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ABSTRACT

Optimal Transport (OT) metrics allow for de ning discrepancies between two
probability measures. Wasserstein distance is for longer the celebrated OT-distance
frequently-used in the literature, which seeks probability distributions to be sup-
ported on thesamemetric space. Because of its high computational complexity,
several approximate Wasserstein distances have been proposed based on entropy
regularization or on slicing, and one-dimensional Wassserstein computation. In
this paper, we propose a novel extension of Wasserstein distance to compare two
incomparable distributions, that hinges on the idedistributional slicing embed-
dings, and on computing the closed-form Wassertein distance between the sliced
distributions. We provide a theoretical analysis of this new divergence, delted
erogeneous Wasserstein discrepancy (HWDJ we show that it preserves several
interesting properties including rotation-invariance. We show that the embeddings
involved in HWD can be ef ciently learned. Finally, we provide a large set of
experiments illustrating the behavior of HWD as a divergence in the context of
generative modeling and in query framework.

1 INTRODUCTION

Optimal Transport-based data analysis has recently found widespread interest in machine learning
community, since its signi cant usefulness to achieve many tasks arising from designing loss func-
tions in supervised learning (Frogner etlal., 2015), unsupervised learning (Arjovsky et al., 2017), text
classi cation (Kusner et élf, 2015), domain adaptatjon (Courty et al.,|2017), generative models (Ar-
jovsky et al.| 201]7; Salimans etlal., 2018), computer vision (Bonneel gt al., [2011; Solomon et al.,
2015) among many more applications (Kolouri et/al., 2017; Peyre & Cuturi,|2019). Optimal Transport
(OT) attempts to match real-world entities through computing distances between distributions, and
for that it exploits prior geometric knowledge on the base spaces in which the distributions are valued.
Computing OT distance equals to nding the most cost-ef ciency way to transport mass from source
distribution to target distribution, and it is often referred to as the Monge-Kantorovich or Wasserstein
distance[(Monde, 178[L; Kantorov|c¢h, 1942; Villani, 2009).

Matching distributions using Wasserstein distance relies on the assumption that their base spaces must
be the same, or that at least a meaningful pairwise distance between the supports of these distributions
can be computed. A variant of Wasserstein distance dealing with heterogeneous distributions and
overcoming the lack of intrinsic correspondence between their base spaces is Gromov-Wasserstein
(GW) distance| (Sturim, 2006; Mémgli, 2011). GW distance allows to learn an optimal transport-like
plan by measuring how the similarity distances between pairs of supports within each ground space
are closed. Itis increasingly nding applications for learning problems in shape matching (Mémoli,
2011), graph partitioning and matchirijg (Xu et al., 2019), matching of vocabulary sets between
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Figure 1: We measure the discrepancy between two distributions living respectivyaimdRY.
Our approach is based on generating random slicing projections distributions in each of the metric
spacesfRP andRY through the mappings and of a random projection vector sampled from an
optimal distribution in RY. As each of the projected distribution results in a 1D distribution, we
can then compute 1D-Wasserstein distance. It enables us to learn the best projection mappthgs

and to optimize over the distributional part of the generating projection distribution

different languages (Alvarez-Melis & Jaakkgla, 2018), generative mddels (Bunng et al., 2019), or
matching weighted networks (Chowdhury & Memoli, 2018).

Due to the heterogeneity of the distributions, GW distance uses only the relational aspects in each
domain, such as the pairwise relationships to compare the two distributions. As a consequence, the
main disadvantage of GW distance is its computational cost as the associated optimization problem
is a non-convex quadratic program (Peyré & Cufuri, 2019), and as few as thousand samples can be
computationally challenging.

Based on the approach of regularized OT (Cufuri, 2013), in which an entropic penalty is added to
the original objective function de ning the Wasserstein OT problém, Peyré ét al.|(2016) propose an

entropic version called entropic GW discrepancy, that leads to approximate GW distance. Another
approach for scaling up the GW distance is Sliced Gromov-Wasserstein (SGW) discrépancy (Vayer
et al|,[2019), which leverages on random projections on 1D and on a closed-form solution of the
1D-Gromov-Wasserstein.

