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MODEL THEORY OF DIVISIBLE ABELIAN CYCLICALLY ORDERED
GROUPS AND MINIMAL C. O. G.

G. LELOUP

ABSTRACT. We make available some results about model theory cyclically ordered groups. We
start with a classification of complete theories of divisible abelian cyclically ordered groups.
Most of this paper is dedicated to the study of the model theory of torsion-free divisible abelian
cyclically ordered groups, since we first show that the theory of divisible abelian cyclically ordered
groups with non-trivial torsion elements is complete. Then we look at the cyclically ordered
groups where the only parametrically definable subsets are finite unions of singletons and open
intervals, and those where the definable subsets are finite union of singletons and c-convex
subsets, where being c-convex is the analogue of being convex in the linearly ordered case.

! Keywords: cyclically ordered groups, first-order theory, minimality, spines of Schmitt, circular
orders.

1. INTRODUCTION.

Cyclically ordered groups continue to interest mathematicians since they arise naturally in lower-
dimensional topology (see, for example [1]) and in studying groups which act on a circle (e. g. [3]).
In these papers, they are called circularly ordered groups. By studying the topological structure of
the space of circular orders on a group, it was proved that this space is either finite or uncountable
([4]). This generalizes a result of Francois Lucas which proved that there are 2% non isomorphic
cyclic orders on the additive group (Q,+) of rational numbers, by giving a description of these
cyclic orders. In fact Lucas proved that there are 2%° elementary classes of discrete divisible cyclic
orders on Q (we will generalize this proposition here). This result was part of a paper that he
wanted to publish, however, Lucas died before achieving this task. In this paper he used the spines
of Schmitt of ordered abelian groups to study the model theory divisible abelian cyclically ordered
groups. He also had studied different notions of minimality concerning cyclically ordered groups.
This work may apply to multiplicative groups of fields since the multiplicative group of any field
is cyclically orderable ([13, Proposition 5.8]). We make available these results here. The present
paper is written in order to make clear which results come from Lucas’s preprint. To reach an
uninitiated audience we have added cyclically ordered groups reminders. Section 3 is similar to
the original work of Lucas, however, the proofs have been drafted in detail and gaps have been
filled. Section 4 has been completely overhauled, so that the theorems are written in terms of
the cyclically ordered groups, instead of their unwounds, and without requiring the definitions of
Schmitt ([19], [20]). Furthermore, we obtain a classification of complete theories of divisible abelian
cyclically ordered groups. Section 5 has been revisited, and the proofs have been carefully written.
This led to several errors being corrected. Thus the statements of lemmas have been changed.
However we attribute to Lucas the authorship of these lemmas.

1.1. Cyclically ordered groups. Let G be a group and R be a ternary relation on G. We say
that (G, R) is a cyclically ordered group, or that R is a cyclic order on G, if the following holds.
R is strict: for every g1, g2, 93, (g1, 92,93) = 91 # 92 # 93 # 01

R is cyclic: for every g1, g2, g3, R(91,92,93) = R(92,93,91)-

An element g being fixed, R(g,-,-) induces a linear order relation on the set G\{g}.

R is compatible: for every g1, go, g3, h, h', R(g1, g2, 93) = R(hg1h', hgah', hgsh') ([16]).

For example, the group of complex numbers of norm 1 is a cyclically ordered group by setting
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2 G. LELOUP

R(exp(if1), exp(ifz), exp(ifs)) if and only if either 0 < 0; < 03 < 03 < 2w or 0 < by < 03 < 6y < 27w
or 0 < 63 <6 <0 <2m (e g [22]). This condition is equivalent to saying that 0 < 6,1y <
05(2) < O5(3) < 2m, for some permutation o in the alternating group As of degree 3.

exp(if exp(i6
/ ol 2)exp(i01) / p(if2) / i)
1 1 1
expl(i0s) exp(ifl3) exp(ify) exp(if;) exp(is)

We denote by U the cyclically ordered group {exp(if) : 6 € [0,2x[} of unimodular complex
numbers, and by T'(U) its torsion subgroup. Note that every finite cyclically ordered group is cyclic
([26, Theorem 1], [2, Lemma 3.1]), hence it embeds in T'(U). We know that, for every positive
integer n, T'(U) contains a unique subgroup of n elements, which is the subgroup of n-th roots of
1. We denote it by T(U),,.

The language of cyclically ordered groups is {-, R, e,”! }, where the first predicate stands for the
group operation, R for the ternary relation, e for the group identity and ~! for the inverse function.
When we consider abelian cyclically ordered groups we will also use the usual symbols +,0, —. If
necessary, the unit element of G will be denoted by eg (or Og) in order to avoid any confusion.
For every go, g1,...,9n in G, we will let R(go,g1,...,9n) stand for Vo, ; <, R(9i, 9. gr). One
can check that this is also equivalent to \/,_,_,, R(90, gi> gi+1)-

A c-homomorphism from a cyclically ordered group (G, R) to a cyclically ordered group (G’, R’)
is a group homomorphism f such that for every g, go, g3 in G, if R(g1, g2, g3) holds and f(g1) #

f(g2) # f(g3) # f(g1), then R'(f(g1), f(g2), f(g3)) holds (e. g. [10]).

A linearly ordered group is cyclically ordered by the relation given by: R(g1, g2, g3) if, and only
if, either g1 < g2 < g3 or g2 < g3 < g1 or g3 < g1 < g2 (e. g. [21], [2]).

The cyclic order defined on a linearly ordered group as above is called a linear cyclic order.
One also says that the group is linearly cyclically ordered. A cyclically ordered group which is not
linearly ordered will be called a nonlinear cyclically ordered group.

A proper subgroup H of a cyclically ordered group is said to be c-convez if it does not contain
a non unit element of order 2 and it satisfies:

VYhe HVge G (R(h™',e,h) & R(e,g,h)) = g € H ([10]).

For every proper normal c-convex subgroup H of a cyclically ordered group G, one can define
canonically a cyclic order on G/H such that the canonical epimorphism is a c-homomorphism.

If (G,R) is a nonlinear cyclically ordered group, then it contains a largest c-convex proper
subgroup [(G) ([10, Corollaries 3.6 and 4.7, Lemmas 4.2 and 4.6], [24]). It is a normal subgroup of
G. The restriction to I(G) of the cyclic order is a linear cyclic order. The subgroup I(G) is called
the linear part of (G, R). We denote by < the linear order induced by R on I(G). If the cyclic
order is linear, then we let I(G) = G

The cyclically ordered group G/I(G) embeds in a unique way in U ([10, Lemma 5.1, Theorem
5.3]). We denote by U(G) the image of G/I(G) in U, and for g € G, U(g) denotes the image of

g-1(G).

An abelian group G is divisible if for each integer n and each g € G there is some h € G satisfying
nh = g, this h is not always unique.

We say that an abelian cyclically ordered group (G, R) is discrete if there exists g # 0 such that
for all h in G we have —R(0, h,g). This element will be denoted by 1. We say that (G, R) is
dense if it is not discrete.

1.2. Outline of the content. Section 2 is dedicated to cyclically ordered groups reminders and
to properties that we will use in the former sections.

One easily sees that the theory of divisible abelian cyclically ordered groups is not complete,
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the cyclic order does not need to be linear and the group can have torsion elements ([9, Corollary
6.13]). In Section 3 we prove the following theorem.

Theorem 1. (Lucas) The theory TcD of divisible abelian cyclically ordered groups with torsion
elements:

(1) is complete and model-complete

(2) has the amalgamation property

(3) admits the quantifiers elimination

(4) has a prime model T(U)

(5) is the model completion of the theory of abelian cyclically ordered groups (we prove that
each abelian cyclically ordered group admits a c-divisible hull).

In Section 4 we get a characterization of elementary equivalence of torsion-free divisible abelian
cyclically ordered groups by mean of the following family of c-convex subgroups. Let (G, R) be a
torsion-free divisible abelian cyclically ordered group. For every prime p we let H,, be the greatest
p-divisible convex subgroup of the ordered group I(G).

Proposition 1.1. (Lucas) Let (G, R) be a torsion-free divisible nonlinear abelian cyclically ordered
group, and p be a prime such that the cyclically ordered quotient group G/H, is discrete. Then
H, C I(G) and for every r € N\{0} there exists an integer k € {1,...,p" — 1} which satisfies: for
every g € I(G), h € G such that g+ H, = 1g g, and g = p"h, we have U(h) = e* . The integer
k is determined by the first-order theory of (G, R).

The integer k defined above is denoted fg ().

Let (G, R) be a torsion-free divisible abelian cyclically ordered group. We denote by CD(G) the
family {{O¢}, G, H, : p prime}. It is equipped with the linear preorder relation C.

Theorem 2. Let (G,R) and (G', R') be torsion-free divisible nonlinear abelian cyclically ordered
groups.
o If, for every prime p, G/H, is dense, then (G,R) = (G, R’) if, and only if, the mapping
H, w H,, induces an isomorphism from CD(G) onto CD(G").
o If, for some prime p, G/H, is discrete, then (G,R) = (G', R') if, and only if, the following
holds:
the mapping Hy, — H), induces an isomorphism from CD(G) onto CD(G'),
for every prime p, G/H, is discrete if, and only if, G'/H,, is discrete, and if this holds,
then the mappings fap and for p are equal.

Following Lucas, the proof of this theorem is based on the works of Schmitt ([19], [20]).
Then we describe the cyclic orders on the additive group Q (Proposition 4.18). This gives rise
to a description of the functions fg,, (Proposition 4.28) and the following theorem.

Theorem 3. Let T' be a divisible abelian group.

(1) It is cyclically orderable if, and only if, either it is torsion-free or its torsion subgroup T(T')
is isomorphic to T(U).

(2) If T is isomorphic to T(U), then it admits uncountably many cyclic orders, but they are
pairwise c-isomorphic.

(3) If T contains non-torsion elements, and it torsion subgroup is isomorphic to T(U), then it
admits uncountably many pairwise non-c-isomorphic cyclic orders, all of them are pairwise
elementarily equivalent.

(4) If T is torsion-free, then there are uncountably many pairwise non elementarily equivalent
cyclic orders on T'.

Next, we prove that there is a one-to-one correspondence between the set of partitions of the set
of prime numbers, equipped with an arbitrary linear order, and the set of families CD(G), where
G is a divisible abelian cyclically ordered group.

Finally, the minimality is studied in Section 5. We start with definitions.
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Definitions 1.2. Let (G, R) be a cyclically ordered group. If I is a subset of G, then I is an open
interval if there are g # ¢’ in G such that I ={h € G : R(g,h,g’)}. We denote this open interval
by 1(g,9').

A subset J is c-convex if either it has only one point, or, for each g # ¢’ in J, either I(g,¢') C J
or I(¢g',g) C J.

Remark 1.3. o A c-convex proper subgroup of a cyclically ordered group is a proper subgroup
which is a c-convex subset.

o A c-convex subset is not necessarily a singleton or an open interval: the linear part of a
cyclically ordered group is a c-convexr subset and if it is nontrivial, then it is not an open
interval. Indeed, if g ¢ 1(G), then any open interval bounded by g contains an element g’
such that U(g') = U(g), hence ¢ ¢ I(G). If g € I(G), then g doesn’t belong to the open
intervals bounded by itself.

e The bounded open intervals of (I(G), <) are open intervals of (G, R), since for h and g < ¢’
in l(G) we have g < h < g < R(g,h,q").

Definitions 1.4. Let (G, R) be an infinite cyclically ordered group. We say that (G, R) is:

(1) eyclically minimal if each definable subset of G is a finite union of singletons and open
intervals.

(2) strongly cyclically minimal if for each (G', R') which is elementary equivalent to (G, R),
(G, R) is cyclically minimal.

(3) weakly cyclically minimal if each definable subset of G is a finite union of c-convex subsets.

These notions correspond respectively to the notions of o-minimal, strongly o-minimal and
weakly o-minimal in the linearly ordered case. In the linearly ordered case the three notions coincide
and are satisfied in (G, R) if, and only if, (G, R) is abelian and divisible. For the equivalence between
o-minimal and strongly o-minimal see [12] and [15]. The equivalence with weakly o-minimal follows
from [7] corollary 1.3.

Clearly if (G, R) is strongly cyclically minimal, then it is cyclically minimal, and if it is cyclically
minimal, then it is weakly cyclically minimal.

Note that in a finite structure every subset is a finite union of singletons.

Theorem 4. ([14, Theorem 5.1]) A cyclically ordered group is cyclically minimal if, and only if,
it is abelian, divisible and has torsion elements.

Corollary 1.5. (Lucas) A cyclically ordered group is strongly cyclically minimal if, and only if, it
is cyclically minimal.

Proof. Indeed, the theory of divisible abelian cyclically ordered groups with torsion elements is
complete. O

The characterization of weakly cyclically minimal cyclically ordered groups requires to define
the construction of cyclically ordered groups by mean of the lexicographic product ([21]).
Let (G, R) be a cyclically ordered group and I' be a linearly ordered group. One can define a
cyclic order on G x T as follows: R'((g1, 1), (g2, 72), (g3, z3)) holds if, and only if,
e cither g1 = go = g3 and z,(1) < T,(2) < To(3) for some o in the alternating group As of
degree 3
® OF Gy(1) = Jo(2) 7 Yo(3) and Ty(1) < ZTy(2) for some o € Az
e or R(g1,92,93)-

Definition 1.6. Let (G, R) be a cyclically ordered group and I' be a linearly ordered group. We

let GXT denote the cyclically ordered group defined above. It is called the lexicographic product
of (G, R) and (T, <).

Theorem 5. (Lucas) A cyclically ordered group (G, R) is weakly cyclically minimal if, and only if,
either (G, R) is abelian and divisible with torsion elements, or [(G) is infinite, abelian and divisible
and there exist a positive integer n such that G ~ T(U)n?l(G), where T(U),, is the subgroup of
n-th roots of 1 in T'(U).
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2. PROPERTIES OF CYCLICALLY ORDERED GROUPS.

Before to list properties of cyclically ordered groups, we point out that in [23] an equivalent
definition of cyclically ordered groups by mean of a mapping from G x G x G to {—1,0,1} appears.
Later, the conditions of this definition are made simpler and the cyclic orderings are called circular
orderings. A compatible circular order on G is a mapping ¢ from G X G X G to {—1,0,1} which
is a cocycle, that is for all g1, g2, g3, g4 in G we have c(g2, 93, 94) — (91,93, 94) + (91,92, 94) —
c(g1,92,93) = 0 (e. g. [11]). Now, one can check that R is a compatible cyclic order on G if,
and only if, the mapping ¢ defined by ¢(g1,92,93) = 1 if R(g1,g2,g3) holds, ¢(g1,92,95) = —1 if
R(gs, g2, g1) holds, and ¢(g1,g2,93) = 0 if g1 = g2 or go = g3 or gs = g1, is a compatible circular
order on G. The reader can find a similar proof in [2, Lemma 2.3]. Many papers about circularly
ordered groups do not refer to the classical ones about cyclically ordered groups (except [4] for
example), and several results are re-proved.

2.1. Wound-round cyclically ordered groups. If (I', <) is a linearly ordered group and z € T,
z > e, is a central and cofinal element of T, then the quotient group I'/(z) can be cyclically ordered
by setting R(x1-(z), x2-(2),z3-(z)) if, and only if, there are a}, x4, x4 such that

x1-(2) = 11 (2), w2-(2) = 25+ (2), w3-(2) = 5+ (z) and

eithere <) <zh<ah<zore<ah<uzi<al<zore<al <z <al<z

With this cyclic order, I'/(z) is called the wound-round cyclically ordered group associated to I"
and z.

If T' = Z and n is a positive integer, then we get a natural cyclic order on the group Z/nZ.
This cyclically ordered group is c-isomorphic to the the subgroup 7'(U),, of n-th roots of 1 in the
cyclically ordered group T'(U).

Assume that T" is a lexicographic product of linearly ordered groups Z?I‘l, and z = (1,e). For
any v € I'y and n € Z, we have (0,e) < (n,z) < (l,e) =z n=0and z >eorn =1 and
x < e. So, one can check that the cyclically ordered group I'/(z) is linearly cyclically ordered, and
isomorphic to the ordered group I';.

A theorem of Rieger ([16], [8, Theorem 21 p. 64]) states that for every cyclically ordered group
(G, R) there exists a linearly ordered group (uw(G), <g) and a positive element 2z € uw(G) which
is central and cofinal such that (G, R) is c-isomorphic to the cyclically ordered group uw(G)/(zg).
The structure (uw(G), <g, zg) is uniquely defined, up to isomorphism. The group (uw(G), <g) is
called the unwound of (G, R).

For example, the unwound of U is R, the unwound of (G, R) is isomorphic to Z if, and only if,
G is finite.

For further purposes, we give the definition of the order relation and of the group operation on
uw(G).

The underlying set of uw(G) is Z x G.

The relation <pg is defined by (n,g9) <gr (n’,¢’) if, and only if, either n < n’ or [n = n’ and
(9=eor R(e,g,9') or g=g¢')].

