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WEIGHTED SUBSPACE DESIGNS FROM ¢-POLYMATROIDS

EIMEAR BYRNE, MICHELA CERIA, SORINA IONICA, AND RELINDE JURRIUS

ABSTRACT. The Assmus-Mattson theorem gives a way to identify block designs arising from
codes. This result was broadened to matroids and weighted designs by Britz et al. in 2009.
In this work we present a further two-fold generalisation: first from matroids to polymatroids
and also from sets to vector spaces. To achieve this, we study the characteristic polynomial of
a g-polymatroid and outline several of its properties. We also derive a MacWilliams duality
result and apply this to establish criteria on the weight enumerator of a g-polymatroid for which
dependent spaces of the g-polymatroid form the blocks of a weighted subspace design.

1. INTRODUCTION

The characteristic polynomial of a matroid is a well studied object. It was first introduced as
a matroid generalisation of the chromatic polynomial of a graph. It arises in critical problems,
analyses of the Tutte polynomial, and is the subject of numerous identities [2]. For a thorough
treatment of the subject see [20], for example.

In combinatorics, the concept of a g-analogue can be viewed as a generalisation from sets to
vector spaces. Recently, the g-analogue of a matroid has been studied [11]. A generalisation
of this is a g-polymatroid [9, 10, 17]. Similar to classical matroids, there are many interesting
connections between g¢-(poly)matroids and rank-metric codes. In this paper we develop the
theory of the characteristic polynomial of a g-polymatroid. We show the relation between the
characteristic polynomial of a polymatroid and its dual, establishing a MacWilliams-like identity
for g-polymatroids. In a similar line of research, Shiromoto [17] established a g-analogue of
Greene’s theorem.

Another motivation to study the characteristic polynomial is to establish a ¢-analogue of
the Assmus-Mattson theorem [1]. This theorem gives a criterion for identifying a t-design as
a collection of supports of codewords of fixed weight in a linear code. Since its publication in
1969 it has seen a number of generalisations [6, 13] and has been used widely to obtain new
constructions of designs [8, 16]. In one of these results [3], the authors define a weighted ¢-design
as a generalisation of a classical t-design and give criteria for identifying such an object among
the dependent sets of a matroid of a fixed cardinality. A weighted t-design is a collection of
subsets B of a fixed cardinality k& chosen from an n-set of points P together with a function f
defined on B such that for any t-set T C P the sum ) p p.p-p f(B) is independent of T'. In
the case that f is the characteristic polynomial that takes the value 1 if and only if T' C B, the
weighted ¢-design is an ordinary design.

In this paper, we generalise the results of [3] to g-polymatroids, which is a two-fold gener-
alisation: first from matroids to polymatroids and also from sets to vector spaces. Hence the
results presented here give a g-analogue of their result. The g-analogue of a weighted ¢-design
is a weighted subspace design; in the definition shown above we replace the collection of subsets
B with a collection of subspaces of a fixed dimension k£ and T' with a t-dimensional subspace.

In Section 2 we study g¢-polymatroids and their necessary properties for this work. In Sec-
tion 3 we outline properties of the characteristic polynomial of a g-polymatroid that will be
used later and in Section 4 look at the case of g-polymatroids arising from matrix codes. In
Section 5 we give a version of the MacWilliams duality result for ¢g-polymatroids. In Section 6
we give criteria for identifying when the dependent spaces of a g-polymatroid are the blocks of
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a weighted t-subspace design.

Notation 1. Throughout, we let n denote a fixed positive integer and we will let ¢ denote a
fixed prime power. We let I denote an n-dimensional vector space over the finite field F, of
order q. We let L(E) denote the lattice of all subspaces of E, ordered with respect to inclusion,
which we denote by <. We will write U < V for U,V < E if U is strictly contained in V. The
join of a pair of subspaces is their vector space sum and the meet of a pair of subspaces is their
intersection.

2. ¢-POLYMATROIDS

g-Polymatroids and their connections to linear codes were introduced in [10] and [17]. Their
properties have been further developed in [9]. In our presentation, we will not assume that
g-polymatroids are representable, that is, we will not assume that the g-polymatroids under
consideration here are constructed from rank-metric codes over F,. We use the following defini-
tion of a g-polymatroid from [17], since it suits our purposes to have an integer valued function
in what follows.

Definition 2. A (g, r)-polymatroid is a pair M = (E, p) for which r € Ny and p is a function
p: L(E) — Ny satisfying the following axioms.

(R1) For all A< FE, 0< p(A) <rdimA.

(R2) For all A,B < E, if A< B then p(A) < p(B).

(R3) For all A,B < E, p(A+ B)+p(ANB) < p(A) + p(B).

If it is not necessary to specify r, we will simply refer to such an object as a g-polymatroid.
If M is a g-polymatroid, we denote its rank function by pys. Note that a (g, 1)-polymatroid is
a g-matroid.

Recall that a lattice isomorphism between a pair of lattices (L£1,V1,A1), (L2, V2, A2) is a
bijective function ¢ : L1 — Lo that preserves the meet and join, that is, for all z,y € £ we
have that p(z A1 y) = @(x) N2 p(y) and (V1 y) = p(x) V2 ©(y). We hence define a notion of
equivalence between ¢-polymatroids.

Definition 3. Let Ei, Es be Fy-linear spaces. Let My = (Eq,p1) and My = (E2,p2) be
g-polymatroids. We say that M; and Ms are lattice-equivalent if there exists a lattice iso-
morphism ¢ : L(E1) — L(E2) such that p1(A) = p2(p(A)) for all A < E;. In this case we
write My = Ms.

Remark 4. This definition is not the same as the definition of equivalence of g-polymatroids
given in [9] and [10]. The g-polymatroids (E1, p1) and (Es, p2) are equivalent if there exists
an [Fy-linear isomorphism 7 : £y — Ej such that p;(A) = p2(7(A)) for all A < E;. Since every
vector space isomorphism induces a lattice isomorphism, equivalence implies lattice-equivalence
for g-polymatroids.

Definition 5. Let F' be a an Fj-vector space. We denote by br a fixed non-degenerate sym-
metric bilinear form (which we call an inner product) on F'. For any subspace U < F we denote
the orthogonal complement of U with respect to bp by U := {a € F : bp(u,a) = 0Vu € U}.
We write UL := UL(E),

The dual g-polymatroid was defined in [10, 17].

Definition 6. Let M = (E,p) be a (g, r)-polymatroid. For every subspace A < E, define
p*(A) := rdim(A) — p(E) + p(A+). Then M* := (E, p*) is a (g, r)-polymatroid called the dual
of M.

As noted in [9], the definition of the dual of M depends on the choice of inner product bz,
but all such choices yield equivalent duals.
It is easy to see that for a map p : L(F) — Ny satisfying the axioms (R1)-(R3), the
restriction of that map to £(T), for each subspace T' < E, also yields a g-polymatroid.
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Definition 7. Let M = (E,p) be a (q,r)-polymatroid and let T" < E. For every subspace
A < T, define pyy,.(A) == p(A). Then M|y = (T, pp,.) is a (g,r)-polymatroid called the
restriction of M to T.

Definition 8. Let I < E and let M = (E,p) be a (g,r)-polymatroid. We say that I is an
independent space of M if p(I) = rdim . A subspace that is not independent, is called a
dependent space of M. We call C' < F a circuit of M if it is a minimal dependent space
with respect to inclusion. We call T' < E a cocircuit of M if it is a circuit of M*.

For g-matroids, the following result is (I2) of the independence axioms (see [5, Definition 7]).
We show that this holds for ¢-polymatroids.

Lemma 9. Let M = (E, p) be a (q,r)-polymatroid and let I < E be an independent space of
M. Then every subspace of I is independent.

Proof. Since I is independent, we have p(I) = r dim(I). Let J, J’ be subspaces of I such that I
is a direct sum of J and J'. By (R1) and applying semimodularity (R3) to J and J’ we get
rdim(J) + rdim(J") > p(J) + p(J') > p(J + J') + p(J N J)
= p(I) = rdim(I) = r(dim(J) + dim(J"))
Since p(J) < rdim(J) and p(J’) < rdim(J’) we must have that p(J) = rdim(J) and p(J') =
rdim(J’) and the result follows. O

From the above lemma, it follows that C < FE is a circuit of a g-polymatroid if it is a
dependent space whose proper subspaces are all independent. In the case of a ¢g-matroid, we
have p(I) = dim(7) for any independent space of the g-matroid. Furthermore, if I is a maximal
independent subspace of A < E then p(A) = p(I).

Proposition 10. Let M = (E, p) be a g-matroid and let T < E. Define a map
pryr  L(E/T) — Z: A p(A) = p(T).
Then M/T = (E/T, ppry7) is a g-matroid.
Proof. It is easy to see that py;/p is well-defined, since every subspace of E/T corresponds to
a unique subspace of E that contains T'. It is straightforward to see that the axioms (R2) and
(R3) hold for M/T, given that M is a g-matroid. Let A < E such that T < A. Let I < E
be a maximal independent space of T" and let J be a maximal independent subspace of A that
contains I. The space J exists by [5, Lemma 23]. By definition, we have p(A) = p(J) = dim(J)
and p(T) = p(I) = dim(I) = dim(7" N J). Therefore,
pagyr(AJT) = p(A) = p(T) = dim(J) — dim(T 1) = dirn(J/(T 1.]))
=dim((J+T7)/T) = dim(J + T) — dim(7T)
< dim(A) — dim(7T) = dim(A/T).
O

In fact, as shown in [9, Theorem 5.2] the statement holds for ¢-polymatroids as well, simply
applying semimodularity. We thus have the following definition.

