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1 Introduction

We prove that all extensions of K45 have projective unification and K5 and some of its extensions are
of unification type 1. The breakdown of the paper is as follows. Firstly, we prove in Proposition 9 that
if L contains K45 then every formula has extension property in L. Secondly, generalizing some results
obtained in [6], we prove in Proposition 13 that if L contains K5 then every L-unifiable formula is L-
filtering. Thirdly, imitating arguments used in [18, 19], we prove in Proposition 20 that if L contains K5
then every formula having extension property in L is L-projective. Fourthly, we prove in Proposition 21
that if L contains K5 and L is global' then for all substitutions o, every formula L-unified by o is
implied by an L-projective formula based on the variables of the given formula and having o as one of
its L-unifiers.

2 Syntax and semantics

Let VAR be a countably infinite set of variables (with typical members denoted z, y, etc). The set
FOR of all formulas (with typical members denoted ¢, 1), etc) is inductively defined by

cep:=x|L]-p|(pVe) D

We adopt the standard rules for omission of parentheses. The Boolean connectives T, A, — and <> and
the modal connective ¢ are defined as usual. For all p€FOR, let var(y) be the set of all variables
occurring in . For all finite X CVAR, let FOR x be the set of all o€ FOR such that var(p)CX.

A substitution is a triple (X,Y, o) where X, Y CVAR are finite and 0 : FORx — FORy is
a homomorphism. The sets X and Y are respectively its domain and its codomain. Let SUB be the
set of all substitutions. We say that (X, Y, 0)€SUB is variable-free if Y =(). It is possible to compose
two substitutions if the codomain of the first is equal to the domain of the second. The composition
of (X,Y,0),(Y,Z,7)eSUB (in symbols (X,Y,0) o (Y, Z, 7)) is the substitution (X, Z, v) such that
for all z€ X, v(z)=7(o(x)). When its domain and its codomain can be guessed from the context, the
substitution (X,Y, o) will be simply written . For all finite X, Y CVAR, let SUB x,vy be the set of
all eSUB such that the domain of ¢ is X and the codomain of o is Y.

We say that LCFOR is a modal logic if the following conditions hold*: L contains all tautologies,
L contains the formula O(z — y) — (Ox — Oy), L is closed for modus ponens (for all p, Y€FOR, if
¢ — YeL and p€L then yeL), L is closed for generalization (for all p€c FOR, if peL then OpeLl),

! Globality is defined in Section 2.

2However, when we write that two substitutions are equal, this will imply in any case that their domains are equal and their
codomains are equal.

3The modal logics considered in this paper are exactly the normal modal logics considered in standard textbooks such
as [12, 13, 27].
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L is closed for uniform substitution (for all p€FOR, if p€L then for all substitutions (X,Y, o), if
var(yp)CX then o(p)€L). For all modal logics L and for all p€ FOR, we write L & ¢ for the least
modal logic containing L and ¢. The following modal logics — and their extensions — are considered
in this paper: K & ¢0x — OO0x (denoted K5), K5 & Oz — OOz (denoted K45), K5 & Uz — x
(denoted S5), K denoting the least modal logic*. We say that a modal logic L is consistent if LZFOR.
From now on in this paper, let L be a consistent modal logic. Let =g, be the equivalence relation on
FOR defined for all p,v€FOR, by p=y,v if and only if ¢ <> ¥€L. We shall say that L is locally
tabular if for all finite X CVAR, =g, possesses finitely many equivalence classes on FOR x.

Proposition 1. If L contains K5 then L is locally tabular.

We say that o€ FOR is L-derivable from I'CFOR (in symbols I' 1, ¢) if there exists n>1 and
there exists ¢1, . . ., ¥, EFOR such that ¢,,=¢ and for all k€{1,...,n}, at least one of the following
4 conditions holds: (i) €L, (ii) €T, (iii) there exists ¢, j€{1, ..., n} such that i, j<k and p,=¢; —
©k, (iv) there exists ¢€{1,...,n} such that i<k and pr=0p;. Substitutions being completely de-
fined by the restrictions to their domains, it is possible to compare two substitutions by means of these
restrictions if their domains are equal. Let ~j, be the equivalence relation on SUB defined for all
(X,Y,0),(X,Z,7)eSUB, by (X,Y,0)~r(X, Z,7) if and only if for all z€ X, o (2) > 7(x)€L. Let
<L be the quasi-order on SUB defined for all (X,Y,0), (X, Z,7)eSUB, by (X,Y,0)<1(X, Z,7) if
and only if there exists (Z, T, v)€SUB such that for all z€ X, o(z) <> v(7(z))eLS.

Proposition 2. If L is locally tabular then for all finite X, Y CVAR, ~y, possesses finitely many equiv-
alence classes on SUBx y.

