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On a set-valued Young integral with applications to
differential inclusions
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Abstract

We present a new Aumann-like integral for a Holder multifunction with respect
to a Holder signal, based on the Young integral of a particular set of Holder
selections. This restricted Aumann integral has continuity properties that allow
for numerical approximation as well as an existence theorem for an abstract
stochastic differential inclusion. This is applied to concrete examples of first
order and second order stochastic differential inclusions directed by fractional
Brownian motion.
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1. Introduction

Consider d,e € N*, a B-Hélder continuous signal w : [0,7] — R¢ with
B € (0,1), and an a-Hdlder continuous multifunction F defined on [0, 7] with
convex compact values in the set M, 4(R) of linear mappings from R? to R¢,
where a € (0,1) and a + 8 > 1. The purpose of this paper is to define a
set-valued Young integral of F' with respect to w, of the form

/ F(s) du(s) = { / f(s)du(s) ; f e S<F>} (1)
0 0

in a nontrivial way, but with a small enough set of selections S(F'), so as to
get algebraic and topological properties (convexity, boundedness, compactness,
continuity, etc.) allowing to give a sense and establish the existence of solutions
to several types of differential inclusions.

There have been many different approaches to set-valued integration with
respect to a nonnegative o-additive measure u. The most popular one is due to
Aumann [4], based on Lebesgue integrals of selections:

T T
/ F(s) dp(s) = { / F(s)duls) ; £ € Spig (F)} (2)
0 0

where Spi(,)(F) denotes the set of all p-integrable selections of F. In the
case of multifunctions with convex compact values, other approaches such as
Hukuhara’s [15] or Debreu’s [10] are restricted to multifunctions with compact
convex values and use the cone structure of the space of convex compact sets.

The concept of Aumann integral has been applied in several papers to in-
tegration of multivalued stochastic processes using classical stochastic calculus
and a definition of the form (1), where w is a Brownian motion, or more gen-
erally a semimartingale, e.g., [18, 22, 23]. Despite this similarity, the setting
of stochastic calculus is quite different from ours, since the stochastic integral
needs a probability space to make sense. In this context, some variants have
been developped, the main one by Jung and Kim [16], which is the decompos-
able hull of an integral of the form (1), has been extensively studied by Polish
mathematicians from Zielona Géra [19, 20, 17, 24, 25], to cite but a few papers
and a book.

In the case of a deterministic signal w with possibly infinite variation, Michta
and Motyl [26, 27] are the only references so far defining a set-valued Young
integral & la Aumann of the form (1), for convex as well as nonconvex-valued
multifunctions. In their approach, the set of selections S(F') is large, namely, in
the case of our setting, S(F) is the set of all a-Ho6lder continuous selections of
F'. Of course this is a natural definition, and the authors obtain basic expected
properties on the set-valued integral: nonemptyness, convexity and regularity of
the integral with respect to S(F') (not F'). In our approach, the set of selections
is smaller:

Sa,r(F) :={f selection of F : || f|la,r <7}



The ”tuning parameter” r > 0 controls both the a-Hélder seminorm of F' and
of the considered selections. This allows to establish the compactness of the
integral, to get the upper semicontinuity of the integral with respect to F', and
then to establish the existence of solutions to some differential inclusions. Note
that our integral converges to that of Michta and Motyl [26] when the tuning
parameter r goes to +oo. However, our integral is always compact-valued,
whereas that of [26] may be unbounded, see Example 3.11 below.

On differential inclusions driven by a-Hdélder continuous signals, let us men-
tion Bailleul et al. [6]. In this paper, the authors establish the existence of
solutions to a differential inclusion using the approach of Aubin and Cellina
[2]. Let us also cite Levakov and Vas’kovskii [21] who mix pathwise integration
with respect to fractional Brownian motion with It6’s integral with respect to
standard Brownian motion, following Guerra and Nualart [1]. These works on
differential inclusions implicitely use an Aumann type set-valued integral of the
form (1).

As an application of our set-valued Young integral, we are able to define a
stochastic set-valued integral with respect to the fractional Brownian motion
(fBm) of Hurst index H > 1/2, and then to establish the existence of solutions
to several types of stochastic differential inclusions driven by the fBm.

This paper is organized as follows. Section 2 recalls preliminary definitions
and results on Steiner’s selections and on the Young integral for point-valued
functions. Section 3 deals with the set-valued Young integral. Finally, Section 4
provides a fixed-point theorem for functionals of the set-valued Young integral
which allows, in particular, to get the existence of solutions to several types of
differential inclusions.

2. Preliminaries

2.1. Notations and basic definitions

Let d > 1 be an integer.

1. The set of nonempty closed subsets of R? is denoted by P¢(R?). The semi-
Hausdorff distance on P¢(R?) is denoted by dy: for all (A4, B) € P(R%)?2

du(A, B) = max {sup d(a,B) ; sup d(b,A)} = sup |d(z, A) — d(z, B)| (3)
acA beB z€R?

(see, e.g., [7]). For every A € P¢(R?), we denote || Allqy = du(A, {Opa}) =
sup{|[al| ; a € A}.

2. Let P (R?) be the space of nonempty, convex and compact subsets of R9.
For any C € Pg(RY), the support function of C is the map

. RY — R
07 C); { I = maxgec(l, ).



We have, for all A, B € Py (RY),

dH(AvB) = sup |6*(€7A) 76*(€7B)‘
LeR 6] =1

For any C € Pa(RY) and ¢ € R?, consider
Y(U,C):={ceC:{c)=6C)}.

If Y(¢,C) contains exactly one element, it is denoted by y(¢,C) and called
exposed point of C' with exposing direction £. The set of all exposing direc-
tions for a given point of C' is denoted by 7¢. For all A, B € Pg (R?), the
Demyanov distance between A and B is defined by

dn(A, B) == sup{|ly(t, A) — y(. B)|| : £ € Ta N Ti}.

Note that dp (A, B) > du(A, B) for all A, B € Pu(RY), see, e.g., [29]. On R?,
which we identify with the subset of singletons of Pck(Rd), both distances dp
and dy coincide with the distance induced by ||.||.