Turning to the group operation, (n,g)-(n',¢’) is equal to (n +n', gg’) if either g =c or ¢’ = e
or R(e,g,gg’) holds, and it is equal to (n+n' +1,9g") if g # e and g¢’ = e or R(e, gg’, g) holds.

g !
/ / g9
e R(e,g9,99") e R(e,g9',9)

g g g g
Furthermore, zg = (1,€).
For x € uw(G), we denote by Z its image in uw(G)/(zg) ~ G.
There is a set embedding of G in {0} x G such that for any ¢, ¢’ in G\{e}, (uw(G), <g) satisfies

(0,9) <gr (0,¢') if, and only if, (G, R) satisfies R(e, g,g’).

We end this subsection with a lemma which will be useful in the proof of Proposition 2.14 and
in subsection 4.3. For every abelian group I' and every prime p, we denote by [p|I' the number
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of classes modulo p in I' (without distinguishing between infinites). Note that I" being divisible is
equivalent to [p|]I' = 1 for every prime p.

Lemma 2.1. ([13, Lemma 4.16]) Let (G, R) be an abelian cyclically ordered group. If G contains
a p-torsion element, then [pluw(G) = [p]G. Otherwise, [pluw(G) = p[p|G.

2.2. Linear part of a cyclically ordered group. Recall that if (G, R) is a nonlinear cyclically
ordered group, then its linear part I(G) is its largest c-convex proper subgroup and if the cyclic
order is linear, then we let I(G) = G.

Let (G, R) be a cyclically ordered group. An element g is said to be positive if R(e, g, g%) holds.
This condition is equivalent to R(e,g,g~!). We denote by P the union of {e¢} and of the set of
positive elements of (G, R) ([23]). We say that P is the positive cone of (G, R). Both of P and
P~ are c-convex subsets of G, and g € PU P~! if, and only if, either g = e or g% # e. The set
P NI(G) is the positive cone of the linear order on I(G) (|24, p. 547]).

One can prove that the map from G in uw(G) defined by f(g) = (0,9) ifg € P and f(g) = (-1, 9)
if not, when restricted to a c-convex proper subgroup H, is a group homomorphism and an order
isomorphism between H and f(H). Furthermore, f(H) is a convex subgroup of uw(G).

Notation 2.2. Let H be a c-convex proper subgroup of a cyclically ordered group (G, R). We let
Hyw = f(H).

The epimorphism from uw(G) to uw(G)/{zg) ~ G, when restricted to H,,,, is the inverse
of the isomorphism f from H onto H,,. It follows that the set of c-convex proper subgroups
of (G, R) is linearly ordered by inclusion and when R is nonlinear we have an order isomorphism
between the inclusion-ordered set of c-convex proper subgroups of (G, R) and the inclusion-ordered
set of proper convex subgroups of (uw(G), <g). Therefore, the set of c-convex proper subgroups
is closed under arbitrary unions and intersections. For each g € G there is a smallest c-convex
proper subgroup of (G, R) containing g. Note that I(G),, is the largest proper convex subgroup
of (uw(G), <g)), since it is the largest convex subgroup which doesn’t contain the cofinal element
z¢. Hence uw(G)/I(G)yq embeds in R.

Recall that for every proper normal c-convex subgroup H of a cyclically ordered group G,
one can define canonically a cyclic order on G/H such that the canonical epimorphism is a c-
homomorphism. The linear part of G/H is isomorphic to {(G)/H, and its unwound is isomorphic
to uw(G)/Hyu-

A cyclically ordered group (G, R) is said to be c-archimedean if for every g and every h there is
an integer n such that R(e, g™, h) is not satisfied ([22], [2, Section 3.3]).

Fact 2.3. (1) (G, R) is c-archimedean if, and only if, it can be embedded in U. This in turn
holds if, and only if, R is not linear and G has no nontrivial c-convez proper subgroup (|21,
p. 162]).

(2) (G, R) is nonlinearly cyclically ordered and is c-archimedean if, and only if, its unwound
(uww(G), <g) is archimedean. This follows from (1) and the order isomorphism between
the inclusion-ordered set of c-convex proper subgroups of (G, R) and the inclusion-ordered
set of convex subgroups of (uw(QG), <g), in the nonlinear case.

Let g, h be elements of a cyclically ordered group (G,R). If 1 # U(g) # U(h) # 1, then
R(e, g,h) holds in (G, R) if, and only if, R(1,U(g), U(h)) holds in U(G). Now, if U(g) =1 # U(h)
(so g € I(G)), then R(e,g,h) holds if, and only if, g > e in I(G), and R(e, h, g) holds if, and only
if, g < e in I(G) ([9, Remark 5.6]).

2.3. Dense, discrete, divisible abelian cyclically ordered groups. One can prove that an
abelian cyclically ordered group (G, R) is dense if, and only if,

V(g1,92) € G x G g1 # g2 = (3h € G R(g1,h,g2)).

Let (G,R) and (G, R’) be two abelian cyclically ordered groups such that (G’, R') is a sub-
structure of (G, R). We say that (G', R') is dense in (G, R) if

V(gl,gg) eGxG (Hh eqG R(gl,h,gg)) = (E'h/ e R(gl, h/,gg)).



MODEL THEORY OF DIVISIBLE ABELIAN CYCLICALLY ORDERED GROUPS AND MINIMAL C. O. G. 7

The group U is dense, a subgroup of U is dense if, and only if, it is infinite (this is also equivalent
to saying that it is dense in U). In particular, each divisible subgroup of U is dense.

For every positive integer n, T'(U), is discrete, and 1rq), = e*™/™. We give the proof of the
following lemma for completeness.

Lemma 2.4. The abelian cyclically ordered group (G, R) is discrete if, and only if, its unwound
(ww (@), <g) is a discrete linearly ordered group. More generally, let H be a c-convex subgroup of
(G, R). Then the cyclically ordered group G/H 1is discrete if, and only if, the linearly ordered group
uw(G)/Hyy is discrete.

Proof. If I(G) is nontrivial, then one can see that (G, R) is discrete if, and only if, [(G) is a discrete
linearly ordered group. If this holds, then 14 is the smallest positive element of I(G). Since
[(G) embeds in a convex subgroup of (uw(G), <pg), it follows that (G, R) is discrete if, and only
if, (uw(QG), <g) is discrete. If I(G) is trivial, then, by Fact 2.3, (G, R) embeds in U. Now, the
unwound of U is R and the unwound of (G, R) is isomorphic to Z if, and only if, G is finite. It
follows that (G, R) is discrete if, and only if, its unwound is a discrete linearly ordered group.
Now, let H be a c-convex subgroup of G. We saw before Fact 2.3 that the unwound of G/H is
uw(G)/Hyy. Therefore G/H is discrete if, and only if, uw(G)/H,,, is discrete. O

Remark 2.5. o A divisible abelian cyclically ordered group is not %cessarily dense, as shows
the following example of Lucas. Let G be the wound-round (QXZ)/{(a, 1)) with « posi-
tive, where X denotes the lexicographic product. The ordered group Q;)Z is discrete with
smallest positive element (0,1). By Lemma 2.4, (G, R) is discrete. Let n € N\{0} and

%
(z,m) € QXZ. We have:

n (M, 1) =(x+ n-m)a,n)=(zr,m)+ (n—m)(a,1).
Hence (x,m) is n-divisible modulo (o, 1). So (G, R) is divisible.
e [t can happen that (G, R) is divisible and uw(G) is not. This holds in the previous example.
One can also take T = Q+ Zmw in R and G =T /(x).
o If (G,R) is divisible, then so is U(G) (since h™ = g = U(h)™ = U(g)). Therefore, if
(G, R) c-archimedean and divisible, then G ~ U(G) is either dense or trivial. Hence it is
not discrete.

Proposition 2.6. A divisible abelian cyclically ordered group (G, R) is not torsion-free if, and
only if, its torsion subgroup is c-isomorphic to the group T(U) of torsion elements of U.

Proof. If T(QG) is isomorphic to T(U), then G is not torsion-free. Conversely, by [26, Proposition
3], T(G) c-embeds in T'(U). If G contains a torsion element g # 0, then, since (G, R) is divisible,
for any n € N\{0,1}, G contains an element of torsion n. This proves that T(G) ~ T'(U). O

Proposition 2.7. ([13, Proposition 2.26]) Let n € N\{0}. An abelian cyclically ordered group
(G, R) is n-divisible and contains a subgroup which is c-isomorphic to T(U), (the subgroup of
(T(U),-) generated by a primitive n-th root of 1) if and only if vw(G) is n-divisible.

So an abelian cyclically ordered group (G, R) which is n-divisible and contains a subgroup which
is c-isomorphic to T(U),,) is said to be c-n-divisible. 1t is called c-divisible if it is divisible and it
contains a subgroup c-isomorphic to the group T'(U) of torsion elements of U. This is equivalent
to uw(G) being divisible.

Lemma 2.8. (Lucas) Let n € N\{0,1}. An abelian cyclically ordered group (G, R) has an element
of finite order n if, and only if, zg is n-divisible within uw(QG).

Proof. Assume that there is z € uw(G) such that nz = zg. Then in G we have nZ = 0g. Now,
for every n' € {1,...,n — 1} we have Oy () < 7'z < zg, hence n'T # 0g. Conversely, assume
that there is € uw(G) such the order of Z is n, i.e. nT = Og and, for every n’ € {1,...,n — 1},
n'T # Og. So there is k € Z such that nz = kzg. Let d be the ged of n and k, and say, n = dn/,
k = dk’. Therefore, we have n’x = k’zg, so n’T = 0g. By minimality of n, we have n’ = n,
so d = 1. Therefore, there exist u, v in Z such that uk + vn = 1. Hence zg = ukzg + vnzg =
unx + vnzg = n(ux + vzg). Consequently, z¢ is n divisible. O
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Corollary 2.9. Let (G, R) be a divisible abelian cyclically ordered group. Then, either (G, R) is
c-divisible, or zg is not divisible by any integer within uw(G).

Proof. Follows from Lemma 2.8 and Proposition 2.6. (]

Lemma 2.10. (Lucas) If a divisible abelian cyclically ordered group has an element whose order
is finite, then it is dense.

Proof. By Lemma 2.8 and Corollary 2.9, (G, R) is c-divisible. So (uw(G), <g) is divisible (Propo-
sition 2.7). Hence (uw(G), <g) is dense. By Lemma 2.4, (G, R) is dense. O

Corollary 2.11. A discrete divisible abelian cyclically ordered group is torsion-free.

2.4. C-regular cyclically ordered groups. We start with the definition of regular linear groups.
They were introduced in [18], [25], but later equivalent definitions were given ([5], [6]). Let n be a
positive integer. An abelian linearly ordered group is n-regular if it satisfies Vxy,...,Vx, 0 < x1 <
e < xp =y (21 <ny < xy).

A useful criterion is the following. A linearly ordered abelian group (T', <) is n-regular if, and
only if, for each proper convex subgroup C, the quotient group I'/C' is n-divisible ([5]). The group
(T, <) being n-regular is also equivalent to: for each prime number p dividing n, (T, <) is p-regular
([18], [25]). We say that the group (T, <) is regular if it is n-regular for each n. If (T, <) is divisible
or archimedean, then it is regular.

If (uw(G), <g) is regular, then we say that (G, R) is c-regular. This is also equivalent to: for every
c-convex proper subgroup C, G/C is divisible ([13, Theorem 3.5]).

Let (G, R) be a divisible abelian cyclically ordered group. If (G, R) is linearly cyclically ordered,
then it is a regular linearly ordered group, since it is divisible. By [13, Corollary 3.15], if (G, R) is
nontrivial and linearly ordered, then it is not c-regular. It follows that (G, R) is linearly ordered if,
and only if, it is regular (as linearly ordered group) and not c-regular. This is first-order definable.
If this holds, then it is elementarily equivalent to the linearly ordered group Q ([17, Theorem
4.3.2]).

A dense divisible nonlinear abelian cyclically ordered group is not necessarily c-regular, as
shows the following example of Lucas. Let (G, R) be the wound-round ((Q + WZ)?Q)/«W,O».
It is divisible. We have uw(G) = (Q + WZ);}Q. Now, ((Q + WZ)?Q)/({O}?@) is isomorphic to
Q + 7Z, so it is not divisible. Hence uw(G) is not regular, therefore, (G, R) is not c-regular.

Note that a c-divisible cyclically ordered group is dense and c-regular, since uw(G) is divisible.

Now, the next theorem shows that the theory of divisible abelian cyclically ordered groups with
torsion elements is complete.

Theorem 2.12. Two dense c-reqular divisible abelian cyclically ordered groups are elementarily
equivalent if, and only if, they have c-isomorphic torsion subgroups. These torsion subgroups
are either trivial or c-isomorphic to T(U). So, there are two elementary classes of dense c-regular
divisible abelian cyclically ordered groups: the torsion-free dense c-regular divisible abelian cyclically
ordered groups and the c-divisible abelian cyclically ordered groups.

Proof. This is a consequence of [13, Theorem 1.9], which states that any two dense c-regular abelian
cyclically ordered groups are elementarily equivalent if, and only if, they have c-isomorphic torsion
subgroups and, for every prime p, the same number of classes of congruence modulo p. Now, it
follow from Lemma 2.10 that a c-divisible abelian cyclically ordered group is dense. The fact that
T(G) is either trivial or c-isomorphic to T'(U) follows from Proposition 2.6. O

Our Theorem 2 involves dense and discrete divisible abelian cyclically ordered groups. However,
the discrete case also follows from [13]. We turn to this case in the remainder of this subsection.

Lemma 2.13. Let (G, R) be a discrete abelian nonlinear cyclically ordered group. Then either G
is finite, or U(lg) = 1.

Proof. If U(G) is infinite, then it is a dense cyclically ordered group. Therefore, if I(G) = {0¢},
then (G, R) is discrete if, and only if, it is finite. If [(G) is infinite, then 1¢ € I(G) (see proof of
Lemma 2.4). Hence U(1g) = 1. O
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Proposition 2.14. (Lucas) Fach discrete divisible abelian cyclically ordered group is c-regular.

Proof. Let (G, R) be a discrete divisible abelian cyclically ordered group and n € N\{0}. The
cyclic order is not linear, since every linearly ordered divisible abelian group is dense. Since G is
torsion-free (Corollary 2.11), and divisible, by Lemma 2.1 we have [pJuw(G) = p. Since (0, 1¢) is the
smallest positive element of (uw(G), <gr), the classes (0,0¢), (0,1g), (0,21¢q),...,(0,(p—1)1¢g) are
pairwise distinct. Therefore, the classes of uw(G) modulo p are the classes of (0,0¢), (0, 1g), (0, 2-
1g),...,(0,(p—1)1¢g). Consequently, uw(G)/{(0, 1)) is p-divisible. Since ((0, 1)) is the smallest
convex subgroup of (uw(G), <g), it follows that the quotient of uw(G) by any proper convex
subgroup is p-divisible, and that (uw(G), <g) is p-regular. Consequently (G, R) is c-regular. O

The classification of complete theories of discrete c-regular abelian cyclically ordered groups
follows from [13, Theorem 4.33 and Corollary 4.34]. If (G,R) is a c-regular discrete abelian
cyclically ordered group, then for every p and n there exists a unique k such that the formula
g R(0¢,9,2g,...,(" —1)g) & p™g = klg holds. The element g in this formula is such that the
jg’s where 1 < j < p™ — 1 “do not turn full the circle”, but p™g “turns full the circle”, and it is
equal to 1. Let us denote this k by pg ,(n).

For every c-regular discrete abelian cyclically ordered group (G, R) and every prime p there
exists a unique mapping ¢, from N\{0} to {0,...,p—1} such that for every n € N\{0}, pgp(n) =
op(1) +pop(2) + -+ p"Lpp(n) ([13, Lemma 4.29]). The sequence of the ¢,’s is called the cha-
racteristic sequence of (G, R).

For every sequence of ¢,’s there exists a discrete c-regular abelian cyclically ordered group
(G, R) such that this sequence is the characteristic sequence of (G, R) ([13, Proposition 4.36]).

Finally, (G, R) is divisible if, and only if, for every p we have ¢,(1) # 0 ([13, Proposition 4.36]).

Theorem 2.15. ([13, Corollary 4.34]) Any two discrete divisible abelian cyclically ordered groups
are elementarily equivalent if, and only if, they have the same characteristic sequences.

Since there are 2%0 distinct characteristic sequences of discrete divisible abelian cyclically ordered
groups, there are 280 elementary classes of discrete divisible abelian cyclically ordered groups. This
was originally proved by Lucas, using constructions of cyclic orders on Q.

Note that if ¢,(1) # 0, then p does not divide ¢ ,(n), hence ¢ p(n) has an inverse modulo
p". We see that the function fg , satisfies a similar property. In order to keep the consistency of
the paper, we start by proving the existence of fg p,(n).

Lemma 2.16. Let (G, R) be a torsion-free dense divisible abelian cyclically ordered group. Assume
that there is a prime p such that G/H, is discrete.

(1) We have H, C I(G), and for every n € N\{0} there exists an integer fa ,(n) € {1,...,p" —
L} which satisfies: for every g € I(G), h € G such that g+ H, = 1g/u, and g = p"h, we

2ifG p(n)w

have U(h) = e~ »"
(2) For every positive integers m, n, fap(n) is the remainder of the euclidean division of
fap(m+mn) by p™. It follows that p and fc ,(n) are coprime.