A frame is a couple (W, R) where W is a non-empty set and R is a binary relation on W’. In
a frame (W, R), for all seW, let R(s)={teW : sRt} and for all UCW, let R(U)={teW : there
exists s€U such that sRt}. We say that a frame (W, R) is generated from s€W if for all teW, there
exists n>0 and there exists o, . .., u, €W such that up=s, u,=t and for all i€{1,...,n}, u;—1 Ru,.
A valuation on a frame (W, R) is a function assigning to each variable a subset of 1. Given a frame
(W, R) and a valuation V on (W, R), the satisfiability of p€ FOR at se W (in symbols (W, R), V, sk=¢)
is inductively defined as follows:

(W, R),V, sE=x if and only if sV (z),
(W,R),V, st L,

(W, R),V, sk=—¢ if and only if (W, R),V, sl&¢,
W, R),

W, R),

( V, sE=p V ¢ if and only if either (W, R), V, sk=p, or (W, R), V, skE=1),
( V, si=0 if and only if for all te W, if sRt then (W, R), V, t=.

We say that a formula ¢ is valid in a frame (W, R) (in symbols (W, R)=) if for all valuations V'
on (W, R) and for all seW, (W, R),V, sk=p. We say that L is valid in a frame (W, R) (in symbols
(W, R)[=L) if for all oL, (W, R)[=p. For all frames (W, R), for all substitutions (X, Y, o) and for
all valuations V on (W, R), let V7 be the valuation on (W, R) such that for all ze VAR, if z€ X then
Vo (z)={seW : (W, R),V, sk=o(x)} else V7 (z)=V(z).

4Obviously, K45 contains K5. Moreover, as is well-known [22, Chapter 3], S5 contains K45.

SObviously, for all (X,Y,0), (X, Z,7)ESUB, if (X,Y, 0)~ (X, Z, ) then for all )€ FORx, o () <+ 7(p)€EL.

%Obviously, for all (X,Y,0),(X,Z,7)eSUB, if (X,Y,0)<L(X,Z,7) then there exists (Z,T,v)ESUB such that
for all o€ FORx, o(¢) < v(7(p))EL. Moreover, for all (X,Y,0),(X,Z,7)eSUB, if (X,Y,0)~1 (X, Z, 1) then
(X,Y,0)xL(X, Z, 7).

7TWe assume the reader is at home with the relational semantics of modal logics. For more on this, see [12, 13, 27].

8Such definition is standard [3, 15, 18, 19].
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Proposition 3. Let (W, R) be a frame, (X,Y, o) be a substitution and V be a valuation on (W, R). For
all peFOR x and for all seW, (W, R),V°, sl=p if and only if (W, R),V, sk=o(p).

Proposition 4. Let (W, R) be a frame such that (W, R)E=L. If L contains K5 then for all seW,
if (W, R) is generated from s then exactly one of the following 3 conditions holds: (i) W={s} and
R=0, (ii) R=W x W, (iii) there exists A, BCW such that A#0), ACB, s¢B, W={s} U B and
R=({s} x A) U (B x B). If L contains K45 then for all s€W, if (W, R) is generated from s then
exactly one of the following 3 conditions holds: (iv) W={s} and R=0, (v) R=W x W, (vi) there
exists ACW such that A#£), sg A, W={s} U Aand R=({s} x A) U (A x A).

Let S be a frame (W, R) such that Card(W)=1 and R=0. For all m>1, let T, be a frame (W, R)
such that Card(W)=m and R=W xW. For all m>1 and for all n>0, let U, ) be a frame (W, R) such
that there exists s€W and there exists A, BCW such that A#(), ACB, s¢B, W={s}U B, R=({s} x
A)U (B x B), Card(A)=m and Card(B)=m + n.

Proposition 5. If L contains K5 then exactly one of the following conditions holds: (i) for all m>1,
TmEL and SEL, (i) for all m>1, T, =L and SFL, (iii) there exists m>1 such that Tp, =L, there
exists n>1 such that Tp[~L and SEL, (iv) there exists m>1 such that T,, =L, there exists n>1 such
that T, EL and S¥EL, (v) for all m>1, T, F~L.

We say that L is global if for all m,m’>1 and for all n'>0, if m=m’ 4+ n’ and 7,,E=L then
U(s 1y EL. For all positive integers 1, let ;= A{Q0Ozr : 0<k<I} — V{00 (xs A ) : 0<i<j<I}.

Proposition 6. If either L=K5, or L=K5 @ 0T, or L=K5 @ ¢, for some positive integer I, or
L=K5® ¢; ® OT for some positive integer [, or L=K5 @ O then L is global.

Proposition 7. If L contains K5 and L is global then either L=K5, or L=K5 ® 0T, or L=K5 & ¢;
for some positive integer I, or L=K5 @ ¢; @ QT for some positive integer I, or L=K5 ® O 1.

Proposition 8. [f L contains K5 then for all p€FOR, if &L then there exists a finite frame (W, R),
there exists a valuation V on (W, R) and there exists s€W such that (W, R)[=EL, (W, R) is generated
from s and (W, R),V, sk=p.

