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ABSTRACT

We present an analytical model to account for the deformation-induced inertial dynamics of a magnetic vortex. The model is based on a
deformation of the vortex core profile based on the Döring kinetic field, whereby the deformation amplitudes are promoted to dynamical
variables in a collective-coordinate approach that provides a natural extension to the Thiele model. This extended model describes complex
transients due to inertial effects and the variation of the effective mass with velocity. The model also provides a quantitative description of
the inertial dynamics leading up to vortex core reversal, which is analogous to the Walker transition in domain wall dynamics. Our work
paves the way for a standard prescription for describing the inertial effects of topological magnetic solitons.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0039535

I. INTRODUCTION

Topological solitons represent compact, nontrivial solutions of
a nonlinear field system. In magnetic thin films, examples of such
excitations include one-dimensional (1D) configurations like
domain walls1,2 and two-dimensional structures such as vortices3–6

and skyrmions.7,8 For the latter, a common approach for describing
their dynamics involves a collective coordinates approach in which
the position X ¼ (X, Y) of the vortex or skyrmion core, assumed
to be rigid, is elevated to a dynamical variable X(t) and subse-
quently defines the entire dynamics of the system by allowing all
other degrees of freedom to be integrated out. This is the basis of
the Thiele model,4,9,10

G" _X þ αD
$
$ _X ¼ % @U

@X
, (1)

where G ¼ (Ms=γ)
Ð
dV sin θ ∇θ " ∇fð Þ is the gyrovector,

D
$
¼ (Ms=γ)

Ð
dV ∇θ ( ∇θ þ sin2 θ ∇f( ∇fð Þ½ * is the damping

tensor, α is the Gilbert constant, U is a total magnetic energy, Ms is
the saturation magnetization, and γ is the gyromagnetic constant.

Here, θ and f represent the orientation of the magnetization field,
m, in spherical coordinates.

However, it has been known since the seminal work of Döring11

that soliton motion in ferromagnetic materials should be accompa-
nied by a deformation of the static configuration, since the Landau–
Lifshitz equation governing the magnetization dynamics does not
exhibit Galilean invariance and so changes to the static profile must
appear for a soliton propagating at finite velocity in the steady state.
This is apparent in the 1D model of domain wall dynamics, where in
addition to the wall position q(t) an additional dynamical variable,
the wall angle w(t) appears in the equations of motion and describes
a transformation from the equilibrium static wall profile.12,13 In addi-
tion, the potential energy related to w(t) characterizes the wall mass
and limits the propagation speed of the time-independent profile, a
phenomenon known as Walker breakdown.

Magnetic vortex and skyrmion dynamics also have been
studied extensively over the past few decades, such as translational
motion,9,10,14,15 the inertial effects,16,17 core deformation and
polarity switching,18–21 and their internal eigenmodes.22–26

Interestingly, despite the large body of theoretical work on such
dynamics to date, a consistent description of inertial effects and
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core deformation within the Thiele framework remains largely
unexplored. Some earlier work has identified the importance of
coupling to the spin waves as a source of inertia.16,27–30 From a
phenomenological standpoint, inertia can be introduced through
the addition of a mass term M,17,27,31–35

M€X þ G" _X þ αD
$
$ _X ¼ % @U

@X
: (2)

However, this approach neglects the change in internal energy as
a result of changes to the magnetic configuration of the core,
which occurs in processes such as vortex core reversal19,36–38 and
trochoidal motion of antiskyrmions,39 which are phenomena
analogous to Walker breakdown.

In this paper, we present a model to account for the
motion-induced inertia of magnetic vortices. The remainder of the
paper is organized as follows. In Sec. II, we describe the analytical
approach for the deformation based on Döring’s kinetic field and
then derive equations of motion of the vortex core, from which the
inertial motion can be described. Section III discusses in more
detail the transient inertial dynamics that follows from the model,
where comparisons with micromagnetic simulations show that fea-
tures such as excitation of higher-order spin-wave modes can be
accounted for. In Sec. IV, we show how the inertial mass depends
on the core velocity. This is followed by a discussion on how iner-
tial effects affect vortex core reversal in Sec. V. Last, a discussion
and concluding remarks are presented in Sec. VI.

