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On a set-valued Young integral with applications to
differential inclusions

Laure CoUTIN?, Nicolas MARIEP, Paul RAYNAUD DE FITTE®

SIMT, Université Paul Sabatier, Toulouse, France
YMODAL’X, Université Paris Nanterre, Nanterre, France
¢ LMRS, Université de Rouen Normandie, Rouen, France

Abstract

We present a new Aumann-like integral for a Holder multifunction with respect
to a Holder signal, based on the Young integral of a particular set of Holder
selections. This restricted Aumann integral has continuity properties that allow
for numerical approximation as well as an existence theorem for an abstract
stochastic differential inclusion. This is applied to concrete examples of first
order and second order stochastic differential inclusions directed by fractional
Brownian motion.
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1. Introduction

Consider d,e € N*, a B-Hoélder continuous signal w : [0,7] — R? with
B € (0,1), and an a-Hoélder continuous multifunction F' defined on [0, 7] with
convex compact values in the set M, 4(R) of linear mappings from R? to R®,
where a € (0,1) and o + 8 > 1. The purpose of this paper is to define a
set-valued Young integral of F' with respect to w, of the form

/0 F(s) duw(s) = { / f(s)du(s) ; f e s<F>} (1)

in a nontrivial way, but with a small enough set of selections S(F'), so as to
get algebraic and topological properties (convexity, boundedness, compactness,
continuity, etc.) allowing to give a sense and establish the existence of solutions
to several types of differential inclusions.

There have been many different approaches to set-valued integration with
respect to a nonnegative o-additive measure . The most popular one is due to
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Aumann [3], based on Lebesgue integrals of selections:

/O F(s)du(s) = {/0 f(s)du(s) ; f € SLl(u)(F)} (2)

where Spi(,)(F) denotes the set of all p-integrable selections of F. In the
case of multifunctions with convex compact values, other approaches such as
Hukuhara’s [16] or Debreu’s [9] are restricted to multifunctions with compact
convex values and use the cone structure of the space of convex compact sets.

The concept of Aumann integral has been applied in several papers to in-
tegration of multivalued stochastic processes using classical stochastic calculus
and a definition of the form (1), where w is a Brownian motion, or more gen-
erally a semimartingale, e.g., [19, 23, 24]. Despite this similarity, the setting
of stochastic calculus is quite different from ours, since the stochastic integral
needs a probability space to make sense. In this context, some variants have
been developped, the main one by Jung and Kim [17], which is the decompos-
able hull of an integral of the form (1), has been extensively studied by Polish
mathematicians from Zielona Géra [20, 21, 18, 25, 26], to cite but a few papers
and a book.

In the case of a deterministic signal w with possibly infinite variation, Michta
and Motyl [27, 28] are the only references so far defining a set-valued Young
integral & la Aumann of the form (1), for convex as well as nonconvex-valued
multifunctions. In their approach, the set of selections S(F’) is large, namely, in
the case of our setting, S(F') is the set of all a-Hélder continuous selections of
F. Of course this is a natural definition, and the authors obtain basic expected
properties on the set-valued integral: nonemptyness, convexity and regularity of
the integral with respect to S(F') (not F'). In our approach, the set of selections
is smaller:

Sar(F) = {f selection of F: ||f|la,r < r}.

The ”tuning parameter” r > 0 controls both the a-Hélder seminorm of F' and
of the considered selections. This allows to establish the compactness of the
integral, to get the upper semicontinuity of the integral with respect to F', and
then to establish the existence of solutions to some differential inclusions. Note
that our integral converges to that of Michta and Motyl [27] when the tuning
parameter r goes to 4+o0o. However, our integral is always compact-valued,
whereas that of [27] may be unbounded, see Example 3.11 below.

On differential inclusions driven by a-Hdélder continuous signals, let us men-
tion Bailleul et al. [5]. In this paper, the authors establish the existence of
solutions to a differential inclusion using the approach of Aubin and Cellina
[1]. Let us also cite Levakov and Vas’kovskii [22] who mix pathwise integration
with respect to fractional Brownian motion with It6’s integral with respect to
standard Brownian motion, following Guerra and Nualart [13]. These works on
differential inclusions implicitely use an Aumann type set-valued integral of the
form (1).

As an application of our set-valued Young integral, we are able to define a
stochastic set-valued integral with respect to the fractional Brownian motion



(fBm) of Hurst index H > 1/2, and then to establish the existence of solutions
to several types of stochastic differential inclusions driven by the fBm.

This paper is organized as follows. Section 2 recalls preliminary definitions
and results on Steiner’s selections and on the Young integral for point-valued
functions. Section 3 deals with the set-valued Young integral. Finally, Section 4
provides a fixed-point theorem for functionals of the set-valued Young integral
which allows, in particular, to get the existence of solutions to several types of
differential inclusions.

2. Preliminaries

2.1. Notations and basic definitions
Let d > 1 be an integer.

1. The set of nonempty closed subsets of R? is denoted by P¢(R?). The semi-
Hausdorff distance on P¢(R?) is denoted by dy: for all (A4, B) € P(R%)?2

dn(A, B) = max {sup d(a, B) ; sup d(b,A)} = sup |d(z, A) — d(z, B)| (3)
a€A beB z€R?

(see, e.g., [6]). For every A € P¢(R?), we denote ||Ala, := du(A, {Ope}) =
sup{|la|| ; a € A}.

2. Let Pe(R?) be the space of nonempty, convex and compact subsets of R%.
For any C € Pu(R?), the support function of C is the map

* . Rd - R
(., C): { I —  maxgeco(l, ).

We have, for all A, B € Pg (R?),

du(A,B)= sup |0*(¢,A) —6*(¢,B)).
tera e =1

For any C € Pa(RY) and ¢ € R?, consider
Y(,C):={ceC:{c)=06"(C)}.

If Y(¢,C) contains exactly one element, it is denoted by y(¢, C') and called
exposed point of C' with exposing direction £. The set of all exposing direc-
tions for a given point of C' is denoted by T¢. For all A, B € Py (RY), the
Demyanov distance between A and B is defined by

dD(A7B) = Sup{”y(&A) - y(£7B)|| ; te 7?4 ﬂTB}

Note that dp (A, B) > du(A, B) for all A, B € Pu(RY), see, e.g., [31]. On R?,
which we identify with the subset of singletons of P (R%), both distances dp
and dy coincide with the distance induced by ||.|.