3. For any a €]0,1[, C*HL([0, T]; Puc(R?)) (respectively CEH([0, TT; Pek (R?)))
is the space of a-Hélder continuous maps from [0,7] into P (R?), where
Pac(R?) is endowed with the Hausdorff distance (respectively, the Demyanov
distance). In the sequel, C*HL([0, T]; Pe (R?)) is equipped with the a-Hélder

norm No.7(.) := ||.||oo.7 + ||.|la,7, Where, for F' € C*HéY([0, T]; Pu(R?)),
F(s), F
Pl = sup { SO e 0,77 and s <),

and (with inconsistent but convenient notations)

[Flloc,r = sup [[F(t)]ly, -
t€[0,T]

We denote by B, p, (f,d) the closed ball of center f and radius ¢ in the
space CHOL([0, T]; P (RY)) .

Similarly, the space CZHO([0, T); Pu(RY)) is equipped with the a-Holder
norm Ny 7. pem(-) := ||-|lco,7 + ||-||a,7,Dem, Where dy is replaced by dp in the
above definition.

4. For any s,t € [0,7] such that ¢ > s, D[, 4 is the set of all dissections of [s, t].

2.2. Steiner point and generalized Steiner selections
Let

M = {p probability measure on Bga(0,1)
; 30 € CY(Bra(0,1);R), pu(dz) = 0(x)dx}.



Definition 2.1. The Steiner point of C € Py (R?) is defined by

1 d/2

T
St(C ::—/ y(z,C)dx with vg= ———.
(©) Vd JToNBga(0,1) ( ) ¢ L(1+d/2)

It is well known that St(C) € C for any C € Pa(R?) (see the more general
Proposition 2.5 below). Furthermore, we have:

Proposition 2.2 (Lipschitz property). The map St : Pu(R?) — R is £4-
Lipschitz for the Hausdorff distance dy, where the sharp Lipschitz coefficient €4

satisfies
V 7 V m

See [31, 30] for the exact calculation of 4. The estimation (4) can be found
in [30].

The Steiner point can be generalized by replacing the probability measure
dx/vg in Definition 2.1 by any element of M. This is particularly interesting in
connection with the Demyanov distance.

Definition 2.3 (generalized Steiner selection). The Generalized Steiner point
of C € Py (R?), for a measure p € M, is defined by

St,(C) = /B o S Ot

The generalized Steiner selection of a multifunction F : [0,7] — Pu(R?) with
respect to a measure u € M, is the map t € [0,7] — St,(F(t)).

Proposition 2.4. For all C,Cy,Cy € Pa(RY), py,po,p € M, k € [0,1],
A v =0, we have
Stﬁuﬂr(l*ﬁ)uz (0) = KStHl (O) + (1 - K‘)Stufz (O)a
St (AC1 + vCa) = ASt,(Ch) + vSt,(Co).

See Baier and Farkhi [5, Lemma 4.1] for a proof.

Theorem 2.5. (Castaing representation) For every measurable multifunction
F :[0,T] = Pa(RY), there evists a sequence (fin)nen of elements of M such
that, for every t € [0,T],

F(t) = |J {Sty, (F(1)}.

neN

See Dentcheva [11, Theorem 3.4] for a proof.

It is proved in [11] that, for any u € M, the map St, : P (R?) — R? is
Lipschitz for the Hausdorff distance dy. However there is no uniform bound on
the Lipschitz coefficient with respect to p. But the Demyanov distance dp can
be expressed using generalized Steiner points:



Proposition 2.6 (Demyanov distance and generalized Steiner points). For ev-
ery C1,Cy € Py (RY),

dp(Ch,C2) = sup [|St,(C2) — St (C2)]-
pneM

See Baier and Farkhi [5, Corollary 4.8] for a proof.

2.3. Young integral for single valued functions

This subsection deals with the definition and some basic properties of Young
integral which allow to integrate a map f € C*Hol([0, T'); M, 4(R)) with respect
to w when « €]0,1] and o + 8 > 1. Here, M, 4(R) denotes the space of real
matrices with e rows and d columns.

Theorem 2.7 (Young integral). Consider «, 8 €]0,1] such that o+ > 1, and
two maps

fe Ca_Hél([O,T];Meyd(R)) and w € CB_Hél([O,T];Rd)'

For every n € N* and D, = (t7,...,t, ) € Djo,1) such that |D,| — 0 (where

s bmyy,

|Dp| = maxi<x<m, —1(thy, — th)) the limit
M —1
Tim S () (it — w(ip)
k=1
exists and does not depend on the dissection D,,.

Definition 2.8 (Young integral). The limit in Theorem 2.7 is denoted by

/0 " 1) duls)

and called the Young integral of f with respect to w on [0, T].

The following theorem provides a bound on Young’s integral which is crucial
in the sequel.

Theorem 2.9 (Young-Love estimate). Consider a, 8 €]0, 1[ such that a+8 > 1,
and two maps

£ e Co B80T, M, 4(R)) and w € C#H9([0, T]; RY).

There ezists a constant ¢, 3 = 1, depending only on a and 3, such that, for all
s,t € [0, T] such that s < t,

‘a+/3_

.1 fllarlt =5

/s ' ) duo(u) — f(s)(w(t) - “’“”H < co sl



Therefore, for all s,t € [0,T],

< capllwllpr (I flarT® + 1 loer)lt 17,

/ ' flu) du(u)

and, in particular,

/0 f(s) du(s)

< Cap [wllg 7 Nor(f)
8,T

with €, g7 = Caﬁ(T(x V 1),

See Friz and Victoir [12, Theorem 6.8] for a proof.

3. Set-valued Young integral

This section deals with an Aumann-like integral based on a special subset
of selections. We assume the following hypothesis:

(A) F € CoMO([0, T]; Pac(Me,a(R))), and w € CHHO([0, T, R?), with o, § €
10,1], o+ 5 > 1.

We shall sometimes consider the subcase obtained by adding the following
stronger assumption on F":

(B) F € CE ([0, T]; Paxc(Me,a(R))).-

Dem

To show that (B) is not contained in (A), we can consider the case when F'(t) is
the segment of R? with one end at (0;0) and the other end at (sint,cost) (see
[29, Example 3.3]). Then dp(F(t), F(s)) > 1 for s # t, thus Ny 7 pem (F) = +00
for all o, whereas F' is Lipschitz for dy.