II. MODEL

Consider a moving vortex with a finite velocity, _X. Under this
steady motion, the magnetic configuration becomes deformed with
respect to its static equilibrium state, which can be accounted for
by minimizing the micromagnetic energy with respect to an addi-
tional “kinetic field” of the form, Hkin ¼ (1=γ0)m" ( _X $ ∇)m

" #
,

where γ0 ¼ μ0γ and m ¼ ( sin θ cosf, sin θ sinf, cos θ) is a unit
vector of a local magnetic moment.11,37,38 Let us assume that defor-
mations δm to the static profile, m0, can be expressed in terms of a
rotation of the magnetic moments toward the direction of the kinetic
field under a small deformation, i.e., δm/%m0 " m0 "Hkinð Þ.21,38
This leads to the deformation ansatz,

θ(x, ξ) ¼ θ0 % sin θ0 ξ $ ∇f0½ *, (3a)

f(x, ξ) ¼ f0 þ
1

sin θ0
ξ $ ∇θ0½ *, (3b)

where θ0 ¼ θ0(x % X) and f0 ¼ f0(x % X) are the polar and azi-
muthal angles of the static configuration. ξ(t) ¼ [ξx(t), ξy(t)] is a
new dynamical variable that describes the deformation amplitude
with dimensions of length. By using Eq. (3), we obtain the deformed
configuration from the initial vortex state as presented in Fig. 1(a) in
the case of a permalloy disk with a diameter of 512 nm and a thick-
ness of 20 nm. The result shows that Eq. (3) gives a good description
of the changes to the core profile as a result of its motion when com-
pared with the simulated result [Fig. 1(b)], in particular, the asym-
metric dip near the core center.18–20 Note that Eq. (3) has a
singularity at the center of the vortex core at which θ ¼ 0 or π.

From Eq. (3), we can calculate the Euler–Lagrange
equation,12,40–42

d
dt

@L
@ _q

% @L
@q

þ @W
@ _q

¼ 0, (4)

where q ¼ {X, Y , ξx , ξy} represent the generalized coordinates and

L ¼ Ms

γ
_f 1% cos θð Þ % U ,

W ¼ α
Ms

2γ
dθ
dt

$ %2

þ sin2 θ
df
dt

$ %2
" #

,
(5)

are the Lagrangian and dissipative function densities, respectively. By
solving the Euler–Lagrange equation and integrating over the
volume, equations of motion can be derived with the four indepen-
dent collective coordinates, X, Y , ξx , and ξy ,

G" _X % α _ξ
& '

þ D
$
$ α _X þ _ξ
& '

¼ % @U
@X

, (6a)

G" _ξþ α _X
& '

þ D
$
$ α _ξ% _X
& '

¼ % @U
@ξ

: (6b)

Here, G ¼ G ẑ and D
$
¼ D I

$
, where I

$
is the 2" 2 identity matrix

and

G ¼ Ms

γ

ð
dV sin θ0

@θ0
@x

@f0

@y
% @f0

@y
@θ0
@x

$ %
,

D ¼ Ms

γ

ð
dV

@θ0
@x

$ %2

þ sin2 θ0
@f0

@x

$ %2
 !

¼ Ms

γ

ð
dV

@θ0
@y

$ %2

þ sin2 θ0
@f0

@y

$ %2
 !