In this paper, we take a different approach for measuring the discrepancy between two heteroge-
neous distributions. Unlike GW distance that compares pairwise distances of elements from each
distribution, we consider a method that embeds the metric measure spaces into a one-dimensional
space and computes a Wasserstein distance between the two 1D-projected distributions. The key
element of our approach is to learn two mappings that transform vectors from the unit-sphere of a
latent space to the unit-sphere of the metric space underlying the two distributions of interest, see
Figure[1. In a nutshell, we learn to transform a random direction, sampled under an optimal (learned)
distribution (optimality being made clear later), fromd-@imensional space to a random direction into

the desired spaces. This approach has the bene t of avoiding an ad-hoc padding strategy (completion
of 0 of the smaller dimension distributions to t the high-dimensional one) as in SGW method (Vayer

et al|,[2019). Another relevant feature of our approach is that the two resulting 1D distributions
are now compared through Wasserstein distance. This point, in conjunction, with other key aspect
of the method, will lead to a relevant discrepancy between two distributions, ¢edtetbgeneous
Wasserstein discrepancy (HWBIthough we lose some properties of a distance, we show that HWD

is rotation-invariant, that it is robust enough to be considered as a loss for learning generative models
between heterogeneous spaces. We also establish that HWD boils down to the recent distributional
sliced Wasserstein distan¢e (Nguyen et al., 2020) if the two distributions live in the same space and if
some mild constraints are imposed on the mappings.

In summary, our contributions are as follows:
« we propose HWD, a novel slicing-based discrepancy for comparing two distributions living

in different spaces. Our chosen formulation is based on comparing 1D random-projected
versions of the two distributions using a Wasserstein distance;



Preprint. Under review.

» The projection operations are materialized by optimally mapping from one common space
to the two spaces of interest. We provide a theoretical analysis of the resulting discrepancy
and exhibit its relevant properties;

« Since the discrepancy involves several mappings that need to be optimized, we depict an
alternate optimization algorithm for learning them;

» Numerically, we validate the bene ts of HWD in terms of comparison between heteroge-
neous distributions. We show that it can be used as a loss for generative models or shape
objects retrieval with better performance and robustness than SGW on those tasks.

2 BACKGROUND OFOT DISTANCES

For the reader's convenience, we provide here a brief review of the notations and de nitions, that
will be frequently used throughout the paper. We start by introducing Wasserstein and Gromov-
Wasserstein distances with their sliced versions SW and SGW, where

we consider these distances in the speci c case of Euclidean base §B&cksk) and(RY; k k).
We denoteP (X) and P (Y) the respective sets of probability measures whose supports are
contained on compact se¥ RP andY RY. Forr 1, we denoteP | (X) the sub-
set of measures iR (X) with nite r-th moment(r 1), i.e., P (X) = 2 P (X):
« kxk'd (x) < 1 :For 2 P (X)and 2 P (Y), we write ( ; ) P(X Y)
for the collection of joint probability distributions with marginalsand , known as couplings,
(; )= 2P(X Y ):8A X ;B Y; (AY)= (A);, X B)= (B):

2.1 OTDISTANCES FOR HOMOGENEOUS DOMAINS

We here assume that the distributionand lie in the same base space, for instapce g. Taking
this into account, we can de ne the Wasserstein distance and its sliced variant.

Wasserstein distance Ther-th Wasserstein distance is de ned Bn (X) by

W.(; )= _inf kx yk'd (xy) @)
2(:7 ) xv

The quantityW, (; ) describes the least amount effort to transform one distributioo another
one . Since the cost distance used between sample supports is the Euclidean one, the in@um in
is attained|(Villani; 2009), and any probabilitywhich realizes the minimum is called aptimal
transport plan.In a nite discrete setting, Probleifi]) can be formulated as a linear program, that
is challenging to solve algorithmically as its computational cost is of c®{@P=2 logn) (Lee &
Sidford,[2014), whera is the number of sample supports.

Contrastingly, for the 1D case (i.@. = 1) of continuous probability measures, theéh Wasser-
stein distance has a closed-form solution (Rachev & Rischendorf, 1998), nakhdly, ) =

(oIF Yu) F Lwjrdt)?

whereF ! andF ! are the quantile functions of and . For empirical distributions, the 1D-
Wasserstein distance is simply calculated by sorting the supports of the distributions on the real line,
resulting to a complexity of ordeéd(n logn). This nice computational property motivates the use of
sliced-Wasserstein (SW) distance (Rabin ef al., 2012; Bonnee] et al!, 2015), where one calculates
an (in nity) of 1D-Wasserstein distances between linear projection pushforwards of distributions in
guestion and then computes their average.