3. For any a €]0,1[, Co ([0, T]; Pac(R?)) (respectively CE ([0, TT; Pac(RY)))
is the space of a-Hélder continuous maps from [0,7] into P (R?), where
Peac(R?) is endowed with the Hausdorff distance (respectively, the Demyanov
distance). In the sequel, C*HL([0, T]; Pe (R?)) is equipped with the a-Hélder

norm N 7(.) := ||.|lco.r + ||-la.7, where, for F' € C*HO([0, T]; Puc(R?)),
du(F(s), F(t
[ Ella,7 = SHP{W ;5,6 €[0,T) and s < t} ,

and (with inconsistent but convenient notations)

[Flloc,r = sup [[F(t)]lg, -
t€[0,T]

We denote by B, p,, (F,d) the closed ball of center F' and radius § in the
space CoHOL([0, T]; Py (RY)) .

Similarly, the space C&I0([0, T); Pu(R)) is equipped with the a-Holder
norm Ny 7.pem(-) = ||-|lco,7 + |||, 7,Dem, Where dy is replaced by dp in the

above definition.

4. For any s,t € [0,7] such that ¢ > s, D[, 4 is the set of all dissections of [s, t].

Remark 2.1. (Radstrém-Hérmander embedding) Since P, (R9) is not a vector
space, it may seem strange to use the notation ||.|| 4 or to call Ny 7 and Nu 7 Dem
"norms”. Actually, there exists an embedding of P (R?) into a vector space
that turns these mappings into true norms.

More precisely, let us recall briefly the Radstrém-Hormander embedding
[30, 15], following Radstrém’s construction [30]. The space Pu(R?) is endowed
with the scalar multiplication AA = {Xa ; a € A} and the addition A + B :=
{a+b;a€ Aandbe B}, for all A,B € Py (R%) and A € RT. With these
operations, Py (R?) is such that A+C = B+C implies A = B for all A, B,C €
Pck(Rd) and \M{A+ A= ()\1 + /\Q)A for all Ay, Ay € Rt and all 4 € Pck(Rd).
Taking equivalence classes of pairs (4, B) € (Pck(Rd))2 for the relation (A, B) ~
(C,D) < A+ D = B+ C leads to the construction of a vector space S which
extends the convex cone Pg (RY), where each element A € Py (RY) is identified
with (A, {Oga}). The distances dy and dp are extended to S by setting

dx((A,B),(C,D)) =dx(A+D,B+C),

where X denotes either H or D. Since dyg and dp are translation invariant and
positively homogeneous, the map (4, B) — dX((A, B), ({Oga}, {O]Rd)) is a norm
on S which induces the distance dx. Then N, 1 and N, 7 pem have natural
extensions as norms on C*Hé([0, T);S) and CEHY([0, T);S) respectively.

2.2. Steiner point and generalized Steiner selections
Let

M = {u probability measure on Bga(0, 1)
;30 € CH(Bgra(0,1);R), p(dzr) = 0(z)dx}.



Definition 2.2. The Steiner point of C € Py (R?) is defined by

St(C) 1= / (2,C)dz  with 2
t = — y(x, r with vy = —————.
Vd JToNBga(0,1) ¢ L(1+d/2)

It is well known that St(C) € C for any C € Pa(R?) (see the more general
Proposition 2.6 below). Furthermore, we have:

Proposition 2.3 (Lipschitz property). The map St : Pu(R?) — R is £4-
Lipschitz for the Hausdorff distance dy, where the sharp Lipschitz coefficient €4

satisfies
V 7 V m

See [33, 32] for the exact calculation of ;. The estimation (4) can be found
in [32].

The Steiner point can be generalized by replacing the probability measure
dx /vg in Definition 2.2 by any element of M. This is particularly interesting in
connection with the Demyanov distance.

Definition 2.4 (generalized Steiner selection). The Generalized Steiner point
of C € Py (R?), for a measure p € M, is defined by

St,(C) = /B o S Ot

The generalized Steiner selection of a multifunction F : [0,7] — Pu(R?) with
respect to a measure u € M, is the map t € [0,7] — St,(F(t)).

Proposition 2.5. For all C,C1,Cy € Pa(RY), py,po,p € M, k € [0,1],
A v =0, we have
Stﬁuﬂr(l*ﬁ)uz (0) = KStHl (O) + (1 - K‘)Stufz (O)a
St (AC1 + vCa) = ASt,(Ch) + vSt,(Co).

See Baier and Farkhi [4, Lemma 4.1] for a proof.

Theorem 2.6. (Castaing representation) For every measurable multifunction
F :[0,T] = Pa(RY), there evists a sequence (fin)nen of elements of M such
that, for every t € [0,T],

F(t) = |J {Sty, (F(1)}.

neN

See Dentcheva [10, Theorem 3.4] for a proof.

It is proved in [10] that, for any u € M, the map St, : P (R?) — R? is
Lipschitz for the Hausdorff distance dy. However there is no uniform bound on
the Lipschitz coefficient with respect to p. But the Demyanov distance dp can
be expressed using generalized Steiner points:



Proposition 2.7 (Demyanov distance and generalized Steiner points). For ev-
ery C1,Cy € Py (RY),

dp(Ch,C2) = sup [|St,(C2) — St (C2)]-
pneM

See Baier and Farkhi [4, Corollary 4.8] for a proof.

2.3. Young integral for single valued functions

This subsection deals with the definition and some basic properties of Young
integral which allow to integrate a map f € C*Hol([0, T'); M, 4(R)) with respect
to w when « €]0,1] and o + 8 > 1. Here, M, 4(R) denotes the space of real
matrices with e rows and d columns.

Let us first introduce a compactness result which is essential in the con-
struction of the Young integral and the proof of its properties, and that we use
several times in this paper.

Proposition 2.8 (Compactness in Holder spaces). Let (f,) be a bounded se-
quence in O H3(0, T); M, 4(R)) such that sup, supery |Lfa(®)lar, s <

+00. Then there exists a subsequence (fn, )ren 0f (fn)nen and f € C@-Hol ([0, T);
M, 4(R)) such that, for every e €]0,al, (fn, )ken converges in C(—=)-Hd([0, T7;
M. 4(R)) to f.

See Friz and Victoir [11, Theorem 5.28] for a proof.