: (7)

FIG. 1. (a) Deformed-vortex configurations near the core (60" 60 nm2) calcu-
lated from the static configuration (ξx ¼ 0 nm) using Eq. (3) with
ξx ¼ %5, %3, 3, and 5 nm. The height is proportional to mz and the color indi-
cates mz as noted by the color bar. (b) Deformation of the vortex obtained from
a micromagnetic simulation at the indicated velocity, _Y .
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By using the Usov ansatz of the vortex core profile,14,43 we can use
G ¼ 2πMspd=jγj and D ¼ (πMsd=jγj) 2þ ln (R=b)½ *, where d is the
film thickness, p is the core polarity, R is the system size, and b is
the vortex core radius.35 The derived equations of motion seem to
be similar with Eq. (2), because _ξ/ €X in a steady-state motion.
However, Eq. (2) does not consider the energy variation by the
deformation; thus, the force is determined by only the core position,
X. Note that Eqs. (3) and (6) can be applicable to other topological
solitons in two-dimensional systems, such as magnetic skyrmions,
with appropriate G, D, and U .

Consider now the total magnetic energy, U(X, ξ), which can
be expressed to lowest order as U ¼ U0 þ Up(X)þ Ud(ξ), where
U0 is the ground state energy, and Up(X) and Ud(ξ) are the poten-
tial and deformation-induced energies, respectively. In a thin film
disk, Up(X) + (κp=2)kXk2 to lowest order in X, where κp is a stiff-
ness coefficient.14,44,45 We can also write to lowest order in ξ,

Ud(ξ) +
1
2
κdkξk2, (8)

under a sufficiently small deformation. In this work, we determine
the parameter κd numerically from micromagnetic calculations,
because both exchange and dipolar interactions should be consid-
ered and, unfortunately, we do not have an appropriate model for
the magnetostatic energy calculation yet. As an example, here we
consider a cylindrical dot with a diameter of 2R ¼ 512 nm and a
thickness of d ¼ 20 nm. We use magnetic parameters correspond-
ing to permalloy, where the exchange constant is taken to be
Aex ¼ 10 pJ/m, Ms ¼ 0:8MA/m, and α ¼ 0:013. We consider
small deformations of the order kξk , 0:1 nm. From the initial
vortex state, which is found from energy minimization, we obtain
the deformed configuration using Eq. (3) [see Fig. 1(a)] and then
calculate both the exchange and magnetostatic energies. Ud is
plotted in Fig. 2(a) as a function of kξk2, where the slope corre-
sponds to κd=2. For this set of parameters, κd + 0:14 J/m2. Note
that, despite of the singularity of the deformation ansatz at the
center, κd and Ud have finite values because δf has a period of 2π.

III. TRANSIENT INERTIAL DYNAMICS

By using the fitted value of κd, we can determine the inertial
motion of the core under a static in-plane magnetic field,
kBk ¼ 2 mT. For this, we include an additional Zeeman term,
UB(X) ¼ μ ẑ" Bð Þ $ X, where μ + (2=3)Ms=R.

35 The numerically
calculated core trajectory and velocity using Eq. (6) with κd ¼
0:14 J=m2 are presented in Figs. 2(b) and 2(c), respectively. After
applying the field, the core exhibits additional oscillatory motion
on top of the usual gyration, which also results in oscillations in
the speed k _Xk. By assuming a negligibly small damping, α ¼ 0, the
frequency is obtained analytically from Eq. (6),

f +
G(κp þ κd)+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2(κp % κd)

2 þ 4D2κpκd

q

4π G2%D2ð Þ
: (9)

In our case, the calculated frequencies are f ¼ 305MHz and
%8:0 GHz, which corresponds with the frequencies of the counter-
clockwise (CCW) gyrotropic motion and the clockwise (CW) small
oscillation, respectively.

We compare the calculation result with the micromagnetic
simulation result. We conduct a micromagnetic simulation using
the MuMax3 code46 with same geometry and material parameters
stated above. The initial vortex state has clockwise chirality and
upward core, and the system is uniformly discretized by a unit cell
of 0:5" 0:5" 20 nm3. The simulation result is presented in
Figs. 2(d) and 2(e), which is in good agreement with the results
from Eq. (6). The frequencies of the core gyration and the small
oscillation obtained from the simulation are !320MHz and

