the
turbine. The wake deflection induced by yawed turbine is explained through pressure forces and
momentum fluxes in the mean horizontal momentum budget. Yet, to fully understand the wake
behavior, an analysis of the instantaneous properties should be conducted. Indeed, the wake
recovery understanding is highly dependent on the local energy fluxes and the wake boundary
topology. This deeper analysis should help derive inputs for reduced wake models.
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