Theorem 2.9 (Young integral). Consider «, 8 €]0,1] such that o+ > 1, and
two maps

fe Ca'Hél([O,T];Me’d(R)) and w € CB—Hél([O,T];Rd).

For every n € N* and D, = (t7,...,t, ) € Djo,1) such that |D,| — 0 (where

Y My,

| D | = maxicp<m, —1(tF ., —t})) the limit
mp—1
dm D A w(tEa) — (i)
exists and does not depend on the dissection D,,.

Definition 2.10 (Young integral). The limit in Theorem 2.9 is denoted by

[ 6y auts

and called the Young integral of f with respect to w on [0,T].

The following theorem provides a bound on Young’s integral which is crucial
in the sequel.



Theorem 2.11 (Young-Love estimate). Consider a, 8 €]0,1[ such that a+ 5 >
1, and two maps

fe Ca-Hél([O,T]; Me,d(R)) and w € Cﬁ-Hal([O,T];Rd)~

There ezists a constant ¢, 3 = 1, depending only on a and 3, such that, for all
s,t € [0,T] such that s < t,

Therefore, for all s,t € [0,T],

—~

/ £(u) duw(u) — £(s)(w

) - w(s»H < capllwlprl fllazlt — 5|,

< capllwlg s flarT® + |1 fllco.r)lt — |,

[ rwav

and, in particular,

/0 f(s) du(s)

< Cap [[wllg 2 Noyr(f)
B.T

with Q:a,ﬁ,T = Caﬁ(Ta V ].)

See Friz and Victoir [11, Theorem 6.8] for a proof.

3. Set-valued Young integral

This section deals with an Aumann-like integral based on a special subset
of selections. We assume the following hypothesis:

(A) F € CoHY([0, T]; Pac(M, 4(R))), and w € CA-H([0, T); RY), with «, 3 €
10,1], a + 3 > 1.

We shall sometimes consider the subcase obtained by adding the following
stronger assumption on F":

(B) Fe Ca_Hél([()?T]§Pck(Me,d(R)))'

Dem

To show that (B) is not contained in (A), we can consider the case when F'(t) is
the segment of R? with one end at (0;0) and the other end at (sint,cost) (see
[31, Example 3.3]). Then dp(F(t), F(s)) > 1 for s # t, thus Ny 7 pem (F) = +00
for all o, whereas F' is Lipschitz for dy.

8.1. Special selections

We now define an appropriate set of selections of F, that will be used to
define a set-valued Young integral of F' with respect to w.
Let us choose our ”tuning parameter” r such that

2 ted|| Flla.r, (5)



where £.4 is the constant defined in Proposition 2.3. In the case when (B) is
satisfied, we can alternatively take

r > ||FHa,T,Dem~ (6)

Note that Condition (6) can be less restrictive than (5), when (B) is satisfied. For
example, if F(¢) has the form f(t)+C, where f is single-valued and C' € P (R?)
is constant, we have || F|, 7 pem = 1 Fll0r < tedllFlla,7-

Notation 3.1. In this section, we denote
Tmin = Min (EedHF”%T’ HF||a,T7Dem> : (7)

Notation 3.2. We denote by S(F) the set of all measurable selections of F,

Sar(F):={f €S°(F); ||floqr <7} and
Ssi(F) = {St,(F()) ; p € M} C S°(F).

Remark 3.3 (Dependence on T of S, (F)). Let t € [0,T[. If f is an a-
Hélder selection of I on [0,t], with [|f||, , <7, there does not necesarily exists

a selection f € S,,-(F) wich extends f on [0,7] and such that ||ﬂ|a s ST

So, Su,r(F) depends on T', but we chose to keep the relatively light notation
Sa,r(F) without stressing this fact.

Proposition 3.4. For every r = ryin, the set Sy r(F) is nonempty and conver.

Proof. The convexity of S, -(F) stems from the convexity of the norm N, 7.
If (5) is satisfied, Sy, (F') is nonempty because it contains St(F') by Propo-
sition 2.3. Indeed, we have, for s,t € [0, 7],

[St(E' (1)) = St(F(s))l| < Eeadu(F (1), F(s)) < teal Flla,7[t = 5[,

thus [|St(F)[|,» <7
Similarly, if (B) and (6) are satisfied, we have St(F) € S,..(F) by Proposi-
tion 2.7 and since, in that case, Ny 1 pem(F) < 00. O

Remark 3.5 (Basic properties of the selections sets).

1. The set Ss;(F) is a nonempty and convex subset of C“H5([0, T; M, 4(R))
such that, for every f € Ss¢(F), Nor(f) < Nar,pem(F). Moreover,
there exists a sequence (f,,)nen of elements of Sg¢(F') such that, for every
te[0,T],

F(t) = |J {0}
neN
Indeed, the convexity of Ss;(F') follows from Proposition 2.5, the Castaing
representation from Proposition 2.6, and the comparison with Ny 7 pem (F')
stems from Proposition 2.7.



2. Consequently, if (B) and (6) are satisfied, we have Sg¢(F) C Su,-(F) (since
in this case Ny 1, pem(F) < 00), and there exists a sequence (fy)nen of
elements of S, (F) such that, for every ¢ € [0, 77,

F(t) = |J{fu)}. (8)

neN

Let us establish some topological properties of Sy -(F) in L?([0, T]; M, a(R))
and in C*HoL([0, T]; M, 4(R)).

Proposition 3.6. For every r = ryin, the set So.(F) is a bounded and closed
subset of CoHOY([0, T); M, 4(R)). Moreover, for every sequence (fy)nen of ele-
ments of Sa.r(F), there exists a subsequence (fun, )ken of (fn)nen such that, for
every e €]0,al, (fn, )ren converges in C@==) 1[0, T); M, 4(R)) to an element
of Sar(F).

Proof. Let (fn)nen be a sequence of elements of S, »(F). By the definition of
SQJ(F)

Sup [ falloo,r < [|Flloo o and sup || fallar <7

neN neN

Therefore, by Proposition 2.8, there exists a subsequence (fp,)ken 0f (fn)nen
such that, for every & €]0,a], (fn, )ken converges in C(@—=)-Hl([0 T); M, 4(R))

to an element of S, - (F). O

Proposition 3.7. S, (F) is a bounded, closed and sequentially compact subset
of L2([0, T]; Me,a(R)).