FIG. 2. (a) Deformation energy, Ud, as a function of kξk2 (symbols) with the
linear fit (red line). (b) Trajectory of the vortex core for 2 ns obtained by solving
Eq. (6) with κd ¼ 0:14 J=m2. The motion is excited by an in-plane 2 mT mag-
netic field. (c) Time evolution of the core speed, k _Xk, during the motion in (b).
(d) Core trajectory obtained from a micromagnetic simulation. (e) Time evolution
of k _Xk during the motion presented in (d). The dashed lines in (c) and (e) indi-
cate the initial acceleration. (f ) Core trajectory calculated from the hand-waving
model [Eq. (10)] in which the interaction with spin-wave modes are simply con-
sidered. (g) Time evolution of k _Xk during the motion presented in (f ).
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!7 GHz, respectively, which are quantitatively comparable with the
frequencies calculated from Eq. (9).

The micromagnetic simulations also show an additional mod-
ulation in the transient response, which can be seen as an oscilla-
tion in the envelope of the core velocity in Fig. 2(e), a feature that
is absent in the model prediction as given in Fig. 2(c). We can
explain this additional modulation by taking into account the exci-
tation of higher-order spin-wave modes that are excited as a result
of the core dynamics. Consider the following hand-waving model
in which we assume that the overall displacement of the core can
be simply given by

Xtot ¼ X þ Xcw þ Xccw, (10)

where

Xcw(t)þ iYcw(t) ¼ Rsw exp %2πiνcw(t % τ)½ *,
Xccw(t)þ iYccw(t) ¼ Rsw exp 2πiνccw(t % τ)½ *,

(11)

are the additional core motion induced by clockwise (CW) and
counterclockwise (CCW) directional azimuthal spin-wave modes,
respectively. Rsw characterizes the spin-wave amplitude and τ is a
time delay, which accounts for the phase of the spin-wave mode.
Here, we assume that Rsw and τ are same for both CW and CCW
spin-wave modes and they are not influenced by the core position
and deformation to simplify the calculation. In our system, the first-
order azimuthal spin-wave frequencies for CW and CCW propaga-
tion directions are found to be νcw ¼ 6:4 GHz and νccw ¼ 7:7 GHz,
respectively. With arbitrary parameters, Rsw ¼ 0:1 nm and τ ¼ 0 ns,
we obtain the core trajectory and speed as shown in Figs. 2(f)
and 2(g), respectively. The results show that slow modulation with
beating pattern can appear in the evolution of the core speed similar
with the simulation [Fig. 2(e)].

By considering a linear steady-state motion of the core, the
relation between the deformation energy and the core velocity,
Ud ¼ 1

2Mk _Xk2, can be obtained from Eqs. (6) and (8), where

M ;
D2

κd
, (12)

which can be regarded as an effective inertial mass under small
deformations. In the case of 2R ¼ 512 nm and d ¼ 20 nm of a
NiFe cylindrical dot, for example, the mass is found to be
MNiFe + 1:4" 10%23 kg, which is similar to the values for domain
walls obtained from experiments.47

The acceleration of the core can be calculated from
€X ¼ F=M, where F is a force exerted on the core. If kBk ¼ 2mT
is applied on a stable vortex core, the acceleration will be
k€Xk ¼ kFBk=MNiFe + 1:2" 1012 m=s2, where FB ¼ %μjBjπR2d is
the force from the in-plane field.35 As shown in Figs. 2(c) and 2(e)
(dashed line), the calculated acceleration value is in a good agreement
with those obtained from the simulation k€Xk + 1:1" 1012 m=s2.

IV. VELOCITY DEPENDENCE OF INERTIAL MASS

We now turn our attention to the inertial mass under large
deformations beyond the range for which Eqs. (8) and (12) are

valid. In this limit, the deformation model [Eq. (3)] cannot be used
to calculate Ud since the magnetic energy is overestimated particu-
larly at the core center, because the model cannot describe defor-
mation of the vortex core properly [see Fig. 3]. Therefore, we
extract the inertial mass from micromagnetic simulations at stable
deformed-vortex configurations under a static-uniform in-plane
electric current.48 The equations of motion with an adiabatic spin-
transfer torque are given by

G" _X % u% α _ξ
& '