To precisely de ne SW distance, we consider the following notation. et := fu 2 RP :
kuk = 19 be the unit sphere ip dimension in" ,-norm, and for any vector in S* 1, we de ne

P the orthogonal projection onto thereal liRe = f . 2 Rg, thatisP (x) = h;xi;where
h; i stands for the Euclidean inner-product. Let= P # the measure on the real line called
pushforward of byP ,thatis (A)= (P %(A)) forall Borel setA R: We may now de ne
the SW distance.
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Sliced Wasserstein distance Ther -th order sliced Wasserstein distance between two probability
distributions; 2 P (X) is given by
1 a2
SWr(5 )= Wi po)d )
p &1

whereA,, is the area of the surface 8F 1, i.e., A, = with : R! R, the Gamma function

given as( u) = 01 tY le 'dt:

Thanks to its computational bene ts and its valid metric property (Bonnotte, 2013), the SW distance
has recently been used for OT-based deep generative modeling (Kolouri et all!/, 2019; Deshpande et al.,
2019/ Wu et a)], 2019). Note that the normalized integrgPjrcan be seen as the expectation for

P 1 the uniform surface measure 8A 1, thatisSW,(; )=(E » :[W'( ; ))r:
Therefore the SW distance can be easily apprOX|mated via aPMonte Carlo sampling scheme

by drawing uniform random samples fro8 . SW;(; ) K— k=1 W ( ) where

ik P 1andK is the number of random projections.

(P2)

k ;

2.2 OTDISTANCES FOR HETEROGENEOUS DOMAINS

To get bene t from the advantages of OT in many machine learning applications involving heteroge-
neous and incomparable domaip$( q), the Gromov-Wasserstein distance (Memoli, 2011) stands
for the basic OT distance dealing with this setting.

Gromov-Wasserstein distance Ther-th Gromov-Wasserstein distance between two probability
distributions 2 P ((X)and 2 P ((Y) is de ned by
GW(: )= inf  Jr( )d—ef} jkx x% ky yx'd (xy)d %) "1 (3

Xzy 2

Note thatGW; (; ) is a valid metric endowing the collection of all isomorphism classes metric
measure spaces Bf, (X) P ;(Y), see Theorem 5 in (Mémoli, 20111). The GW distance learns an
optimal transport-like plan which transports samples from a source metric Xpiate a target metric
spaceY, by measuring how the similarity distances between pairs of samples within each space are
close. Furthermore, GW distance enjoys several geometric properties, particularly translation and
rotation invariance. However, its major bottleneck consists in an expensive computational cost, since
problem(@) is non-convex and quadratic. A remedy to such a heavy computational burden lies in an
entropic regularized GW discrepancy (Peyré et al., 2016), using Sinkhorn iterations algbrithm (Cuturi,
2013). This latter needs a large regularization parameter to guarantee a fast computation, which,
unfortunately, entails a poor approximation of the true GW distance value.

Another approach to scale up the computation of GW distance is sliced-GW discrepancy (Vayer et al.,
2019). The de nition of SGW shows 1D-GW distances between projected pushforward of an artifact
zero padding of or distribution. We detail this representation in the following paragraph.

Sliced Gromov-Wasserstein discrepancy Assume thap < q andlet be an artifact zero padding
from X ontoY,i.e. ( X) =(X1;:::;Xp;0;:::;0) 2 R%: Ther-th order sliced Gromov-Wasserstein
discrepancy between two probability d|str|but|on§ P,(X)and 2 P ((Y)isgiven by

1
r

SGW ,(; )= E <1 GW((# ); ) " (4)

It is worthy to note thaBGW . is depending on the ad-hoc operatarhence the rotation invariance

is lost. [Vayer et al|(2019) propose a variant of SGW that does not depend on the choiceaditd
Rotation Invariant SGW (RI-SGW) fgr = ¢, de ned as the minimizer cs6GW . over the Stiefel
manifold, see [(Vayer et a/., 2019, Equation 6). In this work, we are interested in calculating an
OT-based discrepancy between distributions over distinct domains using the slicing technique. Our
approach is different from the SGW one in many points, speci cally (and most importantly) we use a
1D-Wasserstein distance between the projected pushforward distributions and not a 1D-GW distance.
In the next section, we detail the setup of our approach.
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3 HETEROGENEOUSWASSERSTEIN DISCREPANCY