Proof. Let (fn)nen be a sequence of elements of S, ,(F). According to Propo-
sition 3.6, there exists a subsequence (fn, )ren Of (fn)nen such that, for ev-
ery € €]0,a], (fn, )ken converges in C(@==)-H81([0 T]; M, 4(R)) to an element of
Sa,r(F). Note that

Sgp | frn oo, < | F oo, < 00. (9)

Then, the sequence (fy, )r is uniformly integrable with respect to the Lebesgue
measure on [0,7] and (f,, )r converges to f in L([0,T]; M, 4(R)). Using es-
timation (9), the convergence holds in L2([0, T]; M, 4(R)). Thus, S, -(F) is a
sequentially compact subset of L2([0, T]; M, 4(R)). O

8.2. Aumann-Young integral

Now, consider w € C#Hé([0, T]; R?) and let us define a set-valued Young
integral with respect to w, using special sets of selections.

Definition 3.8 (Aumann-Young integral). The Aumann-Young integral of F'
with respect to w and parameters a and r is defined by

T T
(Aa,r)/o F(t) dw(t) = Jra.(Fw) = {/O f@)dw(t); f e Sa,r(F)}-



Remark 3.9. Michta and Motyl define a larger Aumann-Young integral in [27].
For convex-valued F', their integral is

(A so0) / PO du(t) = Jrax(Fw)

= {/O Ft)dw(t) ; f e So(F)n C“'H""l([OvT];Mad(R))}

= | Jrar(Fw).

r=0

See Example 3.11 below for a comparison with (Aam)foT-s-oo F(t) dw(t) when
T < 00.

The following proposition provides some basic properties of the set-valued
Aumann-Young integral.

Proposition 3.10. For every r > rmin, the Aumann-Young integral of F' with
respect to w and parameters o and r is a nonempty, bounded, closed and convex
subset of R€.

Proof. Let us prove each property of the Aumann-Young integral of F' with
respect to w stated in Proposition 3.10.

Since Sy, (F) is nonempty (resp. convex), Jr 4. (F, w) is nonempty (resp. con-
Vex).

By Theorem 2.11, for every f € S, (F),

Then, the Aumann-Young integral of F' with respect to w is a bounded subset
of R€.

Consider a converging sequence (j,)nen of elements of Jr o (F, w). Its limit
is denoted by j. By the definition of Jr o . (F,w), for every n € N, there exists
fn € Sa.r(F) such that

<ca,s TP |w]l g7 (|| £

a.7T" + | flloo,T

[ rwav)

<ea g THTV Dlwllg 2 (r + [|1Fl| o 1)-

T
Jn = / Fn(t) dw(t).
0
By Proposition 3.6, there exists a subsequence (fy, )ken 0f (fn)nen such that,

for any e €]0, ], (fn, )xen converges in C@=)-Hl([0 T]; M, 4(R)) to an element
f of 8o r(F). So, by Theorem 2.11, for ¢ < a4 3 — 1, for every k € N,

T
e / £(t) du(t)

10



<casllwllsrT? (| fuw = flla—e, s T + | fri = flloo.r)
capllwllgrT? (T V1) Na—er(fo, — f) —— 0.
k—o00

Therefore,

T
i= [ 1w,
0
and then Jr, (F,w) is a closed subset of R®. O

Example 3.11 (Comparison with Michta and Motyl’s Young integral). In this
example, Michta and Motyl’s Young integral [27] is equal to R, whereas, by
Proposition 3.10, Jp,q,-(F,w) is a compact interval. Assume that 8 < %, and
let

w(t) = t* cos(n/t) and F(t) = [-1,1], (t € [0,1]).

We have No 17(F) = Norpem(F) =1 and, for 0 < s <t <1,

|w(t) —w(s)| < |(t25 - s%7) cos(m/t)| + ’sQﬁ(cos(w/t) — cos(m/s))|
< (tQﬁ _ 825)
+ 520 |cos(m /t) — cos(m/s)|* 77 |cos(m/t) — cos(r/s)|?
< (28— 2P) 4 21820 (;ﬁ _ ;ﬁ)

<2 (7 — 7)) + 217078 (¢ — 5P)
<(t-s)’ (2427077,

thus ||w| g1 < 2 +217A7P.
Let us define a sequence (fy,)n>1 of selections of F' by

[ sin(m/t) if L<i<l
f”(t)_{o it 0<t< i

Clearly, || fnll,, — 400 when n — co. Furthermore,
1 1
/ fu(t) dw(t) = / sin(r/t) d(t*° cos(r/t))
0 1/n
1
_ / sin(m /) (26627 cos(m/t) — wt* 2 sin(r/1) ) di
1/n
_ " : 1-28 2—-283 _- 1
= sin(mu) (26u cos(mu) — mu sm(7ru)) 2 du
1

n n—1 k+1
< 2/3/ w2y — 2 Z(k +1)7% / sin?(ru) du
1 1 k

— —00 when n — oo.

By convexity of the Aumann integral and symmetry of F', this shows that the
integral of F' with respect to w in the sense of Michta and Motyl [27] is the
whole line R.

11



Proposition 3.12 (Lipschitz continuity result with respect to the driving sig-
nal). For every r > rmn, the set-valued map

J CFE(0, TERY) — Pu(R?)
JT,a,T(Fv') { w > JT,a,r(Faw)

is Lipschitz continuous when P (R®) is endowed with the Hausdorff distance
du.

Proof. Consider w!,w? € C#H([0, T];R?) and j' € Jr o, (F,w'). So, there
exists f1 € S, ,(F) such that
T
— [ P,
0

/fdw /fdw

and by Theorem 2.11,

d(jla JT,QJ‘(F? w2))

fGSQTF)
ot~y + | [0 o
<eas TV ) [N (Pt = o+ [Pl o Nor(F = 15)].

Since f! € 8o (F), No(f') <r+ [ £l 7 and the second term in the right-
hand side of the previous inequality is null. Then

(5, Ir,0 (Fyw?) < o sTHT*V 1) (r + || F| o ) 0! = w

and, by symmetry,

d(5?, I1.00(Fyw")) < ca gT(TV 1)(r + | Fll oo ) 0" —w
for every j% € Jr o (F,w?). Therefore,

dH(JT,Oéﬂ‘(F? ’U)l), JT7a,T(Fa w2))

= max sup d(jl7 Jr.ar(F, w2)) ; sup d(jQ,JT’a,T(F,wl))
jleJT,a,r(Fvwl) j2EJT,a,r(Faw2)
< o g7 (T V1)(r + ||F|l o p)llw' — w51
O

The following proposition provides semicontinuity results for the set-valued
Young’s integral. Let us first recall the topological superior and inferior limits
in Kuratowski’s sense for a sequence of sets, see, e.g., [6]. If (A4,) is a sequence
of closed subsets of a metric space M, let us denote
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Li A, the set of limits of sequences (z,,) such that z, € A, for every
n— oo

n,

Ls A, the set of limits of sequences (x,,) such that x,, € 4,,, for every
n— 00

n for some subsequence (A,,, ) of (A,).