Proof. (1) By the definition of H, we have H, C I(G). Now, G/I(G) ~ U(G), which is dense since
it is divisible and nontrivial. Hence if G/H, is discrete, then H, # l[(G) (if (G, R) is discrete, then
[(G) is nontrivial (Remark 2.5) and H, = {0¢}).

Now, we assume that G/ H,, is discrete. Let g € G be such that g + H, = 1g/p,, and h be the
unique element of G such that g = p™h. Note that 14/, belongs to the positive cone of G/H,,
hence g belongs to the positive cone of G. Since H, C I(G), the cyclically ordered group G/H,
is not c-archimedean, and its linear part is isomorphic to I(G)/H,. Since 1g/, H, belongs to its
linear part, we have g € I(G), and g > O¢ in I(G). Since p"h € I(G), we have U(p"h) = 1. Hence
U(h) is a p"-th root of 1 in U. Assume that h € I(G). Since H,, is a convex subgroup of {(G) and
p"h ¢ H,, we have h ¢ H,. By properties of linearly ordered groups we have 0g < h < g. This
contradicts the minimality of g+ H,. Hence h ¢ I(G), that is U(h) # 1. It follows that there exists

2ikT

ke {l,...,p™ — 1} such that U(h) =e»" .
Let ¢' € G be such that ¢’ + H, = 1g/g,, and h' be the unique element of G such that
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g =p"h. Then g — ¢’ € Hp, and p"(h —1h') = g — ¢'. Since H,, is p-divisible and h — 1’ is the
unique element of G such that p"(h —h') = g—g¢’, h — b’ belongs to H,. Therefore U(h —h') = 1,
hence U(h') =U(h+h' —h) =U(h) + U(h' — h) = U(h). It follows that k doesn’t depend of the
choice of g. We let fg ,(n) =k.

(2) Let g € G such that g+ Hy, = 1g/p,, m, nin N\{0} and h, b’ be the elements of G such that
g =p"h=p"t"h. Then h = p™h'. Tt follows that U(h) = U(p™h’), so epmIm i congruent to

p”L
pgfz;fjw modulo 27r. This in turn is equivalent to saying that fo ,(m +n) — fq p(n) belongs

to p"Z. Say, fap(m+n) = ap” + fap(n). Since fop(n) < p"™ and fg,(m +n) > 0, we have
a > 0. Hence fg p(n) is the remainder of the euclidean division of fg ,(m + n) by p”.

By Proposition 1.1, fg,(n) > 1, hence, since fg (1) € {1,...,p—1}, p and fg (1) are coprime.
If n > 2, then p"~! divides fg,(n) — fcp(1). Therefore, p does not divide fg ,(n). O

If (G, R) is a discrete divisible abelian cyclically ordered group, then for every prime p we have
H, = {0g}. Hence G/H, ~ G. The the proof of [13, Proposition 4.36], shows that for every p, n
the integer ¢ p(n) is the inverse of fg p(n) modulo p™. Now, Theorem 2.15 can be reformulated
in the following way.

Theorem 2.17. Let (G, R) and (G', R") be two discrete divisible abelian cyclically ordered groups.
Then they are elementarily equivalent if, and only if, for every prime p the functions fg p and for p
are equal.

3. DIVISIBLE ABELIAN CYCLICALLY ORDERED GROUPS WITH TORSION ELEMENTS.

Recall that a divisible abelian cyclically ordered group contains a torsion element if, and only
if, its torsion subgroup is c-isomorphic to (T(U),-) (Proposition 2.6). This is also equivalent to
uw(G) being divisible. If this holds, then we say that it is c-divisible.

Proof of Theorem 1. (1) The fact that TeD is complete follows from Theorem 2.12. Now, Let
(G1, Ry1) and (G2, R2) be two c-divisible abelian cyclically ordered groups such that Gy is a sub-
group of G2. Recall that by Lemma 2.10 a c-divisible abelian cyclically ordered group is dense. By
[13, Theorem 1.8], (G1, R;) is an elementary subextension of (Gs, Rg) if, and only if, G is pure
in Gy and, for every prime p, [p]|Gy1 = [p]|G2. Now, if (G1, R;1) and (G3, Rs) are c-divisible, then
G1 is pure in G, and for every prime p we have [p]|G; = [p|G2 = 1. It follows that (G1, R1) is an
elementary substructure of (G2, Ra). So, T'eD is model complete.

(2) Let (G, R) be a c-divisible abelian cyclically ordered group (so it is dense). We already
saw that the ordered group uw(G)/I(G)uw embeds in R. Since uw(G) is abelian torsion-free and
divisible, it is a Q-vector space. Hence there is a subspace A of uw(G) such that the restriction
to A of the canonical epimorphism z — 2 + I(G)uw is one-to-one, and so uw(G) = A & [(G) yw-
Note that A is also a divisible abelian subgroup. The canonical epimorphism is order preserving
because [(G)y 1s a convex subgroup of uw(G). Hence its restriction to A is order preserving, and
every positive element of A is greater than [(G)y.. It follows that the ordered group uw(G) is
isomorphic to the lexicographic products A;}Z(G)uw and (uw(G)/l(G)uw)?l(G)uw. Let (G1, R1)
and (Gg, R2) be two c-divisible abelian cyclically ordered groups, ¢; be a c-embedding of (G, R)
in (Gy,Ry) and ¢y be a c-embedding of (G, R) in (G2, R2). These c-embeddings induce embed-
dings @14 of (W (G),<g) in (uw(G1), <g,) and @Yoy, of (uw(G),<g) in (uw(Gs), <g,), where
V1uw(za) = za, and pauw(26) = 2a,. The restriction of @144, (resSp. Yauw) to I(G) is an embedding
of I(G) in I(G1) (resp. I(G2)). Since the theory of divisible abelian linearly ordered groups has
the amalgamation property, there are an abelian linearly ordered group L and embeddings ®; of
[(G1) in L and @3 of I(G2) in L such that the restrictions of ®1 0 Y14, and Pg 0 @a,,, are equal.
Now, since uw(G1)/1(G1)uw and uw(G2)/1(G2)yy are archimedean, there is a unique embedding
Uy (resp. Uy) of uw(G1)/1(G1)uw (resp. uw(G2)/l(G2)uw) in R such that ¥4 (zg, + 1(G1)uw) =1
(resp. Ua(zg, + 1(G1)uw) = 1). Hence we get embeddings of (uw(G1), <g,) and (uwGa, <p,) in
R X L such that zg, and zg, has the same image Z, which is positive and cofinal. These embed-
dings induce c-embeddings ¢} of (G1, Ry) in (R?L)/(Z) and ¢} of (G2, Ry) in (R?L)/(Z) such
that ¢} 0 o1 = ) 0 @a.

(3) Since T'cD is model-complete and has the amalgamation property, it admits the quantifiers
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elimination.

(4) Let (G, R) be a c-divisible abelian cyclically ordered group. Then its torsion subgroup is
c-isomorphic to T'(U). Hence T(U) embeds in (G, R), and this embedding is elementary, since T'cD
is model complete.

(5) Clearly, every model of T'¢D is an abelian cyclically ordered group. Since T¢D is model-
complete, to prove that it is the model completion of the theory of abelian cyclically ordered groups,
it remains to prove that every abelian cyclically ordered group embeds in a unique way in a minimal
c-divisible one. Let (G, R) be an abelian cyclically ordered group, and uw(G) be the divisible hull
of uw(G). Then (G, R) ~ uw(G)/(zg) c-embeds in the c-divisible abelian cyclically ordered group
uw(G)/{zg). Now, if (G, R) c-embeds in a c-divisible abelian cyclically ordered group (G’, R'), then
(uw(G), <g) embeds in the divisible linearly ordered group (uw(G’), <gs). Hence uw(G) embeds
in uw(G"). Therefore uw(G)/(zg) c-embeds in uw(G’)/(z¢) ~ G'. Tt follows that uw(G)/{z¢) is
the c-divisible hull of (G, R). O

4. TORSION-FREE DIVISIBLE ABELIAN CYCLICALLY ORDED GROUPS.

By [17, Theorem 4.3.2], every linearly ordered divisible abelian group is elementarily equivalent
to the ordered group (Q, +). Therefore, if (G, R) is a torsion-free divisible abelian linearly cyclically
ordered group, then it is elementarily equivalent to the linearly cyclically ordered group (Q,+). In
this section we look at the nonlinear cyclically ordered case.

4.1. The preordered family CD(G). We recall that if (G, R) is a torsion-free divisible abelian
nonlinear cyclically ordered group, then for every prime p, H, denotes the greatest p-divisible
convex subgroup of /(G). The family {{O¢}, G, H, : p prime} is denoted by CD(G).

Remark 4.1. (1) The group H, is a p-divisible c-convex proper subgroup of (G, R), and the
ordered convexr subgroup Hy, of l(G) is isomorphic to the proper convex subgroup (Hp)yw
of uw(G).

(2) The subgroup (Hp)uw 1 the greatest p-divisible convex subgroup of uw(G), since zg is not
divisible by any integer within uw(G) (Corollary 2.9).

(3) The quotient cyclically ordered group G/H, is dense (resp. discrete) if, and only if,
uw(G)/(Hp)uw s a dense (resp. discrete) ordered group (this follows from Lemma 2.4).

We now prove a lemma which will also be crucial in the study of weakly cyclically minimal
cyclically ordered groups, for replacing a lemma of Lucas that was false (it brought a contradiction).
For g in a cyclically ordered group, we let 6(g) be the element of [0, 27| such that U(g) = exp(if(g)).

Lemma 4.2. Let (G, R) be a torsion-free divisible abelian nonlinear cyclically ordered group. Then
for every prime p the sets {U(g) : g € G, 3h € G, (R(0g,h,g,—g) or R(—g,9,h,0¢c)) and ph =
g} and {U(g) : g € G, Vh € G, (R(0g,h,g,—g) or R(—g,g,h,0c)) = ph # g} are both dense in
U.

Proof. By Remark 2.5, U(G) is divisible, hence it is dense in U. Let A={h € G : 0<0(h) <
5} Then U(A) is dense in the the subset {ew t0<l< %} of U, hence U(pA) is dense in

{e? : 0<f<7}. Let h € A and g = ph. Since 0 < 6(h) < pf(h) = 6(g) < m, both of g
and h belong to the positive cone of (G, R), and g satisfies 3h € G, R(0g,h,g,—g) and ph =
g (recall that R(0g,h,g,—g) stands for R(0g,h,g) and R(0g,g, —g), see Subsection 1.1). In
the same way, U(p(—A)) is dense in {e? : 7 <60 <27} and every g € p(—A) satisfies Ih €
G, R(—g,9,h,0¢) and ph = g. Hence {U(g) : g € G, 3h € G, (R(0g,h,g,—g) or R(—g,g,h,0c))
and ph = g} is dense in U.

Let A ={h € G : 27— 27” < 0(h) < 2m — 7}. Then U(A’) is dense in the the set
{ew/ : w <0< @}. Now, 2(p — 1)m is congruent to 0 modulo 27, and (2p — 1)7 is
congruent to 7. Hence U(pA’) is dense in {e" : 0 <0 <nw}. Let g € pA’ and h € A’ be such
that g = ph. Since g belongs to the positive cone of G, and h does not, we have R(0, g, —g), and
R(0,g9,h). Since G is torsion-free, this element h such that g = ph is unique. Hence g belongs to
the set {U(g) : g € G, Yh € G, (R(0g,h,g,—g) or R(—g,9,h,05)) = ph # g}. In the same
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way, U(p(—A")) is a subset of {U(g9) : g € G, Vh € G, (R(0g,h,g,—g) or R(—g,9,h,0¢c)) =
ph # g}, and U(p(—4’)) is dense in {ew : m<6<2m}. Hence {U(g) : g € G, Vh €
G, (R(0g,h,g,—g) or R(—g,g9,h,0g)) = ph # g} is dense in U. O

In order to show that the family CD(G) depends on the first-order theory of G, we start with a
lemma and we prove Proposition 1.1.

Lemma 4.3. Let (G, R) be a torsion-free divisible abelian nonlinear cyclically ordered group.

(1) For every prime p, H, is definable by the formula g = Og
or (R(0g,g,—g) and Vg € G (¢ =g or R(0g,¢’,9)) = 3’ R(0g,h’,q’) and g’ = ph’)

or (R(—g,9,0G) and Vg € G (g’ = g or R(9,¢',0c)) = 3h" R(¢',,0¢) and ¢’ = ph').

(2) The inclusion H, C H, depends on the first-order theory of (G, R).
(3) The cyclically ordered group G/H), being discrete is determined by the first-order theory of
(G,R).

Proof. Since G is torsion-free, for every g in G there is only one h in G such that ph = g.

(1) The formula of this statement can be reformulated as g = Og or (*) g belongs to the positive
cone P of (G, R) and every ¢’ in I(0g, g) is p-divisible within I(0¢, ¢'), or (**) g € —P and every ¢’
in I(g,0¢) is p-divisible within I(¢’,0g). Let H be the set of elements which satisfy this formula.
For g # 0¢ in H, we have either g € P and I(0¢,9) C H,or g € —P and I(g,05) C H, and clearly,
g € H< —g € H. Therefore, H is equal to the union of the c-convex subsets {—g}UI(—g,9)U{g}
where g € (PN H)\{0g}. It follows that H is a c-convex subset of G.

We prove that H C I(G). Let g ¢ I(G), then U(g) # 1. By Lemma 4.2, the set U(G\H) is dense
in U(G). Hence there exist h, ' in G\H such that R(1,U(h),U(g),U(h’)) holds in U. Therefore,
we have R(0g,h,g,h’). So I(0¢,g) € H and I(g,0¢) ¢ H, which proves that g ¢ H. Therefore
HCIG).

Now, it follows from (*) and (**) that H is the greatest p-divisible c-convex subset of I[(G). In
particular, H,, C H. Therefore, in order to prove that H = H,, it is sufficient to prove that H is
a subgroup of [(G). The set H is nonempty since it contains Og. Assume that 0g < g € [(G) and
every h € [(G) such that 0¢ < h < g is p-divisible within [(G). Then every h € I(G) such that
—g < h < 0¢ also is p-divisible within {(G), so —g € H. In the same way, if 0g > g € I(G), then
—g€l(G). Let g, ¢’ in H. If ¢ <0g < g, then ¢ < g+ ¢ < g,s0 g+ ¢ € H, since H is convex.
If 0g < ¢’ < g, then every h € I[(G) such that g < h < g+ ¢’ can be written as h = ¢’ + (h — ¢'),
where h — ¢’ is p-divisible within I(G) since 0¢ < h — ¢’ < g. Therefore, h is p-divisible within
[(G), which proves that g+ ¢’ € H. In the same way, if ¢ < ¢’ < O¢g, then g+ ¢’ € H. So, we
proved that H is a subgroup of I(G). Consequently, H = H,,.

(2) Since H, and H, are definable, the inclusion H, C H, also is definable.

(3) The quotient group G/H, being discrete is definable by the formula 3g € G R(0g,g9,—g) g ¢
H, and Yh € G R(0¢,h,g9) = (h€ H,or g—h € H,). O

For each positive integer n, the formula:

argbound,, (g) = R(0¢, 9,29, . ..,ng) & -R(0q, g,2g, - ..,2ng, (n+ 1)g)

27

+1
2 27 .

<0(g) < o or 0(g) = — & 0g > ng (in I(GQ)) (see [9, Lemmas 6.9 and 6.10]).

is satisfied in (G, R) exactly by those elements g such that either §(g) = - & 0g < (n+1)g (in

2T
(@), or 1

Proof of Proposition 1.1. The first part of this proposition has been proved in (1) of Lemma 2.16.
It remains to prove that the function fg ), is determined by the first-order theory of (G, R). By
Proposition 4.3, the quotient group G/H,, being discrete is definable.

If p=2and r =1, then fg2(1) = 1. In the following, we assume that p > 2, or p =2 and r > 1.
By (2) of Lemma 2.16, p and fg ,(r) are coprime. Hence fg ,(r) has a unique inverse modulo p”
in {1,...,p" — 1}. Now, the first-order theory of (G, R) determines fg ,(r) if, and only if, it
determines its inverse modulo p”. Let I in {1,...,p" —1}. Note that [ being the inverse of fg ,(r)
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i
T

modulo p” is equivalent to U(lh) = e
holds. With above notations, argbound

. We prove that this holds if, and only if, argbound,,. _; ({h)
(Ih) holds if, and only if,

pT—1
2 2 2
cither O(1h) = 2 & O < p"lh (in [(G)), or & < §(lh) < —2—
pr pr pr—1
2w .
or O(lh) = o1 & 0g > (p" — DIk (in I(G)).
Now, 6(Ih) belongs to the set {0, i—’:, A 2(1’;:1)” }, and since p > 2 we have i—’: > pffl. Hence

2 2
if argbound,,,_, (Ih) holds, then 6(lh) = pi: & 0 < p'lh. Conversely, assume that 0(lh) = pi:.
Then 27 divides 8(p"lh), so p"lh belongs to I(G), and p"lh = lg > 0g. Hence p"lh is positive in
I(G), so argbound,,-_;(lh) holds. O

Proposition 4.4. Let (G, R) and (G', R') be divisible abelian cyclically ordered groups such that
(G',R') = (G, R). Then the mapping H,, — H,, defines an isomorphism from CD(G) onto CD(G'),
for every prime p the cyclically ordered group G/H, is discrete if, and only if, G'/H), is discrete,
and if this holds, then fa, = for p-

Proof. This follows from Lemma 4.3 and Proposition 1.1. g

The converse of this proposition will be proved in Subsection 4.4. First we turn to reminders
about model theory of linearly ordered abelian groups.