3.1. Special selections

We now define an appropriate set of selections of F, that will be used to
define a set-valued Young integral of I’ with respect to w.
Let us choose our ”tuning parameter” r such that

r 2 tedl|[Flla,T, (5)

where £.4 is the constant defined in Proposition 2.2. In the case when (B) is
satisfied, we can alternatively take

r=||F|

a,T,Dem- (6)

Note that Condition (6) can be less restrictive than (5), when (B) is satisfied. For
example, if F(t) has the form f(t)+C, where f is single-valued and C' € Py (R?)
is constant, we have ||FH(1,T,Dem = ||FHQT < ted|| FlloT-



Notation 3.1. In this section, we denote
Tmin = Min (EedHF”a,Ta HF||(¥,T7Dem) : (7)

Notation 3.2. We denote by S(F) the set of all measurable selections of F,

Sar(F):={f€S°F); |[fllor <r}and
Sse(F) := {Stu(F(.)) ; w € M} C SU(F).

Remark 3.3 (Dependence on T of S, (F)). Let t € [0,T[. If f is an a-
Hélder selection of F' on [0,t], with || f[[, , <, there does not necesarily exists

a selection f € S,,(F) wich extends f on [0,7] and such that ||ﬂ|a o ST

So, Su,-(F) depends on T', but we chose to keep the relatively light notation
Sa,r(F) without stressing this fact.

Proposition 3.4. For every r = ryin, the set Sy r(F) is nonempty and conver.

Proof. The convexity of S, (F) stems from the convexity of the norm N, 7.
If (5) is satisfied, S, (F') is nonempty because it contains St(F') by Propo-
sition 2.2. Indeed, we have, for s,t € [0, 7],

ISt(F () = St(F(s))|| < teadu(F(2), F(s)) < Eeal | Flla,r[t — s|%

thus [|St(F)||,r <7
Similarly, if (B) and (6) are satisfied, we have St(F') C S,(F') by Proposi-
tion 2.6. O

Remark 3.5 (Basic properties of the selections sets).

1. The set Ss;(F) is a nonempty and convex subset of C“H([0, T; M, 4(R))
such that, for every f € S(F), No7(f) < Na,7,Dem(F). Moreover, there
exists a sequence (fy)nen of elements of Sgi(F) such that, for every ¢ €
[0, 71, -

F(t) = [J{fa(D)}-
neN
Indeed, this follows from Propositions 2.6, 2.5 and 2.4.
2. Consequently, if (B) and (6) are satisfied, we have Sg(F) C S, (F) and

there exists a sequence (fy,)nen of elements of S, (F') such that, for every
te0,T],
F(t) = |J {0} (8)

neN

Let us establish some topological properties of S, -(F) in L2([0, T]; M..4(R))
and in C*H9([0, T); M, 4(R)).



Proposition 3.6. For every r > Tmin, the set Sq »(F) is a bounded and closed
subset of CoHEY([0, T); M, 4(R)). Moreover, for every sequence (fy)nen of ele-
ments of So.r(F), there exists a subsequence (fn, )ken of (fn)nen such that, for
every € €]0,a], (fn, )ken converges in C(==)H3([0 T, M, 4(R)) to an element
of Sor(F).

Proof. Let us prove each property of the set S, (F') stated in Proposition 3.6.

Consider f € S, (F). Then, Nor(f) < ||F|| ¢ + 7. Since r does not
depend on f, S, ,(F) is a bounded subset of C*H5Y([0, T7; M, 4(R)).

Consider a sequence (fy)nen of elements of S, ,(F) which converges in
Co-HoY([0, T); M, 4(R)) (equipped with N, 7). Its limit is denoted by f. In
particular,

Tim (1) = £ = 0 ¥ € 0,71, 0

On the one hand,

Nor(f) < SU-IJ\)]NQ,T(fn) S| Fllop +
ne

On the other hand, for every t € [0, T, since F'(t) is a closed subset of M, 4(R),
and since f,,(t) € F(t) for every n € N, f(t) € F(t) by the convergence result (9).
So, f € Sa.r(F), and then S, ,.(F) is a closed subset of C*H([0, T]; M, 4(R)).
Let (fn)nen be a sequence of elements of S, ,(F). By the definition of
Sa,7'(F)>
$p | nlloes < IFlloe 7 and sup [[fullar < 7
neN neN

Therefore, by Friz and Victoir [12, Proposition 5.28], there exists a subse-

quence (fp, )ken of (fn)nen such that, for every € €]0, al, (fn, )ren converges in
Cla=e)-Hol([0 T; M, 4(R)) to an element of S, ,(F). O

Proposition 3.7. S, (F) is a bounded, closed and sequentially compact subset

of L2([0, T); M 4(R)).

Proof. Let us prove each property of the set S, (F) stated in Proposition 3.7.
Consider f € S°(F). For every t € [0,T],

£ <sup{llz]| ; x € F(O)} = [|F(O)llan < [|Fllo 1 -
Then,
Ifll 220, < TYV2|| flloor < TY? 1| oo 7 -

Therefore, S,,.(F) C S°(F) is bounded in L2([0, T]; R%).

Consider a sequence (f,)nen of elements of S, -(F) converging in L2([0, T);
M, 4(R)). Its limit is denoted by f. Then, there exists a subsequence (fy, )ken
of (fn)nen such that

T £, (6) = F©)] =05 ¥t € 0,T]. (10)

On the one hand, for every ¢ € [0,T], since F'(t) is a closed subset of M, 4(R),
and since f,, (t) € F(t) for every k € N, we have f(t) € F(t) by the convergence



result (10). On the other hand, by Proposition 3.6, we can choose (fy, )xen such
that, for every e €]0,a], (fn, )ren converges in C(@==)-H8L([0 T); M, 4(R)), and
then f € S, (F). Thus, S, (F) is a closed subset of L?([0, T; M., 4(R)).

Let (fn)nen be a sequence of elements of S, (F'). According to Proposition
9, there exists a subsequence (fyn, )ren Of (fn)nen such that, for every € €]0, o],
(fnr ) ren converges in C(@==)-HL([0 T); M, 4(R)) to an element of S,, ,.(F). Note
that

sup [ fnilloo.r < [Fllocr < 0. (11)

Then, the sequence (fy, )r is uniformly integrable with respect to the Lebesgue
measure on [0,7] and (f,, )r converges to f in L([0, T]; M, 4(R)). Using esti-
mation (11), the convergence holds in L2([0,T]; M, 4(R)). Thus, S, ,(F) is a
sequentially compact subset of L2([0, T]; M, 4(R)). O

8.2. Aumann-Young integral

Now, consider w € CAHE([0, T]; R?) and let us define a set-valued Young
integral with respect to w, using special sets of selections.