Definition 11. Let M = (E, p) be a (g, r)-polymatroid and let T < E. We define the map
pyvyr P L(EJT) — Z: A p(A) — p(T). Then M/T := (E/T, ppr7) is a (g, r)-polymatroid
called the contraction of M from T

It will sometimes be more convenient for us to use the slightly less commonly used definition
of contraction to a subspace.

Definition 12. Let M = (M, p) be a (q,r)-polymatroid and let X < E. We denote by M.X
the g-polymatroid M.X := (E/X*, pE/x1). We call M.X the contraction of M to X.
3



In the language of classical matroids, the contraction of M to X is the contraction of M
from E — X, that is M.X = M/(E — X) (see [14, Chapter 3]). In the g-analogue we have
M.X :=M/X*.

The following duality result is a straightforward extension of [11, Theorem 60]. It relates
the contraction of a g-polymatroid from a subspace to a restriction of its dual g-polymatroid.
We will make good use of this in Section 6, where we give a construction of weighted subspace
designs from ¢-polymatroids.

Lemma 13. Let M = (E, p) be a (q,r)-polymatroid and let T be a subspace of E. Then,
M*/T = (M|po)* and (M/T)* = M*| ..

Proof. Let ¢ : L(E/T) — L(T) be defined by ¢(X/T) = (XL)L(TL), for each X < E such

that 7 < X (in which case X+ < T%). That is, ¢(X/T) is the orthogonal complement of X+

in T, with respect to byr. Clearly ¢(E/T) = 04T = T+ ¢(T) = (TH)LT) = 0 and if

T < X <Y then Y+ < X+ and so ¢(X/T) = (XH)2T) < (vH)LTH) = ¢(Y/T). Observe
that for T' < X we have

dim(¢(X/T)) = dim((XH)*T) = dim(T+) — dim(X 1)
= dim(X) — dim(7) = dim(X/T).
Let A be subspaces of E satisfying T < A < E. We claim that pps«7(A/T) = (par),, )" (¢(A/T)).
paer(A/T) = p*(A) — p*(T)
= rdim(A) - p(T") + p(AT) = rdim(T)
= rdim(A/T) = par, (T) + par, (A7)
= rdim(p(A/T)) = par,. (T4) + pary,., (G(A/T)HT)

= (P, ) (@(A/T)).
This shows that M*/T = (M|p.)*. That (M/T)* = M*|r. holds can be seen by replacing M
with M* in the previous identity and taking duals. U

Remark 14. In fact, the above result holds even in terms of equivalence in the stronger sense
[9, Definition 2.6 (a)], and not only lattice-equivalence, as was shown in Theorem 5.3 of the
same paper. Note that in establishing the equivalence of these g-polymatroids, the vector space
isomorphism depends on the choice of the bilinear form arising in the construction of the lattice
isomorphism.

Lemma 15. Let M = (E, p) be a (q,r)-polymatroid and let I < E be an independent space of
M. Let I < A< E. Then A is independent in M if and only if A/I is independent in M/I.
Moreover, if A is a circuit in M then A/I is a circuit in M.

Proof. Let A be independent in M. Then
rdim(A/T) = rdim(A) - rdim(I) = p(A) — p(I) = par/r(A/T),
hence A/I is an independent space of M/I. Conversely, if A/I is independent in M /I then
rdim(A) —rdim(l) = rdim(A/I) = par/1(A/T) = p(A) — p(I) = p(A) — rdim(I),

so p(A) = rdim(A).

Let A be a circuit in M. Any proper subspace of A/I has the form B/I for some unique
I < B < A. Since A is a circuit, A/I is a dependent space in M /I, and B is an independent
space of M. Therefore B/I is independent and so A/I is a circuit of M/I. O

Example 16 (The Vamos ¢-Matroid). This g-matroid is constructed over L(F3). Choose the
canonical basis for F 2 denoted by ey, ...,es. Moreover, we consider

C = {<€1a €2, €3, €4>, <617 €2, €5, e6>a <€3, €4, €5, 66>7 <€37 €4, €7, e8>a <€5, €6, €7, €8>}'
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For each A < FS, we define p(A) as follows:

dim(A) if dim(A4) <3,
p(A) = 3 ifAecC,
4 if dim(A) >4 and A ¢ C.

We prove that p is the rank function of a ¢g-matroid. It is easy to see that (R1) and (R2) hold.
Let us consider (R3). If the spaces A, B are both of dimension smaller than 4 or greater than
4, (R3) holds trivially. Indeed, the potential occurrence of a dependent 4-dimensional space can
occur only on the left hand side of the inequality, making it stricter but without compromising
it. Note also that if we only have the occurrence of independent 4-dimensional spaces then
(R3) holds true. Let us consider now the interaction of 4-dimensional dependent spaces with
the other spaces. As a first case, let dim(A) < 4 and dim(B) = 4, p(B) = 3. If A < B,
p(A+B) = p(B) = 3 and p(ANB) = p(A) = dim(A) and then (R3) holds true. If A ¢ B, there
is at least a one-dimensional subspace of A not in B, therefore p(A+ B) = 4, but this also means
that dim(A N B) < dim(A). Therefore p(A+ B) 4+ p(ANB) <4+dim(A) —1 = p(A)+p(B) =
dim(A) 4 3, so also in this case (R3) is true. Let dim(A) = dim(B) = 4, p(A) =4 p(B) = 3.
Then p(A+ B) = 4 and p(AN B) < 3 so (R3) is trivially true. Let dim(A) = dim(B) = 4,
p(A) = p(B) = 3, A # B (the equality case is trivial). Then p(A+ B) =4 and p(ANB) <2
(indeed two 4 dimensional dependent space intersect in a space of dimension at most 2) thus
(R3) is trivially true. Now suppose dim(A) > 4, dim(B) = 4, and p(B) = 3. In this case
p(A+ B) = 4 and p(AN B) < 3, making (R3) true again. Note that the set C is the set of
circuits of the Vamos ¢-matroid.

3. CHARACTERISTIC POLYNOMIAL OF A ¢-POLYMATROID

In this section, we introduce the characteristic polynomial of a g-polymatroid. This polyno-
mial and its properties are well-studied in the case of a classical polymatroid [2, 21], in which
case its coefficients are the M&bius coefficients of the lattice of subsets of {1,...,n}. In the
g-polymatroid case the underlying lattice is the lattice of subspaces of E. We will use the
characteristic polynomial to obtain a version of the MacWilliams identities for g-polymatroids.

3.1. The Mobius Function on a Lattice. Throughout this paper we will use the Mobius
function (see, e.g. [19, Chapter 25]), which is fundamental to the definition of a characteristic
polynomial. We recall some basic results.

Let (P,<) be a partially ordered set. The M&bius function for P is defined via the recursive
formula

1 ifx =y,
1w, y) = = D<oy il®,2) iz <y,
0 otherwise.

Lemma 17 (Mobius Inversion Formula). Let f,g : P — 7Z be any two functions on a poset
P. Then

(1) f(x) =" g(y) if and only if g(x Zuwy

<y <y
(2) f(z) = g(y) if and only if g(z) =Y p(y,x
>y >y

For the subspace lattice of I and for two subspaces U and V of dimensions u and v, we have
that

(-1)ug(2") U<V

0 otherwise.
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Definition 18. Given a pair of nonnegative integers N and M, the ¢g-binomial or Gaussian
coefficient counts the number of M-dimensional subspaces of an N-dimensional subspace over
F, and is given by:

M-1 ;
vl = R
q i—o ¢ 1

We state the following identity, which can be shown using Md&bius inversion.

Lemma 19. Let I, J be subspaces of E of dimensions i and j, respectively, satisfying INJ = {0}
and i + j < k. Then, the number of k-dimensional subspaces of E that contain I and meet
trivially with J s

where n is the dimension of E.

3.2. The Characteristic Polynomial. The following definition is mainly for convenience. It
originates in weight enumeration in linear codes.

Definition 20. Let M = (E, p) be a (g, r)-polymatroid. For each A < E we define
(i (A) := pu(E) = pu(A).

By the definition of the rank function of a g-polymatroid, for each subspace A of F we see that
lpr(A) is non-negative integer in {0, ..., pap(E)}. For the remainder, we let M denote a fixed
(g, r)-polymatroid M = (F, p) and we write £ := £j; and p := pys. For the dual g-polymatroid,
we write £* := fy~ and p* := ppr=.