4.2. The spine of Schmitt of a linearly ordered abelian group. By [9, Theorem 4.1], any
two abelian cyclically ordered groups (G, R) and (G’, R") are elementary equivalent if, and only if,
their Rieger unwounds (uw(G), <g, z¢) and (uw(G"), <gs, z¢’) are elementarily equivalent in the
language of ordered groups together with a specified element interpreted by zq:

(G,R) = (G', R)) if, and only if, (uw(G), <g, z¢) = (uw(G"), <gr/, z¢").

So, determining the first-order theory of (G, R) is equivalent to determined the first-order theory
of (uw(G), zg). Lucas based its study of the first-order theory of divisible abelian cyclically ordered
groups on Schmitt papers about model theory of linearly ordered groups (cf. [19, p. 15 and the
following ones)).

We let (T', <) be a linearly ordered abelian group.

For every positive integer n, the n-spine of (T, <) is a family of convex subgroups of T

Spn(T) = {An(z) : 2 e I\{Or}} U{F,(x) : x € T\nT'},
where the convex subgroups A, (z) and F,,(z) are defined as follows.

For every x € T, F,,(z) is the greatest convex subgroup of (I, <) such that F,(z)N(z+nl) =0
if any, otherwise F,(z) = 0. By [19, Lemma 2.8, p. 25], F},(x) = 0 is equivalent to = € nI.

We define A,(Or) = 0. For z € T'\{Or} we denote by A(x) the greatest convex subgroup of
I’ which doesn’t contain x, and by B(z) the convex subgroup generated by z. We know that
B(x)/A(x) is an archimedean linearly ordered abelian group, so it is regular (regular ordered
groups have been defined in Subsection 2.4).

For n € N\{0} we let A, (x) be the smallest convex subgroup of (I', <) such that B(x)/A,(x) is
n-regular.

For z, y in I, A,,(y) € A,(z) is definable by the first-order formula
lyl < |z] & Fu (Jy| < u < nlz|) & Vo(jv] < nly] = v —u ¢ nl) ([19, Lemma 2.6, p. 21]).

(Here, |y| < u stands for: Op <y <wor Op < —y < u.)
For z € T\{Or} we also define B,(z) to be the greatest convex subgroup of I' such that
By, (x)/Ay(z) is n-regular, and Cy,(x) = By (x)/An(x) (so, Cp(x) is n-regular).

The language of Sp, (') consists in a binary predicate <g and unary predicates A, F, Dk,
{Bpm : pprime, m € N}, {apr.m : pprime, k € N, m € N}. These predicates are interpreted
as follows.

<g: o <g Cy & Cy - Cy.
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A(C): Fz €T, C = Ay(x).
F(C): Iz €T, C = F,(x).
DE(C): Jx €T, C = A, (z) & C,(z) is discrete.

If C is an abelian group, then for every prime p and non-negative integer r the quotient group
p"C/p"1C is a Z/pZ-vector space. In the following two formulas, dim denotes the dimension of
this vector space. Furthermore, Tor,(C) denotes the subgroup of elements of C' which torsion is an
exponent of p. One can check that thesets {y €' : F,,(y) C F(z)}and {y €T : F,(y) € Fn(2)}
are subgroups of I

Bpm(C): 3x €T, C = A,(z) and TEI_POO dim (p"Cy () /p" ' Cp(z)) > m.

aprm(C): Jx e, C=A,(x) and m < dim(Torp(ka:{(a:))/Torp(pk"'lF: (a:))),

_{yGF:Fn(y)an(x)} % _ . . _
=T  Fuy) C Fa(n)] or Fi(z)={0r}if{y el : F,(y) € Fn(z)} =0.

Theorem 4.5. ([19, Corollary 3.2, p. 33]). IfT” is an other abelian linearly ordered group, then
T =T if, and only if, for every integer n we have Sp,(T) = Sp,(I7).

where F)(x)

There is also a relative quantifiers elimination when adding the predicates M, x(z), Dy ,.i(z)
and E, ,;(x) (¢ < r) interpreted as follows.

M, 1(z) holds if, and only if, C,,(z) is discrete and if the class xg + A, (z) of some zy € T is the
smallest positive element of C,(z), then x + A, (z) = k(xo + A, (x)).

D, i(x) holds if, and only if, either x € p'T" or there is some y € I" such that Fjr(z) C Fpr(y),
r—y € p'T and F,r (%) C Fyr(z).

E, . k(z) holds if, and only if, there exists y € T' such that F,r(z) = Apr(y) and Cpr(y) is

discrete with smallest positive element the class of y and Fpr(z — ky) C Fpr ().
The relative quantifiers elimination is the following.

Theorem 4.6. ([19, Theorem 4.5, p. 66]) Let ¥(Z1,...,Zy) be a formula in the language of or-
dered groups. Then there exist an integer n, a formula @o(X1,..., Xk, Y1,...,Ys) in the language
Spr, some terms ty, ..., ty with variables Z1, ..., Zy and o quantifier-free formula ©1(Z1, ..., Zm)

in above language such that for every abelian ordered group (', <) and every sequence =
(z1,...,2m) of elements of T we have (I',<) | \11(7) if, and only if,

Spn(T) = @o(An(t1(T)), -+, An(te(T)), Fu(t1 (7)), -, Fu(t:(T)))) and (T, <) f= o2(7).

4.3. Spines of “almost divisible” abelian groups. If (T, <) is a divisible linearly ordered
abelian group, then for every positive integer n and every = € I we have A, (x) = {Or}, By(z) =T
and F,(x) = (. Tt follows that for every n the predicates ap i,m and By, don’t make sense. Now
we turn to a less trivial case.

By Lemma 2.1, if G is p-divisible without p-torsion element, then [pjluw(G) = p. So in this
subsection we focus on the case where for every prime p we have [p]T" = p.

For every linearly ordered abelian group (T', <) and every prime p, we denote by I', the greatest
p-divisible convex subgroup of (I', <). The group I', is definable by the formula

zel,eVyel Opr<y<zorz<y<O0p)=3Izely=npz

Indeed, Let F;, be the subset defined by this formula. Then, Op € I‘; and for every x € T' we
have z € T, & —x € I',. So, in the same way as in the proof of (1) of Lemma 4.3, T, is the
greatest p-divisible convex subset of I'. Finally, the proof of (1) of Lemma 4.3 shows that I', is
a subgroup (in Lemma 4.3, we had H C I(G), hence we considered a convex subset of a linearly
ordered group).

This subsection is dedicated to prove the following proposition.

Proposition 4.7. Let (T, <) be a linearly ordered abelian group such that, for every prime p,
[pIT" = p. Then, the spines of the (', <) are determined by the ordered set of T'y’s (p prime), and
if this set admits a mazimal element I, the property T' /T, being discrete or dense.

In the remainder of this subsection, (I',<) is a linearly ordered abelian group such that, for
every prime p, [p|]I' = p.
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Lemma 4.8. Let C C C’ be two convex subgroups of (I',<) and p be a prime. Then C'/C is
p-divisible if, and only if, either T', C C, or C' CT,,.

Proof. Since [p]I" = p we have: [p]C =1 if, and only if, C C T'). Otherwise, [p]C = p (the same
holds with C”).

Clearly, if C" C T, then C'/C is p-divisible.

Assume that I', C C. Then, there exists € C\pC such that the classes of C' modulo p are
pC,x+pC,...,(p— 1)x + pC. Since C is a convex subgroup of C’, z is not p-divisible within C”
(if x = py, then |y| < |z|, hence y € C). Now, [p]C = [p]C’ = p, so the classes of C’ modulo p are
pC x+pC' ..., (p—1z+pC’'. Let 2’ € C' and j € {0,...,p—1} such that 2’ € jz 4+ pC’. Then,
there is ¢y € C' such that &’ — py’ = jx. Since jx € C, we have 2’ + C = py’ + C, which proves
that C"/C is p-divisible.

Assume that C CT', C C’. Let 2’ € C’ such that the class of 2’ modulo C is p-divisible. Hence,
there exists ' € C’ such that 2’ — py’ € C. Now, C = pC, hence 2’ — py’ € pC C pC’, which
proves that 2’ € pC’. Since C’ # pC’, we see that C'/C is not p-divisible. O

Corollary 4.9. If there is some C C C’ in the set {I', I',, : p prime } such that C'/C is discrete,
then C' =T, and C = max{T', : p prime }

Proof. If there exists p; and ps such that {Og} C T'p, € I',, then T'p, /T, is po-divisible. It

P =
follows that it is dense, and that I'/T",, is dense. Consequently, if some group C’/C' is discrete,
then C = max{I'y, : p prime }. Since C' € {I', T, : p prime }, we have C' =T. O

Note that if C = {Or} and C’/C' is discrete, then C’ is discrete. Hence I' is discrete and for
every prime p we have I'), = {Or}.

Before to prove the next Proposition, we review some properties of the sets A, (x) and F,(x).

Lemma 4.10. Assume that n = py" ---p.*, where p1,...,py are the primes which divide n and let
zel.

(a) We have F,(z) C A,(x) and (F,(z) = 0 < z € nI') ([19, Lemma 2.8, p. 25]). One can
check that if x ¢ nT, then F,(x) contains the greatest n-divisible convex subgroup of T.

(b) The set Ap(x) is the mazimum of the A, () ([19, Lemma 2.3 p. 19]).

(c) The set F,,(x) is the mazimum of the Er ()’s, where 1 < j <k ([19, Lemma 2.3 p. 19]).
If m is an other integer, then F,,(mz) = F,(x), and if (m,n) =1, then F,(z) = F,(mzx)
(119, 3 and 4 of Lemma 2.10, p. 26]).

Proposition 4.11. Let n = pi' ---p* be a positive integer, where py,...,py are the primes which
divide n.
(1) Spp(T) = {Typ, : 1 < i < k}U{{0r}}, and it does not contain I'. We let Sp,(T') =
{{or}=CiCCC---C O}, Cyr =T
Letx € IT'\{Or} and j be the integer such that x € C;11\C;. Then A,(z) = C; and By, (x) =
Cjt1. In particular, for every o € Z\{0} we have A, (ax) = A,(z) and B, (ax) = B,(x).
If ¢ nuw(QG), then Fp(x) = max{l,, : 1<i<k, p;"tx}.
(2) Let C, C' in Sp,(T'). Then A(C), F(C') hold if, and only if, C and C’ belong to
{Tp,,--.,Tp.}. Furthermore, there exists x such that C = A,(z) and C' = F,(x) if,
and only if, C' C C.
(3) Let C, in Sp,(T'). If Dk(C) holds, then C = Cj, and for any x such that A,(x) = C we
have B, (z) =T.
(4) Let j € {2,...,1}. Then ,0(C;) holds, for m > 2, B, m(C;) does not hold, and f3,1(C;)
holds if, and only if, C; C T, C Cjy1.
(5) Let C € Sp,(D\{ {Or} }. If m > 1, then oy k,m(C) does’nt hold. If m = 0 then it holds.
In the case m = 1 it holds if, and only if, p**! divides n and T, C C.

Proof. (1) Let € T\{Or} and p be a prime.

Assume that € I',,. Then B(z) C T',. Hence 4,(x) = {Or}. By (a) of Lemma 4.10 we have
F,(xz) =0. If T') C C for some convex subgroup C, then by Lemma 4.8 C//T',, is not p-divisible, so
C is not p-regular. Hence C'/A,(z) = C/{Or} is not p-regular. Therefore, B,(z) =T',.
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Assume that « ¢ I'y. Then, I', C B(x). The group B(x)/C is p-regular if, and only if, for every
C’ such that C C C’ € B(xz), the group (B(x)/C) / (C'/C) is p-divisible, i.e. B(x)/C’ is p-divisible.
By Lemma 4.8, this is equivalent to I', C C”. It follows that A,(z) = T'p, and B,(z) = T'. We
deduce from (b) of Lemma 4.10 that A,,(z) is equal to the maximum of the I',, such that z ¢ T',,,
1 <4 <k (or to {Op} if the preceding set is empty).

Assume that z = pda’, where 2’ ¢ p; T, and let r be a positive integer. By (a) of Lemma 4.10,
[y, C Fpr(z') C Apr(a’) = Ty, Hence Fyr(2') = I'p,. If pj divides z, then, by (a) of Lemma
4.10, Fpr ( ) = 0. Now, assume that p! doesn’t divide z (i.e. r > d). By (c) of Lemma 4.10,
Fyr(z) = Fyr-a d( 92') = Fpr—a(2') = T),. Therefore, if z ¢ nT, then, by (c) of Lemma 4.10,
F,(z) = maX{F .0 1<i<k, p;*tz}. Hence Sp,(I') ={Tp, : 1 <i<Ek}U{{0r}}, that we
can write as { {Or} = C; € C3 € -+ C C;}. The hypothesis [p]T" = p, for every prime, implies that
I, #T. SoT ¢ Sp,(I), for convenience we let Cjq =T

We let C; = Ap(z). Since Cj is the maximum of the I'p, such that ¢ T'p,, 1 < ¢ < k (or
to {Or} if the preceding set is empty), we have x € C;11\C;. Let C, C’ be convex subgroups
such that C; C C C €', and ¢ € {1,...,k}. By Lemma 4.8, C'/C is p;-divisible if, and only if,
either I',, C C or C" CT'y,,. Hence C'/C} is p;-regular if, and only if, either I'; C C; or C" C T'y,.
Consequently, C’/C} is n-regular if, and only if, C’ C C}1;. Therefore, B, (z) = Cj41. This proves

(1).

(2) Predicates A and F. Since 0 ¢ Sp, (T'), it follows from (1) that A(C), F(C’) hold if, and
only if, C' and C’ belong to {I',,,...,T,, }. By (a) of Lemma 4.10, if there exists = such that
An(x) = C and F,(xz) = €', then C' C C. In order to prove the converse, we assume that
r,, €---cly,_, Ty, =---=Tp,CTp,, €---CTp, and C =T, we denote by B the set
By, (z) for any € I" such that A (z) = C (this is equivalent to B =T, ift <k and to B =T"if
t = k). By the definition of the sets Iy, for ¢ € {1,...,t} there exists an element x; € B\T',, = B\C
which is not divisible by p;. We let © = po---psx1 + p1p3 - psxo + -+ p1 -+ Pe—12¢. Then x is
not divisible by any of p1,...,p;. In particular, x € B\C. Hence A, (z) = C and F,(x) = C. The
element pl° - - - p;'x belongs to B\C. Hence A, (p}° ---pi*x) = C, and F,(py ---pi'x) =T, ;. In
the same way, by multiplying by the other p;*’s, i < s, we get elements y; such A, (y;) = C and
Fo(yi) =Ty,

(3) Predicate Dk. If C is not the maximum of the groups I',, then Dk(C) does not hold
(Corollary 4.9). Assume that C' is the maximum of the I',’s. For every « € T such that C' = A, (x),
x does not belong to any I',. Therefore, B, (z) =T.

(4) Predicates B, m(Cj). Let € T' such that C; = An(:r) (ie. z € Cj11\Cj). If Cp(z) is
not p-divisible, then, [p]C,(z) = p. Hence, for every r, dim(p"C, (z)/p" T Cy(z)) = 1. Otherwise,
dim(p"Cy, (z)/p" 1 Cp(z)) = 0. It follows that if m > 2, then 8, ,,,(C;) does not hold and if m = 0,
then it holds. If m = 1, then $,1(C;) holds if, and only if, Cy,(z) is not p divisible. By Lemma
4.8, Cp(x) is not p- d1v1s1ble if, and only if, A,(x) CT), € B, (z), that is, C; C Ty, C Ciyq

(5) Predicates ap k,m(C). We let z € T such that An(x) = C. We assume that I';, C --- C
Iy, ,Cly, =--=T), CTp,,, €--- CT)p, and F,(z) =T, . By (1), for i > ¢, p;* divides z,
and there is some i € {s .,t} such that p;* doesn’t divide z. Let y € I'. Then F,(y) C F,(x)
if, and only if, for every ¢ 2 s, p;* divides y. We let ny = p,ii' -+ pj* and ng = ple -+~ p;*. Then
{yeTl : F,(y) € Fn(z)} = ninal. In the same way, {y €T : F,(y) C Fn(x)} =nT.

So F¥(x) = niI'/ninel. Let yg € niI\ninaol', p be a prime, d be the greatest integer such
that p? divides 7, and k be a positive integer. Then pFyy € ninsI if, and only if, there is
i €{s,...,t} such that p = p;, k > r; —d, and for i’ # i in {s,...,t}, p;/' divides y. Consequently,
if p & {ps,...,pt}, then F*(z) doesn’t contain any nontrivial p-torsion element. If this holds, then
dim (Tor, (5 F; () Tor, (9P (x))) = 0.