Definition 3.8 (Aumann-Young integral). The Aumann-Young integral of F
with respect to w and parameters a and r is defined by

T T
(Aa,,ﬂ)/0 F(t)dw(t) = Jpar(F,w) = {/0 ft)dw(t); f e Sa,T(F)}.

Remark 3.9. Michta and Motyl define a larger Aumann-Young integral in [26].
For convex-valued F, their integral is

T
(Ausoc) / PO du(t) = Tra ()

T
= { / () dw(t) 5 | € So(F)n CQ‘H“([OvT];Mevd(R))}
= U JT,a,T(Faw)'

r=0

See Example 3.11 below for a comparison with (Aa,r)foT+oo F(t) dw(t) when
r < 00.

The following proposition provides some basic properties of the set-valued
Aumann-Young integral.

Proposition 3.10. For every r = rmin, the Aumann-Young integral of F with
respect to w and parameters o and r s a nonempty, bounded, closed and conver
subset of R€.

10



Proof. Let us prove each property of the Aumann-Young integral of F' with
respect to w stated in Proposition 3.10.

Since Sy, (F) is nonempty (resp. convex), Jr o (F,w) is nonempty (resp. con-
vex).

By Theorem 2.9, for every f € S, ,(F),

Then, the Aumann-Young integral of F' with respect to w is a bounded subset
of R°.

Consider a converging sequence (jn)nen of elements of Jp o »(F, w). Its limit
is denoted by j. By the definition of Jr 4 (F,w), for every n € N, there exists
fn € Sa.r(F) such that

T
/0 £ dw(®)|| <casT?[wlls. (1 larT™ + I fllsor

<ea g TP (T V Dwllpz(r + |1Fll o r)-

T
Jn = / fn(t) dw(t).
0
By Proposition 3.6, there exists a subsequence (fy, )ken Of (fn)nen such that,

for any e €]0, ], (fn, )xen converges in C(@=)-H3l([0 T; M, 4(R)) to an element
f of S (F). So, by Theorem 2.9, for ¢ < a4 3 — 1, for every k € N,

T
g — / £(t) du(t)

<eas s r TP fme = Fllome s T + |~ fllsor)
<ca’ﬁ|‘w”5’TTB(Ta_E v 1)Na75,T(f’ﬂk - f) m 0

Therefore,
T
i= [ 1.
0
and then Jr . (F,w) is a closed subset of R®. O

Example 3.11 (Comparison with Michta and Motyl’s Young integral). In this
example, Michta and Motyl’s Young integral [26] is equal to R, whereas, by
Proposition 3.10, Jr,q,-(F,w) is a compact interval. Assume that 8 < %, and
let

w(t) = t*# cos(w/t) and F(t) = [-1,1], (t € [0,1]).

We have Ny 17(F) = Norpem(F) =1 and, for 0 < s <t <1,
|w(t) — w(s)] |(t2ﬁ - 52’8) cos(m/t)| + |32ﬂ(cos(7r/t) — cos(m/s))|
(2 — 2)

+ 520 |cos(m /t) — cos(m/s)| 77 |cos(m/t) — cos(/s)|”

NN

11



1 1
< tQﬁ _ <28 ol=B B 28 _
< ( s ) + s R

2(t7 —sP) +217P7F (17 — 5%)
(t —s)7 (2+21P77),

thus [Jwl||g1 < 2+ 21 7Pxb.
Let us define a sequence (fy,)n>1 of selections of F' by

_ [ sin(m/t) if L<t<
f”(t)_{o if 0<t<

Clearly, [ fn|,, — +0o when n — oo. Furthermore,

Sl =

1 1
/ fnu(t) dw(t) = / sin(m /t) d(tw cos(m/t))
0 1

/n

1
= / sin(m/t) (2&2’6_1 cos(m/t) — mt?F =2 sin(ﬂ'/t)) dt

1/n
_ " : 1-2p8 2-28 _: 1
= sin(mu) (25u cos(mu) — wu sm(7ru)> — du

1 U

n n—1 k+1
< 25/ w72 2 Z(k + 1)725/ sin? (7u) du
1 P k

— —oo0 when n — oco.

By convexity of the Aumann integral and symmetry of F', this shows that the
integral of F' with respect to w in the sense of Michta and Motyl [26] is the
whole line R.

Proposition 3.12 (Lipschitz continuity result with respect to the driving sig-
nal). For every r > rmn, the set-valued map

[ CFHE(0, TRY) — Pac(Re)
JT,a,r(Fa') { w JT,a,r(Fvw)

is Lipschitz continuous when P (R®) is endowed with the Hausdorff distance
dy.

Proof. Consider w!,w? € CFHL([0, T];R?) and j' € Jr o, (F,w'). So, there
exists f! € Sy (F) such that

3= [ Poae,

and by Theorem 2.9,

12



d(GY, Jrar(F,w?) = inf
(7% I 0,0 (Fyw")) e

g W2 () — R w!
/0 £(t) duw?(t) / FA(t) duwt(t)

T T
1 2 _ 0 ‘n s w?
<|[ roaw-oo|+ w6 @ ace

< s T D) [Noir ()t = Pl 4 [P _jnf | Noiel = 1)

Since f! € 8o (F), No(f') <r+ [ £l 7 and the second term in the right-
hand side of the previous inequality is null. Then

(5", Irar (F,w?) < g TP (T V1) + ||l p) 0" — w?|

B8,T
and, by symmetry,
(5%, Ira0 (Fow')) < ca gTHTV )+ ||F o ) [w! = w?|pr
for every j2 € Jr o (F,w?). Therefore,
dH(JT,ChT(F’ wl)v JTKM,T(F’ w2))
= max sup d(5*, Jr s (F,w?)) ; sup d(5%, J1.a.r(F,w'))
jleJT,a,r(Fvwl) j2EJT,a,T(Faw2)

< ca TP (TN ) (r + [|Fl| o ) [0 = w252
O

The following proposition provides semicontinuity results for the set-valued
Young’s integral. Let us first recall the topological superior and inferior limits
in Kuratowski’s sense for a sequence of sets, see, e.g., [7]. If (4,) is a sequence
of closed subsets of a metric space M, let us denote

Li A, the set of limits of sequences (x,) such that z, € A, for every
n—oo
n?