þ D
$
$ α _X þ _ξ
& '

¼ % @U
@X

, (13a)

G" _ξþ α _X
& '

þ D
$
$ α _ξ% _X þ u
& '

¼ % @U
@ξ

, (13b)

where u ¼ JPgμB=(2eMs) represents an effective spin-drift velocity
that is proportional to the applied current density J and spin polar-
ization P ¼ 0:5. Under applied currents, deformed core configura-
tions can be obtained without any core motion, since u acts as the
core-motion velocity % _X when only adiabatic term is considered in
the limit α - 1. In the immobile state, we obtain the core displace-
ment from the center of the disk, kXk, and the total magnetic
energy, U , as a function of kuk [black lines in Figs. 4(a) and 4(b)];
both kXk and U increase with an increasing kuk up to the critical
value at !280m=s above which the stationary state changes due to
reversal of the vortex core. From the kXk and U obtained, we dis-
sociate the deformation energy, Ud ¼ U % U0 % (κp=2)kXk2 [red
line in Fig. 4(b)], then calculate the effective inertial mass from
M ¼ 2Ud=kuk2. Here we assume that M ! D2=κd when kuk !
0 to find the reasonable κp value. The obtained M is plotted in
Fig. 4(c) as a function of kuk (red line). The result shows that the

FIG. 3. Contour lines of the z-component of the local magnetization, mz , of
deformed-vortex-core configurations calculated from the analytic deformation
model [Eq. (3)] with different deformation parameters, ξx .
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mass depends on the velocity; M gradually increases with an
increasing kuk from D2=κd, in particular, M increases drastically
near the critical velocity, !280m=s. Because kuk + k _Xk in this
case, the result implies that the effective inertial mass increases
with an increasing the core velocity.

The initial core acceleration, k€Xk, can be obtained using micro-
magnetic simulations in which an in-plane field, kBk ¼ 2mT, is
applied to different stationary deformed configurations under kuk.
We plot the time evolution of the velocity in Fig. 4(d) and present
their initial acceleration as a function of kuk in Fig. 4(e). The result
shows that the acceleration reduces with increasing kuk as expected
from the increase in mass. By using the obtained k€Xk, we calculate
the inertial mass from M ¼ kFBk=k€Xk and plot it in Fig. 4(c) using
blue circles, which is in good agreement with the mass calculated for
the deformation energy. This result shows that the effective mass
depends on the core velocity and the core deformation.

V. INERTIAL EFFECTS IN CORE REVERSAL

Vortex core reversal is analogous to Walker breakdown in
domain walls, whereby the deformed equilibrium micromagnetic
profile moving at a constant velocity no longer satisfies the
Landau–Lifshitz equation. To probe this limit with the deformation
model, we need to compute the deformation energy Ud(kξk) to the
point at which the restoring force k@ξUdk vanishes, by analogy
with Walker breakdown. Because of the limit of the deformation
model under a large deformation, we achieve this by using micro-
magnetic simulations with adiabatic spin-transfer torques as
follows. From Eq. (13b), we obtain a relation Dux ¼ %@Ud=@ξx at
the stationary deformed state under an in-plane current flowing
along x, where _X ¼ _Y ¼ _ξx ¼ _ξy ¼ 0. D, ux , and Ud values can be
taken from the simulations, thus we can numerically obtain ξx by
assuming @Ud ¼ ΔUd and @ξx ¼ Δξx .

The computed deformation energy, Ud, and its derivative,
k@ξUdk, are shown as a function of kξk in Figs. 5(a) and 5(b),
respectively, with black solid lines. As these figures show, the qua-
dratic approximation in Eq. (8) is insufficient when kξk becomes
large. Moreover, the slope of k@ξUdk almost vanishes at the
maximum value, Fd,0.

With our method, we cannot obtain the energy profile when
kξk . kξ0k. However, from the obtained data, Ud and k@ξUdk, we
can infer that Ud increases with an increasing kξk up to the critical
energy barrier, Ud,max, for the core switching, but k@ξUdk decreases
from Fd,0, which results in a spontaneous core switching when a
driving force is applied continuously.