For all finite frames (W, R), for all valuations V on (W, R), for all s€ W and for all finite X CVAR,
we say that a valuation V' on (W, R) is a variant of V with respect to s and X if for all z€ X, V'(z) \
{s}=V(x)\{s}. We say that € FOR has extension property in L if for all finite frames (W, R), for all
valuations V on (W, R) and for all s€W, if (W, R)[EL and (W, R) is generated from s then there exists
a variant V' of V' with respect to s and var(p) such that (W, R), V', s&=00¢p — . The following
result is essential for the proof of Proposition 23.

Proposition 9. If L contains K45 then for all pc FOR, ¢ has extension property in L.

For all finite X CVAR, for all finite frames (W, R), for all valuations V' on (W, R) and for all
seW, let forx ((W,R),s,V) = {x€eFORx : (W, R),V, skEx}. Obviously, forx((W, R),s,V) is
an infinite subset of FOR x. Nevertheless, when L is locally tabular, we will treat for x (W, R), s, V)
as if it is a finite subset of FOR x. In that case, forx ((W, R), s, V') will also denote the conjunction
of all formulas in this finite subset.

3 Unification

An L-unifier of p€FOR is a substitution (var(y), X, o) such that o(p)€L. We write X1,() to mean
the set of all L-unifiers of o€ FOR. We say that o€ FOR is L-unifiable if Xr,(¢)#0. Since L is closed

3
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for uniform substitution, for all L-unifiable o€ FOR, ¥1,(¢) contains variable-free substitutions. We
say that an L-unifier o of o€ FOR is a most general L-unifier of ¢ if for all L-unifiers 7 of ¢, 7<r0.
We say that a set X of L-unifiers of an L-unifiable o€ FOR is complete if for all L-unifiers o of ¢, there
exists 7€Y such that o<1, 7°. We say that a complete set ¥ of L-unifiers of an L-unifiable o€ FOR is

a basis for  if for all o, 7€Y, if o<, 7 then =77,

Proposition 10. For all L-unifiable o€ FOR. and for all bases 2, A for p, 3. and A have the same
cardinality.

As a consequence of Proposition 10, an important question is the following: when ¢€FOR is L-
unifiable, is there a basis for ¢? When the answer is “yes”, how large is this basis? For all L-unifiable
peFOR, we say that ¢ is of type 1 if there exists a basis for ¢ with cardinality 1, ¢ is of type w if there
exists a basis for ¢ with finite cardinality >2, ¢ is of type oo if there exists a basis for ¢ with infinite
cardinality,  is of type 0 if there exists no basis for ''. We say that L is of type 1 if every L-unifiable
formula is of type 1, L is of type w if every L-unifiable formula is either of type 1, or of type w and there
exists an L-unifiable formula of type w, L is of type oo if every L-unifiable formula is either of type
1, or of type w, or of type co and there exists an L-unifiable formula of type oo, L is of type 0 if there
exists an L-unifiable formula of type 0'2. For all L-unifiable o€ FOR, we say that ¢ is L-filtering if
for all L-unifiers o, 7 of ¢, there exists an L-unifier v of ¢ such that o<y,v and 7<p,v.

Proposition 11. Let pc FOR be L-unifiable. If ¢ is L-filtering then o is either of type 1, or of type 0.
We say that L has filtering unification if for all L-unifiable p€ FOR, ¢ is L-filtering.

Proposition 12. If' L has filtering unification then L is either of type 1, or of type 0.
The following result is essential for the proof of Proposition 25.

Proposition 13. If L contains K5 then for all L-unifiable o€ FOR, ¢ is L-filtering.

For all p€ FOR, a substitution (var(y), var(y), o) is L-projective for ¢ if for all z€var(yp), ¢ FL
x < o(x).

Proposition 14. Let o€ FOR. Let (W, R) be a finite frame, V be a valuation on (W, R) and s€W be
such that (W, R)EL, (W, R) is generated from s and (W, R),V, s=00p. If L contains K5 then for
all L-projective substitutions v for ¢, V'V is a variant of V with respect to s and var(p).

Proposition 15. Let pcFOR and o be an L-projective substitution for ¢. For all y€FOR.
¢ L < oY)

Proposition 16. Let o€ FOR and o be an L-projective substitution for . For all L-projective substi-
tutions T for @, o o T is L-projective for .

var(¢):

Proposition 17. Let o€ FOR and o be an L-projective substitution for ¢. For all L-unifiers T of ¢,
TLO.

For all L-unifiable p€ FOR, we say that ¢ is L-projective if there exists an L-projective L-unifier
of .

Obviously, for all L-unifiable o€ FOR, 31, (1) is a complete set of L-unifiers of .

100bviously, for all complete sets 3 of L-unifiers of an L-unifiable o€ FOR, X is a basis for ¢ if and only if ¥ is a minimal
complete set of L-unifiers of ¢, i.e. for all ACY, if A is a complete set of L-unifiers of ¢ then A=Y,

11Obviously, the types 1, w, oo and 0 constitute a set of jointly exhaustive and pairwise distinct situations for each L-unifiable
peFOR.