Ls A, the set of limits of sequences (z,,) such that x,, € A,,, for every
n— oo

n for some subsequence (A,,, ) of (4,).

Clearly, Li A, C Ls A,. Wesay that (A4,,) converges in Kuratowski’s sense
n—oo

n— oo
to A C M if
Ls A, C AC

Li A,.

n—oo n—oo

Convergence in Kuratowski’s sense is weaker than convergence for the Hausdorff
distance, however both convergences are equivalent if M is compact. Indeed,
by, e.g., [8, Theorem 3.1 page 51], the set Px(M) of compact subsets of M
is compact for the topology of Hausdorff distance, thus this topology coincide
with any weaker separated (T2) topology on Px(M). But, if M is compact, the
convergence in Kuratowski’s sense is associated with a separated topology (see,

e.g., [7, Theorem 5.2.6]).

13



Proposition 3.13 (Semicontinuity with respect to F). Let r > rmin.

1. Let (Fy)nen be a sequence of elements of C*H([0, T]; Pac(Me a(R))) such
that
Ls F,(t) C F(t); Vt €[0,T7,

n— oo

and that B
Fy € Bopa (M. o) (0,7 +€n)

for every n € N, for some sequence (g,,)nen of elements of Ry, converging
to 0. Then
Ls JT,OCW—FEn(FTva) C JT,%T(Fa w)
n—oQ

2. Assume furthermore that

F(t)C Li F,(t);Vte[o,T).

n— oo

Then
JT,a,r(F7w) - E}l JT,a,2r+en (F'ruw)

Proof. 1. Let us prove that

j = Ls JT,a,r+5” (Fn, w) C JT7Q)T(F, w)
n— 00

Consider j € J. Then, there exists a sequence (f,,)nen of elements of the space
Co-Hl([0, T]; M, 4(R)) such that

fn € Soz,r—i—sn(Fn) ;VneN

and

= lim /0 P (8) du(?),

k—o0

where (fn, )rken is a subsequence of (fy,)nen. By the definition of Sy rte, (Fr),
n €N,

e @] < sup ([ Fn()llas < 1 Flloc 7 + sUP En < 00
n,s ne
for every k € N and ¢ € [0,7T], and

sup || fop lla,7 < 7+ supey,.
€N neN

Then, by Friz and Victoir [12, Proposition 5.28], there exists a subsequence
(fme)ken of (fu,)ken such that, for every € €]0,al, such that e < a + 8 — 1,
(fm,. )wen converges in C(@==)-Hol([0 T]: R?) to an element f of CH3([0, T]; RY).
So,

j= /0 £(8) du(t).

14



It remains to check that f € S, ,(F). For any ¢ € [0,T], since fu,, (t) € Fin, (¢)
for every k € N, and since f is in particular the pointwise limit of (fyn, )ken,

f() =limsup fr, (t) € kgs F,, (t) = F(t).

k—o0

Moreover, by Friz and Victoir [12, Lemma 5.12],
HfHaT < likrgiorgf | fims Ha,T STt nh_{r;o En =T

Therefore, j € Jp,qr(F,w).

2. The supplementary hypothesis implies that (F,(t)) converges in Kura-
towski’s sense to F(t). Furthermore, since (F},) is bounded in C*H5([0, T7;
Pex(Me,a(R))), it is bounded for ||| 7, thus (F,,(t)) converges to F(t) for the
Hausdorff distance.

Let j € Jra.(F,w), and let f € S, (F) such that j = fOT f(t)dw(t). Set
fn(t) =g, ) (f(t)) for every t € [0,7] and each integer n, where 7, () denotes
the orthogonal projection on Fy,(t). We have, for any ¢ € [0, 7],

[1£(t) = fu@) < du(F(t), Fu(t)) — 0 when n — oo,
thus (f,,) converges uniformly to f. Furthermore, for any n and for s,t € [0, 7],
1fn(®) = Fa () < ||7m ) (F (1) = Ty (F || + |77 1) (£ (5)) = 7, () (F ()|
<Nf@) = F() + du(Fu(t), Fuls)).

Indeed, it is well known that the projection operator mp, (;) is non expansive
(see, e.g., [14, page 118]), and the estimation of ||7p, ) (f(5)) = Tr, (5 (f(5))]|
follows from (3). Since r > ||F||,, -, we deduce

1/

oz <l + [Pl < 2 +en.

Thus j, = fOT fa(®) dw(t) € Jr.a2rte, (Fn,w). Furthermore, thanks to [12,
Proposition 6.12], we have lim,, ;o0 jn = J. O

The preceding result can be improved when the multifunctions F;, are con-
structed from F' using some recipe which can also be applied to their selections.
This can be useful for numerical approximations.

Proposition 3.14. (Time discretization of the multivalued integral) Let (D,,) be
a sequence of dissections of [0,T], say, D, = (t5,...,ty, ),0=1to <--- <t} =
T, and assume that |Dy,| converges to 0, where |D,| = maxi<i<m, —1 (¢, —t7)
is the mesh of D,,. For each n, for each i € {1,...,m, — 1} and for any

te [ty t ], set

t— t? n t;'n-i-l —t n
Fo(t) = m _tnF(ti)Jritn _tnF(tz'+1)~
it1 b i+l b

Then
hm dH (JTJ“(Fny 'UJ), JT,T(Fv U))) = O

n— oo
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Proof. By uniform continuity of F' on [0,T], the sequence (F,,) converges uni-
formly to F' for du, and [[Fyll;, < [[F|lg, for all n. Furthermore, we have
No 17 (F,) < Nor(F) for all n, see [9].
From Part 1 of Proposition 3.13, we have that Ls Jp ,.(F,,, w) C Jr o (F,w).
Now, let j € Jpo(F,w), and let f € So,(F) such that j = [; f(t) dw(t).
Define f,, € Sq,r(Fy) by

t— t? n ?Jrl —t n
falt) = pro—— tnf<ti )+ Pr— tnf(tiJrl)'
i+1 % i+1 7

for each i € {1,...,m, — 1} and for every t € [t} ¢} ;]. Then (f,) con-
verges uniformly to f, and we conclude as in the proof of Proposition 3.13
that Jp o, (F,w) C LiJp,.(F,,w), thus (Jp,(F,,w)), converges to Jr,.(Fp,w)
in Kuratowski’s sense.