Despite the computational bene t of sliced-OT variant discrepancies, they have an unavoidable
bottleneck corresponding to an intractable computation of the expectation with respect to uniform
distribution of projections. Furthermore, the Monte Carlo sampling scheme can often generate an
overwhelming number of irrelevant directions; hence, the larger number of sample projections, the
more accurate approximation of sliced-OT values. Recently, Nguyer gt al. (2020) have proposed
thedistributionatSW distance allowing to nd an optimal distribution over an expansion area of
informative directions. This performs the projection ef ciently by choosing an optimal number of
important random projections needed to capture the structure of distributions. Our approach for
comparing distributions in heterogeneous domains follows a distributional slicing technique combined
with OT metric measure embedding (Alaya et/al., 2020).

Let us rst introduce additional notations. Fik 1 and consider twaonlinear mappings
st P land s 11 Sl For any constant€ ;C > 0, we de ne the fol-
lowing probability measure setd ¢ = 2P (S YH:E. 0o [h() (%] C and
Mc = 2P H:E. o [[h() (9j] C :WesaythalC,C are(; )-
admissibleconstants if the intersection sdc: \ M is not empty. We hereafter denote
. =P (y# and ; =P ()# thepushforwards of and by projections over unit sphere
P (yandP (, respectively.

Informal presentation While the distributions and are valued in different spaces, RP and

Y RS9 any projected distributions will live in real line, enabling the computation of 1D-Wasserstein
distance (Figurd ]1, right). In order to generate random 1D projections in each of the spaces, we
map a common random projection distribution fr&h ! into each of the projection spacs’ !

andS® 1; through the mappings and (see Figur{]l, left). Hence, the main components of the
heterogeneous Wasserstein discrepanitiybe the distribution 2 P (S¢ 1),

and the two embeddingsand which will be wisely chosen. The resulting directions ) and ()
form the projection® () andP () (see FigurE]l, center) used to compute several 1D-Wasserstein
distances.

3.1 DeFINITION AND PROPERTIES
Herein we state the formulation of the proposed discrepancy and exhibit its main theoretical properties.

De nition 1 The heterogeneous Wasserstein discrepdhd D ) of orderr 1 between 2
P.(X)and 2 P ((Y)readsas

=~

HWD,(; )=inf sup E Wi(.; .) (5)
; 2Mc \M¢

HWD belongs to a family of projected OT worKs (Paty & Cutlri, 2019; Rowland gt al.,|2019; Lin
et al| [ 20211) with a particularity for seeking nonlinear projections minimizing a sliced-OT variant.

HWD further inherits the distributional slicing bene t by nding an optimal probability mea-
sure of slices on the unit sphei® ! coupled with an optimum couplg; ) of embeddings.

Note that this optimal veri es the double condition€ . o [jcos( ( ); ( 9j] C and

E.o [jcos( (); (9j] C . ThisgivesthaC ;C 1, hence the setsl ¢ andM ¢
belongtoM ; = f 2 P (S* 1)gthe set of all probability measures of the unit sphgtel. Itis
worthy to note that for small regularizig )-admissible constants, the measurés forced to
distribute more weights to directions that are far from each other in terms of their angles (Nguyen
et al|[2020).

Now, in order to guarantee the existence(qgf )-admissible constants, we assume that the
coupld ; )-embeddings arapproximately angle preserving

Assumption 1 (Approximately angle preserving property) For any couple( ; )-embeddings ,
assume that there exists two non-negative constanandL ; such that the following holds

ih () (9 Ljh; %andih (); (9 L jh; G foral; %28 %
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In Propositiorﬂl, we deliver lower bounds of the regularizing )-admissible constants and
C , depending on the dimension of the latent sphead on thdevels(L ;L ) of approximately
angle preserving property. These bounds ensure the non-emptiness of Me-seaadM ¢ .

Proposition 1 Let Assumptioﬁ]l hold and consider regularizing )-admissible constants such

L (d=2) L (d=2) . .
thatC e ) andC R Thenthe setsl ¢ andM ¢ contain the uniform

measure ¢ Tand = gzl % » Wheref q;:::; ggforms any orthonormal basis iRY. Note
that by Gautschi's inequality (Gautschi, 1959) for the Gamma function, we hav€that LT and
c -

d

Proof of Propositiof[1 is presented in Appendix]A.2. Together the admissible constants, the levels of
angle preserving property, and the dimensi@f the latent space form the hyperparameters set of
HWD problem. For settings of largh the admissible constants could take smaller values, that force
the measure to focus on far-angle directions. However, for smatlewe may lose the control on

the distributional part, the s ¢ tends toM ; the entire set of probability measure 8h *, hence

it boils down on a standard slicing approach that needs an expensive number of projections to get an
accurate approximation. Next, we give a set of interesting theoretical properties characterizing HWD.