12That is to say, the types 1, w, 0o and 0 being ordered by 1<w<00<0, the unification type of L is the greatest one among
the types of its unifiable formulas.

4
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Proposition 18. Let pcFOR be L-unifiable. If ¢ is L-projective then ¢ is of type 1.

We say that L has projective unification if for all L-unifiable o€ FOR, ¢ is L-projective.
Proposition 19. If L has projective unification then L is of type 1.

The following result is essential for the proof of Proposition 23.

Proposition 20. If L contains K5 then for all L-unifiable o€ FOR, ¢ is L-projective if and only if
has extension property in L.

The following result is essential for the proof of Proposition 25.

Proposition 21. If L contains K5 and L is global then for all L-unifiable pcFOR and for all L-

unifiers o of o, there exists YEFORyar () such that o(Y)€L, ¢ — €K, 9 is L-projective.

4 Extensions of K5

Firstly, let us consider the extensions of K45.
Proposition 22. If L contains K45 then for all L-unifiable pcFOR, ¢ is L-projective.
Proposition 23. If L contains K45 then L has projective unification.

Secondly, let us consider the extensions of Kb5.
Proposition 24. If L contains K5 and L is global then for all L-unifiable pcFOR, ¢ is of type 1.
Proposition 25. If L contains K5 and L is global then L is of type 1.

Notice that the line of reasoning leading to Propositions 23 and 25 rules out neither the possibility
that all extensions of K5 have projective unification, nor the possibility that some nonglobal extension
of K5 is either of type w, or of type oo, or of type 0'3.

5 Conclusion

A property similar to the extension property has been used by Ghilardi who has proved both in In-
tuitionistic Logic [18] and in transitive modal logics like K4 and S4 [19] that it is equivalent to the
projectivity of formulas. This property has also been considered in [11] where formulas verifying it are
called extendible formulas. As a matter of fact, Bezhanishvili and de Jongh have provided a complete
characterization in Intuitionistic Logic of the set of all extendible formulas with at most 2 variables.
However, the question remains unsettled whether a complete characterization in Intuitionistic Logic of
the set of all extendible formulas with at least 3 variables can be given. Within the context of extensions
of K5, we believe that it is probably easier to give a complete characterization of the set of all formulas
verifying the extension property.

Funding

The preparation of this paper has been supported by French Ministry of Europe and Foreign Affairs,
French Ministry of Higher Education, Research and Innovation and Center for International Scientific
Studies and Collaboration (CISSC) of Iranian Ministry of Research, Science and Technology (Project
40903VF).
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Appendix
Proof of Proposition 1: See [29, Corollary 5].

Proof of Proposition 2: Suppose L is locally tabular. Let X,YCVAR be finite. For all z€X, let
~1 be the equivalence relation on SUB x y defined by

e o~77if and only if o(z) ¢ 7(x)€L.

Since L is locally tabular and Y is finite, for all x€ X, ~7 possesses finitely many equivalence classes
on SUBY y. Since X is finite and the restriction of ~p, to SUB y is equal to (|{~f: z€X}, ~,
possesses finitely many equivalence classes on SUB x )y

Proof of Proposition 3: By induction on pc FOR x.
Proof of Proposition 4: See [28, Sections 2 and 3].
Proof of Proposition 5: See [28, Sections 2 and 3].
Proof of Proposition 6: Left to the reader.

Proof of Proposition 7: Suppose L contains K5 and L is global. For the sake of the contradiction, sup-
pose neither L=K05, nor L=K5® T, nor L=K5@; for some positive integer [, nor L=K5®p; 0T
for some positive integer /, nor L=K5 & L. By Proposition 5, we have to consider the following
O cases.

Case “for all m>1, 7,,=L and S=L”: Since L contains K5 and L is global, L=K5: a contra-
diction.

Case “for all m>1, 7,,FEL and S}L”: Since L contains K5 and L is global, L=K5 @& ¢ T: a
contradiction.

Case “there exists m>1 such that 7,,}=L, there exists n>1 such that 7,}~L and S|=L”: Thus,
let [ be the greatest positive integer such that 7;=L. Since L contains K5, L is global and SEL,
L=K5 & ¢;: a contradiction.
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Case “there exists m>1 such that 7, =L, there exists n>1 such that 7, ~L and SF¥L”: Con-
sequently, let [ be the greatest positive integer such that 7;}=L. Since L contains K5, L is global and
SHEL, L=K5 ® ¢; ® O'T: a contradiction.

Case “for all m>1, 7, ~L”: Hence, L=K5 @ [J_L: a contradiction.

Proof of Proposition 8: Suppose L contains K5. Let o€FOR be such that p¢L. Since L con-
tains K5, by [29, Theorem 3], let (W, R) be a finite frame, V' be a valuation on (W, R) and s€W be
such that (W, R)EEL and (W, R), V, st~p. Without loss of generality, by [12, Proposition 2.6 and The-
orem 3.14], we can suppose (W, R) is generated from s.