Since the sequence (Jr,(Fp,w)), is bounded for |||, , it is relatively com-
pact for the Hausdorff distance, we deduce that it converges to Jr . (F,,w) for
dy. O

Let us conclude this section by investigating the indefinite Aumann-Young
integral

t (Aam)/o F(s)dw(s) = Jy,ar(F,w)
T
= {/0 f(8)Lpy(s)dw(s); f € Sa,r(F)}~

Remark 3.15 (Dependence on T of the indefinite integral). Since (A(W,)f(;t F(s)dw(s)
is built using elements of S, (F), it follows from Remark 3.3 that our indefi-

nite integral depends on 7. More accurate but rather heavy notations could be
(Aazyr) [y Fs)dw(s) = Jyar.(Fw).

Remark 3.16. The previous results on Jr q »(F, w) remain true for J; o (F, w),
by the same arguments.

Proposition 3.17 (Continuity of the indefinite Aumann-Young integral). The
set-valued map t € [0,T] — Jpo,(F,w) is B-Hélder continuous with constant
Cas, T (|F o7+ 1) lwll g7 when Pec(R®) is endowed with the Hausdorff distance
dy, where €, g1 is the constant defined in Theorem 2.9.

Proof. Consider s,t € [0,T] with s < ¢, and j; € Js o (F,w). So, there exists
ft € Sar(F) such that

t
o= [ i) duw),
0
and by Theorem 2.9,

d‘ajsoszv = inf
(Jts Js,ar (Fy w)) e )

/ " o) o) — [ #w vt
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+ inf
fE€Sa,r(F)

[t dutw

< ’

/0 (- £ dw(w)

<6 p (T Dol [Nar (il = o + 78 _inf | Noixls = 1)

a,r

Since fs € Sa,r(F), we have Nor(f) < ([[F| . 7 + 1) and the second term in
the right-hand side of the previous inequality is null. Then,

d(je, Ty, (Fyw)) < a6 (T V D)|wllgr (|1 Flloo o + )t = 5|7
and, by symmetry,
A, Jaor (Fow) < ca,p(TV D[l (1F o o+ 7)1 — 517

for every j, € Jior(F,w). Therefore,

dH(Js,a,r(Fa ’LU), Jt,a,r(Fa w))

= Inax Sup d(jS7 Jt,oz,r(Fa ’LU)) ; sup d(jt7 Js,a7r(F; w))
jSEJS)(,,T(F,’LU) jteJt,a,r(Fvw)

< Caprllwllgr(IFllwr + )t —sl’.
O
Corollary 3.18 (Upper bound for ||J ., (F,w)|, r and No1(J o (F,w))).

Assume that © = Tmin, and let py(T,7) = Copr(|Fllor + r)||w| g TP~
Then

||J-,a7T(F7w)||a,T < pw(T, T)

and
Na,T(J-,a,r(Faw)) < (A +T)pw(T,r).

Proof. Since o < 3, the first inequality is an immediate consequence of Propo-
sition 3.17 and the obvious inequality ||F||,, < T |F| ;. for any F €

CAHEY(10, T);Puc (R®)). The second inequality follows, using that foo f(s)dw(s) =
0 for any f € So.r(F). O

4. Existence of fixed-points for functionals of Aumann-Young’s inte-
gral and applications to differential inclusions

The main theorem of this section, derived from Kakutani-Fan-Glicksberg’s
theorem thanks to the results of Section 3, deals with the existence of fixed-
points for functionals of the Aumann-Young integral. We provide some appli-
cations to differential inclusions, especially differential inclusions driven by a
fractional Brownian motion.

In the sequel, o, 8 €]0,1], « + 8 > 1 and « < 5. This implies that 8 > %
As usual, T > 0 and w € C#H([0, T]; RY).
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4.1. Fized point theorem

Let us first recall the notions of fixed-points and of upper semicontinuity for
multifunctions.

Definition 4.1. Consider a set S and a multifunction ' : S = S. An element
z of S is a fized-point of F if x € F(z).

We now give a definition of upper semicontinuity for multifunctions in a
particular case which is sufficient for our needs (see [3, Definition 1.4.1 and
Proposition 1.4.8]).

Definition 4.2. Let X be a metric space, let Y be a compact metric space. Let
F : X =2 Y be a multifunction with closed values, and let S be a closed subset
of X, with § € Dom F := {z € X ; F(z) # 0}. The multifunction F is said to
be upper semicontinuous on S if, for every sequence (z,, Yn)nen of elements of
S x Y and for every (z,y) € S x Y such that (x,,y,) converges to (z,y) and
yn € F(x,) for every n, we have y € F(z).

Let us now set the scene for the fixed point theorem. Let S be a convex
compact subset of C*HL([0, T];R®), and let ® : [0, 7] x R® — Pe(M.q(R))) be
continuous for the Hausdorff distance, with ¢ € N*. Assume that there exists
R > 0 such that

¢(7x()) E EO(,'PCL((]WLL{(R))(O?R) a V‘T 6 S
Let

> supmin (b 20,2l 7+ 19020700

so that the map

S — CH(0, T} Pac(RY))

Dy T > (Acw“)/o D(s,z(s)) dw(s)

is well-defined. With the notations of Corollary 3.18, we have

[Pw(@)| 0,7 < pu(T7)
forallz € S.

Theorem 4.3 (Fixed point theorem). Let S, ®, r and ®,, as above, let o' €
10, «[, and let

- Co MO0, T]; Puc (RY)) = Co-HéY([0, TT; R9),

a multifunction such that Dom W contains B := {®,(z) ; z € S}, and which
satisfies the following conditions:

18



1. For every sequence (Fp,)nen of elements of B such that there exists F € B
satisfying
Ls F,(t) C F(t); Vt€[0,T],
n—oo

if hn € W(E,) converges in C* ([0, T];R) to ¢ € C*H([0,T];R?),
then 1 € U(F).