Assume that p = p; with ¢ € {s,...,t}. Then Tor,, (F;(z)) = (m 2

F) / (ninol), and

Tory, (0 1)) = (122, r) / (mna).

Hence dim(Tor,, (F; (z ))/Torpl (piFr(x))) =1.
More generally, if & < r;, then dlm(Torpl( R (2 ))/ Tor,, (p; 'HF*( ))) =1.
If k > r;, then both of Tor,, (pFF(z)) and Tor,, (p} ™ F*(x)) are trivial, hence
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dim(Tor,, (p} F; (x))/Tor,, (pi ' i (x))) = 0.

By (1), Fy(x) can be any element of Sp,(I') which is a subgroup of C, i.e. any I',, where
ie{l,...,k}and T, C C. O

Now, Proposition 4.7 follows from Proposition 4.11.

4.4. Theories of torsion-free divisible abelian cyclically ordered groups. Let (G, R) be
a cyclically ordered group. It follows from Theorems 4.5 and 4.6 that determining the first-order
theory of (uw(G), z¢) is also equivalent to determining Sp,(uw(G))’s and the type of zg. So,
Frangois Lucas proved that if G is torsion-free and divisible, then the type of z¢ is determined by
the Sp, (uw(G))’s and the functions fg ,. Our approach here is more explicit and we give the links
with the theory of (G, R). We first state a lemma.

Lemma 4.12. (Lucas) Let (G, R) be a nonlinear divisible cyclically ordered abelian group. If
Cn(zg) is discrete, then it is not archimedean.

Proof. Since zg is cofinal in (uw(G),<g) and zg € B(zg) € Bn(z¢), it follows that B,(zg) =
uw(G). Hence, the condition “Cy,(z¢) archimedean” is equivalent to A, (zg) = A(zg) = U(G)uw-
Hence C,(zg) = uw(G)/I(G)yw- Since (G, R) is nonlinear, we have U(G) # {1}. Now, (G, R)
is divisible, hence U(G) is divisible. In particular it is infinite, so it is dense. By Lemma 2.4,
uw (G) /1(Q) ey is dense. O

Proposition 4.13. Let (G, R) be a torsion-free divisible nonlinear cyclically ordered abelian group.
The spines of Schmitt of (uw(G), <gr) are determined by CD(G).

Proof. Tt follows from Lemma 2.1 that, for every prime p, [pjuw(G) = p. Since I(G)y., is the greatest
convex subgroup of uw(G) and this group is not p-divisible, we have uw(G), C I(G)yw. Therefore
uw(G)p = (Hp)uw. Hence By Proposition 4.7, the spines of (uw(G), <g) are determined by the
set of (Hp)uw’s, and if this set admits a maximal element (H,)y.w, the property uw(G)/(Hp)uw
being discrete or dense. The preordered subset of the (H),)yuw’s and CD(G) are isomorphic, and
uw(G)/(Hp)uw is discrete if, and only if, G/H, is (Remark 4.1), and this is first-order definable
(Lemma 4.3 (3)).

By Lemma 4.3 (2), H, € H, depends on the first-order theory of (G, R), hence the same holds
for the predicate <g of Sp,(uw(G). O

Lemma 4.14. Let (G, R) be a torsion-free nonlinear cyclically ordered divisible abelian group and
p be a prime such that G/H, is discrete. Then for every & € I(G)yw such that the class x+ (Hp)yw
is the smallest positive element of uw(G)/(Hp)uw and every r € N\{0}, there exists y € uw(G)
such that p"y = x + fap(r)zg. Furthermore, if there exists y' € uw(G) and k € Z such that
p"Yy =z + kzg, then k is congruent to fa ,(r) modulo p”.

Proof. Let » € N\{0} and = € I(G)yw such that the class z + (Hp)yw is the smallest positive
element of uw(G)/(Hp)uw. Since G is divisible, its unwound uw(G) is divisible modulo (zg).
Hence there exists ¢y € uw(G) and an integer k such that p"y’ = z + kzg. Let k = p"k + k",
with k” € {0,...,p" — 1} be the euclidean division, and y =y’ — k’2¢. Then p"y = x + k" 2. Let

2ifg p (r)m
—_—

h =7 and g = Z. Then g = p”"h, hence, by the definition of fg,(r), we have U(h) =e™ »
1 k" vz ik
In the divisible hull of uw(G), we have y = —x + —2g. Hence U(h) =U <T2G> e
p p p
Consequently, k" = fg ,(r), and k is congruent to fg ,(r) modulo p”. O

The proof of the following theorem is similar to that of an analogous Lucas result, but much
read in detail here.

Theorem 4.15. Let (G, R) be a divisible nonlinear cyclically ordered abelian group. If every
G/H, is dense, then the type of za in the language of Schmitt is entirely determined by CD(G).
Otherwise, it is entirely determined by CD(G) and the mappings fa p,, where H, is the mazimum
of the set {H, : q prime}.
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Proof. Let ¥(Z) be a formula in the language of ordered groups. By Theorem 4.6, there exist an
integer n, a formula ¢q(X1,..., Xk, Y1,...,Y%) in the language Sp,, some terms ty,...,t; with
variables Z and a quantifier-free formula ¢1(Z) in the language defined before Theorem 4.6 such
that for every abelian ordered group (I', <) and every z in T’ we have (I', <) = ¥(Z) if, and only
if

3

Spn(T) = @o(An(t1(2)), .., An(te(x)), Fu(t(2)), . .., Fa(te(x)))) and (T, <) f= o1(2).

The only terms with variable zg look like azg, where o € Z\{0}. Set t1(2¢) = a1 za, - .., tk(za) =
arzg. Let (n, ;) be the ged of n and ;. By (1) of Proposition 4.11, we have A, («;2¢) = An(2a).
By (c) of Lemma 4.10, F,(a;zg) = F(nir;) (ﬁz@) =F
as

— (z¢). Therefore, po can be written

F(nyzk) (Zg)) .

Since z¢ is cofinal in uw(G), it follows from (1) of Proposition 4.11 that A, (zg) is the greatest
(Hp)uw such that p divides n. Now, since G is torsion-free, by Corollary 2.9, z¢ is not divisible
by any integer. Hence by (1) of Proposition 4.11 F_»__(z¢) is the greatest (H),)yuw such that p

(n,o;)

%o (An(zG),F o (26)s .-

(n,aq)

divides 7(nna )’ So all these subsets are determined by the preordered set of the (Hp)yw's.

Now, we look at the quantifier-free formula ¢4 (z¢) in the language (0, 4+, <gr, My &, Dp.ri, Ep.ri)s
where n, k, r, i belong to N and p is a prime.

(1) The formulas which contain only the symbols 0, +, <p can be seen as formulas of Z. Hence
they do not depend on z¢ (for example, azg >g (0,04) is equivalent to a > 0).

(2) By Lemma 4.12, if C,,(z¢) is discrete, then it is not archimedean. Since the class of zg is
cofinal, zg + A, (2¢) does not belong to the smallest convex subgroup of C,,(G) (which contains
the smallest positive element). Hence M, 1 (k'z¢) nether holds.

(3) Predicates D, ,;(czq). Since zg is not divisible by any integer, zg ¢ puw(G), and azg €
pruw(G) & « € p"Z. Assume that o ¢ p"Z, say o = p°a/, with 0 < s < r and (o/,p) = 1. By (c)
of Lemma 4.10, F,r(azg) = Fyr—<(2¢). By (1) of Proposition 4.11, F,-—«(2¢) = (Hp)uw. Hence
Fpr(x) € Fpr(2g) = Fpr(x) =0, 1e. x € pruw(G). Let z € p"uw(G). For i < r we have:

azg —r € puw(G) & azg € p'uw(G) & a € p'Z & i < s,

which does not depend on (G, R).
If this holds, then by (1) of Proposition 4.11 we have

F, (ap> — 0 or Fyr (ac;) (H) .

In any case, Fr LZC;Z,_ x) C Fpr(2a)- So, Dy ,i(azg) holds.

Therefore, the formula D,, , ;(azg) is determined by CD(G).

(4) Predicates E, , x(azqg) (there exists some x € uw(G) such that A, () = Fpr(azg), Cpr(x)
is discrete, the class of z is the smallest positive element, and F,r(azg — kx) C Fyr(azg)). By
Corollary 4.9, if Cyr(z) is discrete, then Byr(z) = uw(G) and Apr(z) is the maximum of the set
of all the (Hp)yw’s. This is determined by CD(G) and the set of all primes p such that G/H, is
discrete.

We assume that uw(G)/(Hp)uw is discrete. We let « with class in the smallest positive element.

If azg € p"uw(G), then we already saw that Fyr(azg) = 0. It follows that E, ;. ,(azg) doesn’t
hold, since the sets A,-(z) are nonempty. This is determined by CD(G).

Otherwise, we have Fpr (azg) = (Hp)uw, and the last condition is equivalent to Fjr (azg —kz) =
(). This in turn is equivalent to azg — kx € p"uw(G). By Lemma 4.14, there exists y € uw(G)
such that p"y = x + fq p(r)zg. Since z¢ is not divisible, we have:

azg —kx € p'uw(G) © azg — kfp(r)ze € puw(GQ) © a—kfc,(r) € p'Z,
which is entirely determined by the function fg p. O

Now, Theorem 2 follows from Proposition 4.4 and Theorem 4.15.
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4.5. Cyclic orders on the additive group Q of rational numbers. We describe the cyclic
orders on QQ, we deduce a characterization of the families of functions fg ,, and we prove Theorem
3. Note that there is only one linear order on Q.

The description of the cyclic orders on Q will give rise to the characterization of all functions
fa,p because of the following proposition.

Proposition 4.16. ([13, Proposition 4.38]) Let (G, R) be an abelian cyclically ordered group which
is not c-archimedean. Then (G, R) is discrete and divisible if, and only if, there exists a discrete
cyclic order R’ on the group Q such that (Q, R') is an elementary substructure of (G, R).

Note that in the statement of [13, Proposition 4.38] the word “c-regular” is redundant, since by
Proposition 2.14 every discrete divisible abelian cyclically ordered group is c-regular.
The description of the cyclic orders on QQ is based on the following mappings.

Fact 4.17. For every prime number p, let f, be a mapping from N in {0,...,p — 1}. Then one
can define in a unique way a mapping from N\{0} to N in the following way. Set f(1) =0. Forp
prime and r € N\{0}, f(p") = fo(1) +pfp(2) + -+ 0" fp(r). Forn=p*---pi* withry,... g
in N\{0}, let f(n) be the unique integer in {0, ..., n—1} which is congruent to every f (p;") modulo
p;* (the existence of f(n) follows from the Chinese remainder theorem,).

Proposition 4.18. Let R be a ternary relation on Q. Then R is a cyclic order if, and only if,
there exist mapping from N\{0} to N, defined as in Fact /.17, 6 € [0,27[ and a non-negative a € R
such that (Q, R) is c-isomorphic to the subgroup of the lexicographic product U?Q generated by

{(exp (ZMTJ:(”)”) Z) ne N\{O}}.

The proof of this proposition consists of Lemmas 4.19, 4.20, 4.21, 4.22.

Lemma 4.19. (Lucas) Let R be a nonlinear cyclic order on Q. The cyclically ordered group (Q, R)
embeds in the lexicographic product U X Q.

Proof. By [21, p. 161], there is a linearly ordered group L such that (Q, R) embeds in the lexi-
cographic product UXL. Let z s (¢1(x), p2(x)) be this embedding. Then ¢ and @9 are group
isomorphisms. It follows that they are Q-linear. In particular, the image of ¢y is Q-¢2(1). So
either Q-2 (1) is trivial, or it is isomorphic to Q. In any case (Q, R) embeds in U?Q. O

Lemma 4.20. Let G be a subgroup of U?Q which is isomorphic to Q in the language of groups.
There exist § e R, 0 < a € Q, witha=0=0 ¢ Q-m, such that G is generated by

{(exp (ZW) Z) ‘ne N\{O}},

where f is a mapping from N\{0} in N which satisfies:

(*) for every n € N\{0}, f(n) € {0,...,n —1},
(**) for every m, n in N\{0}, f(n) is the remainder of the euclidean division of f(mn) by n.

Proof. Let  — (p1(x), p2(x)) be the group isomorphism between Q and G. We pick an xg # 0 in
Q and we let (exp(if), a) = (¢1(x0), v2(z0)). Then G is generated by the set

(1 (2) 22 (2)) + nem)

Now, g (£2) = £, and there exists a unique f(n) € {0,...,n — 1} such that

x O+2f(n)m
o (2) - 22202)
Consequently, f satisfies (*).

If a < 0, then we can take —z( instead of x, so we can assume that a > 0. Now, G is torsion-free,
so if @ = 0, then, for every m € Z\{0} and every n € N\{0}, exp (im%) # 1. This implies

that 6 ¢ Q-w. Conversely, if a # 0 or 8 ¢ Q-, then (exp (im%) ma) =(1,0)=m=0.

'n
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Let m, n in N\{0}. Then ¢, (%‘)) = My, (%) Hence 6+2{L(n)ﬂ — m9+2{75;"n)ﬂ € 2n7Z. So
f(n) — f(mn) € nZ, where 0 < f(n) < n and 0 < f(mn) < mn. Hence f(n) is the remainder of

the euclidean division of f(mn) by n. This proves that f satisfies (**). O

Lemma 4.21. For every e R, 0 < a € Q, witha =0= 0 ¢ Q-7, and every mapping [ from
N\{0} in N which satisfies (*) and (**), the set

G = {(exp (szmf(m”) : :a) . meZ, ne N\{O}}

n
is a subgroup of U?(@, which is isomorphic to Q in the language of groups.

Proof. Let m, m' in Z, n, n’ in N\{0} be such that

( ( 9+2f(n)7r> m ) ( ( ,9+2f(n’)7r) m’ )
exp | im————— ], —a | = |exp [ im' ——F—— |, —a .
n n n n

Then (2 - 2) g+2 (™l — 2000 7w € 977 and (2 - 2 ) a=0. Ifa 0, then 2 = 2. If

a = 0, then by hypothesis 6 ¢ Qn. Hence (% - %) 0=0,and 2 = 2.
Therefore, there is a one-to-one mapping between Q and G: for m € Z and n € N\{0},

m ( ( 0+2f(n)7r> m )
%) (—) =|exp|im—————— ), —a.
n n n
m m  mn +m'n
Since — + — = ——————, to prove that ¢ is an isomorphism in the language of groups, it
non

(mn’ +m/n) f(nn') mn' f(n) +m/nf(n’)
nn'

!/
By (**), the euclidean divisions of f(nn’) by n and by n’ can be written as f(nn') = gn + f(n)
and f(nn') = ¢'n’ + f(n'). Therefore

suffices to prove that -27 is congruent to -2m modulo 2.

S g (0) (o)) (mg ') g
(mn'4+m/n) f(nn’

nn’ ) 2T — 2(mq + m/q/)77~

It _fg)llows that ¢ is an isomorphism in the language of groups, and so its image G is a subgroup of
UXQ. O

Lemma 4.22. There is a one-to-one correspondence between the set of mappings from N\{0} in N
which satisfies (*) and (**), and the set of families {f, : p a prime}, where the f,’s are mappings
from N\{0} to {0,...,p—1}.

Proof. For every prime number p, let f, be a mapping from N in {0,...,p — 1}, and let f be
the mapping defined in Fact 4.17. Then f satisfies (*). Let m = pi*---p,* and n = pi* ---pp*
(where one of r; or s; can be equal to 0). We let ¢ € {1,...k}. By the construction of f (p?”“si)
and f (p;*), it follows that p;* divides f (p:i“i) — f(pi*). Now, since f (p:iJrSi) is congruent to
f(mn) modulo p/**% and f (p{*) is congruent to f(n) modulo pi*, we deduce that f(mn)— f(n) is
congruent to f (pf’*si) — f(p;") modulo p;*. Therefore p;* divides f(mn) — f(n). Consequently,
n divides f(mn) — f(n). Since f(n) < n, we conclude that f(n) is the remainder of the euclidean
division of f(mn) by n. This proves that f satisfies (**).

Conversely, let f be a mapping from N\{0} in N which satisfies (*) and (**). For every prime

T r—1

p we set fp(1) = f(p), and for r € N\{0} we set f,(r) = fw) =1 ) By (**), fp(r) is an

r—1

integer (it is the quotient of the euclidean division of f(p") by p"~!). Now, f(p") < p", hence

f@) -
r—1

oo+ p " fp(r). We show that f (p}---p;*) is the unique integer in {0,...,p}* -+ pi* — 1} which

is congruent to every f (p;’) modulo p;*. Since 0 < f (pi* ---pF) < pi*---py¥, it suffices to prove

that every p;* divides f (pi* ---p.*) — f (p;*). Now, this follows from (**). O

< p, so it belongs to {0,...,p — 1}. By construction, f (p") = fp(1) + pfp(2) +
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Remark 4.23. Let (G,R) be a cyclically ordered group and p be a prime such that G/H), is
discrete. By Lemma 2.16, for every positive integers m, n, fa.,(n) is the remainder of the euclidean
division of fa p,(m+n) by p" and p doesn’t divide fg p(n). Hence in the same way as in the proof
of Lemma 4.21 there is a function f, : N\{0} — {0,...,p — 1} such that for every n € N\{0},
fap(n) = fp(1) +pfp(2) + -+ 0" fp(n). Since p doesn’t divide fc,(n), we have f,(1) # 0.