Definition 21. The characteristic polynomial of M is the polynomial in Z[z]| defined by

p(M;z) = > (0, X)),
X:X<E

Clearly p(M;1) = 0 and so unless p(M;z) is identically zero, z — 1 is a factor in Z[z]. For

the (g, r)-polymatroid M, we have

n .

p(M;2) =Y (-1)q) 5™ 10,

j=0 X<E,dim(X)=j
Example 22. We calculate the characteristic polynomial of the Vamos ¢g-matroid of Example
16. From the rank function it follows that:

4 —dim(X) if dim(X) < 3,
UX) = 1 if X eC,

0 if dim(X) >4 and X ¢ C.

We split our calculations in the coefficients of the powers of z. For the coefficient of z* we only

have X < FE with dim X = 0, i.e. the zero space. Then (0, X) = ©(0,0) = 1 and we get the
term z?%. For 23 and 22 we get

5 o[ 2
q

dim X=1

Z M(O,X)ZZ(X) =gq [g} 22.
q

dim X=2

For the coefficient of z we have to consider the five circuits of dimension 4 and all spaces of

dimension 3. This gives
8
6_ 3
<5q q [3] q) z.
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Finally, the constant term is determined by all spaces of dimension 4 that are not circuits, plus
all spaces of higher dimension:

(E]5) Bl oo (e[, o] -)

Adding all terms gives the characteristic polynomial of the Vamos g-matroid. For example,
for ¢ = 2, we have p(M;z) = z* — 25523 + 2159022 — 776920z 4 755584 = (2 — 1)(23 — 25422 +
21336z — 755584).

It is easily checked that the characteristic polynomial is an invariant of the lattice-equivalence
class of a matroid.

Lemma 23. Let Eyi, Ey be Fy-linear spaces. Let My = (Eq, p1) and My = (E2, p2) be a pair of
lattice-equivalent q-polymatroids. Then p(Mji;z) = p(Ma; z).

Proof. Let ¢ : L(E1) — L(E2) be a lattice isomorphism such that pa(¢(X)) = p1(X) for all
X € L(E1). Since L(E1) and L(Es2) are equivalent lattices, we have that dim(X) = dim(¢(X))
for all X € L(E) and in particular (0, X) = p2(0,¢(X)), where u; denotes the Mdbius
function on L(E;). Moreover, X <Y in L(E3) if and only if ¢(X) < ¢(Y) in L(E1). By
assumption, £pr, (X) = £, (#(X)) for each X € L(E7) and so the result now follows. O

We have the following results on the characteristic polynomial of the contraction of M to
a subspace T. These will be important later when we define the g-polymatroid version of the
rank weight enumerator.

Lemma 24. Let T' < E. The following hold.
(1) b (X/TH) = byyypn (X/TF) = £(X).

(2) p(M.T;2) = Y (T, X))
TL<X<E

Proof. The first part follows from a direct computation.
EM.T(X/TL) = EM/TJ- (X/TL) = pM/TJ-(E/TL) — Pm/Tt (X/TL)
= p(E) — p(T+) — p(X) + p(T")
— p(E) - p(X) = U(X).

Let @ denote the Mobius function on the lattice of subspaces of E/T. Then, applying (1) we
have:

p(M.T;2) =p(M/T2) = Y (0, X/T ) s ST = S~y )40,

T-<X<E TL<X<E
which proves (2). O
t .
Clearly, if T' has dimension t, p(M.T; z) = Z(—l)jq(%) Z 24,
j=0 TL<Y,dim(Y)=n—t+j

Example 25. Let T be a subspace of E. We calculate p(M.T'; z) where M is the Vamos ¢-
matroid (Example 16). If T has dimension 5, then dim 7+ = 3. We need only consider two
cases, depending on whether or not 7 is contained in a circuit (a member of C). Note that
the circuits intersect pairwise in dimension 2 or 0, so T cannot be in more than one circuit.
Suppose T+ is in none of the circuits. Then for all X such that T+ < X < E we have that
¢(X) =0. For X =T, we have £(X) = 1. So the g-matroid M.T is lattice-equivalent to the
uniform g-matroid Uy 5. Its characteristic polynomial is

p(M.T;2) = p(T+, TH) 2 + Z w(TH, X)2" =2 — 1.

TL<X<E
7



Suppose now that T is contained in a circuit C € C. Among all X such that 7+ < X < E
we have that £(X) = 1 for X = T+ and X = C. Otherwise, £(X) = 0. The g-matroid M.T
has rank 1 and all 1-dimensional spaces are independent, except for the circuit C/T L. For the
characteristic polynomial we get the following:

p(M.T;2) = p(T*, Tz + p(T*, C)z + > u(T+, X)
X:TL<X<E X#C

e (13 ) ] [
S GR R R AR

In fact, since > y.p1 o x<p xz0 w(TH, X) + 14 u(T+,C) =0, we see that the constant term is
zero without the need for any calculation.

We continue to develop technical properties of the characteristic polynomial of the contraction
M.T. In Section 6, we will use the fact that the characteristic polynomial of M.T is identically
zero when T is an independent space of the dual g-polymatroid.

Lemma 26. If T < E is an independent space of M* then £(T+) = 0.

Proof. Let V.= T+. We will show that if V' is an independent space of M then ¢*(V) = 0.
Then the statement of the lemma will follow by replacing M with M* and V with 7. By
definition, ¢*(T) = p*(E) — p*(T). It also holds that p*(Y) = dim(Y) — p(E) + p(Y1) for any
subspace Y < E. Therefore,

(V) = rdim(B) — p(B) — (rdim(V) = p(E) + p(V1)
= rdim(E) — rdim(V) — p(V4)
= rdim(V"') - p(V),
which evaluates to zero if V= is an independent space of M. O
Lemma 27. If T < FE is an independent space of M* then p(M.T;z) = 0.

Proof. By Lemma 26, £(T) = 0. Since all subspaces of an independent space are independent,
we have that £(X) = 0 for all T+ < X. Applying this to the characteristic polynomial, we get

p(M.T;z)= > T X)"0 = S w1 X)=0.
TL<X<E TL<X<E

Lemma 28. Let T < E be a circuit of M* = (E, p*). Then p(M.T;z) = AT 1,

Proof. Let X < E. If T is strictly contained in X, then X' is strictly contained in 7', and so
X+ is independent in M* by Lemma 9. Therefore, p*(X*) = rdim(X*) and so

UX) = p(E) = p(X) = p(E) — (5" (X*) — rdim(XL) + p(E)) = r dim(X+) — p*(X*) = 0.
Therefore,
p(MT52)= > p(TH X)0 =T 4 3™ 1t x)
TL<X<E TL<X<E
— AT ,LL(TL,TL) — AT .
O

Remark 29. Note that if M is a g¢-matroid, a cocircuit 7' of M has ¢(T+) = dim(T) — p*(T) =
dim(7T) — (dim(7") — 1) = 1 hence p(M.T; z) = z — 1.
8



Lemma 30. Let T' < E be an independent space of M*. The following hold.

(1) p(E) = p(T+).
(2) For any subspace U < T+, we have €M|TL(U) =/4(U).

Proof. By definition of the dual g-polymatroid, we have p(T+) = p*(T') — dim(7T') 4 p(E). Since
T is independent in M*, p*(T) = dim(T) and so we get p(T+) = p( ), which establishes (1).
Therefore, £y, (U) = pa)., (T) — pary, (U) = p(T1) = p(U) = p(E) — p(U) = £(U), which
proves (2). O

Corollary 31. Let T < U be subspaces of E such that T is independent in M*. If U/T is a
circuit in M* /T then

P((M*/T))*(U/T); 2) = p(M]gs (UH)HT);2) = 240 1,

Proof. Recall that (M*/T)* = M|p. under the map ¢ : A/T +— (AD)ET) for any A < E
with T' < A. In particular, if U/T is a circuit in M*/T then ¢(U/T) is a circuit in (M |p.)*.
Moreover ¢(U/ T)L(Tl) = U'. From Lemmas 30 and 28 we have

p(M*/T)*(U/T); z) = p(M|pL.0(U/T); 2z) = Sl o U) 1= HUY _q

The following result will be used in the proof of Corollary 69.
Lemma 32. Let W < E and let T < W be an independent space of M*. Then

p(Mlpa/Whiz) = Y p(M.A;2).
A:A+T=W

Proof. By Lemmas 24 and 30, we have £y | y1 (U/W+) = £(U) for any subspace U satisfying

T <U < W. Since p(M/U;z) = Z w(U, A)z"A) by applying the Mébius inversion
A:U<A<E
formula we have zU) = Z p(M/A; z). Therefore, we have
A:U<A<E
p(M|pe /Whiz) = > W)Y
U:WL<u<T+
= S wWhU) Y p(M/A;z2)
U:Wi<u<Tt A:U<A<E
= Y pWhU) Y p(M.AS;2)
U:Wi<u<Tt A:U<A<E
= oo Wttty Y p(M.AY;2)
Ut:wi<ut<rt AUL<A<E
= ) uWhHUh) > p(M.A;z)
UT<ULW A:0<ALU
= > pMAz) Y WUt
A:0<A<W U:A+T<U<W
= Y p(MA;2),
A:A+T=W
where the last equality follows from the fact that
1 1y 1 1N 1 if z‘lLﬁTL I/VL
Z wW=,U7) = Z ww=,u )_{O otherwise.
U:A+T<U<W UWwWi<Uui<ALtnTL



Remark 33. Let W,T,X < E such that ¢(W/T) = X. Then (W)L = X and so
X+HT) = Wi, Therefore, M|pr. X = M|y /WL

We now present some further results on the characteristic polynomial.
Definition 34. A loop of the (g, r)-polymatroid M is a circuit of dimension 1.