2. For every F € B, U(F) is convez, closed and contained in S.

Then, I' = W o ®,, has at least one fized-point in S.

Remark 4.4. By Corollary 3.18, in order that Dom(¥) D B, it is sufficient
that Dom(\Il) D Ba,Pck(MLd(R))<O’ (1 + Ta>pw(T, r)).

Proof of Theorem 4.3. By Condition 2, T'(z) is closed convex and contained in
S for every z € S.

Let us check that I is upper semicontinuous. Let (z,)nen be a sequence of
elements of S converging to z € S in X := Cal'HE’l([O, T];R¢), and consider ¥, €
[(x,) = ¥(®,(x,)) converging to 1 € C*H([0, T]; R®) in X. By Proposition
3.13 (more precisely Remark 3.16) and the Hausdorff continuity of ® (which
gives

Ls (L2, (1) C B((t (1)) ; Vi € [0,T1)),

n—oo

we have
Ls @ (xzn)(t) C Oy(x)(t) ; VE € ]0,T].

n—oo
Then, by Condition 1, ¢ € ¥(®,,(z)) = I'(x), which proves the upper semicon-
tinuity.
We deduce by Kakutani-Fan-Glicksberg Theorem [13, Theorem 8.6 of 11.§7]
that I" has at least one fixed-point in S. O

Remark 4.5. Consider v €]0,1A(8/a)] ay+8 > 1. The statement of Theorem
4.3 remains true when

CI)(,.’E()) € EO&’Y,'Pck(MLd(R))(O’R) Ve e S
and ‘
D,(x) = (ADL%T)/0 D(s,z(s)) dw(s).

For the sake of readability, this result has been detailed in the case v = 1,
but the proof of Theorem 4.3 remains unchanged for v # 1, again with S C
Co-H3l([0, T]; R¢), but replacing a by ary everywhere else.

Let us provide two examples of multifunctions ¥ fulfilling Conditions 1 and
2 of Theorem 4.3. These examples will be the basis for our applications to
differential inclusions.
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Example 4.6. Assume that T satisfies p,,(7,7) < v with v > 0. With the
notations of Theorem 4.3, let us show that ¥,,(.) := h 4+ {z € Sqp, (1,1 (*) :
z(0) = 0}, with £ = e and h € C*Hl([0, T]; R®), fulfills Conditions 1 and 2 for
S = Sp. :={z € Bare(h,t): 2(0) = h(0)} which is a convex compact subset
of X := € H8l([0, T]; R®) thanks to [12, Proposition 5.28]:

1. Let (Fy)nen be a sequence in B p, (a, 4r))(0, (1 + T%)py(T,7)) such
that there exists F € B p., (M. o®)) (0, (1 +T%)py (T, 7)) satisfying

Ls Fu(t) € F() 5 ¥t € [0,7). (12)

Consider also 1, € ¥, (F,) converging in X to ¢ € C*Hl([0, T];R®). For any
n €N, (1, —h)(0) = 0 and, by the definition of S, ,,, (1, (Fn), n —h € S°(F,)
and No 7(¥y — h) < pyu(T,r). Thanks to (12), ¢» — h € S°(F), and since 1 is
the limit of ¢, in X, (¢ — h)(0) = 0 and No (v — h) < pu(T, 7). Therefore,
(NS \I’h(F) -

2. For any F' € Bqp, (m. ,®))(0, (1 +T%)py(T, 7)), since Sy, (1,r) (F) is
convex (resp. closed) by Proposition 3.4 (resp. Proposition 3.6), ¥}, (F) is convex
(resp. closed). Moreover, since p,, (T,7) < t,

U (F) Ch+SYF)N{x € Bagre(0,(1+T)pw(T,r)) : 2(0) = 0}
C h+{z € Bagre(0,t) : (0) = 0} = Sj ..
Example 4.7. Assume that d = ¢ =2, e =1 and that T satisfies p,,(T,7) <t
with t > 0. Consider f € C*H5([0, T];R). With the notations of Theorem 4.3
and Example 4.6, let us show that Uy ¢(.) := h+ {fa1 — 22 ;2 = (v1,22) €
Uy(.)} fulfills Conditions 1 and 2 of Theorem 4.3 for S = Sy 5. 1= h + {fz1 —
Ty ;& = (21,72) € So.}: -

1. Let (Fy,)nen be a sequence in By, p, (a1, 1)) (0, (14+T%)py (T, 7)), and let

Fe Ba’pck(Mm(R))(O, (14+T%)py(T,r)) satisfying

Ls Fu(t) C F(t) 5 vt € [0,T]. (13)

Consider also v, € ¥y, ¢(F,) converging in X to ¢ € C*Hél([0, T];R). For any
n € N, ¢, = ht fr1 n—T2, With z, = (21,n, 22,,) € S°(F,) such that z,(0) =0
and Ny 7(x) < pu(T, 7). Then, by Friz and Victoir [12, Proposition 5.28], there
exists a subsequence (2, )ren Of (Zn)nen converging in X to z = (x1,22) €
Co-H8L([0, T]; R) such that 2(0) = 0 and N, 7(z) < pyu(T,7). Moreover, thanks
to (13), z € S°(F). So, for every t € [0, 7],

7/}@) = nlggo 7/’7l(t) = klggo ny, (t)
= h(0) + F(0) Jim 1, (1) — im0 a0, (1)
= h(t) + f(t)z1(t) — z2(t).

Therefore, ¢ € Uy, ¢(F).

2. For any F € By p,, (my.,®) (0, (1 4+ T%)py(T, 7)), since ¥o(F) is convex
(resp. Uo(F) C Sox), Up p(F) is convex (resp. Uy r(F) C Sh ). Moreover,
the same arguments than in the previous step yield that ¥ ¢(F) is closed.
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4.2. Applications to differential inclusions

Let us provide two applications of Theorem 4.3 to differential inclusions.
First, let ® : [0,7] x R® — P (M, q(R)) be a multifunction such that, for
every t € [0,T] and every z € R®, ®(.,z) is a-Holder continuous with respect
to the Hausdorff distance and ®(t,.) is Lipschitz continuous with respect to
the Hausdorff distance too, that is, there exist ki, ke > 0 such that for every
s,t €10, T] and z,y € R®,

du(®(s,z), ®(t,x)) < ki|t—s|* and du(®(t,z), P(t,y)) < kol|lz—yl|. (14)

Assume also that ® is bounded with respect to the Hausdorff distance, that is,
there exists R > 0 such that

sup sup |lyl| < R. (15)
(t,z)€[0, T xRe ye®(t,z)

Consider w € CAH3L([0, T]; RY) and an inclusion of the form

2(t) €€+ (Aw)/o (s, 2(s)) dw(s) ; t € [0,T], (16)

where 7 is large enough and the unknown function x is in C*-H8([0, T]; R®).