To account for this behavior, we can use a higher-order poly-
nomial expansion in kξk,

Ud ¼
1
2
κdkξk2 þ C1kξk3 þ C2kξk4, (14)

which accounts for deformations up to kξ0k, i.e., the point at which
the restoring force attains its maximum, Fd,max ¼ 3:9" 10%10 N.
With the fitted values of C1 ¼ %2:4" 106 J/m3 and C2 ¼ %2:6
"1014 J/m4, Eq. (14) provides a good description of the potential
energy profile [Fig. 5(a)] and restoring force [Fig. 5(b)] up to Fd,max,
and shows the expected characteristics stated above.

This model explains the maximum core velocity attained
before core switching. If the core motion is carefully excited with
sufficiently small k _ξk, Ud increases following Eq. (14) and the core
switching occurs when Ud ¼ Ud,max. During the dynamics, the core
velocity is approximately k _Xk + k@ξUdk=D if α - 1; therefore,
generally the velocity does not exceed the maximum value, Fd,0=D.

Since the restoring force attains a maximum value at kξ0k
while the deformation energy continues to increase for kξk . kξ0k,
it suggests that core reversal is related to a critical deformation being
reached, rather than a critical velocity. To illustrate this, we consider
the resonant excitation of the vortex dynamics by a rotating
field, BCCW ¼ (B0 cosωt, B0 sinωt, 0), where B0 ¼ 1:3 mT and
ω=2π ¼ 320MHz with the same micromagnetic parameters consid-
ered above. When the field is applied continuously, the core reaches
the maximum velocity at !11:9 ns, after which the velocity decreases
and the core reverses at !12:6 ns, as shown by the solid black line in
Fig. 5(c). However, if the field is switched off just after the nominal

FIG. 4. (a) Core position displacement, kXk, as a function of an effective spin-
current drift velocity, kuk. (b) Total magnetic energy, U, the potential energy, Up,
and the deformation energy, Ud, as a function of kuk. (c) Inertial mass of the
vortex, M, as a function of kuk obtained from M ¼ 2Ud=u2 (red line). The
black dashed line indicates the mass at rest calculated from Eq. (12). The blue
circles are M obtained from the acceleration, k€Xk, shown in (e). (d) Time evolu-
tion of k _Xk for different kuk. (e) The initial acceleration, k€Xk, obtained from (d).
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maximum velocity is reached, core reversal does not take place
[green, red, and blue lines in Fig. 5(c)]. In those cases, the core veloc-
ity can even exceed the nominal maximum velocity instantaneously
just after turning off the field, because of a relatively large _ξ from the
deformation dynamics. Core reversal occurs if the field is turned off
too late [light blue line in Fig. 5(c)]. These phenomena can be repro-
duced with the deformation model by solving Eq. (6) with Eq. (14),
as shown in Fig. 5(d). Besides providing an accurate description of
the dynamics up to the core reversal transition, the result illustrates
the importance of inertial effects where core reversal can be inhib-
ited, even though the velocity maximum has been attained, if the
driving force is switched off sufficiently early.

VI. DISCUSSION AND CONCLUDING REMARKS

We have discussed in some depth how the inertial dynamics
of magnetic vortices can be understood in terms of the Döring
mechanism, which has been more extensively studied for domain
wall dynamics. We can show indeed that our proposed ansatz
[Eq. (3)] gives rise to the standard one-dimensional model for
domain wall dynamics. This model involves two dynamical varia-
bles: the wall position, q(t), and the internal wall angle, w(t), which
plays the role of the deformation. The equations of motion, as
established by Slonczewski, Walker, and Schryer, are given by

α
_q
Δ
þ _w ¼ % γ

2Ms

@U
@q

,

%
_q
Δ
þ α _w ¼ % γ

2MsΔ
@U
@w

,

(15)

where Δ is the characteristic wall width and U represents the poten-
tial energy seen by the wall. Consider a perpendicularly magnetized
system, where the static magnetization profile of the domain wall,
m0(x) ¼ cosf0 sin θ0, sinf0 sin θ0, cos θ0ð Þ, can be written in
terms of the polar θ and azimuthal f angles as