Clearly, if e is a loop of M, then 0 < p(e) < r. If M is a g-matroid then the loops of M all
have rank zero.

Lemma 35. Let e be a one-dimensional subspace of E. The following are equivalent:
(1) p(M.e;2) =0,
(2) plet) = p(B),
(3) e is not a loop in M*.

Proof. We have p(M.e; z) = Zet) — B e™) — 1, which is zero if and only if let) =

=z
p(E) — p(e*) = 0. This shows that (i) and (ii) are equivalent. The one-dimensional space
e is independent in M* if and only if p*(e) = r. Since p*(e) = rdim(e) — p(E) + plet) =
r — p(E) + p(et), this occurs if and only if p(et) = p(FE), which shows that (ii) and (iii) are
equivalent. O

Remark 36. We remark that for a classical matroid M, if e is a loop of M then it is easy to
see that p(M.e; z) = 0. This is because if e is a loop, by semimodularity, the fact that e ¢ E —e
forces p(E — e) = p(F). Then by the classical version of the lemma above, this gives that
p(M.e;z) = 0. For a g-matroid, however, it may occur that e < e, in which case if e is a loop,
the same argument using semimodularity does not imply that p(et) = p(E).

Definition 37. For each A € L(FE), define ¢(A) :={X < E: A < X,p(A) = p(X)}. The
closure of A in the (g, r)-polymatroid M is denote by cl(A4) and is defined to be the vector
space sum of the members of c(A) that is, cl(4) 1=} -y (4) X-

Lemma 38. Let L = cl({0}). Let X be a subspace of E such that X+ < L. Then

FE L YT p(XH AL i x =1t
A:XLCA<E
Z w(X+, A)2"A) otherwise.
A:XL<A<E,AZL

p(M.X;z) =

If X+ =L then p(M.X;2) is a monic polynomial of degree p(E) in z. In particular, if M is a
g-matroid and has no loops then p(M; z) is monic polynomial of degree p(E).

Proof. From Lemma 24 we have, p(M.X;z) =

T axh A — 2 T xS u(xt A
A:XL1<A<E A:XL<A<LL A:XL<A<E,A¢L

By the definition of the M&bius function, > 4. yicqcp p(X, A) =0 unless Xt = L. fA¢ L
then ((A) = p(E) — p(A) < p(E), so if L = X+ then p(M.X;z) is a monic polynomial with
leading term zP(E). Setting X = E, we obtain that if furthermore M is a g-matroid with no
loops, its characteristic polynomial is monic of degree p(E). O

Remark 39. If M is a g-matroid, cl({0}) is the space containing all the loops. By contrast if
M is a g-polymatroid, this is not necessarily the case, since loops need not have rank 0.

In the g-matroid case, cryptomorphisms between matroidal axiom systems such as those
relating to independent spaces, the closure function, flats, hyperplanes etc were established in
[5]. A subspace F is called a flat of a ¢g-matroid if cl(F') = F. Moreover, if M is a g-matroid,
its collection of flats forms a semi-modular lattice [4, Theorem 2]. The following result will be
used in Corollary 74.
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Theorem 40. Let M be a g-matroid. Let X < E such that X contains a unique cocircuit C.

Then
p(M.X:2) — {zl if X =C,

0 otherwise.

Proof. Denote the independent and dependent spaces of M* by Z* and D*, respectively. Clearly
X is a dependent space of M* and by the uniqueness of C', any subspace of X in D* contains
C. Therefore, /(A+) = 0 for every A < X such that C £ A.

Let U < X such that X = C+ U, UNC = {0}. If U is the zero space then X = C and it
follows that p(M.X;z) = z—1 by Lemma 28. Assume that U # {0}. For any proper subspace I
of C we have U + I € T*, so that £(A+) = 0 where A = U + I. Moreover, U € Z* is non-trivial,
so that X is not a sum of cocircuits of M and in particular is not an open set. By [5, Corollary
78], X1 is not a flat in M.

Since C' is a cocircuit, by [5, Corollary 71] C+ is a hyperplane in M and in particular,
cl(Ct) = C*. Let F denote the set of flats of the g-matroid M. Then F = cl(F) for each
F € F and for each B < E, there is a unique flat F' such that cl(B) = F, in which case

p(B) = p(F).

pMXiz)= > p(XH A = 37 (A, X)),
A:XL<A<E A:A<X
= > pAX)M Y u(Ax),
A:C<ALX A:A<X,CLA
> > pX AN N u(I+Y,.C+U),
FeF A:X1t<aAl<ct II<CY:Y<U

XL<P<Ct qaly=F

= Y AN (X AN+ Y I, 0) Y uy ),

FeF A:Xxt<at<ct I:I1<C Y:Y<U
X+<F<C c(At)=F
oF 1 4L
= > LSS XA = Yy, U).
FeFr A:xt<at<ct Y:Y<U
Xt<F<ot cl(AL)=F

Since U # {0} by assumption, we have ZY:YSU w(Y,U) = 0. Equivalently, X~ is not a flat in
M. By [4, Theorem 2] F forms a semimodular lattice and so by [21, Proposition 3.3], we have

> pxt At =o.
A:XL<ALLCL c(AL)=F
O

Remark 41. In fact, by a similar argument (also essentially the same as for classical matroids),
it holds that for a g-matroid M, p(M.X;z) = 0 unless X is a flat in M. Equivalently, we have
that p(M.X;z) = 0 unless X is a sum of co-circuits of M.

3.3. The Weight Enumerator of a ¢-Polymatroid. We define next the weight enumerator
of a g-polymatroid. In Section 5, we will show that these coefficients satisfy a duality property
and in Section 6, we will apply this duality result to establish a criterion for identifying a
weighted subspace design determined by a g-polymatroid.

Definition 42. We define the weight enumerator of the (g, r)-polymatroid M to be the list
[An(7;2) : 0 < i < n], where for each i we define

Ap(izz):= Y. pMX;2)= Y. p(M/X*2).
X<E,dim(X)=i X<E,dim(X)=i
11



Lemma 43. Let T < E. The following hold.

(1) If Z< E and T < Z then p(M/T)/(Z/T);z) = p(M.Z*; 2).

(2) Awyr(iz)= ), p(M.X;2).

X<TL:dim(X)=j

Proof. Let T < Z <Y < E.Then (Y/T)/(Z/T) and Y/Z are isomorphic. Let V = (E/T)/(Z/T)
and write My = (M/T)/(Z/T). We have a lattice isomorphism between £(E/Z) and L(V).
Moreover, it is easy to check that par, (Y/T)/(Z/T)) = ppz(Y/Z). Therefore, My and M/Z
are lattice-equivalent and Z L < T+, We thus have

p(My;2) = p(M/Z;2) = p(M.Z"; 2).
Let X < T It is straightforward to check that dim((X*/7)5/T)) = dim(X). Therefore,

Apyr(ji2) = Z p(M/T/(X+/T); z) = Z p(M.X;2)

XL /T<E/T:dim((X1/T)L(E/T))=; X<T+:dim(X)=j
U

4. MATRIX CODES AND ¢-POLYMATROIDS

We consider properties of a g-polymatroid arising from an Fg-linear rank-metric code. There
are several papers outlining properties of rank-metric codes. The ¢-polymatroids associated
with these structures have been studied in [10, 9, 17].

Notation 44. Throughout this section, we let m be a positive integer. As stated in Definition
5, we write U+ to denote the orthogonal complement of U < E with respect to bg. By abuse
of notation, we also write U1 to denote the orthogonal complement of
o U < ™ with respect to the inner product bFQXm defined by bFQXm(X, Y)=Tr(XYT)
for all X,Y € Fp*™ and
e U < Fym with respect to the dot product defined by z -y = Son iy for all x =
(1,5 %0),y = (Y1, - - Yn) € Fym.

Definition 45. We say that C' C Fy*™ is a linear rank metric code, or a matrix code if C
is a subspace of Fj*™. The minimum distance of C' is the minimum rank of any member of
C. We say that C is an Fy-[n x m, k, d] rank metric code if it has F,-dimension k£ and minimum
distance d. The dual code of C is C+ := {Y ¢ Fg=m: Tr(XYT) =0V X € C}.

Definition 46. Let X € ;™™ and let U < E. We say that U is the support of X if colsp(X) =
U. Let C be an Fy-[n x m, k,d] rank metric code. We say that U is a support of C if there
exists some X € C with support U.

Definition 47. Let m be a positive integer and let C' be an Fy-[n x m, k, d] rank-metric code.
For each subspace U < E, we define

Cy:={A € C:colsp(A) <UL} and C_y := {A € C : colsp(4) = U}.

Let p : L(E) — N>¢ be defined by p(U) := k — dim(Cy). We denote by Mc the (¢, m)-
polymatroid (E, p).

Clearly, we have £(U) = dim(Cy) for every U < E.