Note that the linear part of the cyclically ordered group U?Q is {1}?@, S0 U(U?Q) is
isomorphic to U. The unwound of U?Q is isomorphic to R?Q The convex subgroups of this
unwound are {(0,0)}, {0}?@, which is isomorphic to l(U X Q) uw, and R?Q So, if G is a subgroup
of U?Q, then CD(G) contains at most three elements.

In the following we let G be a nonlinear subgroup of U?@, which is isomorphic to Q in the
language of groups, and § € R, 0 < a € Q, f : N\{0} — N as in Lemma 4.20, and f, (p prime)
be the family of functions defined in Lemma 4.22.

Remark 4.24. If § € Qm, then there is 7 > 0 in Q such that pq (%xo) € 2nZ. So, by taking
Trxo instead of xo in the proof of Lemma 4.20 we can assume that 6 = 0.

Proposition 4.25. The cyclically ordered group G is i—)archimedean if, and only if, 0 ¢ Qn. If
this hods, then it is c-isomorphic to a subgroup G’ of UXQ such that ¢’ =6, f' = f and o’ = 0.

2 2
Proof. Assume that 6 ¢ Q-m. Then, exp (zmw> =le mw € 2nZ. This
0+2f(n)m
n

Hence I(G) = {(1,0)} and (G, R) is c-archimedean. Since it is infinite, it is dense.

Assume that 0 € Q-7. Recall that this implies a > 0. By Remark 4.24 we can assume that
6 = 0. Then I(G) contains the (1, ™%)’s where mf( ") ¢ 7. In particular, I(G) #{(1,0)}, s0 G is
not c-archimedean.

Now, assume that § ¢ Qm and let G’ be the subgroup of U?{O} generated by the set

{0 (5):0)  memon)

Then ¢’ = 6 and f' = f. We proved above that ¢; is one-to-one, hence the groups G and
G’ are isomorphic. Furthermore, since both of 1 and @2 are one-to-one, for any x; x5 in Q
we have (p1(z1), p2(x1)) # (p1(x2),02(x2)) & x1 # z2. Now, let x1, x2, x5 in Q such that
(p1(x1), p2(21)) # (p1(22), p2(w2)) # (P1(23), p2(w3)) # (P1(21), p2(21)). This equivalent to
p1(1) # @1(2) # @1(23) # @1(21). Hence R((p1(21), ¢2(21)), (p1(22), 92(22)), (1(23), ¢2(23)))
holds in UXQ if, and only if, R(p1(x1),¢1(22),1(x3)) hods in U. Therefore, G and G’ are c-
isomorphic. O

implies mf € Qm, hence m = 0. It follows that exp <zm =1 if, and only if, m = 0.

By [10, Lemma 5.1, Theorem 5.3], there is one and only one c-embedding of each c-archimedean
cyclically ordered group in U. Hence if Q% N Q‘% = (), then (G,R) and (G',R’) are not c-
isomorphic. Hence there are 2%° non isomorphic c-archimedean cyclic orders on Q. Now, since
any c-archimedean cyclically ordered group is c-regular, by Theorem 2.12, all c-archimedean dense
torsion-free divisible abelian cyclically ordered groups are elementarily equivalent.

Now, we turn to the non-c-archimedean case. By Lemma 4.20 and Remark 4.24 we can assume
that # = 0 and a > 0.

Lemma 4.26. Assume that G is not c-archimedean, and let p be a prime. Then H, = I(G) if,
and only if, fp is the 0 mapping. Otherwise, H, = {(1,0)}.

Proof. Saying that H,, = I(G) is equivalent to saying that I[(G) is a p-divisible group. This is turn
is equivalent to saying that for every r» € N the element (1, a) is p"-divisible within I(G), that is,
there is € Q such that exp (zm2f(")”) 1 and p"™a = a. Now, exp (zme(")”) =1 and

pPrla=as T = 17 and exp ( 2/ ) = 1. Since 0 < f(p") < p" — 1, this in turn is equivalent
to I = ]% and f(p") = 0. One can prove by induction that Vr € N\{0} f(p") = 0 is equivalent to
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Vn € N\{0} fp(n) =0.
Since I(G) is isomorphic to Q, its only proper subgroup is {(1,0)}, hence H, # I[(G) & H, =
{(1,0)}. O

Corollary 4.27. For every subset P’ of the set P of primes we can chose f so that, for every
p € P, H, = I(Q), and, for every p € P\P', H, = {(1,0)}. In particular, there are 2%° non
elementarily equivalent dense nonlinear cyclic orders on Q.

Proof. For every p € P’ we let f, be the 0 mapping and for every p € P\P’ we let f, be a function
from N\{0} to {0,...,p — 1} such that f,(1) # 0. We let f be defined in the same way as in
Lemma 4.22. By Lemma 4.26 for every p € P we have H, = [(G) and for every p € P\P’ we have
H, ={(1,0)}.

Therefore, if P’ is nonempty, then there is p such that [(G) is p-divisible, so it it dense. So the
cyclic order is dense. Since there are 2% nonempty subsets of P, by Theorem 2 there 2% pairwise
non elementarily equivalent dense nonlinear cyclic orders on Q. O

The following provides a necessary and sufficient condition for G being discrete.

Proposition 4.28. (1) G is discrete if, and only if, for every prime p the mapping f, is not
the zero mapping and there is only a finite number of primes p such that f,(1) = 0. If this
holds, then we can choose the real number a such that for every prime p we have f,(1) # 0.

(2) Assume that for every prime p we have f,(1) # 0. Then, for every prime p and every
n €N, H, = {0} and f(p") = fap(n).

(8) For every family of functions f, : N \{0} — {0,...,p — 1} with f,(1) # 0 (p prime),
there is a discrete cyclically ordered group isomorphic to Q such that the family of fq p is
constructed as in Remark 4.23. Therefore, there 280 pairwise non elementarily equivalent
discrete cyclic orders on Q.

Proof. (1) Assume that for every prime p we have f,(1) # 0. Since for every prime p we have
fp(1) # 0, the integers f(p) = fp(1) and p are coprime. For every r > 2, f(p") and p are co-
prime, since f(p) is the remainder of the euclidean division of f(p") by p"~!. Let p; < --- < pg

be primes, r1,...,7; be positive integers, and n = pi'---p*. Further, let u, v in Z such that

uf(py') +vp1 =1, and ¢ € N such that f(n) = ¢pi* + f(p}*). Then 1 = uf(n)+p1 (v — qupgl_l).

Therefore f(n) and p; are coprime. The same holds with po, ..., pk, hence f(n) and n are coprime.
2rf(n)

Therefore, if m € 2nZ, then n divides m. Consequently, either L <0, or L >a It

n n
follows that (G, R) is discrete, with smallest positive element (1, a). Conversely, assume that (1,a)

is the smallest element of [(G), and let p be a prime. Since (17 %) < (1,a), I(G) doesn’t contain

the element (1, %) of U?Q. Therefore, eizwi(p) # 1, which is equivalent to f(p) # 0.

Assume that G is discrete. Then for every prime p we have H, = {(1,0)}. By Lemma 4.26, the
functions f, are different from the zero mapping.

Assume that no function f, is the zero mapping, but that there are infinitely many primes p
such that f,(1) = 0. Let n be a positive integer such that (1, %) belongs to the positive cone of
[(G). This is equivalent to f(n) = 0. Indeed, since 0 < f(n) <n —1, W € 2Zn & f(n) = 0.
Now, we let p be a prime which does not divide n and such that f,(1) = 0. Since f(np) is congruent
to f(n) modulo n and to f(p) = f,(1) modulo p, we have f(np) = 0. Hence (1, ;%) € I(G), with
(1,0) < (1,5%5) < (1, 7). Therefore I(G) has no smallest positive element, and I(G) is dense. This
proves that G is dense.

It remains the case where there is only finitely many primes pi,...,pr such that, for i €
{1,...,k}, fp,(1) = 0. Since fp, is not the zero mapping, there is a greatest positive integer
r; such that fp, (r;) = 0. Let p be a prime and n, r be positive integers such that p” divides n.
Since f(p") is the remainder of the euclidean division of f(n) by p", if f(p") # 0, then f(n) # 0.

Set ng = pi* -+ p,*. By construction, we have f(ng) = 0, hence (1, ) € I(G). If ™% is a positive

rational number such that #:¢ < nio, then n > ng. Let n > ng. If the primes which divide n belong
to {p1,...,pk}, then there is i € {1,...,k} such p,’{"“ divides n. Therefore, f(n) # 0. If some p
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not in {p1,...,px} divides n, then f(n) # 0, since f(p) # 0. So (1,™2) ¢ I(G). Consequently,

(1, n—) is the smallest element of I(G). By taking * instead of a, in the same way as above we
0 no

get a new function f such that, for every prime p, f(p) # 0.

(2) By Lemma 4.26, for every prime p we have H,, = {0}. Recall that fc ,(n) is the element of
{1,...,p"—1} such that the element h such that p"h = 1,5, satisfies U(h) = exp (zmeGpprgmﬂ-) )
From the definition of f, we have fg ,(n) = f(p").

(3) We consider a family of functions f, : N\{0} — {0,...,p — 1} with f,(1) # 0 (p prime).
By Lemma 4.22 we can assume that the function f is generated by the family of f,,’s. Hence for
every n € N\{0} f(p") = fa,p(n). Consequently, the family of fg, is constructed as in Remark
4.23. This implies that there are 2% distinct families of functions fg .

Let (G, R), (G',R’) be discrete cyclically ordered groups isomorphic to @ such that for some
prime p we have fg, # fop. Then, by Theorem 2, (G,R) and (G’,R') are not elementarily
equivalent. Hence there are 280 pairwise non elementarily equivalent discrete cyclic orders on

Q. 0

Fact 4.29. Let T be a linearly ordered divisible abelian group and (G, R) be a discrete cyclically
ordered group which is isomorphic to Q. Let (G',R’) be the lexicographic product GXT. Then
(G', R) is not discrete, for every prime p we have H, = {0} xT, G'/H,, ~ G ~ G/H,, is discrete
and farp = fap. Hence, if some family of functions is the family of fa,’s for some discrete
divisible abelian cyclically ordered group, then it is also the family of fa,p’s for some dense one.

Proof of Theorem 3. (1) By [26, Theorem 5.10], T" is cyclically orderable if, and only if T(T")
embeds in T(U) and I'/T'(T") is orderable. By [8, Corollary 5 on p. 36], any abelian torsion-free
group admits a linear order. Now, since T'(T") is divisible, it embeds in T'(U) if, and only if, if either
it is trivial or it is isomorphic to T'(U).

(2) Assume that I' ~ T'(U). By [9, Remark 5.4], every c-archimedean cyclically ordered group
c-embeds in a unique way in U. Hence all cyclic orders on I' are c-isomorphic. We can construct
by induction infinitely many group isomorphisms between T(U) and I'. For every prime p and
positive integer n, we send e2™/P" to any of the p — 1 primitive p-th root of the image of e2im/p" !
in T. So, this gives that 2% isomorphisms between T(U) and I', each one gives rise to a cyclic
order on T

(4) Assume that T' is torsion-free. Hence it is a Q-vector space, and there are two divisible
abelian subgroups IV and I'” such that ' = IV @ T” and IT'” is isomorphic to Q. Recall that any
abelian torsion-free group admits a linear order. Hence we can assume that I' is linearly ordered.
Now, let (G, R) be a cyclically ordered group which is isomorphic to @Q, then I' is isomorphic to
the cyclically ordered group G’ = GXT. Tn the same way as in Fact 4.29, if (G, R) is discretely
cyclically ordered, then for every prime p we have fgr, = fa,. Since there are 2% pairwise
different families of fg ,’s, there are 2% pairwise non elementarily equivalent cyclic orders on T'.

Note that H), = HPQF’ . hence by Corollary 4.27 we can have 2% non isomorphic families of
CD(G"). Hence we can have 2% non pairwise elementarily equivalent nonlinear cyclic orders such
that all the G'/G], are dense.

Above construction is not the only possible. For example, we can also send 1 to e*’, where
0 ¢ 27Z. For 6 and ¢’ which are not congruent modulo 27Z, we get non-c-isomorphic cyclic orders.
So there uncountably many non-isomorphic such cyclic orders. If T' is isomorphic to a countable
product [, o I'n of groups isomorphic to Q, we can take embeddings of the I';,’s in U X Q such that
their images have trivial intersections. Then I is isomorphic to the subgroup of U?@ generated
by these images.

(3) Since I'/T'(T") is abelian torsion-free and divisible, it is a Q-vector space. Furthermore, its
dimension is positive, since I' contains non-torsion elements. We let B be a basis of I'/T(T") and
B’ be a subset of T" such that the restriction of the canonical epimorphism I' — T'/T(T") induces
a one-to-one mapping between B’ and B. Then, the subspace I generated by B’ is a divisible
abelian subgroup of I" which is isomorphic to I'/T(T"). One can check that I' =T & T'(T"). We let
I =T} &T%, where dim(T') = 1 (hence I'y ~ Q). We embed T in U. Since T, N T(T) = {Or},
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this gives rise to a cyclic order on I'y ® T'(T"). So the lexicographic product (I'y & T(F))?I"1 is a
cyclically group which is isomorphic to I'. Now, we can embed I'}, in uncountably many in ways
U so to get non-isomorphic cyclic orders. Hence this gives rise to 2%° non-isomorphic cyclic orders
on I'. Now, since I is divisible and has torsion elements, it is c-divisible (Proposition 2.6). Hence
by Theorem 2.12, all these cyclic orders are elementarily equivalent. O

4.6. The families CD(G). Note that CD(G) induces an equivalence relation on the set of all
primes, where p and ¢ are equivalent if, and only if, H,, = H,. Hence it induces a partition of this
set. This partition is linearly ordered in the following way. We set o < g if, and only if, for p € «
and ¢ € 8 we have H, C H,.

If H, = {0¢} for every prime p, then the partition is trivial; this holds if (G, R) is discrete.

Proposition 4.30. (1) Every linearly ordered partition of the set of all prime numbers is
induced by some CD(G), where (G,R) is a dense divisible abelian nonlinear cyclically
ordered group.

If this chain has a smallest element a1, then we can assume that, for g € an, Hy = {0}
or not. If this partition has a greatest element g, then we can assume that for p € ag we
have H, = l(G), so G/H, is dense.

(2) For every linearly ordered partition A of the set of all prime numbers which has a greatest
element ag and for every family of functions f, from N\{0} to {0,...,p—1} (p € o) with
fp(1) # 0, there is a divisible abelian nonlinear cyclically ordered group (G, R) such that
A is the partition induced by the Hy,’s, for every p € ag G/H, is discrete and for every

p € ap, r € N\{0} we have fg (1) = fp(1) +pfp(2) + - +p "L f(r).

Proof. In Proposition 4.28 we constructed examples where the partition contains only one class,
H, = {0¢} for every prime p, and (G, R) either dense or discrete. In the case where it is discrete, we
also proved that the family of functions fq , can be any family satisfying the required conditions.
Corollary 4.27, gives an example where the partition contains only one class, H, = I(G) for every
prime p. In the following we assume that the partition contains at least two classes.

(1) Let (A, <) be an ordered partition of the set of all primes, which contains at least two classes.
(a) Construction of the unwound (T, z). For a € A we denote by Q,, the subgroup of Q generated
1
by { cpda, ne N}. The group Q,, is p divisible if, and only if, p ¢ «, and if p € «, then 1
pTL

is not p-divisible. For every prime p we let a(p) denote the unique o € A such that p € «.
We denote by [[acaQq the additive group ], ., Qo together with the inverse lexicographic

order. The nontrivial convex subgroups of |[ocaQ. have the form

— P
HaEz‘h Qa X HueAz {0}7

where A; < A, is an ordered partition of A. Now, such a group is p divisible if, and only if,
a(p) € Az. So the family of maximal p-divisible convex subgroups of | [ac4Q4 induces the ordered
partition (A4, <).

Let z = (24)aeca be the element of ﬁaeAQa such that for every a we have z, = 1. Let ag € A.
The element © = (4)aca such that z,, = 1 and, for o # ag, £ = 0 is denoted by 1.

The support of an element x = (x4)aca is the set of @ € A such that z, # 0 (the support of 0
is 0).

For a € A, we let A, be the subroup of elements x of ﬁaeAQa such that for every o/ # a we
have x4 = 0. Then ) 4 A, is the subgroup of all elements of [ 4 Qn with finite support. We

1
denote by I'y the subgroup generated by z and the o (2 — La(p))’s, where p is prime, n € N\{0}.