Proposition 2 Foranyr 1, HWD satis es the following properties:

1

() HWD,(; )is nite, thatisSHWD (; ) 27 (M;( )+ M,( )) whereM, () is the
r-th moment of the given distribution, i®l, ( )= , kxk'd (x) ":

(i) HWD(; ) is non-negative, symmetric and veri BBVD (; )=0.

(i) HWD,(; ) has adiscrepancy equivalence given by

1 H . 0 H . .
d |:nf gnsglxlwr( .7 . ) HWD ((; ) |;nf Ensgxlwr( D )

(iv) For p= g, HWD is upper bounded by the distributional sliced Wasserstein distance.

(v) HWD, is rotation invariant, namelyHWD ,(R# ;Q # ) = HWD,(; ), for any
R20,=fR2RPP:R”R=1,0andQ 204=fQ 2 RY 9: Q> Q = l4g, the
orthogonal group of rotations of ordgrandg, respectively.

(vi) LetT andT be the translations frorRP into RP and fromRY into RY with vectors and
, respectively. Then

HWD, (T # ;T # ) 20 YHWD,(; )+ k k+k k) :

Proof of Propositiof |2 is given in Apprendix A.1. From propeity HWD is nite provided that the
distributions in question have a niteth moments. Note that the supremum over the probability
measure set§l ¢ andM ¢ guarantees the propet§WD ,(; )=0. Forp= q, if the in mum

over the couplé ; )-embedding ir(iii ) is realized in the identity mappings, then HWD veri es a
metric equivalence with respect to the max-sliced Wasserstein distance (Deshpande et|al., 2019).

The property(v) highlights a rotation invariance of HWD, which is well veri ed by the GW distance.

3.2 ALGORITHM

Computing HWD requires a resolution of an optimization problem as giv€s)irin what follows,

we propose an algorithm for computing an approximation of this discrepancy based on samples
X = fxigl,; from andsample¥ = fy; g, from . At rst, let us note that we have min-max
optimization to solve; the minimization occuring over the embeddingad and the maximization

over the distributions on the unit-sphere. This maximization problem is challenging due to both
the constraints and because we optimize over distributions. Simildrly to Nguyen et al. (2020), we
approximate the problem by replacing the constraints with regularization terms and by replacing the
optimization over distributions by an optimization over a push-forward of the uniform probability
measure ¢ ! by a Borel measurable functign: S* 1! % 1. Hence, assuming that we have
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drawn from a uniform distributiok directionsf gK_, , the numerical approximation of HWD is
obtained by solving the following problem:

N e 1 > > =0
min max Li = < Wy X7 IFCOLYT I ()]
| M e xk:1 X °
+min ¢ L, = FCO (ko) + FCO7 F(wo)
kik © kik 0
+mi n def. X > > 2 X > > 20
min a Ls= FCOI [F(k)] € ko "+ FCI [F(k)]  « «o
k;k © kik ©

where the rstterm in the optimization is related to the sliced Wasserstein, the second term is related
to the regularization term associated20 o [jh ( ); ( 9ijl;andE. o [jh (); ( 9ij]; and
the third term is the angle-preserving regularization term. Note thahthéerm with respect to
f is due to the fact that we want those regularizers to be small. Two hyperparamgtansl ,
control the impact of these two regularization terms. In practice, andf are parametrized as
deep neural networks and the min-max problem is solved by an alternating optimization scheme : (a)
optimizing overf with and xed then (b) optimizing over and withf xed. Some details of
the algorithms are provided in Algorithim 1.