θ0 ¼ 2 tan%1 exp
x % q
Δ

& 'h i
,

f0 ¼ const:,
(16)

respectively. The precise value of f0 determines whether it is a
Bloch or a Néel form. We follow our prescription by elevating q(t)
to a dynamical variable and by including the deformation, parame-
trized here by ξx(t),

θ ¼ θ0 % ξx(t) $ ∇f0ð Þ sin θ0 ¼ θ0[x % q(t)],

f ¼ f0 þ
1

sin θ0
ξx(t) $ ∇θ0ð Þ ¼ f0 þ

ξx(t)
Δ

:
(17)

From the Lagrangian and Rayleigh dissipation function for the
Gilbert damping [Eq. (5)], we can obtain the Euler–Lagrange equa-
tions with Eq. (17), which give the equations of motion,

α
_q
Δ
þ

_ξx
Δ
¼ % γ

2Ms

@U
@q

,

%
_q
Δ
þ α

_ξx
Δ
¼ % γ

2Ms

@U
@ξx

:

(18)

By making the identification, w ; ξx=Δ, we recover the equations
of motion in Eq. (15). This simple derivation shows that we can
recover other well-established results with our model with no mod-
ification. Note that, here we do not consider the variation of Δ,49,50

because the deformation ansatz, Eq. (17), and the equations of
motion, Eq. (18), cannot describe the domain wall width change
during the motion.

As we noted in the introduction, previous theoretical works
have sought to interpret the inertial mass of vortices in terms of
coupling to spin waves.16,27–30 In light of our results shown in

FIG. 5. (a) Deformation energy, Ud, as a function of the deformation ampli-
tude, kξk (black line). The blue dashed line is Eq. (8) and the red dashed line
is Eq. (14). (b) Derivative of the deformation energy, k@ξUdk, as a function of
kξk. (c) k _Xk during the resonant excitation obtained from micromagnetic sim-
ulations. The black line is the result from a continuous excitation up to the
core reversal and the gray line indicates the maximum core velocity. The
green, red, blue, and light blue lines indicate the velocity when the driving
field is turned off at ts as shown in the right panel, which shows a zoom on
the region around the maximum core velocity. (d) as in (c) but obtained by
solving Eq. (6) with Eq. (14).
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Fig. 2, we suggest that coupling to spin waves can result in higher-
order effects in the inertial dynamics but do not constitute the
primary mechanism, which we find to be core deformation. The
coupling to spin waves, such as azimuthal spin-wave modes in a
dot, results in a GHz-frequency modulation of the inertial dynam-
ics but does not fully account for the cycloidal-type motion arising
from the core deformations. Because core deformation is in part
tied to a potential energy term related to the vortex helicity, i.e., the
cost in dipolar energy as a result of deviations from the Bloch-like
configuration of the magnetization, we hypothesize that such fea-
tures may have been overlooked in earlier work where only easy-
plane anisotropies were considered in addition to the exchange
interaction in atomistic models. Indeed, the absence of a helicity
dependence in the domain wall case amounts to U(w) ¼ const:,
resulting in the absence of a domain wall mass. Moreover, a more
recent study in which full dipolar interactions are taken into
account shows that coupling to spin waves only accounts for part
of the inertial dynamics observed.30

In summary, we have developed a deformation model based
on the Döring mechanism, which describes the inertial dynamics
of magnetic vortices and is valid up to the core reversal transi-
tion. It provides a straightforward generalization of the Thiele
equation through the inclusion of additional deformation ampli-
tudes, which are dynamical variables. The method is general and
can be extended to describe other two-dimensional topological
magnetic solitons, such as skyrmions. We anticipate that further
generalization to N dimensions is possible, thereby providing a
standard prescription for describing the inertial effects of topo-
logical magnetic solitons.
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