Weset I' =T + Z A,. Note that z is cofinal in I'. We show that it is not divisible by any prime.
acA

The group ), .4 Aa is generated by the %la’s, where, for p € «, the integers p and m are
1

coprime. So, if x = %104(;7), then the denominator of x ) is not divisible by p. If x = r (z=1a@)),
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then z,,) =0, and 7, = pi for @ # a(p). Now, the group I is generated by z, the pi(z —lagp))’s
and the %la’s, where m and p are coprime. Hence, for any x € I' and p prime, if = 0, then

its denominator is not divisible by p. In particular, z is not divisible by any prime.

a(p)

(b) We let G =T'/(z). This group is torsion-free, since z is not divisible by any prime. We show
that the cyclically ordered group G is nonlinear. We saw after the definition of the wound-round
(Subsection 2.1) that if G is linearly cyclically ordered, then it is isomorphic to (Z X G)/{(1,0¢)),
where X denotes the lexicographic product of linearly ordered groups. By uniqueness of the
unwound it follows that G is linearly cyclically ordered if, and only if, ' is order isomorphic to
ZRUG) ww, where 1(G)uw is the greatest proper convex subgroup of T. Therefore, G is linearly
ordered if, and only if, for every cofinal x € I' there exists a positive integer n such that z — nz
belongs to the greatest proper convex subgroup of I'. If A is infinite, then the greatest convex
subgroup of I is ) © . , A,. For every prime p, %(2 — 1a(p)) is cofinal in I'. Now, for every positive
integer n, %(z— la(p)) —nz does not belong to ) | - 4 Aq, since it has an infinite support. Therefore
G is nonlinear. If A is finite, then it has a greatest element ag. Then I' = . 4 Ao and its greatest
convex subgroup is @a?éao A,. We let p be a prime not in «ag. So %(z — la(p)) is cofinal in T..
Now, for every positive integer n, %(z — la(p)) — nz does not belong to P, ,,, Aa. Consequently,
G is nonlinear.

(¢) We show that G is divisible by proving that for every prime p and every n € N\{0}, each
generator of I is divisible by 1% modulo (z). We start with %1(1 where, for every p € a, m and p

are coprime. Clearly, if p ¢ a, then %104 is divisible by p™. Assume that p € a. We have

1y = p" <1a+(p"1)1n(zla)>+(1p")z

p
Therefore 1, is divisible by p™ modulo (z). Now, since m and p™ are coprime, there exist integers u

1
and v such that up” +vm = 1. Then —1, = vl, +p”gla. Hence %1a is divisible by p™ modulo
m m
&5 1 1 1
We turn to P (z — a(q)) If p = q, then P (z — la(q)) = p"m (z — 1a(p)). Assume that
p, q are coprime and let u, v be integers such that up™ 4+ vg™ = 1. Then,

n( U v
p <qm (2 = Llagg) + o (2 — 1a<p>)> +0(lap) — lag) =

1
= v
T ((up™ 4+ vq

m

' m 1 m m
)z = up™Lagg) — v4" L)) + g (v4™ La@) = v4™ Lag) =
1 1
m (up + vg ) (Z - la(q)) = qm (Z - 1a(q))'

Since 14(,) and 1,(4) are divisible by p™ modulo (z), this proves that qim(z — la(q)) is divisible
by p™ modulo (z).
Since the unwound T" of G is dense, G is dense.

(d) Now, we look at the subgroups (Hp)yw of I'. Since T is a subgroup of ﬁaeAQa, (Hp)uw is
the set of x € I such that a > a(p) = x4 = 0.

Since CD(G) is isomorphic to the preordered family {{(0,0¢)}, ww(G), (Hp)uw : p prime }, it
defines the ordered partition A.

(e) If the partition has a smallest element a1, then for p € @ we have H, = {0¢}. Then we can
take the lexicographical product G’ = e Q. The partition is the same, but it contains a divisible
c-convex proper subgroup. Hence for every prime p, H), # {0}.

If the partition has no greatest element, then every G/H, is dense, since there is no maximal
H,,. Assume that the partition has a greatest element cg. Then, for p € o the greatest p-divisible
convex subgroup of I' is equal to the subset of elements x such that x,, = 0. Now, this is also the
greatest convex subgroup of I', and we know that it is isomorphic to {(G). Therefore, H, = l[(G),
hence G/H, ~ U(G) is divisible, so it is dense.



26 G. LELOUP

(2) Let A be a linearly ordered partition of the set of all prime numbers which has a greatest
element ap and a family of functions f, from N\{0} to {0,...,p — 1} (p € ap) with f,(1) # 0.
For every prime p ¢ «g, we set f,(1) = 1, and for every r > 1 we set f,(r) = 0. We let f be
the function defined in the same way as in the proof of Lemma 4.22. Denote by Gy the cyclically

ordered group
{(exp (zme(:)ﬂ-) ,ZZ) :meZ, ne N\{O}}

defined in Lemma 4.21. By Proposition 4.28, G is discrete. By Proposition 4.25, it is not c-
arcimedean. Since it embeds in U X Q, its linear part is isomorphic to a discrete subgroup of Q.
Hence I(Gy) ~ Z.

(a) Construction of the unwound. We embed the group uw(Gy) in its divisible closure, and
we let A[, be the subgroup generated by uw(Go) and the p%zGO’s, where p ¢ «q is a prime and
n € N\{0}. The greatest convex subgroup {(Gg)yw of uw(Gy) is isomorphic to I(Gy), so to Z. Now,
2g, does not belong to this subgroup. Hence the greatest convex subgroup of A, is isomorphic

to Z. It follows that A, is discrete. We take ﬁaGA\{aO}Qa<;Alaoa instead of ﬁaeAQa.

For every a € A, we let A, the subgroup of elements z such that z,, = 0 for every o’ # a. If
o # ap, then 1, is defined as in the first part of this proof. We let 1,, be the element = such that
a # ag implies z, = 0, and o, = 2g,. We have Ay, ~ A, and, for a # ag, Ay ~ Qa.-

Let z = (2a)aca the element such that for every o # o we have z, = 1, and z,, = 2¢,. Note

that in A/, , the element 2, is not divisible by any p € ay, and it is divisible by every p" such that
1

p ¢ o, and n € N\{0}. We denote by T'y the subgroup generated by z and the — (z — 14())’s,
pn

where p is prime, n € N\{0}, and «a(p) denotes the unique o € A such that p € a(p). We set
F=To+ > Aa.

a€cA

(b) Since z is cofinal in T, we can consider the cyclically ordered group G =TI'/(z). In the same
way as in (1) (b), G is nonlinear. We show that G is torsion-free and divisible.

In the same way as in (1) (a), z is not divisible by any integer in I'; so G is torsion-free.
Furthermore, for o € A, the elements %1,1 and qi(z — 1a(q)) are divisible by every pi modulo
(z). In order to prove that G is divisible, it remains to look at the elements of A,,. Note that
A, is generated by the %1% (where the ged of m and every p € ag is 1) and the elements x such
that z,, € uw(Gp) and for o # ap we have x, = 0. So it is sufficient to focus on those x. Since
uw(G)) is divisible modulo (zq,), there is y € A,, and k € Z such that p" Yo, = Ta, +kzg,. Then
Py =x + k-1,,. Since 1,, is divisible by p™ modulo (z), so is x.

(c) We look at the maximal p-divisible convex subgroups I'y, of I'. If p ¢ «q, then they are
constructed in the same way as in (1). If p € ap, then in the same way as in (1) we see that

r,orn ﬁae\{ao}Qay{OG} We prove that this inclusion is an equality. Since Gg is not
c-archimedean, uw(Gp) is not archimedean. Since zg, is cofinal in uw(Gy), so are the #ZGO.
Therefore, the greatest proper convex subgroup of A, is I[(Go)uw, Which is isomorphic to Z. It

follows that the greatest proper convex subgroup of I" is I' N ae\{ao}Qa<;l(GO)uw7 and there is

no convex subgroup between I' N ﬁae\{ao}Qai{Og} and I'N ae\{ao}Qa<;l(GO)uw~ Since 1(Gp)
is discrete, the greatest proper convex subgroup is not divisible by any prime. So above inequality
is an equality.

(d) Now, I' = uw(G), hence the greatest proper convex subgroup I(G)y,, of I' is isomorphic to
[(G). Consequently, the partition induced by G on the set of prime numbers is A. Let p € «p,
q ¢ ap and n € N\{0}. Then p%(z —14,) €T, and q%(z —lag) — q%-lao €T,. Clearly, z and the
elements of Z A, are congruent modulo I', to an element of A, . It follows that every element

acA
of T is congruent modulo T, to an element of A,,. Therefore, I'/T', ~ A[, " is discrete.

(e) Finally, we turn to the functions fg ,, where p € ap. By the definition of the group Gy, we
have fg,p = fp. Let x be the element of A,, such that z, is the smallest positive element of
Al,,- Then the class x + T, is the smallest positive element of T'/T",. Let » € N\{0}. By Lemma
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4.14 there is ¥’ € uw(Gy) such that zo, = p"y' + fp(r)2¢,. We denote by y the element of Ay,
such that yo, =y'. Then z = p"y + f,(r)la,. So z =p"y — fp(r)(z — 1la,) + fp(r)z. Since p € ayg,
t= 1%(2 — 14,) belongs to I'. Therefore x = p™(y — fp(r)t) + fp(r)z. By Lemma 4.14 again, this
shows that fj,(r) is congruent to fg () modulo p”. Now, since both of f,(r) and fg ,(r) belong
to {0,...,p" — 1}, we have f,(r) = fg p(r). This proves that the function fg , is equal to f,. O

5. CYCLICALLY MINIMAL CYCLICALLY ORDERED GROUPS.

In the case of real numbers, each definable subset is a finite union of intervals, it is definable by
a quantifier-free formula in the language of order. The general study of linearly ordered algebraic
structures having such a property has been done by A. Pillay and C. Steinhorn as o-minimal
structures ([15]). Afterwards M. Dickmann introduced the notion of weakly o-minimal structures
([7])- In a very large context D. Macpherson and S. Steinhorn looked at analogues ([14]). In the
case of cyclically ordered structures the analogue is the notion of cyclically minimal structures.
They proved that a cyclically ordered group (G, R) is cyclically minimal if, and only if, it is abelian
and its unwound is divisible. Lucas proved independently this theorem. He deduced from Section 3
that this condition is sufficient. He proved the converse in several lemmas, which also characterized
the weakly cyclically minimal structures. Some of these lemmas contained errors, so we had to
make changes in the proof of Lucas.

Since the groups are not necessarily abelian, we take here the multiplicative notation for the
group law, however we speak of divisible group and of elements divisible by n (with this convention
x is divisible by n if Jy y™ = x).

Proposition 5.1. Fach c-divisible abelian cyclically ordered group is cyclically minimal.

Proof. First, note that a c-divisible abelian cyclically ordered group is infinite since its torsion
subgroup is isomorphic to T'(U). In [14], D. Macpherson and C. Steinhorn asserted that this follows
from the minimality of the divisible abelian linearly ordered groups and the interpretability of a
cyclically ordered group in its unwound. This interpretability has been studied more in detail in [9,
Lemma 4.3]. Lucas asserted that this result can be obtained using the elimination of quantifiers in
c-divisible abelian cyclically ordered groups (Theorem 1). We prove this assertion, that is we show
that any quantifier-free formula defines a finite union of intervals and singletons. First, note that
a c-divisible abelian cyclically ordered group is infinite, since its torsion subgroup is. A quantifier-
free formula is a boolean combination of formulas such that az™ = b and R(az™, bz™, czP). Since,
ax™ = b < a = bxr™", we can assume that n > 1. The formula az™ = b is equivalent to
2™ = ba~', and it defines the set n-th roots of ba~!, which contain n elements, by properties of
the subgroup of torsion elements of a c-divisible abelian cyclically ordered group. If m = n = p,
then R(ax™,bx™, cxP) is equivalent to R(a,b,c). If m = n # p, then R(ax™,bz™, caP) is equivalent
to R(bc™t, 2P~ ac™!). The cases m # n = p and n # p = m are similar. If m # n # p # m,
and m = min(m,n,p), then R(ax™,bx", czP) is equivalent to R(ab~!,z"~™ cb~12P~™) where
n—m >0 and p—m > 0. The cases n = min(m,n,p) and p = min(m, n,p) are similar. So, it
remains to prove that the formulas R(a,z™,b) and R(a,x™,bx™) (where in the second case m, n
are positive integers) define unions of open intervals.

We let y be the element of the unwound I' = uw(G) such that z is the image of y in G =T'/(z¢)
and er < y < zg. We also denote by a’ (resp. b’) the element of [er, zg[ such that its image
is a (resp. b). Assuming n > 1, we let a'/™ (resp. b'/™, resp. ¢,) be the image of (a’)'/" (resp.
(W)™, resp. zé/") Assume that n > 1. By properties of the unwounds R(a, z™,b) holds if, and
only if, there is k € Z such that er < d’ < y"z(_;k <V < z2q,orer < y”zé’C <V <d < zg
orep <V < a <y'zgF < zg. This in turn is equivalent to (a’)l/"zg/n <y < (b’)l/”zg/", or
zé/" <y < (b’)l/"zé/" < (a’)l/”zé/n or (b')l/"zé/n < (a’)l/”zé/" <y < zg+k)/n. Note that
er <y < zg and er < y”z&k < zg imply 0 < k < n — 1. It follows that R(a,x™,b) is equivalent
t0 Vocnen_1 R(a*/"CF x,b1/7¢k), which defines a finite union of intervals.

Assume that n < 0. Then R(a,z",b) < R(b™', (#7')™™,a™'). This is equivalent to saying
that 2! belongs to a finite union of open intervals. Now, x=! € I(c,d) < x € I(d~*,c™!). Hence
R(a,z™,b) defines a finite union of open intervals.
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We assume that m > n. The formula R(a,z™,bz™) holds if, and only if, there are integers
k, 1 such that er < a < Y zék < b’y”z&l < zg or er < yngk < b’y"zél < d < zg or
er <Vy'zgl <d <ymegF <z

In the same way as above, this implies 0 <k <m — 1, and er <y < zg and ep < b'y" 2z P< zg
imply 0 <1 < n.

eer <ad <ymzg by 2g ' < z¢ is equivalent to

( )1/m k/m <y, y< (bl)l/(m n) gC—l)(m—") and y < (bl)—l/nzg‘i‘l)/".
We let ¢, ; = min ((b’)l/(m "z, ( H(m=n) (b’)_l/"zgﬂ)/n) and ¢ = ¢, ;- (2q)-

If | < n, then (b')~1/"z U/ < 2, and it l = n then (b/)1/ (M=% (k=m)(m=n) 2. Tt follows
that ckl < zg. Hence epr < a’ <y™zg k< pyn 2q ! < z¢ is equivalent to R(a l/ka Ty Chal)-

ecr <y"zg by 2g bed < 2¢ 1sequ1valentt0y—zk/m or:

k/ <y y< (b/>1/(m n), (k 1)(m—n) and y < (al)l/n(b/)_l/nzgn.

We let dj, ; = min ((b’)l/(m_")zgﬂfl)(mfn), (a’)l/”(b')_l/"zgn) and di; = dy ;- (za)-
If | < n, then (a ’)1/"(b’)_1/" U < za, and if I = n, then (b)Y (=m0 (k=n)(m—n)
dkl < zag. Hence er <yMzg <y 2q < d < 2¢ is equivalent to z = (k or R(¢F &, di ).

< zg. Therefore

e ep <Vy2gt < d <ymzgk < 2 is equivalent to y = (V)™ IG{" or:

(b/) 1n, l/n <y, y<(a )l/n(b/)—l/nZlG/n7 (a )1/m k/m <yandy<z(k+1)/
We let 7}, ; = max ((b’)_l/"zgn, (a’)l/mzé/m) and 71 =1, (2a).

If kK < m—1, then zgcﬂ)/m < zg, and if [ < n, then (a’)Y/™(V/)"1/"z l/n < zg. So,ifk<m-—1
or [ < n, then we set s} ; = min (( ’)1/”(b’)_1/" Yn. gﬂ)/m), and r; = 7)., (2¢). We have

Skl<ZG Then er < b'y"z, bed < ym 2g k< za 1sequ1va1ent to R(rkg,z,sp1). k=m-—1

(k+1)/m __

and [ = n, then z; =zg. er <Vy'zg" <d <y™ zG ™ < zg is equivalent to 7“27[ <y <

(a’)l/"(b’)_l/"zlG/n, but we don’t know whether (a')l/"(b’)_l/"zg/n < zg or not. This inequality
is equivalent to o’ < b’ If o’ <V, then we set s, ,, = (a/)"/"(V/)"/"2¢ and sy = s, - (26)-

ml —m

Therefore er < b’y” "<d <ymzg ™ < zg is equivalent to R(rmon, %, Smpn). If @’ >, then
er <by'zi" <ad < ymzé " < 2 is equivalent to 77, , <y < 2g, which in turn is equivalent to
R(rmn,z,eq). We set sp n = eq.