Clearly, nBloo A, C nE)Soo A,. We say that (A4,,) converges in Kuratowski’s sense

to A C M if
ILs A, CAcC Li A,.
n—oo

n—oo

Convergence in Kuratowski’s sense is weaker than convergence for the Hausdorff
distance, however both convergences are equivalent if M is compact. Indeed,
by, e.g., [7, Theorem 3.1 page 51], the set Px(M) of compact subsets of M
is compact for the topology of Hausdorff distance, thus this topology coincide
with any weaker separated (T2) topology on Px(M). But, if M is compact, the
convergence in Kuratowski’s sense is associated with a separated topology (see,
e.g., [6, Theorem 5.2.6]).

Proposition 3.13 (Semicontinuity with respect to F). Let r > rmyin.

1. Let (Fp)nen be a sequence of elements of C*MOY([0, T]; Puc(Me a(R))) such
that
Ls F,(t) C F(t); vVt €[0,T],

n— oo

and that B
Fy € Ba,pu (M. 4®) (0,7 +€n)

for every n € N, for some sequence (e,)nen of elements of Ry, converging
to 0. Then
Ls JT,a,r+en(Fn7w) C JT,a,r(Faw)-

n—oo

2. Assume furthermore that

F@)c Li F,(t);Vvte[0,T].

n—oo

Then
JT,oc,r(Fvw) C El JT,a,Qr—i—en (anw)

Proof. 1. Let us prove that

j = Ls JT,oz,r—&-an (Fn,w) C JT7a,7~(F, ’LU)

n— oo

Consider j € J. Then, there exists a sequence (f,,)nen of elements of the space
Co-HL([0, T]; M, 4(R)) such that

fn € Sa,rJren (Fn) ;Vn €N

13



and

T
j= lim/0 fny, () dw(t),

k—o0

where (fp, )ken is a subsequence of (fy,)nen. By the definition of Sy rte, (Fh),
n €N,

[ O < sup [ Fr(s)llan < 1F oo 7 + Sup &n < 00
for every k € N and ¢ € [0,7T], and

sup || fop lla,r <7 +supe,.
keN neN

Then, by Proposition 2.8, there exists a subsequence (fm, )ken Of (fn,)ken
such that, for every € €]0,a], such that ¢ < a4+ 8 — 1, (fm,)ren converges
in Cle=)-H8l([0, T); R?) to an element f of C*H([0, T];R%). So,

T
j= / F(t) du(t).

It remains to check that f € S, ,(F). For any ¢ € [0,T], since fu,, (t) € Fp, (t)
for every k € N, and since f is in particular the pointwise limit of (fyn, )ken,

F(t) = lmsup fr, () € Ls Fru, (t) = F(0).
k—o0 k—o0
Moreover, by Friz and Victoir [11, Lemma 5.12],
1l < T inf [ f < 7+ Tin e =7

Therefore, j € Jr,qr(F,w).

2. The supplementary hypothesis implies that (F,(t)) converges in Kura-
towski’s sense to F(t). Furthermore, since (F),) is bounded in C*H5([0, T7;
Pex(Me,a(R))), it is bounded for |||, 7, thus (F,,(t)) converges to F(t) for the
Hausdorff distance.

Let j € Jra.(F,w), and let f € S, (F) such that j = fOT f(t)dw(t). Set
fn(t) =g, ) (f(t)) for every t € [0,7] and each integer n, where 7y, () denotes
the orthogonal projection on Fy,(t). We have, for any ¢ € [0, 7],

1F@) = fa@®| < da(F(t), Fr(t)) = 0 when n — oo,
thus (f,) converges uniformly to f. Furthermore, for any n and for s,t € [0, T,

10 () = fu()| < |75, ) (F () = 7,y (F ()] + |75, ) (f(5) = T () (F(5))]
< NF@) = F(S)ll + dul(Fa(t), Fu(s)).
Indeed, it is well known that the projection operator 7, (;) is non expansive

(see, e.g., [14, page 118]), and the estimation of |7 g, ) (f(s)) = 7r, (5 (f(3))]|
follows from (3). Since r > || F||,, r, we deduce

[follar < 1 fllar + 1Fnllar < 27 +en.
Thus j, := fOT fu(t) dw(t) € Jr,a2r+e, (Fn,w). Furthermore, thanks to [11,

Proposition 6.12], we have lim,_, jn = J. O
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The preceding result can be improved when the multifunctions F;, are con-
structed from F' using some recipe which can also be applied to their selections.
This can be useful for numerical approximations.

Proposition 3.14. (Time discretization of the multivalued integral) Let (D,,) be
a sequence of dissections of [0,T], say, Dp, = (t3,...,ty, ), 0 =1t <--- <t} =
T, and assume that |Dy,| converges to 0, where | D, | = maxi<i<m, —1(t7, —17)
is the mesh of D,. For each n, for each i € {1,...,m, — 1} and for any

te [ty ti ], set

t— tzn n t?Jrl —t n
Fo(t) = — 5 F) + o F(tha).
tiyr — 1 tiv — 4

Then
nll_)H;o dH (JT,T(Fn, w), JT,r(F7 ’LU)) = 0

Proof. By uniform continuity of F' on [0,7], the sequence (F},) converges uni-
formly to F' for dm, and [[Fyll;, < [[F|lg, for all n. Furthermore, we have
No 1 (F,) < Nor(F) for all n, see [8].

From Part 1 of Proposition 3.13, we have that Ls Jy ,.(F),, w) C Jr o, (F,w).

Now, let j € Jp o, (F,w), and let f € S,,(F) such that j = fOT F@) dw(t).
Define f,, € Sq,r(Fy) by

t_t’? n t?+1 —t n
fult) = Wf(ti )+ Wf(tHJ
i+1 Tl i+1 T b

for each i € {1,...,my, — 1} and for every ¢t € [t?,t}',;]. Then (f,) con-
verges uniformly to f, and we conclude as in the proof of Proposition 3.13
that Jp o (F,w) C LiJp . (F,,w), thus (Jr,.(F,,w)), converges to Jr,.(E,,w)
in Kuratowski’s sense.