Lemma 48. Let C be an Fy-[n x m, k,d] rank-metric code. The following hold.
(1) ‘7\40l - (MC)*y
(2) p(M/U;q) = |Cy].
(3) Wi(C) = An. (i,q) for each i € {1,..,n},
(4) A (i,q9) =0 if and only if p(M/U;q) =0 for every i-dimensional subspace U < E,
(5) If Anc(isq) = 0 then Ay, (i, q) = 0 for every t-dimensional subspace T' < E.
12



Proof. (1) has been established in [10, Theorem 7.1]. Since |Cy| = Z |C=v|, by Md&bius

ucv
inversion we have

ICul = > wUV)Cv| =D wU V)"V =p(M.U*;q) = p(M/U;q).
U<v U<v

Therefore (2) holds. The number of codewords of C' that have rank i over I, is

wiC)= > |C=ul= ). pMUNg= > pMUiq) = Au.(i;q),
U:dim(U)=n—1 U:dim(U)=n—1 U:dim(U)=1
which gives (3). Clearly, A (4;¢) = 0 if and only if p(M.U; q) = 0 for each U < E of dimension
i, which gives (4). Let T be a t-dimensional subspace of F. By Lemma 43 we have

Ayorlig) = Y. p(M.X;q).
X<TL:dim(X)=i

If Apr.(4;9) = 0, then from (4) we have p(M.X; q) = 0 for each i-dimensional subspace X, and
so we get Ay, /7(i,q) = 0, which proves (5). O

Remark 49. Note that Part (2) of Lemma 48 is an instance of the critical theorem for ¢-
polymatroids and matrix codes.

Remark 50. In [10], the authors define a pair of g-polymatroids associated with matrix code.
The one given above is the ¢-polymatroid whose rank function is determined by the column-
spaces of the codewords. A second g-polymatroid is one whose rank function is determined by
the row-spaces of the codewords.

One way to construct an Fg-[n x m, k,d] rank metric code is by taking a subspace of Fgm,
and expanding its elements with respect to a basis of Fym over IF,. This class of rank metric
codes are referred to as vector rank-metric codes.

Definition 51. Let I' be a basis of Fgm over F,. For each x € Fim, we write I'(z) to denote
the n x m matrix over [F, whose ith row is the coordinate vector of the ith coefficient of x with
respect to the basis I". The rank of z is the rank of the matrix I'(x). Note that the rank of =
is well-defined, being independent of the choice of basis I'.

For the remainder, we fix I' to be a basis of Fym over F,.

Definition 52. A (linear rank-metric) vector code C' is an F,m-subspace of Fjm. The mini-
mum distance of C is the minimum rank of any non-zero element of C. We say that C' is an
Fgm-[n, k,d] code if it has F,-dimension £ and I'(C) has minimum rank distance d. The code
C* denotes the dual code of C' with respect to the standard dot product on Fym.

Each vector rank metric code determines a g-matroid, as follows.

Definition 53. Let m > n and let C' be an Fym-[n, k, d] rank-metric code. Let U < E and
let € C. We say that U is a support of x if U is the column space of I'(z) and we write
o(x) = U. For each subspace U < E, we define

Cy={zxeC:o(x)<Ut}and C_y:={zeC:0o(x)=U'L
Let p: L(E) — Nx¢ be defined by p(U) := k — dimp,, (Cty). We denote by M¢ the g-matroid
(E, p)-

Remark 54. Note that in the definition given above, the rank function for the g-matroid of C' is
the rank function of the associated (g, m)-polymatroid as defined in Definition 47, divided by m.
Since C' is Fym-linear, Cyy is an Fgm-vector space for each subspace U and so has F,-dimension
a multiple of m. Therefore the results of Lemma 48 hold with ¢™ in place of ¢q. For example,
with respect to the characteristic polynomial of the g-matroid, we have p(M/U;q¢™) = |C=y]|
for an Fgm-[n, k, d] code C' and subspace U.
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Example 55. Let o be a primitive element of Fys and let C' be the Fys-[6, 3, 3] vector rank
metric code generated by the matrix:

1 0 0 ()[13 0147 Oé35
G=1]01 0 o' af o>
00 1 O[34 a22 Oélg
With respect to the basis I' = {1,...,a°}, the rows of G are expanded to the following binary

matrices:

100 000 000 O0O0O 0 00 0O0O0
00 0O0O0OO 100 000 000 O0O0O
00 0O0O0O 000 O0O0O 100 000
1 o00100|’f0O001111}’]1T 01001
010111 101101 001110
100010 010011 011101

A basis of I'(C) over Fy, which has 18 elements, is found by multiplying each row of G by
successive powers of a and expanding with respect to I'. T'(C) is an F2-[6 x 6, 18, 3] rank metric
code with rank-metric weight distribution [1,0,0,567,37044, 142884,81648]. Moreover, C' is
formally self-dual, that is, its dual code has the same weight distribution. Now consider the
g-matroid arising from C, with rank function satisfying p(U) = 3 —dimp , (Cp) for each U < IFS.
There are 9 different 3-dimensional spaces that are supports of C' and for each such subspace U
we have p(M.U;25) = |C_y1| = 25. Also |Cpyo| = |C_yr| + 1, so that p(U+) =3 -1 =2, and
¢(U+) = 1. These subspaces U are the cocircuits of the g-matroid M¢c of minimum dimension,
which we list below.

((010011), (001010), (000100)), {(101100), (010000), (000001)}, {(100001), (011000), (000010)),
((100111), (010010), (001101)), {(100110), (010101), (001001)}, {(100010), (001011), (000111)),
((110001), (000101), (000011)}, {(100100), (010100), (001111)}, {(100000), (010110), (001000)).

There are 588 4-dimensional supports of C. Similarly, for each such subspace U we have
p(M.U;2%) = |C_yi| = 25, p(U+) = 2, and £(U+) = 1. It can be checked that none of
these spaces contains a cocorcuit of dimension 3, so these are also cocircuits of Mc. There
are 63 5-dimensional supports of C' and of course the only 6-dimensional support is the entire
space FS. Each 5-dimensional support U is the support of exactly 2268 different codewords, so
p(M.U;2%) = |O_y1| = 2268. We have |Cyy1| = 4096 for each such U, so that p(U+) = 3—2 = 1,
and ((U+) = 2.

dim(U)
o) 0 1 2 3 4 ) 6
0 0 0 0 —9=1386 0 =651 6 =63 |1
31, 4], RIP
1 0 0 588 9 0 0 0
2 0 6 _ 63 o _ 588 = 63 0 0 0 0
11, 2],
3 1 0 0 0 0 0

We now write down the characteristic polynomial of M.

p(Mc; z) = Z u(O,U)zé(U)
U:0<U<E

= Z 1(0,U)22 + Z wu(0,U)z + Z ©(0,0)
U:0<U<E,((U)=2 U:0<U<E,L(U)=1 U:0<U<E,L(U)=0

= 2% + 6327 + 11042 — 1168 = (2 — 1)(2? + 64z + 1168).
14



5. MACWILLIAMS IDENTITIES FOR ¢-POLYMATROIDS

We establish a version of the MacWilliams identities for the (g, r)-polymatroids that we shall
use in establishing criteria for the existence of a weighted ¢-design over F,. Duality via the rank
polynomial of a ¢g-polymatroid was considered in [17]. We start with a result that relates the
characteristic polynomial of a g-polymatroid with that of its dual.

Lemma 56. Let U < E. Then

Z p(M*.A;z):zrdim(U)_p(E) Z p(M.A; z).
A:A<U A: AU+

Proof. Since p(M/U; z) = Z w(U, A)z4 | by Mébius inversion we have

AU<A<E
AU = N p(M/A;2)
AU<A<E

Therefore,

LU) — Z p(M*/A: 2) = ZZ(UL)—p(E)-&-rdim(Ul)’

A:U<A<E
and so
Z p(M*/A;z) = ZE(UJ-)—p(E)-i-rdim(UJ-) _ zrdim(UJ-)—p(E) Z p(M/A; 2).
A:U<A<E A:UL<A<E
It follows that Z p(M*.A;z) = pr dim(U)—p(E) Z p(M.A; z), and so
AU<AL<E AUL<AL<E
Z p(M*.A; z) = 27 dm(U)=p(E) Z p(M.A;z).
A:A<SU A:A<UL

O

We now show that for any subspace U < FE, the characteristic polynomial of M*.U is com-
pletely determined by the set {p(M.V;z):V < E}.

Corollary 57. Let U < E. We have the identity:

dim(VLnU) . 1 ) _
P EVp(M*U; 2) = Z p(M.V;2) Z [dun(V‘ N U)} (—1)dim(U)—jq(dlm<gH)zjr.
V<E j=0 J q
Proof. From Lemma 56, we have:
Z p(M*.A; z) = 77 dmU)=p(E) Z p(M.A; 2). (1)
A:A<U A: AU+

Apply the Mébius inversion formula to (1) to get the identity
p(M*.U;z) = Z (A, U)z" dim(A)=p(E) Z p(M.V; z).