Proof of Proposition 9: Suppose L contains K45. Let o€ FOR. Let (W, R) be a finite frame, V'
be a valuation on (W, R) and s€W be such that (W, R)=L and (W, R) is generated from s. Since L
contains K45, by Proposition 4, we have to consider the following 3 cases.

Case “W={s} and R=0": Obviously, V is a variant of V with respect to s and var(y). More-
over, (W, R),V, s=00p — .

Case “R=W x W?”: Obviously, V is a variant of V with respect to s and var(yp). Moreover,
(W, R),V,sE=00p — .

Case “there exists ACWW such that A#(), s¢A, W={s}UAand R=({s} x A)U(Ax A)”: LettcA.
Obviously, (W, R), V,t=00p — . Let V' be a valuation on (W, R) such that for all x€var(yp), if
teV (x) then V'(z)=V(z) U {s} else V' (x)=V (z) \ {s}. Obviously, V' is a variant of V' with respect
to s and var (). Moreover, by induction on )€ FORy.(,), the reader may easily verify that

o forall ue A, (W, R),V,ul=1 if and only if (W, R), V', ul=1.

In other respect, by induction on Y €EFOR,;(,,), the reader may easily verify that

®)»
o (W,R),V,t=1 if and only if (W, R), V', s=1.
Since (W, R), V,t=00¢ — o, (W, R), V', sE=00p — .

Proof of Proposition 10: This is a standard result, although we have not been able to find a publi-
shed proof of it. Let o€ FOR be L-unifiable and 3, A be bases for . Hence, 3 and A are minimal
complete sets of L-unifiers of ¢. By the completeness of ¥ and A, one can readily define functions
f: X — Aandg: A — X such that o<y, f(o) for each c€X and d<rg(d) for each J€A. By
the minimality of 3 and A, it easily follows that f and g are injective. Thus, ¥ and A have the same
cardinality.

Proof of Proposition 11: This is a standard result, although we have not been able to find a publi-
shed proof of it. Suppose ¢ is L-filtering. For the sake of the contradiction, suppose ¢ is neither of type
1, nor of type 0. Hence, ¢ is either of type w, or of type co. Thus, let 3 be a basis for ¢ either with
finite cardinality >2, or with infinite cardinality. Consequently, let o, 7€3 be such that o#7. Since ¢
is L-filtering, there exists an L-unifier v of ¢ such that o<,v and T<rv. Since X is a basis for ¢, let
v’€Y be such that v<1,v’. Since o<,v and TV, o<,v’ and 7, v’. Since X is a basis for ¢, o=’
and 7=v’. Hence, o=7: a contradiction.
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Proof of Proposition 12: By Proposition 11.

Proof of Proposition 13: This result generalizes some results obtained in [6]. Suppose L contains
K5. Let ¢€FOR be L-unifiable. Let (var(y), X, o), (var(p),Y,7) be L-unifiers of ¢. Hence,
o(p)eL and T(p)€L. Let (var(p), X UY U {z}, v) be the substitution defined for all z€var(y), by
v(z)=(O0zA(2VOT))Aca(x))V((00—2zV (-zAOL)) AT(x)) where z is a new variable, i.e. neither
z€var(yp), nor z€ X UY. Obviously, c<r,v and 7<r,v. Moreover, by induction on wGFORvar(w), the
reader may easily verify that

o (OOzA(2VOT)) = (v(¥) <> o(v))€L,

o (00—zV (—zADOLl)) = (v(¥) <> 7(¢))€L.
Since o(p)€L and 7(p)€L, v(p)€L. Thus, v is an L-unifier of . Consequently, ¢ is L-filtering.
Proof of Proposition 14: Suppose L contains K5. Let v be an L-projective substitution for ¢. Hence,
for all zevar(p), ¢ ki = ¢ v(z). Let zevar(yp). Thus, ¢ L = < v(z). Let teW. Sup-
pose teVV(z) \ {s}. Consequently, t#s and by Proposition 3, (W, R), V, t=v(x). Since (W, R)=L,
(W, R) is generated from s, (W, R), V, s=00p, L contains K5 and ¢ Fr,  + v(z), (W, R),V, t=x.
Since t#s, teV (x) \ {s}. Reciprocally, suppose t€V (z) \ {s}. Consequently, t#s and (W, R), V, tE=x.
Since (W, R)EL, (W, R) is generated from s, (W, R), V, s=00¢, L contains K5 and ¢ 1, 2 < v(x),

(W, R),V,t=v(x). Since t+£s, by Proposition 3, teV" (z) \ {s}. Hence, V¥ is a variant of V' with res-
pect to s and var(y).

Proof of Proposition 15: See [1] and [15].

Proof of Proposition 16: See [1] and [15].

Proof of Proposition 17: See [1] and [15].

Proof of Proposition 18: By Proposition 17.

Proof of Proposition 19: By Proposition 18.

Proof of Proposition 20: Suppose L contains K5. Let o€ FOR be L-unifiable.