Consequently, R(a,x™,bx™) is equivalent to the disjunction for k € {0,...,m — 1} and | €
{0,...,n} of: R(a'™CF x, cp 1) orx=Ck or R(CF,x, dk 1) or R(ry,x, Sk.1)-

Assume that m < n. Then R(a,z™,bz") & R (ba Lo(z= )™, b(z1)™). We proved above that
this is equivalent to saying that z—! belongs to a finite union of open intervals and singletons. In
the same way as in the case of the formula R(a,z™,b), it follows that R(a,z™,bz™) defines a finite
union of open intervals and singletons. O

Recall that a c-convex subset is a subset J such that either J is a singleton or for every g # ¢’
in J, either I(g,¢') C Jor I(¢’,g) C J.

We saw in Remark 1.3 that a c-convex subset is not necessarily a singleton or an open interval :
the linear part of a cyclically ordered group is a c-convex subset and if it is nontrivial, then it is
neither open interval nor finite unions of open intervals or singleton. There also exist definable c-
convex subset which are neither an open intervals nor a finite union of open intervals or singletons.
For example the subgroups H,,, and the subsets defined by the formulas argbound,,, before the
proof of Proposition 1.1. Indeed, consider the lexicographic product U X D, where D is an abelian
linearly ordered group (see Definition 1.6). In this cyclically ordered group, the formula argbound,,

defines the open interval I ((eXp(nH) 0), (eXp(QT’T),O)). Now, if G is a subgroup of UXD such
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+1
union of open intervals or singletons.

that U(G) does not contain exp ( 2r ) or exp (HQ—_:I), and U(G) is infinite, then it is not a finite

Proposition 5.2. (Lucas) For each n € N\{0} and each nontrivial divisible abelian linearly ordered
group D, the cyclically ordered group T'(U),, X D is weakly cyclically minimal.

Proof. We denote by (G, R) the cyclically ordered group T(U)n?D. Since D is nontrivial, G is
infinite. Let F be a subset of G. Then E can be written as a disjoint union £ = EyU (61.277( , eD) FiU

Com n—1
U (ez%,ep) E,_1, where Fy, E1,...,E,_1 are subsets of I(G) = {1}?D. Now, in G, the

2

element (eiTﬂ,eD> is definable by the formula R(eg,z,...,z" 1)

and 2™ = eg. Hence all the

elements of T(U)n?{ep} are definable. The subgroup (G) is definable by the formula x = eg or
R(eg,z,22,...,2") or Rleg,z~ 1,272 ...,27"). Assume that E is definable by a formula () in
the language {-,R,e,”'}. Then, for k € {0,1,...,n — 1} the set E} is definable by the formula
Com k
z € l(G) and ¢ <(622",€D) J:) Now, if, x, y, z belong to I(G), then R(x,y,z) is equivalent to
either z <y < zory <z <zorz<az<y. Hence Ej is definable in {(G) equipped with the
language of ordered groups. Since [(G) is abelian and divisible, it is minimal. Therefore, E}, is a
finite union of open intervals. We saw in Remark 1.3 that the bounded open intervals of (I(G), <)
are open intervals of (G, R), hence they are c-convex. Now, every open interval of (I(G), <) is an
increasing union of bounded open intervals, so it is c-convex. O

Now, we look at necessary conditions. In the remainder of this section (G, R) is a cyclically
ordered group which is not necessarily abelian. We take Lucas’s approach to show that if (G, R)
is weakly cyclically minimal, then I(G) is divisible and abelian.

Definition 5.3. If H is a subset of (G, R) and h € H, then we define the c-conver component of
H which contains h to be the greatest c-convex subset of (G, R) containing h and contained in H.
It is denoted by C(h, H).

Fact 5.4. For g, h in H, we have g € C(h,H) < h € C(g,H). It follows that C(g,H) #
C(h,H) < C(g,H)NC(h,H) = 0.

A subset H of G is said to be symmetric if for every g € G we have g € H < g~! € H.

Lemma 5.5. (Lucas) Let H be a symmetric subset of (G, R) which contains e.
(1) C(e, H) is symmetric.
(2) Cle,H)={heG : I(e;,h) CH}U{heG : I(e,h™') C H}.
(8) If H is a subgroup, then C(e,H) is a subgroup of G, and for every h € H we have
C(h,H) =hC(e,H) = C(e, H)h.

Proof. (1) Let h € C(e, H) such that h # h=!. We prove that h=! € C(e, H). We have either
I(e,h) CC(e,H) or I(h,e) € Cle, H).

(a) Assume that I(e,h) C C(e, H).

If R(e,h%,h) holds, then h™! € C(e, H). Assume that R(e,h,h~1) holds. Let t € I(h™ 1 e).
Then we have R(h~!,t,e) so R(e,t"1,h). Hence t~! € C(h,H) C H. Since H is symmetric, we
have and t € H. Consequently, I(h=1,e) C C(e, H). The subset {h~1}UI(h~!, e)U{e} is c-convex.
It contains e, and is contained in H hence it is contained in C(e, H), so h™1 € C(e, H).

(b) Assume that I(h,e) C C(e, H).

If R(h,h~ ! e) holds, then h™! € C(e, H). Assume that R(e,h~!,h) holds. Let t € I(e,h™1).
Then R(e,t,h™!) so R(e,h,t!) and R(h,t"!,e). In the same way as in (a), this proves that
I(h=1,e) C C(e, H), and we conclude h=t € C(e, H).

(2) Let h € C(e, H). Since C(e, H) is c-convex, we have either I(e,h) C C(e,H) or I(h,e) C
C(e, H). Since C(e, H) is symmetric, then I(h,e) C C(e, H) implies I(e,h=) C C(e, H). Now,
let h € H. If I(e,h) C H, then {e} UI(e,h)U {h} is a c-convex subset of G contained in H, so
it is contained in C(e, H). Since H is symmetric, we have h~! € H, hence in the same way if
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I(e,h™1) C H, then h=1 € C(e, H), so h € Cle, H).

(3) Let h € H. For every c-convex subset F of G, hF is c-convex. So hC(e, H) is c-convex
and contains h. Hence by the maximality of C(h, H) we have hC(e, H) C C(h, H). Conversely,
let h' € C(h,H). Then either I(h,h’) C H or I(k',;h) C H. Since H is a subgroup, this is
equivalent to either I(e,h™'h’) € H or I(h~'h';e) C H. Since h™'h’ € H, by (2), this is
equivalent to h=*h’ € C(e, H). Therefore, h’ € hC(e, H). Symmetrically, we can prove that
C(h,H)=C(e,H)h.

Let h, b’ in C(e, H). Since C(h,H) is the greatest c-convex subset which contains h, we
have C(h,H) = C(e,H) = C(W,H). Furthermore, e € C(e, H). Hence h-h' € h-h'C(e, H) =
hC(K',H) = hC(e,H) = C(h,H) = C(e, H). This proves that C(e, H) is a subgroup of G. O

Lemma 5.6. (Lucas) Assume that (G, R) is weakly cyclically minimal and let H be a definable
subset. If H NI(G) is a subgroup of I(G), then it is a convex subgroup of I(G).

Proof. If HNI(G) =I(G), then it is a convex subgroup of I(G). In the following, we assume that
HNIG) #1(G) and we let H = HNI(G).

(a) We show that for every h € H', C(h,H) = C(h,H'). Let h € H'. Since H C H, we
have C(h,H') C C(h,H). Now, there is e < hy € I(G)\H. Since H' is a subgroup, we have
hith € I(G)\H, hih € I(G)\H, and h{*h < h < hyh. Since C(h, H) is c-convex, we have
C(h,H) C (h{'h,h1h) C I(G). Therefore C(h, H) C HNI(G) = H'. By the maximality of
C(h,H"), we have C(h,H) = C(h,H').

(b) By Lemma 5.5 (3), C(e, H) = C(e, H') is a subgroup of G. So, it is a convex subgroup of
I(G).

(c) We prove that H' = C(e, H), so it is a convex subgroup of I(G). We assume that H' #
C(e, H), and we show that the number of the c-convex components of H N {(G) is infinite. By
(a), C(e,H) = C(e,H') C H'. Hence there is h € H'\C(e,H). Then C(h,H)NC(e,H) = 0
(Fact 5.4). Assume that A > e in [(G). Then e < h < h?> < --- < h™ < ---. Since C(e, H) is
a convex subgroup of I(G), for every n € N\{0} we have h" ¢ C(e, H). Therefore, Vn € N\{0}
C(h*,H)N C(e,H) = . By Lemma 5.5 (3), for every positive integer n we have h"C/(e, H) =
h"C(e,H') = C(h",H') = C(h™,H). Let n, ¢ in N\{0}. Therefore, C(h"*%, H) N C(h", H) =
h"taC (e, H) N h"C(e, H)) = h™(hiC(e, H) N C(e,H)) = h™(C(h?,H) N C(e, H)) = 0. So the
C(h™, H)’s are pairwise disjoint. Consequently, H has infinitely many c-convex components. Since
H is definable, this contradicts the fact that G is weakly cyclically minimal. The case h < e is
similar. g

Proposition 5.7. (Lucas) If (G, R) is weakly cyclically minimal, then [(G) is abelian and divisible.

Proof. Let g in I(G), and Com(g) be the definable subgroup Com(g) = {h : hg = gh}. By
Lemma 5.6, Com(g) NI(G) is a convex subgroup of [(G), and we know that g € Com(g) NI(G). Tt
follows that the convex subgroup generated by g is contained in Com(g). Since this holds for any
g € l(G), we deduce that [(G) is abelian.

For each positive integer n consider

ID,(G) ={e}U{g : R(g " e,9) & 3 (R(e,h,g) & h"™ = g)}

U{g : R(g,e,97") & 3h (R(g, h,e) & h™ = g)}.

It is a definable set. Now, ID,,(G)NI(G) ={e}U{g € l(G) : e<g& Th € l(G) A" =g}U{g €
(@) : g<e&Thel(@)h™ = g} is the subgroup of n-th powers of elements of the abelian group
I(G). So by Lemma 5.6 ID,(G) NI(G) is a convex subgroup of [(G). Moreover it is cofinal in I(G),
so, for each n, ID,,(I(G))NI(G) = I(G) C ID,(G). Hence each element of I(G) is n-divisible within
Q). O

We turn to the other necessary conditions, starting with a lemma.

Lemma 5.8. (Lucas) Assume that (G, R) is weakly cyclically minimal. Let D be a definable subset
of (G,R) and D' = G\D. Then U(D) and U(D') are not both dense in U.

Proof. The definable set D is a finite union of c-convex subsets. Let C' be such a c-convex subset,
g, h in C and assume that U(D’) is dense in U. We prove that U(g) = U(h). Indeed, otherwise
there are hf, b4 in D’ such that R(U(g),U(Rh}),U(h)) and R(U(h),U(h}),U(g)) hold in U(G).
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This implies that R(g,h},h) and R(h,h},g) hold in (G, R), which contradicts the fact that C' is
c-convex. It follows that U(D) is finite. So it is not dense in U. Now, D’ is definable by the formula
g ¢ D. So in the same way we can prove that if U(D) is dense in U, then U(D') is finite. O

Corollary 5.9. Let (G, R) be a divisible abelian nonlinear cyclically ordered group which is not
c-divisible. Then (G, R) is not weakly cyclically minimal.

Proof. Recall that by Proposition 2.6, for a divisible abelian cyclically ordered group, not be-
ing c-divisible is equivalent to being torsion-free. Let p be a prime, D = {g € G, : Jh €
G, (R(e,h,g,97') or R(g71,g,h,e)) and h? = g}. By Lemma 4.2, both of U(D) and U(G\D) are
dense in U. It follows that (G, R) is not weakly cyclically minimal. O

Not that if (G, R) is c-divisible, then the set D defined above is equal to G\{e}. Hence G\D is
finite.

Proposition 5.10. (Lucas) If (G, R) is weakly cyclically minimal, then it is abelian.

Proof. For every g € G we let Com(g) ={h € G : hg = gh} and Ncom(g) ={h € G : hg # gh}.
Note that Com(g) ={h € G : g'hg=h} ={h € G : ghg~' = h} = Com(g~"'). We start
listing some properties of Com(g) and Ncom(g).

(1) Assume that Ncom(g) # 0. If h € Com(g), then h Ncom(g) € Ncom(g). Indeed, if
g tg'g # ¢, then g7 'hg'g = hg='g’g # hg'. Hence ¢ € Ncom(g) = hg' € Ncom(g). Ifh €
Ncom(g), then h Com(g) € Ncom(g). Indeed, let g’ € Com(g). Then ghg'g~! = ghg=1g’ # hg'.

(2) We prove that if (G, R) is not abelian and U(G) contains torsion-free elements, then there
is go € G such that U(go) is torsion-free and Ncom(go) # 0. Let g € G such that Ncom(g) # 0.
Since Com(g) U Ncom(g) = G, we have U(Com(g)) UU(Ncom(g)) = U(G). So U(Com(g)) or
U(Ncom(g)) contains a torsion-free element. We prove that in any case Ncom(g) contains an
element gy such that U(gp) is torsion-free. Let ¢’ € Ncom(g) and h € Com(g) be such that U(g’)
is a torsion element and U(h) is torsion-free. Let go = hg’. Then, U(go) is torsion-free. Since
h Ncom(g) C Ncom(g), go € Ncom(g). So, ggo # gog, and Ncom(go) # 0.

(3) Assume that G is weakly cyclically minimal and U(G) contains a torsion-free element. If G is
not abelian, then there is gy in G such that Ncom(go) # @ and U(go) is torsion-free. Since Com(go)
contains the subgroup generated by go, U(Com(go)) is dense in U. Now, for h € Ncom(gg) we
have h Com(g) C Ncom(g). Hence U(Ncom(g)) is dense in U. This contradicts Lemma 5.8. So G
is abelian.

(4) Assume that G is weakly cyclically minimal and U(G) C T(U). By Proposition 5.7 [(G) is
divisible. Hence by [10, Lemmas 5.1 and 6.7], G embeds in the lexicographic product U(G)?Z(G).
Since [(G) is abelian (Proposition 5.7), U(G)?l(G) is abelian. Therefore G also is abelian. O

Proposition 5.11. (Lucas) If (G, R) is weakly cyclically minimal and not divisible, then G =
T(U)n7l(G), for some n € N\{0,1}, and I(G) is nontrivial, abelian, divisible.

Proof. By Propositions 5.7 and 5.10 I(G) is abelian, divisible and G is abelian. Assume that U(G)
is infinite. Let n be a positive integer such that (G, R) is not n-divisible, and D,, (resp. D)) be
the set of elements which are n-divisible (resp. not n-divisible). Since g™ € D,, for every g € G,
U(D,,) is infinite. Therefore it is dense in U. Let ¢’ € D). Then ¢'D, C D). It follows that
U(D),) is infinite, so it is dense. This contradicts Lemma 5.8. Therefore, U(G) is finite, and it
embeds in T'(U). Since [(G) is divisible, by [10, Lemmas 5.1 and 6.7], G embeds in the lexicographic
product U(G)?I(G). We show that this embedding is onto. First, note that since (G, R) is weakly
cyclically minimal, G is infinite. Hence I(G) is nontrivial. Since U(G) is a finite subgroup of T'(U),
there exists a positive integer n such that U(G) is c-isomorphic to T'(U),,. Since G is not divisible
and {1}?1(6’) is divisible, we have n > 1. We let g € G be such that U(g) = *™/*. Then
U(g™) = 1, hence g™ € I(G). Since I(G) is divisible (Proposition 5.7) there exists h € [(G) such
that ¢g" = h". Now, G is abelian (Proposition 5.10), so (gh~*)" = e. Therefore, G contains a
subgroup H which is isomorphic to U(G) ~ G/I(G), hence G = H & I(G). It follows that G is
c-isomorphic to T(U)n?l(G). O
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Proof of Theorems 4 and 5. Let (G, R) be a cyclically ordered group.

Assume that G is not divisible. By Propositions 5.2 and 5.11, (G, R) is weakly cyclically min-
imal if, and only if I(G) is nontrivial, abelian, divisible, and there is an integer n > 1 such that
G = T(U)n?Z (G). Now, this group is not cyclically minimal. Indeed, in this cyclically ordered
group, I(G) is definable by the formula x = e or R(e,x,22,...,2™) or R(e,z~ 1, 272,...,27™). So,
[(G) is a definable subset which is not a finite union of open interval and singletons.

Now, we assume that G is divisible.

If (G, R) is abelian and c-divisible, then by Proposition 5.1 it is cyclically minimal. In particular,
it is weakly cyclically minimal.

If G is not abelian or if (G, R) is abelian non linear and not c-divisible, then, by Proposition 5.10
and by Corollary 5.9, (G, R) is not weakly cyclically minimal. Hence it is no cyclically minimal.

Finally, assume that (G, R) is linearly cyclically ordered. Then G ~ [(G) ~ T(U)lyl (G). By
Propositions 5.2 and 5.7, (G, R) is weakly cyclically minimal if, and only if, it is abelian and di-
visible. Now, it is not cyclically minimal. For example, the set {g € G : g > e} is defined by
the formula R(eg, g, g?), but it is not a finite union of bounded intervals and singletons. Note that
in a c-divisible abelian cyclically ordered group, R(eg,g,9°?) & R(eg,g,(2), where (3 # eg and
(G = ec. g
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