A:ALU V.v<AL
Then
LE M U;z) = Z (A, U)z" dimA) Z p(M.V; z)
AA<U V<Al

= > P(M.V;2)u(A,U)"m)
(AV):A<U A<V -

— V) Y (A D),

V<FE A:A<UNV L
15



Finally, this yields

dim(VLnU) - N o
PEp(M*U; 2) = Z p(M.V;2) Z [dlm(Vj ﬂU)} (_1)dim(U)*jq(dl G7) ir, 2)
VSE j:() q

O

We now have the following MacWilliams identity, relating the weight enumerators of M and
M?*. This version of the identity, or rather its corollary will be used in the main theorem of
Section 6.

Theorem 58. Let s € {0,...,n}. Then

5[ - £ [] i
=0 q =0 q

Proof. We start with the left-hand-side of the equation and rewrite it, noting that ["s_’] =

[n’i;iz] counts the number of (n — s)-dimensional subspaces that contain a fixed space of di-

mension . This yields:

S[nsiLAM(i;Z) = i[nﬁsl_] > p(M.X;2)

= > p(M.X; 2)

{(U,X):X<E,X<Udim(U)=n—s}

= > ) p(MX;z)

U:dim(U)=n—s X<U

From Lemma 56, this gives:

z_: [n - z] Aninz) = 3 Lp(B)—r dim(U) S p(MX;2)
— q

= U:dim(U)=n—s X<U+
= Z ZP(B)=rs Z p(M*.X; z)
Vidim(V)=s X<V
— P(E)-rs Z p(M*.X; z)

{(V,X):dim(V)=s, X<V}

- zp(E)—Ts's [‘j Z p(M*.X; 2)
|

4 X<E:dim(X)=i

Corollary 59. Let S <{1,...,n}. The pair of lists
[Ap+ (35 2) ci € {|S]+ 1,...,n}] and [Apm(f;2) 1 j € ],
is determined uniquely by the pair of lists
[Ar=(3;2) i €{1,...,|S|}] and [Apm(j52) 1 j €{1,...,n} = S].

Proof. From Theorem 58, we have the matrix equation

i

<[n 3_ z} q)i (Ap(3;2)); = diag(2PB)77s), <m q) (Anr-(i;2)),; -

s s
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Let t = |S|. It is well-known that every ¢ X t minor of the matrix ({n s_ Z] >
4/ 0<i<n,0<s<t

is non-zero and every t X t minor of the matrix ([j] ) is non-zero. If the
q

0<i<n,n+1-t<s<n
coefficients {Ap/(j;2) : 7 € S} are known, then since the corresponding ¢ x ¢ submatrix of

([j] ) is invertible, the coefficients {Ans+(i52) : @ < |S|} can be retrieved.
42/ 0<i<n,n+1—t<s<n

Similarly, we can retrieve the coefficients [Ap;(j;2) : j € {1,...,n} — S]. O

6. WEIGHTED SUBSPACE DESIGNS FROM ¢-POLYMATROIDS

6.1. Weighted Subspace Designs. In [3], the authors give a definition of a weighted subspace
design, which generalizes a t-design. An t-(n, k, A) design is a collection of k-subsets of an n-
set (called blocks) with the property that every t-subset of the n-set is contained in exactly
A blocks. A g-analogue of this notion is that of a ¢-design over F,, which is a collection of k-
dimensional subspaces of F called blocks, with the property that every ¢-dimensional subspace
of E is contained in the same number of blocks. Similarly, there is a ¢g-analogue of a weighted
t-design.

Definition 60. Let G be a group. A weighted t-(n,k, \;q) design D is a triple (E, B, f) for
which B is a collection of k-subspaces of E (called blocks), and f : B+ G is a weight function

such that the equality Z f(B) = X holds for some § € G and for all ¢-spaces T" of V. We
B:T<B
say that D is a weighted subspace design or is a weighted design over F,.

A subspace design (a design over Fy) can be interpreted as a weighted subspace design with
the weight function f(B) :=1 for all B € B. For an excellent survey on subspace designs, see
[12]. In general, obtaining new subspace designs is a difficult problem, often highly dependent
on computer search, which is exacerbated by the number of subspaces involved, which is expo-
nential in comparison to classical designs for the same parameters. For example, it is not yet
known if a 3-(8,4,1;2) subspace design exists; such a design would have 6477 blocks, chosen
from an ambient space having 200,787 4-dimensional subspaces. Its classical analogue, the ex-
tended Fano plane, has 14 blocks, chosen from a collection of 70 4-sets. In [4], a construction
of a g-analogue of a perfect matroid design (¢-PMD) was given, which is a g-matroid for which
all flats of the same dimension have the same rank. This ¢-PMD yields a construction of a
subspace design from a ¢-Steiner system. In the following sections we will show another way
that subspace designs and weighted subspace designs can arise from ¢-polymatroids satisfying
certain rigidity properties.

The intersection numbers of a weighted subspace design are important invariants and can
used to establish non-existence results.

Theorem 61. Let (E,B, f) be a t-(n,k,\;q) weighted subspace design and let I,J be two
subspaces of E of dimension i and j, respectively such that I N J = {0}. If i + j < t, then

ST f(B) =gt [n i ;jL [Z:ﬂ_lx

BeB:I<B,BNJ={0} q

In particular, this number is independent of the choice of I of dimension i and J of dimension
j. We denote it by N; ;.
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Proof. If X be a subspace of E of dimension x < t, then since (E, B, f) is a weighted subspace
design, we have

{f:ﬂ >, fB= > >, fB) (3)

9 BeB:X<B BeB:X<B T:X<T<E,dim(T)=t
n—x
> > =i
T:X<T<E,dim(T)=t BeB:T<B q

Now suppose that X = I + K for some K < J of dimension s. Then I N K = {0} and
dim(f + K) =i+ s and so (3) becomes:

: . -1
o n—=(i+s)| |[k—(i+s)
9(K) = >, f(B)_|:t—(i+8)] [t—(i—i—s) A
BeB:I+K<B a q
Define h(K) = Z f(B). We wish to compute h({0}). Since g({0}) = Z h(K),
BeB:ICB,BNJ=K K<J
applying Mobius inversion on the lattice £(J), we get:

MO) = 3 40, K)g(K) = HRGEE ] it I Ve a

S t—i1—s t—1—s
K<J 5=0 q q
n—t]"1 Q) || [n—i—s
_ _1\s,4(5 -t
-1, e B =
9 s=0 q q
-\ n—t_l G (k—1) Tl—Z—]
k—t| 1 k—i |
q q
where the last equality follows from Lemma 19. O

Remark 62. The proof outlined above is a direct g-analogue of [3, Theorem 2.6]. The inter-
section numbers for subspace designs were given in [7, 18], for which the authors proposed an
inductive argument.

We have the following constructions of new weighted subspaces designs from a given one.

Corollary 63. Let D := (E,B, f) be a weighted t-(n,k, \;q) design. Let I,J < E have dimen-
ston i and j, respectively, for 0 <1i,j <'t.

. ~1
(1) D is an i — (n, k, A\i; q) weighted subspace design with \; = {Z B ﬂ {Z _ ﬂ A
q q

(2) Define B+ := {B+ : B € B}. Then D+ = (E,B*) is at — (n,n — k,\*;q) weighted

-1
subspace design with \* := [n ; k] [ﬂ A
qL7dq

Proof. To see that (1) holds, apply Theorem 61 with A; := A;o. Let I be an i-dimensional

. -1
subspace of E. We have \jo =Y pcp.r<p f(B) = [Z B ﬂ [Z B E] .
q q

To see that (2) holds, apply Theorem 61 with A\ := \g;. Clearly the members of B all have
dimension n — k. A t-dimensional subspace T is contained in B+ € Bt if and only if B < T,
in which case B has trivial intersection with a ?-dimensional space. O

6.2. Subspace Designs from ¢-Polymatroids. We now present criteria for the existence of
a weighted subspace design arising from the dependent spaces of a ¢-matroid. The approach is
in essence a generalization of the original argument given by Assmus and Mattson [1]. To do
this, we obtain a g-analogue of [3, Theorem 3.3]. Throughout this section we let F denote an
arbitrary field. Since p(M;z) € Z|z], it gives a well-defined function on any field, viewed as a
Z-module. We define the following sets (c.f. [3]).
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Definition 64. Let § € F. We define the following.
e Dy(i;0) :={X < F:dim(X) =1i,p(M.X;0) # 0},
e dy :=min{dim(X) : X < E, X is a cocircuit of M}.

Proposition 65. Let § € F such that 6° # 1 for any s € {1,...,r}. For eachi € {1,...,n}, the
following holds. The members of Dp(i;0) are all dependent spaces of M*. Moreover Dys(das; 0)
1s precisely the set of all circuits of M* of dimension dy;.

Proof. If X € Dy(7;0) then p(M.X;0) # 0, which by Lemma 27, means that X is a dependent
space of M*. By Lemma 28, for any circuit X of M* we have p(M.X;z) = X 1, By (R2),
p*(X) is lower-bounded by the rank of any of its subspaces, which are all independent in M*.
Therefore, p*(X) > r(dim(X) — 1) and so

r=rdim(X) — r(dim(X) — 1) > rdim(X) — p*(X) = £(X*) > 0.
By hypothesis, p(M.X;0) = grX") — 1 £ 0 and so X € Dy(dim(X);0). In particular,
Dys(dpr; 0) is precisely the set of all circuits of M* of dimension djy. O

We will now present the main results of this section: Theorem 66 and its two corollaries.