Suppose ¢ is L-projective. For the sake of the contradiction, suppose (¢ has not extension property
in L. Since ¢ is L-projective, let v be an L-projective L-unifier of ¢. Since ¢ has not extension
property in L, let (W, R) be a finite frame, V' be a valuation on (W, R) and s€ W be such that

* (W, R)FL,
e (W, R) is generated from s,
o for all variants V' of V' with respect to s and var(y), (W, R), V', st00¢p — .

Obviously, V' is a variant of V' with respect to s and var(yp). Hence, (W, R),V,sEO0p — .
Thus, (W, R),V, s=00¢p. Since v is an L-projective L-unifier of ¢, v(¢)€L. Moreover, since L
contains K5, (W, R)=L, (W, R) is generated from s and (W, R), V, s=00¢, by Proposition 14, V'V
is a variant of V' with respect to s and var(y). Consequently, (W, R), V¥, sE=00¢p — . Hence,
(W, R), V", st=p. Thus, by Proposition 3, (W, R),V, st-u(p). Since (W, R)EL, v(p)¢L: a contra-
diction.
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Suppose  has extension property in L. For the sake of the contradiction, suppose ¢ is not L-projective.
Since p€FOR is L-unifiable, let o be a variable-free L-unifier of ¢. Consequently, o(p)€L. Let
(var(p), ), 7) be a variable-free substitution. Let (var(yp), var(y), €, ) be the substitution such that

o forall zevar(p), e, (2)=((e AO0p) Ax) V ((mp V 0O0—9) A T(x)).

The following fact can be easily proved: for all z€var(p), ¢ b, © +> e, (). Hence, €, is L-projective
for ¢. By induction on y€FOR .y (), the reader may easily verify that

o o AOOpELY > €-(¢),

o oV OO=pbLT(Y) ¢ €, (¥).

Thus, o A O0pFLe < e(¢) and —¢ V 0O—¢FL7(p) + €:(¢). Since L contains K5, if
T(p)eL then O0p — (¢ — €:(p))€L and 00— — e-(p)€L. In that case, ¢ — €,(p)€L
and OOy V e, (p)€L — which implies that O0e, (¢)€L. Consequently, for all variable-free substi-
tutions (var(y),d,7), if 7(¢)€L then O0e, (p)€L. Since o(p)€L, O0e,(p)€L. Let [>1 and
((var(y),0,71),. .., (var(p),0, 7)) be an enumeration of the set of all variable-free substitutions
(var(p), 0, 7) such that for all x€var(yp), either 7(x)=T, or 7(x)=1"%. Let e=€, 0€,, 0...0€,, 0€,.
Since O0e, (p)€L, O0e(p)€L. Moreover, since €5, €, ..., €, are L-projective for ¢, by Proposi-
tion 16, € is L-projective for . Since ¢ is not L-projective, ¢(¢)¢L. Since L contains K5, by [29,
Theorem 3], let (W, R) be a finite frame, V' be a valuation on (W, R) and s€ W be such that (W, R)=L
and (W, R),V, sl~e(y). Without loss of generality, by [12, Proposition 2.6 and Theorem 3.14], we can
suppose (W, R) is generated from s. Since O0e(p)€L and (W, R)EEL, (W, R),V, si=E00e(¢p). Since
(W, R),V, stee(p), RAW x W. Since L contains K5, (W, R)=L and (W, R) is generated from s, by
Proposition 4, we have to consider the following 2 cases.

Case “IV={s} and R=(": By induction on y€FOR ., (), the reader may easily verify that
o p ANOOpk1 <> €(9).

Hence, p A0k < €(p). Since (W, R)=L and (W, R), V, si=e(p), (W, R), V, si=p. By induction
on YEFOR,; (), the reader may easily verify that

o VOO kLo () ¢ €5 (V).

Thus, = V 0O—phro(p) < €,(p). Since o(p)€L, (W, R)EL and (W, R),V, sfcp, (W, R),V, sl=
€5 (). Hence, by Proposition 3, (W, R), V>, sf=p. By induction on )€ FOR..(,), the reader may
easily verify that

o o ANOOpkLy < € (. €4, (€5 (1)) .. ).

Consequently, A O0pbre < €, (... €(e5(9))...). Since (W, R)EL and (W, R),V° sk,
(W,R), Ve sk=er (... €r,(e5(¢)) - ..). Hence, by Proposition 3, (W, R), V, sf=¢(¢): a contradiction.

Case “there exists A, BCW such that A#(), ACB, s¢B, W={s} U B and R=({s} x A) U
(B x B)”: For all i<l, let ¢,=€¢,, o ... 0 €, o €,. Thus, for all i<[, if i=0 then e;=e, else
€;=€r, 0 €;_1. Since O0e,(p)€L and (W, R)=L, (W, R),V, s=00€,(¢). Consequently, by Pro-
position 3, (W, R), V¢  sE=00p. Hence, (W, R), V<, s=00¢. Since ¢ has extension property in L,
(W, R)EEL and (W, R) is generated from s, let V' be a variant of V= with respect to s and var(y) such
that (W, R), V', s=00¢ — ¢. Since (W, R), Ve, sE=00¢p, let t€ A be such that (W, R), Vo | t=0ep.