Since the sequence (Jr (£, w)), is bounded for ||.| ;. , it is relatively com-
pact for the Hausdorff distance, we deduce that it converges to Jp,.(F,,w) for
dy. O

Let us conclude this section by investigating the indefinite Aumann-Young
integral

£ (Aus) /0 F(s) dw(s) = Jyop(F,w)
= {/O f(8)Lpq(s)dw(s) ; f € Sa,r(F)}~

Remark 3.15 (Dependence on T of the indefinite integral). Since (A%,.)fot F(s)dw(s)
is built using elements of S, (F), it follows from Remark 3.3 that our indefi-
nite integral depends on T'. More accurate but rather heavy notations could be

(Aar) fy F(8)dw(s) = Jyam(F,w).
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Remark 3.16. The previous results on Jp o (F, w) remain true for J; o - (F, w),
by the same arguments.

Proposition 3.17 (Continuity of the indefinite Aumann-Young integral). The
set-valued map t € [0,T] — Jy o (F,w) is f-Holder continuous with constant
Ca 81| Fl o tT) o« (R®) is endowed with the Hausdorff distance
du, where €4 g 7 is the constant defined in Theorem 2.11.

Proof. Consider s,t € [0,T] with s < t, and j; € Ji o (F,w). So, there exists

ft € Sar(F) such that
t
jit = +(u)d
o= [l dutw

u) dw(u / f(u) dw(u

/(f £2) () du(w)

and by Theorem 2.11,

(e, Js.an(F, £
(e (Fw)) = = red )

</ " o) duw)| +

<6 s (T Dol [Nor (Al = o +7°_inf | Noielf = 50|

a,r

inf
fE€Sa r(F)

Since f; € Sar(F'), we have No 7(ft) < ([|F|[,, 7 +7) and the second term in
the right-hand side of the previous inequality is null. Then,

d(je, Js,ar (F,w)) < a,p(T*V D)||wllgr (1Fll o g + 1)t = 5|7
and, by symmetry,
d(je, Js,a,r (F,w)) < a6 (T V D)||wllgr (1Fll o g + 1)t — 5|7

for every ji € Jiqr(F,w). Therefore,

dH(Js,a,r(Fv U)), Jt,a,T(F7 U}))
= max sup d(js, Jt.ar(Fyw)) ; sup d(jts Js a0 (Fyw))
Js€Js,a,r (Fyw) Jt€J¢,a,r (FLw)
< Coprllwlpr(1F g+ )t = s/,
O

Corollary 3.18 (Upper bound for ||J o (F,w)|, ; and N 1(J o (F,w))).
Assume that v > rmin, and let

pu(Ty7, || Flloo,) := Capr (1Fllo g + 1) llwllg 2 TP

Then
[ e (Fyw) a7 < pu(Ts 7, [ Foo,r)

and
Na,T(J,a (Fow)) < (1 4+T%)py (T, 7, ”F”oo T).
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Proof. Since a < B, the first inequality is an immediate consequence of Propo-
sition 3.17 and the obvious inequality |[F|, < < TP« |Fllg for any F €

CPH8L([0, T]; P (R€)). The second inequality follows, using that fo s)dw(s) =
0 for any f € So.r(F). O

4. Existence of fixed-points for functionals of Aumann-Young’s inte-
gral and applications to differential inclusions

The main theorem of this section, derived from Kakutani-Fan-Glicksberg’s
theorem thanks to the results of Section 3, deals with the existence of fixed-
points for functionals of the Aumann-Young integral. We provide some appli-
cations to differential inclusions, especially differential inclusions driven by a
fractional Brownian motion.

In the sequel, o, 8 €]0,1[, « + B8 > 1 and « < 3. This implies that 8 > %
As usual, T > 0 and w € CAHO([0, T]; RY).

4.1. Fized point theorem

Let us first recall the notions of fixed-points and of upper semicontinuity for
multifunctions.

Definition 4.1. Consider a set S and a multifunction ' : S = S. An element
z of S is a fized-point of F if x € F(z).

We now give a definition of upper semicontinuity for multifunctions in a
particular case which is sufficient for our needs (see [2, Definition 1.4.1 and
Proposition 1.4.8]).

Definition 4.2. Let X be a metric space, let Y be a compact metric space. Let
F : X =2 Y be a multifunction with closed values, and let S be a closed subset
of X, with S C Dom F := {« € X ; F(x) # (}. The multifunction F is said to
be upper semicontinuous on S if, for every sequence (, yn)nen of elements of
S x Y and for every (z,y) € S x Y such that (z,,y,) converges to (z,y) and
Yn € F(zx,) for every n, we have y € F(z).

Let us now set the scene for the fixed point theorem. Let S be a convex
compact subset of C*HL([0, T]; R®), and let @ : [0, 7] x R® — P (M.q(R))) be
continuous for the Hausdorff distance, with £ € N*. Assume that there exists
R > 0 such that

(I)(,.T()) € EO&,Pck(JWLd,(R))(O’R) ; Vo € S.
Let
= supmin (b |2 20 190 20)pem )

zeS
so that the map

S — Qo Hol([o7 ck(Rg))
D, : . s
Aar) [ 025 du(s)

17



is well-defined. With the notations of Corollary 3.18, we have

[Pw (). < pu(Tor, [[R( 2())l00,r) < pu(Ts 7, R)
for all x € S.

Theorem 4.3 (Fixed point theorem). Let S, ®, r and ®,, as above, let o/ €
10, &, and let

\ Ca_Hél([Oa T]? Pck(Re)) = Ca_Hél([Ov T]; Re)7

a multifunction such that Dom U contains B := {®,(x) ; x € S}, and which
satisfies the following conditions:

1. For every sequence (Fy,)nen of elements of B such that there exists F € B
satisfying
gs E,(t) C F(t) ; Yt €]0,T],
if € W(E,) converges in C* 1[0, T];R) to ¢ € C*H([0,T];R?),
then i € U(F).

2. For every F € B, U(F) is convez, closed and contained in S.

Then, I' = W o ®,, has at least one fized-point in S.