Theorem 66. Let 0 € F such that 0° # 1 for any s € {1,...,r}. Lett < dy; be a positive
integer. Suppose that o* := |Rpr(t;0)| < dpr —t and suppose further that for each t-dimensional
subspace T and j < n —t it holds that
An=(5;0) =0 = Appyr(5;0) = 0.
Then (E, Dy (dar; 0), f) is a weighted t-design over Fy with f(X) := p(M.X;6).
Proof. Let T be a t-dimensional subspace of E. Since t < dps, T is independent in M*. By
Lemma 15, any dependent space A of M*/T has the form A = B/T for a dependent space B
of M*. Therefore,
o* <dpy —t <dim(B) —t = dim(A). (4)
In other words, no dependent space of M*/T has dimension less than ¢*. By Lemma 27, if X
is independent in M* /T then p((M*/T)*.X;0) = 0. Therefore,
Ay (330) = Z p(M*/T)*.X;0) =0, forall 0 <i<¢" —1.
X<E/T:dim(X)=i
By hypothesis, Aps«,7(j;6) = 0 for all j ¢ Rys(t;60). So the coefficients,
[Appeyr(5:0) + 5 & Ru(:0)) and [Aag= 1)< (4:0) : 0 < i < o™ — 1],
are known. Now apply Corollary 59, (setting S = Ry (¢;0)) to see that the coefficients
[Anpeyr(550) 5 € Ry (;0)] and [Aqppe = (450) 1 0" < i < — 1],

are uniquely determined and independent of our choice of T" of dimension t. It follows that the
Ay (15 0) are uniquely determined for 0 <4 <n —t. We will now show that

> p(M.X;0) = A1y (dm — t;6)
XeDy(da;0):T<X
which will establish that (E, D (dar; 0), f) is a weighted ¢-design over Fy with f(X) := p(M.X;0).

Let B be a circuit of M* that contains 7" such that dim(B) = dp;. From Lemma 15, B/T
is a circuit of M*/T and dim(B/T) = dim(B) — t = dy; — t. Conversely, if A is a circuit of
M* /T satisfying dim(A) = dpr —t, then A = B/T for a dependent space B of M* of dimension
dim(B) = dyy, which is therefore a circuit of M*, as it has minimal dimension.

By Proposition 65, Dy (das; 6) is precisely the set of all cocircuits of M of dimension dj; and
hence there is a one-to-one correspondence between the members of Djys(das;6) that contain
T and the circuits of M*/T of dimension dy; — t. By (4), no dependent space of M*/T has
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dimension less than dj; — ¢, so any dependent space of M*/T of dimension dy; — t is a circuit
of M*/T and all such circuits are members of Dy« /7y+(da — t;6). Therefore, there is a one-
to-one correspondence between the members of Djs(dys; 6) that contain 7" and the members of

From Corollary 31, for any circuit X/T of M*/T we have

p((M*/T)*(X/T);0) = 6/X) — 1.

Therefore,

Z p(M.X;0) = Z (GK(XL)_:L)?
XeDn(dnr;0),T<X XeDpn(dn;0),T<X
= Z (OZ(XL) - 1)7
X/TEDpr+ yry* (dar —1;0)
= > p((M*/T)*.(X/T);9),
X/T<E/T:dim(X/T)=dp;—t
which is independent of our choice of T' of dimension ¢. It follows that (E, Dys(dar;0), f) is a
weighted t-design over F, with f(X) := p(M.X;0). O

Remark 67. Recall that in Remark 33 we observed that if W, T, X < FE satisfy T' < W and
d(W/T) = X then M|p1.X = M|p. /W, Clearly, dim(W) = dim(X) + dim(7") and so if T is
a t-dimensional space then:

Ay, (G5 2) = Z p(M|pr.X52) = Z p(M | /W 2).
X<TLdim(X)=j W< B:dim(W)=j-+

Remark 68. In the proof of Theorem 66, we saw that with the hypothesis of the theorem, that
the A(p+ 1)+ (3;6) (and therefore the Aps- p(i;0)) are uniquely determined for 0 < i < n — ¢,
By Lemma 13, it then follows that the A M. (i;0) are uniquely determined for 0 < i <n —t.

Corollary 69. Let 0 € F such that 0° # 1 for any s € {1,...,r}. Let t < dp be a positive
integer. Suppose that o* := |Rpr(t;0)| < dpr —t and suppose further that for each t-dimensional
subspace T and j < n —t it holds that

Ap=(550) =0 = Appjr(4;0) = 0.

Then for each j € {d,...,n—t}, (E,Dp(5;0), f) is a weighted t-design over F, with f(X) :=
p(M.X;0).

Proof. We will prove by induction on w € {das,...,n — t} that (E, Dyr(w,0), f) is a weighted
t-design. The first step was proved in Theorem 66. Suppose now that (E, Dys(j,0), f) is a
weighted t¢-design for each j € {d,...,w — 1}. We will show that (E, Dys(w, ), f) is also a
weighted t-design.

Let T < FE have dimension ¢ and let W < E contain T" and have dimension w. Let A < W
such that A+ T = W. Then ANT = I for a unique subspace I of dimension i, so that
dim(A) = w — t + 4. Therefore,

{ASW:A+T=W}= | J{A<SW :ANT =I,dim(A) = w — ¢t + dim(I)}.
I<T
Using this observation and Lemma 32 we have
p(M|p/Wh) = > p(M.A;0) =) > p(M.A;0).

A:A+T=W I<T A:A<W,ANT=I,dim(A)=w—t+dim(])
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By hypothesis, for each 1 < j < w — 1, (E,Du(j,0),p(M.e)) is a weighted t-design, and so
by Theorem 61, for any subspaces I < T of dimension 0 < i < ¢ (so that dyy — ¢t < w —t <
w—t+1i<w-—1) we have
> p(M.A;0) = AP, (M 0),
A:A<SW,ANT=I,dim(A)=w—t+i
for AYY,_;(M;0) that depend only on t,w,4. It follows that

t—1
PO /W) = pOLIV30) + 37 -y (M3 6) = p0L3750) + 3 1| a2 4(0130).
I<T =0

Therefore, by Remark 67 we have

A, (w—t0) = Z p(M|p. /W)
W T<W,dim(W)=w

— 3 (p(M.W;9)+§ m in—i(M; 9))

W.T<W,dim(W)=w =0

_ 3 p(M.W;0) + [Z:ﬂ ti m AY, (M3 0).

W T<W,dim(W)=w =0
By Remark 68, A My (w—t;0) is independent of our choice of T of dimension ¢. It follows that

Z p(M.W;0) depends only on the integers w, t. O
W:TCW,dim(W)=w

Corollary 70. Let 0 € F such that 0 # 1. Let t < dys be a positive integer. Suppose that
o* = |Rp(t;0)| < dpr — t and suppose further that for each t-dimensional subspace T and
7 <n—tit holds that

Ap=(450) =0 = Appeyr(4;0) = 0.
Then for each j € {dap=,....,n —t}, (E,Dup=(4;0), f*) is a weighted t-design over F, with
(X)) :=p(M*.X;0) for all subspaces X < E.
Proof. For each dy+ < j < n —t, define the set D; := {X+ : X € Dy+(4;0)}. Let T be a
t-dimensional subspace of E. Then for each j we have:

> p(M*.X;0) = > p(M*.X;0) = > p(M*/X*:0).
XeDy«(4,0),T<XL X:X<T+ dim(X)=j X:X<T+ dim(X)=j

Now for each X < T we have (E/T)/(X*/T) = E/X* and it is easy to see that the corre-
sponding ¢- polymatrmds are lattice-equivalent. Then, applying Lemma 13 and using the fact
that ¢(X+/T)-T) = X, we get
* ~J * ~J * * 1 ~ *
M*.X = (M*/T)/(X*/T) = (M|g2)*/$(XH/T) = (M|g2)*¢(X/T)HT) = (M|p.)*. X
Therefore,
> p(M*X;0) = > p(M|71)".X50) = Ay, )+ (0 — 43 0).
XeD;,T<X X:T<X,dim(X)=n—j

From Remark 68, A M1 )* (n—j;0) is independent of the choice of T' of dimension ¢. It follows
that (E,D;, f*) is a weighted subspace design with f* defined by f*(X) = p(M*.X;0) for each
X < E. The result now follows by Corollary 63: the required subspace design is the dual of
(E,Dj, f*). O

Remark 71. The quantities in Definition 64 and the results of Proposition 65, Theorem 66
and Corollaries 69 and 70 all hold with an indeterminate z in place of a specific choice of 6 in
F. In particular, p(M.X; z) is a non-zero polynomial on F for any cocircuit X of M.

21



In general, a (g, r)-polymatroid M may satisfy the hypothesis of Corollary 69 for one choice
of 0, but fail for another choice. However, if the hypothesis holds for indeterminate z, then a
weighted t-design over F; can be constructed for any choice of § that doesn’t vanish on p(M.X; z)
for a cocircuit X of M. This is the case with the uniform g-matroid.