By induction on y€FORyaz(,), the reader may easily verify that

140bviously, [=2Card(var(#))

10
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o foralluc A, (W, R), Ve u if and only if (W, R), V' ul=1.

Since t€A and (W, R), Ve t=0p, (W,R), V', tE=O¢. Since t€ A, (W, R), V', s=00p. Since
(W,R), V', s=00p — ¢, (W, R), V' sl=e. Let je{1,...,1} be such that for all z€var(yp),

o if (W, R), V', sl=x then 7 (x)=T,
o if (W, R), V', sl then 7 (x)=_L.

Since (W, R), V, sl=e(p), (W, R),V,siEej_1(er, (... €r,(e5()) - . .)). Thus, by Proposition 3, (W, R),
Vet sfer, (... €7 (€s(9)) . . .). By induction on y€FOR .y (), the reader may easily verify that

o o NOOpELY < €4, (.. e, (e0(1)) .. ).

Consequently, ¢ A OCpkpe < €7, (... eq(€5(p))...). Since (W, R)EL and (W, R), V-1, sk
€r; (- en(ea(@))...), (W, R), V-1 siE@ A OO, By induction on i<, the reader may easily verify
that

o for all yeFOR. and for all ue B, (W, R), V< ul= if and only if (W, R), Ve  uf=1.

var ()

By induction on e FOR.

var(p)» the reader may easily verify that

e (W,R), V%, sk if and only if (W, R), V", sk=ib.

Since (W, R), V', sE=00¢ and (W, R), V', sk=p, (W, R), V%, s=00p and (W, R), V< sk=¢p. Since
L contains K5 and (W, R)[=L, (W, R), V<, si=¢ A OCp. By induction on ) €FOR . (), the reader
may easily verify that

e o NOOpFLY < €, (- e (€5(1)) .. ).

Hence, o A O0pkLy < €7, (... €x(€5()) .. .). Since (W, R)=L and (W, R), V<, sl=p A OCep,
(W,R), V<, sk=er,,, (... €r(€5(®)) . ..). Thus, by Proposition 3, (W, R), V, sf=¢(y): a contradiction.

Proof of Proposition 21: Suppose L contains K5 and L is global. Let o€ FOR be L-unifiable and
(var(y), X, o) be an L-unifier of . Hence, o(¢)€L. Let I'y5;(,,) (o) be the set of all formulas of the
form fory..(,)((W, R),s,V?) where (W, R) is a finite frame, V' is a valuation on (W, R) and s€W
are such that (W, R)|=L and (W, R) is generated from s. Obviously, I'y.r(,)(c) is a finite set of infinite
subsets of FORa,(,). Nevertheless, since L contains K5, by Proposition 1, L is locally tabular and
we will treat I'y,, () (o) as if it is a finite set of finite subsets of FOR,.:(y)- Indeed, knowing that for
all finite frames (W, R), for all valuations V' on (W, R) and for all seW, if (W, R)[=L and (W, R)
is generated from s then fory..(,)((W, R),s,V?) also denotes the conjunction of the formulas that
foryar(p) (W, R), s, V7) contains, we will treat ',y (o) as if it is a finite subset of FOR.,; (). Let
1) be the disjunction of all formulas in this finite subset. Obviously,

(%) for all finite frames (W, R), for all valuations V on (W, R) and for all seW, if (W, R)EL and
(W, R) is generated from s then (W, R), V7, sE=1).

Suppose o(¢)¢L. Since L contains K5, by Proposition 8, let (W, R) be a finite frame, V' be a valu-
ation on (W, R) and s€W be such that (W, R) =L, (W, R) is generated from s and (W, R), V, sfeo ().
Thus, by (x), (W, R), V7, sk=1). Consequently, by Proposition 3, (W, R), V, sk=0(1)): a contradiction.

Suppose v — @¢K. Hence, let (W', R') be a frame, V' be a valuation on (W' R’) and

s'eW’ be such that (W', R'), V' s'l=¢ and (W', R), V', s'p. Thus, there exists a finite frame
(W, R), there exists a valuation V' on (W, R) and there exists s€W such that (W, R)EL and

11
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(W', R), V', s'Eforyar (o) (W, R),s,V). Since (W', R'), V', s'~=p, (W,R),V7, spEp. Conse-
quently, by Proposition 3, (W, R), V, sk=o (). Since (W, R)=L, o(y)¢L: a contradiction.

Suppose v is not L-projective. Since L contains K5, by Proposition 20, v has not extension pro-
perty in L. Hence, let (W', R’) be a finite frame, V' be a valuation on (W', R') and s’€W’ be such
that

o (W ,R)EL,
o (W' R')is generated from s/,
o for all variants V" of V' with respect to s’ and var(y), (W', R'), V", s'"FE=00¢ — 4.