Remark 4.4. By Corollary 3.18, in order that Dom(¥) D> B, it is sufficient
that Dom(‘ll) D Ba,Pck(Me,d(R))<0’ (1 + Ta)pw(T, T, R))

Proof of Theorem 4.3. By Condition 2, T'(z) is closed convex and contained in
S for every z € S.

Let us check that I is upper semicontinuous. Let (z,)nen be a sequence of
elements of S converging to z € S in X := Co‘l'HE’l([O, T];R¢), and consider v, €
[(x,) = ¥(®,(x,)) converging to 1 € C*H([0, T]; R®) in X. By Proposition
3.13 (more precisely Remark 3.16) and the Hausdorff continuity of ® (which
gives

Ls ®(t,zn(t)) C ®((t,2(t)) ; Vt € [0,T7)),

n—oo

we have
Ls @ (xzn)(t) C Dy(x)(t) ; VE € ]0,T).

n—oo

Then, by Condition 1, v € ¥(®,,(z)) = I'(x), which proves the upper semicon-
tinuity.

We deduce by Kakutani-Fan-Glicksberg Theorem [12, Theorem 8.6 of 11.§7]
that T" has at least one fixed-point in S. O

Remark 4.5. Consider v €]0,1 A (8/«)] with ay + 8 > 1. The statement of
Theorem 4.3 remains true when

CI)(,.’E()) € Ean'Pck(Mz,d(R))(O’R) ; Vo € S
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and

@w(x)::(AQWJ{A.@(&Q(Q)du(s)

For the sake of readability, this result has been detailed in the case v = 1,
but the proof of Theorem 4.3 remains unchanged for v # 1, again with S C
Co-H8L([0, T]; R®), but replacing o by ay everywhere else.

Let us provide two examples of multifunctions ¥ fulfilling Conditions 1 and
2 of Theorem 4.3. These examples will be the basis for our applications to
differential inclusions.

Example 4.6. Assume that T satisfies p,, (T, r, R) < v with v > 0. With the
notations of Theorem 4.3, let us show that W (.) := h 4+ {z € S, (7,rr) () *
x(0) = 0}, with £ = e and h € C*H([0, T]; R®), fulfills Conditions 1 and 2 for
S = Sp. :={z € Bare(h,t): 2(0) = h(0)} which is a convex compact subset
of X := C*-H8l([0, T];R¢) for 0 < o’ < «, thanks to Proposition 2.8.

1. Let (Fy,)nen be a sequence in By, p,, (a1, ,(r)) (0, (1+T%)pw (T, 7, R)) such
that there exists F € Bo p,, (M. 4®))(0, (1 +T%)pw (T, 7, R)) satisfying

Ls Fu(t) C F(t) 5 vt € [0,7). (10)

Consider also ¥, € Wy (F,) converging in X to ¢ € C*H([0, T]; R®). For any
n € N, (¢,—h)(0) = 0 and, by the definition of S, ,, (7,r,r) (Fn), Yn—h € SO(F,)
and Ny 1(¢n —h) < pw(T,r, R). Thanks to (10), 1) —h € S°(F), and since 9 is
the limit of ¢, in X, (¢ — h)(0) = 0 and No (¢ — h) < pu(T, 7, R). Therefore,
(NS \I/h(F) -

2. For any F € By p, (M. 4®)) (0, (1 +T%)py(T,7, R)), since Sy ., (17,r,r) (F)
is convex (resp. closed) by Proposition 3.4 (resp. Proposition 3.6), ¥ (F) is
convex (resp. closed). Moreover, since p,,(T,7, R) < t,

U (F) Ch+SY(F)N{x € Bare(0,(1+T)pw(T,r, R)): 2(0) = 0}
C h+{z € Bagre(0,t) : (0) = 0} = Sj, ..

Example 4.7. Assume that d = ¢ = 2, e = 1 and that T satisfies p,,(T,r, R) < t
with v > 0. Consider f € C*H([0,T];R). With the notations of Theorem 4.3
and Example 4.6, let us show that Uy, ;(.) := h+ {fz1 — 22 ; & = (z1,22) €
Uo(.)} fulfills Conditions 1 and 2 of Theorem 4.3 for S = S 5. == h + {fx1 —
zo ;& = (x1,%2) € Soc ) B

1. Let (Fy)nen be a sequence in By, p, (a1, o (®)) (0, (1 +T)py (T, 7, R)), and
let F € Bq py (i, 2() (0, (1 +T%)pw(T, 7, R)) satisfying

Ls Fo(t) C F(t); vt e [0,T). (11)

n—oo

Consider also v, € Uy ;(F,) converging in X to ¢ € CH([0, T);R). For
any n € N, ¥, = h+ fa1, — T2, with z, = (21,,22,) € S°(F,) such
that z,(0) = 0 and N, r(x,) < puw(T,r, R). Then, by Proposition 2.8, there
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exists a subsequence (Zn, )ken of (Zn)nen converging in X to = (z1,22) €
Co-Hél([0, T); R) such that 2(0) = 0 and N, r(z) < pu(T,7, R). Moreover,
thanks to (11), z € S°(F). So, for every t € [0,T],

U(t) = lim Y(t) = lim G, (1)
= h(t) + £(2) Jim w1, (8) = i 72,0, (1)
= h(t) + f(0)1 () = wa(t).

Therefore, ¢ € Wy, ¢(F).

2. For any F' € By p,, (M, 2(®)) (0, (1+T)pw (T, 7, R)), since Wo(F) is convex
(resp. Uo(F) C So), Up p(F) is convex (resp. Uy (F) C Sh ). Moreover,
the same arguments than in the previous step yield that Uy ¢(F') is closed.

4.2. Applications to differential inclusions

Let us provide two applications of Theorem 4.3 to differential inclusions.
First, let @ : [0,7] x R® — Py (M q4(R)) be a multifunction such that, for
every t € [0,T] and every x € R®, ®(.,x) is a-Holder continuous with respect
to the Hausdorfl' distance and ®(t,.) is Lipschitz continuous with respect to
the Hausdorff distance too, that is, there exist kq, ke > 0 such that for every
s,t €10,T] and z,y € R®,

du(®(s,z), ®(t,x)) < kit —s|* and du(®(t,z), (¢, y)) < ko|lz—yl|. (12)

Assume also that ® is bounded with respect to the Hausdorff distance, that is,
there exists R > 0 such that

sup sup |y < R. (13)
(t,z)€[0, T xRe yed(t,z)

Consider w € CAH8(]0, T];R?) and an inclusion of the form
t
x(t) € £+ (Aaw,«)/ B(s,z(s)) dw(s) ; t €[0,T], (14)
0

where 7 is large enough and the unknown function x is in C*-H8L([0, T]; R®).