Corollary 4.8 (First order differential inclusion). Assume that 0 < a < f3,
a+pB>1andr =1y := R+ ki + ko. Then, the set of solutions to (16) is
nonempty.

Proof. First, with the notations of Example 4.6, for any x € S¢ 1, the map
s+ ®(s,x(s)) is a-Holder continuous. Precisely, for every s, t € [0,T],

du(®(t, x(1)), ®(s,2(s)))

H(P(t,2(t)), ®(s, (1)) + du (P (s, z(t)), ®(s, 2(s)))
1|t — 8% + kallz(t) — 2(s)||

(k1 + kel — &la,)[t — s|*

(k1 + k2)|t — s|*

NN NN
T Q.

and then,
Nor(®(,2(.)) < R+ k1 + ka2 = 10.

Let 1 > Ty > 0 be such that (1+7§)pw(To,70) < 1 (see Remark 4.4). Applying
Theorem 4.3 on [0, Ty, with r = ro, S = S¢1 and U = U (see Example 4.6),
shows that I' = ¥ o @, has a fixed point on [0, 7p]. Since the definition of Tj is
independent of £, gluing solutions on successive intervals provides a fixed point
for T" on [0, T], which is thus a solution to (16) on [0, T]. O

Remark 4.9. Consider v €]0,1 A (8/«)] such that ey + 8 > 1. Thanks to
Remark 4.5, the statement of Corollary 4.3 remains true when, for every ¢t €
[0,T], ®(t,.) is v-Holder continuous but not necessarily Lipschitz continuous.
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Now, for e = 1, consider wy € C#H5(]0, T];R) and a second order inclusion
of the form

(1) € €+ (A1) | t (o) [ @ st dun(w)] dun(e). ()

For any x € C*H9([0, T]; R) such that the Aumann-Young integral in Inclusion
(17) is well defined, thanks to the integration by parts formula for Young’s
integral,

(Aot [ t () [ @) duota) | dun)
- {/Ot /0 o(w) dwo(u) dwo(s) 5 ¢ € Sa,r(@(-,x(-)))}
= {oo) [ e aunts)~ [ wnlsets)dun(s) s 0 € S}

_{wo(t) </Ot @(s)(dwo(s), wo(s) dwo(s)))

1

- ( | et aunte) wat) dwo(s))) e sa,r(cb(.,x(.)))}.

2

Then, proving the existence of solutions to (17) amounts to prove that

s Uy ((R) [ 00s.0(9) duts)) with wiz (o, [ un(s) dun(s))

0

has fixed points.

Corollary 4.10 (Second order differential inclusion). Assume that o < S,
a+pB>1andr > ry,r = ki + ka(Nar(wo) +1). Then, the set of solutions
to (17) is nonempty.

Proof. First, consider @, ¢ := £ +woz1 — 2 with z = (21,22) € Sp,1. The map
s B(S, Tuye(8)) is a-Holder continuous. Precisely, for every s,t € [0,T],

dD(q)(uxwo’E(t))v(I)(vawo’ﬁ(s)))
< dD((I)(tvxwof(t))’ <I>(S7l’w07§(t)))
+dD(<I)(37$wo,£(t))7‘I)(vawo,f(s)))
Skt — 8" + Fal@w, ¢ (8) — T, e (s)]
< kaft = 5| + Ko (Jwo () (z1(t) — z1(s))|
+/(wo(t) — wo(s))x1(s)] + [x2(t) — z2(s)])
< (k1 + k2 (No,7(wo) + 1))t — s|*

and then,
Na7T((I)(.,.TZ(.))) < kl =+ k:g(Na’T(wo) + 1) = T’wo,T-
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Let To > 0 be such that (1 +7§")pw(T0, Twe,7) < 1. By Theorem 4.3 applied on
[0, 7o), with 7 = 74y, 1, S = St we,1 and ¥ = We o, (see Example 4.7), ' = Yod,,
has a fixed point, which is thus a solution to (17) on [0, Tp]. Since the definition
of Ty is independent of &, T has a fixed point, which is thus a solution to (17)
on [0,T]. O

Let us conclude with applications to stochastic inclusions. Consider a (d—1)-
dimensional fractional Brownian motion B = (B(t))c[o,r) of Hurst index H €
(1/2,1), which is a centered Gaussian process such that

1
E(Bi(s)B; (1)) = §(t2H + 82— [t = s[*T)éy

for every s,t € [0,T] and 4,5 € {1,...,d — 1}, and let (2, .4,P) be the associ-
ated canonical probability space. By the Garcia-Rodemich-Rumsey lemma (see
Nualart [28, Lemma A.3.1]), the paths of B are -Holder continuous for any
B € (0,H). Consider r > 0 and « € (0,1) such that « + 8 > 1 and a < S.
Then, for any measurable map F : Q — Ea,pck( M. 4(®))(0,7), one can define a
set-valued stochastic integral of F' with respect to B by

() [ F9886)| @) = () [ Fls.01aB(s.0) s we . ve 0.1

This allows to consider the stochastic inclusion
t
X(0) €€+ (ha) [ 05, X(5) dus) s £ € 0.7), (18)
0

where @ : [0,7] x R® — Pe (M, q(R)) fulfills Assumptions (14) and (15), and
W (t) := (t, B1(t),...,Ba-1(t)) for every t € [0,T]. By Corollary 4.8, for every
r > ki + ko + R, Inclusion (18) has at least one pathwise solution. One can also
consider the one-dimensional second order stochastic inclusion

X0 € €+ (Aapuir) | [(Aa,» / " B(u, X (u)dB(w)| dB(s) ; t € [0.7].

(19)
By Corollary 4.8, for every r > k1 + ka(Nq 7(B)+1), Inclusion (19) has at least
one pathwise solution.
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