Obviously, V’ is a variant of V’ with respect to s’ and var(y). Thus, (W', R’), V' s'"FEO00y — .
Consequently, (W', R"), V', s'=000 and (W', R"), V', s'F~1. Hence, neither R'=0, nor R' = W' x
W’. Since L contains K5, (W', R')EL and (W', R’) is generated from s’, by Proposition 4, there
exists A’, B'CW’ such that A'#(, A'CB’, s'¢B', W'={s'} UB" and R'=({s'} x A’) U (B’ x B’).
Since (W', R"), V', 'O, let '€ A’ be such that (W', R"), V' ¢ =00, Thus, (W', R), V' t'=4.
Consequently, there exists a finite frame (W, R), there exists a valuation V' on (W, R) and there exists
teW such that

o (W, R)FL,
o (W, R) is generated from ¢,
d (le R/)7 V/a t/):forvar(tp)((ﬂ/ﬂ R)) ta VU)

Obviously, (B',B’ x B’) is the subframe of (W', R’) generated from t'. Let V}, be the re-
striction of Vi, to B’. Since (W', R'), V', t'=foryar(,) (W, R),t,V7), by [12, Proposition 2.6],
(B",B' x B'), Vi, t'Eforyar(y) (W, R),t, V7). Since (B’, B’ x B") and (W, R) are finite, by [12,
Theorem 2.24], let ZC B’ x W be a bisimulation between (B’, B’ x B’) and (W, R) such that

o t'Zt,
o forall w'€B’ and for all ue W, if v’ Zu then for all z€var(y), '€V}, (z) if and only if u€V (z).
Hence, R#(. Since L contains K5, (W, R)=L and (W, R) is generated from ¢, by Proposition 4, we

have to consider the following 2 cases.

Case “R=W x W”: Let A={ueW: there exists v'€A’ such that v'Zu} and B=W. Obviously,
A+#D and ACB. Moreover, since (W, R)EL, (B, B x B)[EL. Let (W1, R;) be a finite frame, V; be a
valuation on (W7, Ry) and s; €W be such that s,¢B, Wi={s;} UB, Ri=({s1} x A)U(B x B) and
for all zevar(y), Vi(z)=V(x). Since L is global and (B, B x B)EL, (W1, Ry)=L. Thus, by (),
(W1, R1), V7, s1=1. Let V' be a valuation on (W', R') such that for all z€var(yp), if s1 V{7 (z) then
V" (x)=V'(z) U{s'} else V"'(z)=V'(z) \ {s'}. Obviously, V" is a variant of V' with respect to s’
and var(p). Consequently, (W', R'), V", 'O — 1. Hence, (W', R"), V", s~y By induction
on YEFOR,.(,), the reader may easily verify that

o (W R, V" s'=xifand only if (Wy, Ry), V¥, s1=x.
Since (W', R"), V", s't~, (W, Ry), V7, s1#: a contradiction.

Case “there exists A, BCW such that A+£(), ACB, t¢B, W={t} UB and R=({t} x A)U(B x B)”:

12
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Hence, let to€ A be such that t' Zty. Let Zj be the restriction of Z to W’ x B and V;, be the restriction
of V to B. Since (W, R)[=L, by [12, Theorem 3.14], (B, B x B)[=L. Since ZCW’ x W is a bisimu-
lation between (W', R') and (W, R) such that ¢’ Zt, and for all w'€W’ and for all ue W, if v/ Zu then
for all zevar(y), v'€V’(x) if and only if ueV7(x), ZoCW’ x B is a bisimulation between (W', R’)
and (B, B x B) such that ¢’ Zyto and for all w'€W’ and for all u€B, if v’ Zyu then for all z€var(yp),
uw' €Vy(x) if and only if u€V{ (x). Then, proceed as in the case “R=W x W”.

Proof of Proposition 22: By Propositions 9 and 20.
Proof of Proposition 23: By Proposition 22.

Proof of Proposition 24: Suppose L contains K5 and L is global. Let o€ FOR be L-unifiable. Let
o be an L-unifier of . Since L contains K5 and L is global, by Proposition 21, let 1o EFORyar(,)
be such that o (¢, ) €L, ¥, — ©€K and 1), is L-projective. Hence, let €, be an L-projective L-unifier
of ¥,. Let ¥ = {€, : o is an L-unifier of ¢}. By Propositions 17 and 21, ¥ is a complete set of
L-unifiers of ¢. Let ¥’ be the set of substitutions obtained from X by keeping only one representative
of each equivalence class modulo ~j,. Since ¥ is a complete set of L-unifiers of ¢, ¥’ is a complete set
of L-unifiers of . Moreover, since L is locally tabular, by Proposition 2, X/ is finite. Thus, ¢ is either
of type 1, or of type w. Since L contains K5, by Propositions 11 and 13, ¢ is of type 1.

Proof of Proposition 25: By Proposition 24.
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