Corollary 4.8 (First order differential inclusion). Assume that 0 < a < 3,
a+pB>1andr =19 := R+ ki + ko. Then, the set of solutions to (14) is
nonempty.

Proof. First, with the notations of Example 4.6, for any x € S¢ 1, the map
s+ ®(s,x(s)) is a-Holder continuous. Precisely, for every s, t € [0,T],

dH((I)(tvx(t))’ @(8,3}(8)))
< du(@(t, z(t)), ®(s, (1)) + du(P(s, z(t)), B(s, z(s)))
Skt — 5% + Koz (t) — z(s)||
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< (k1 + k2llx — Ella)|t — ¥
g (kl + k2)|t — S|a
and then,
No,7(®(,2(.)) < R+ k1 + k2 = 0.

Let 1 > Tp > 0 be such that (1 + T§)pw(To, 70, R) < 1 (see Remark 4.4).
Applying Theorem 4.3 on [0,Ty], with r = 79, S = Sg; and ¥ = W, (see
Example 4.6), shows that ' = ¥ o ®,, has a fixed point on [0,7p]. Since the
definition of T is independent of &, gluing solutions on successive intervals
provides a fixed point for I" on [0, T'], which is thus a solution to (14) on [0,7]. O

Remark 4.9. Consider v €]0,1 A (8/«)] such that ey + 8 > 1. Thanks to
Remark 4.5, the statement of Corollary 4.3 remains true when, for every ¢t €
[0,T], ®(t,.) is v-Holder continuous but not necessarily Lipschitz continuous.

Now, for e = 1, consider wg € C#H([0,T];R) and a second order inclusion
of the form

t s
x(t) € £+ (Aa,pr(TmR))/ [(AQ)T)/ D (u, x(u)) dwo(u)] dwy(s). (15)
0 0
For any x € C*H5([0, T]; R) such that the Aumann-Young integral in Inclusion

(15) is well defined, thanks to the integration by parts formula for Young’s
integral,

(Aapotem) | t () [ @00 duna)| o)

{// u) dwo(u) dwo(s) ; 90€5a,r(<1>(-,w(-)))}

= {untt / o) dun(s) -~ | " wo(s)p(s) dun(s) : ¢ € Sur (@2}

—{wo(t) </Ot o(s)(dwo(s), wo(s) d’wo(s)))l

- ( | et dwo(s)))2 Lpc sa,r@(.,x(.)))},

where, for i = 1,2, (fo w(s)(dwo(s),wo(s) dwo(s)))_ denotes the i coordinate

of fo $)(dwo(s), wo(s) dwo(s)). Then, proving the existence of solutions to
(15) amounts to prove that

s W, ((Rar) [ @) du(s)) with wi= (o, [ vl dun(s))

0

has fixed points.
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Corollary 4.10 (Second order differential inclusion). Assume that o < S,
a+B>1andr = ry,r =k + ko(No,r(wo) + 1). Then, the set of solutions
to (15) is nonempty.

Proof. First, consider x,, ¢ := { +wox1 — 22 with & = (21, z2) € Sp1. The map
5 D(8, Ty,,e(s)) is a-Holder continuous. Precisely, for every s,t € [0, T7,

dD((I)(tvxwoyE(t))’q)(svxwoyﬁ(s)))
< dD((I)(tvxwo,f(t))v (I)(vawo,f(t»)
Fdp (D(5, Tug £ (1)), D8, T £(5)))
1t = 5| 4 Ka|Zuwg £ () = Zug £ ()]
1t = s|% + k2 (Jwo(£) (21 (£) — z1(s))]
+l(wo(t) — wo(s))x1(s)] + [x2(t) — z2(s)])
< (k1 + k2(Na,7(wo) + 1))[t — s|*

<k
<k

and then,

Nor(®(.,2(.)) < k1 + ko(Na,r(wo) + 1) = ropy 1
Let Ty > 0 be such that (1 + T¢") pw (Lo, Tw,,7s R) < 1. By Theorem 4.3 applied
on [0,Tp], with r = ryy1, S = Sew,1 and ¥ = V¢, (see Example 4.7),
I' = ¥ o @, has a fixed point, which is thus a solution to (15) on [0, Tp]. Since

the definition of Ty is independent of £, I' has a fixed point, which is thus a
solution to (15) on [0, T]. O

Let us conclude with applications to stochastic inclusions. Consider a (d—1)-
dimensional fractional Brownian motion B = (B(t));c[o,r of Hurst index H €
(1/2,1), which is a centered Gaussian process such that

1
E(Bi(s)B;(t) = 5 (27 + > — [t = s|*)d

for every s,t € [0,T] and 4,5 € {1,...,d — 1}, and let (2, 4,P) be the associ-
ated canonical probability space. By the Garcia-Rodemich-Rumsey lemma (see
Nualart [29, Lemma A.3.1]), the paths of B are S-Holder continuous for any
B € (0,H). Consider r > 0 and « € (0,1) such that « + 8 > 1 and a < .
Then, for any measurable map F' : Q — anpck(Me,d(R))(O’r)7 one can define a
set-valued stochastic integral of F' with respect to B by

t t
{(Aa,r)/ F(s)dB(s)} (w) == (Aa,r)/ F(s,w)dB(s,w) ; w e Q, t €0,T].
0 0
This allows to consider the stochastic inclusion
t
X() €€+ (ha) [ B, X() W) it € 0.T) (16)
0

where @ : [0,7] x R® — Pe (M, q(R)) fulfills Assumptions (12) and (13), and
W (t) := (t, B1(t),...,Ba-1(t)) for every t € [0,T]. By Corollary 4.8, for every
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r 2 k1 + ka2 + R, Inclusion (16) has at least one pathwise solution. One can also
consider the one-dimensional second order stochastic inclusion

X0 € €+ (upirem) [ [(Aw) / " ®(u, X (u)dB(u)| dB(s) ; t € [0.7].

(17)
By Corollary 4.8, for every r > k1 + ka(Nq 7(B)+1), Inclusion (17) has at least
one pathwise solution.
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