Example 72. Let k be a positive integer, k < n and let M = (E, p) be the uniform g-matroid,
with rank function defined as follows:

[ dim(U) if dim(U) < &,
pU) = { k if dim(U) > k.

We denote this g-matroid by Uy ,. Then M* = (E, p*) is the uniform ¢g-matroid U,,_, , whose
independent spaces are exactly those of dimension n — k or less, and for which all other spaces
are dependent and have rank n — k. Therefore, dyy = n — k + 1 is the size of any cocircuit
of M. Now p(M*.X;z) = 0 for all subspaces X such that 1 < dim(X) < k, as these are
the independent spaces of M, and so Ap+(i;2) = 0 for all i € {1,...,k}. Therefore for any
t <dy—1=n—k,wehave Ry(t;z) <{k+1,...,n—t}and so |[Ry(t;2)| <n—k—t <dpy—t.

We claim that Ay 7(j,2) = 0 whenever App(j,2) = 0 for j € {1,...,n —t} and t €
{1,...,n — k}. Let T be a t-dimensional subspace of E. By Lemma 24, the ¢g-matroid M*/T
satisfies

Apper(d, 2) = > p(M*.X;2)=0Yje{l,..,k}.
X<TL:dim(X)=j

Therefore, An=(j;2) = A7 (4, 2) = 0 for j € {1,..., k}.

Let X < F be a subspace of dimension at least k + 1 and let subspace U < E be a subspace
containing X*. Since dim(U/X*) > dim(U) —n+k+1, if dim(U/X+) > 1 then dim(U) > n—k
and so p*(U) =n — k. Then p(X+) = dim(X+) <n —k —1 and

pare o (U/X 1) = p(U) = p"(X1) = p"(U) — dim(X 1) > p"(U) =n+ k+ 1= 1.

In particular, M*.X has no loops and so by Lemma 38, p(M*.X;z) is a monic polynomial
of degree n — k — dim(X=). Therefore, if Ap+(j;2) = 0, then p(M*.X;2) = 0 for each j-
dimensional space X, k+1 < j < n — 1. It follows again by Lemma 24 that Ap~(j;2) = 0.
Therefore, M = Uy, ,, satisfies the hypothesis of Corollary 69, so that (E, Dy, , (4, 2), p(Ukn; 2))
is a weighted t-design for 1 <t <n — k.

6.3. Further Implications. We now obtain a weaker form of the Assmus-Mattson theorem for
matrix codes as a direct consequence of Theorem 66. Note that the result for subspace designs
(those weighted designs with f(B) = 1) obtained from rank-metric codes was shown in [6] with
the further assumption that the number of codewords with a given support was dependent only
on the dimension 7 of that space for some range of i.

Corollary 73. Let C be an Fy-[n x m, k,d] rank metric code. Let t < d be a positive integer
and let C+ have no more than d — t distinct rank weights in the set {1,...,n —t}. For each
ie{d,...,n—t}, let

B(i) ={U < E :dim(U) =1,|C=y| # 0}.
Then for eachi € {d,...,n—t}, (E,B(i), f) is a weighted t-design over Fy with f(X) :=|C=x]|.

Proof. By Lemma 48, we have that (M¢)* = M. and for any i € {1,...,n}, W;(Ct) =
Amey+(35q). Also, p(Mc.X;q) = |C=x]| for any subspace X < E. Now dj = min{dim X :
X is a cocircuit of M}, which by Proposition 65, is the minimum dimension of any subspace X
such that p(M.X;q) # 0.

Since C has minimum distance d, there exists a d-dimensional subspace X < E such that
|C_x| = p(M.X;q) # 0, while p(M.U;q) = 0 for every subspace U < E with dim(U) < d.
Therefore, d = dy;. By hypothesis, at most d —t = dj; — t of the integers W;(C~) are non-zero
for i € {1,...,n — t}. By Lemma 48,

Ay (i59) =0 = Aoy r(isg) =0,
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for any t-dimensional subspace T' < E. Therefore Mo satisfies the hypothesis of Corollary 69
and so the result follows. O

In the case of a g-matroid M satisfying the hypothesis of Theorem 66, with an extra assump-
tion on the cocircuits of M, our results imply the existence of a subspace design.

Corollary 74. Let M be a q-matroid, 0 € F,0 # 1 and let p be the greatest integer such that
any subspace X < E of dimension at most p contains at most one cocircuit of M. Then, for
each i € {dpr,...p}, it holds that Dys(i;0) = {C < E : C is a cocircuit of M,dim(C) = i}.

Proof. If C is a cocircuit of M then p(M.C;0) =60 —1 # 0 and so C € Dy (dim(C); ). Now
let X € Dys(7;0) for some @ < p. Then p(M.X;60) # 0 and X is a dependent space of M* of
dimension at most p, so that X contains a unique circuit. By Theorem 40, we have X = C and
the result follows. O

Corollary 75. Let M be a g-matroid that has at least one circuit and one cocircuit. Lett < dps
be a positive integer such that the hypothesis of Theorem 66 holds for some 8 € F,0 £ 1. Let p be
the greatest integer such that any subspace X < E of dimension at most p contains at most one
cocircuit (respectively, at most one circuit) of M. Then for each i € {dpy,...,p} (respectively,
{dar+, ..., p}) the set of cocircuits (respectively, the set of circuits) of M of dimension min{i, n—
t} form the blocks of a t-subspace design. Consequently, for each i € {day,...,p} (respectively,
{dpr+,...,p}), the set of hyperplanes of M (respectively, of M*) of dimension n — i form the
blocks of a t-subspace design.

Proof. From Corollary 74, for each i € {dys,...,p} we have that C; := Dj,(i;6) is the set of
cocircuits of M of dimension i. Then by Corollary 69, for each i € {dys...p}, C; is the set
of blocks of a weighted t-subspace design with f(X) = p(M.X;0) = 6 — 1. Define a function
f:Dy(is0) — F by f(X) = (0 —1)"1f(X). This yields a t-subspace design D; whose blocks
are C;. By [5, Corollary 71], for each i-dimensional cocircuit X of M, X' is a hyperplane of
M and has dimension n — ¢. By Corollary 63, the set of hyperplanes of M of dimension n — i
form the blocks of a t-subspace design, i.e. the complementary design of D;. With the same
arguments as above, by Corollary 70 the analogous statements hold for the circuits of M and
the hyperplanes of M*. O

An element ¢ of an Fym-[n,k,d] vector rank metric code C is called minimal if for any
deC, o) <o) = ¢ €{)pm = {vc:v € Fym}. In this case, for U = o(c),
we have p(M.X;q¢™) = |C=y| = ¢™ — 1. If every codeword of rank i in C' is minimal, then
A(MZ)(5;4™) = Wi(CL) = (¢™ — 1)|Dar(3;¢™)|. If we apply this with Corollary 75, we retrieve
the Assmus-Mattson theorem for Fym-[n, k,d] codes (c.f. [6]).

Corollary 76. Let C be an Fym-[n,k,d] code. Let t < d be a positive integer and let Ct be an
Fym-[n,n —k,d*] code having no more than d —t distinct rank weights in the set {1,....,n —t}.
Let p be the greatest integer such that every codeword of C' of rank at most p is minimal.
(1) The supports of the words of rank weight d in C (respectively d*+ in C*) form the blocks
of a t-design over IF,.
(2) For eachi € {d,...,p} (respectively, {d*, ..., p}) the supports of the minimal codewords
of C (respectively C+) of dimension min{i,n —t} form the blocks of a t-design over F,,.

Example 77. In [15, Theorem 12], the author shows that any non-degenerate Fgm-[N, k > 1]
rank metric code with constant weight d satisfies N = km, d = m and is generated by a
matrix G € IF’;%N whose N columns form a basis of F’;m as an [F, vector space. Moreover,
the dual code has minimum distance 2. Let Ct be an Fym-[km,k, m] constant weight code
constructed as above. Let M = Mcg, so that M* = My.. For any X < F’;m, we have
p(M.X;q™) = 0 unless X is the support of a codeword of C, in which case dim(X) = m.
Therefore, App+(m,q™) = ¢ — 1, Apr<(0,¢™) = 1 and A (i,¢™) = 0 for i # 0,m. Then
dyy = d =2 and Ryps(2;0) = {m}. Therefore, by Corollary 76 the cocircuits of M of dimension
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2, which are the supports of codewords of rank 2, form a 1-design over ;. Similarly, the supports
of the words of rank m in C form the blocks of a 1-design over Fgy, in fact a 1-(km,m, 1;q)
design, which is a g-Steiner system, whose blocks form a spread in F’;m.

Example 78. Let C be the F$-[6, 3, 3] vector rank metric code of Example 55. Then both C
and its dual have weight distribution [1,0,0, 567, 37044, 142884, 81648]. From Corollary 76, the
supports of the words of weight 3 and the supports of the words of weight 4 form the blocks
of a pair of 1-designs. Explicitly, the supports of the words of rank 3 in C' form a 1-(6,3,1;2)
design, which is a g-Steiner system having 9 blocks. This collection of blocks is a spread in FS.
The supports of the words of rank 4 form a 1-(6, 4, 140; 2) design having 588 blocks.
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