Regarding computational complexity, if we assume that the magdping are already trained, that

we haveK projections, and that[f ( k)], [f ( k)] are precomputed, then the computation of HWD
(line 25 of Algorithmﬂ) is inO(K (nlogn + np + nq)), wheren is the number of samples X

andY . When taking into account the full optimization process, then the complexity depends on the
number of times we compute the full objective function we are optimizing. Each evaluation requires
the computation of the sum in; which isO(K (nlogn + np + nq)) and the two regularization
termsL , andL 3 require bothO(K ?(p+ g+ 2d)). Note that in terms of computational complexity,
SGW isO(Kn log n) whereas HWD i©O(TNKn logn), withT N being the global number of
objective function evaluations. Hence, complexity is in favor of SGW. However, one should note that
in practice, because we optimize over the distribution of the random projections, we usually need less
slices than SGW and thus depending on the probleliK can be of the same magnitude than the
number of slices involved in SGW (similar ndings have been highlighted for Sliced Wasserstein
distance[(Nguyen et al., 2020)).

4 NUMERICAL EXPERIMENTS

In this section, we analyze HWD, exhibit its rotation-invariant property, and compare its performance
with SGW in a generative model context.

Translation and Rotation We have used two simple datasets for showing the behavior of HWD
with respect to translation and rotation. For translation, we consider two 2D Gaussian distributions
one being xed, the other with varying mean. For rotation, we use two 2D spirals from Scikit-Learn
library, one being xed and the other being rotated frérto = 2. For these two cases, we have
drawn500samples, usetl0OOrandom directions for SGW and RI-SGW. For our HWD, we have used
only 10slices

andT = 50;N =5 iterations for each of the alternate optimization. The results we obtain are
depicted in Figur¢]2. From the rst panel, we remark that both SGW and RI-SGW are indeed
insensitive to translation while HWD captures this translation, which is also veri ed by profeity

in Propositiorj . For the spiral problem, as expected HWD and RI-SGW are indeed rotation-invariant
while SGW is not.

Generative models For checking whether our distribution discrepancy behaves appropriately, we
have used it as a loss function in a generative model. Our task here is to build a model able to generate
a distribution de ned on a space having a different dimensionality from the target distribution space.
As such, we have considered the same toy problems [as in Bunng|et al. (2019) and investigated
two situations: generating 2D distributions from 3D data and the other way around. The 3D target
distribution is a Gaussian mixture model with four modes while the 2D one5-arede. Our
generative model is composed of a fully-connected neural network with ReLU activation functions.



Preprint. Under review.

Algorithm 1 COMPUTING HETEROGENEOUSWASSERSTEINDISCREPANCY (SEE(§))

1: Input: Source and target sample@X; ) and(Y; ); orderr; the set of random direction
f koK., ; T number of global iterationdy number of iterations for each of the alternate scheme;
2: Output: HWD
3: function CoMPUTELOSSESX,Y, [f( )], [f( )]
4: compute the average of 1D-WassersteirbetweenX > [f ( )] andY”> [f ( k)]

5: compute the inner-product penalty

6: compute the angle-preserving pendlty

7: end function

8 fort=1; ;Tdo

9: X and

10: fori=1; ;N do

11 compute [f ( k)] and [f ( k)]

12: Li;Lo;Ls Compute Losses(, Y, [f( )], [fF( D)
13: L= L;i+Lo+Lj

14: f f kr L

15: end for

16: x f

17: fori=1; ;N do

18: compute [f ( k)] and [f ( )]

19: Li;Lo;Ls Compute Losses, Y, [f( «)], [f( «)]D
20: L=Ly+Ly+L3

21: kr L

22. kl L

23: end for

24: end for

25. HWD compute the average ovérgk_, of closed-form 1D Wasserstein between
X~ [f()landY” [f( k)]
26: Return: HWD

Figure 2: Examples of distance computation
between (left) two-translating Gaussian distri-
butions. (right) two spirals.

Figure 3: Examples of target distribu-
tions for our generative models (left) 3D
4-mode. (right) 2D5-mode.

We have considereB000samples in the target distributions and batch siz&0&f For both HWD
and SGW, we have run the algorithm f80000iterations with an Adam optimizer, stepsize(®01
and default parameters. For ttemode problem, the generator is a MLP wilhayers while for
the 5-mode, as the problem is more complex, it Bdayers. In each case, we ha®&6 units on
the rst layer and theri28 For the hyperparameters, we have set=1 and , =5 or , =50
depending on the problem. Note that for SGW, we have also addgtdi@arm regularizer on the
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output of the generator in order to avoid them to drift (see Figures 8Jand 9 in Apfendix C), as the loss
is translation-invariant. Examples of generated distributions are depicted in Fjgure 4. We remark that
our HWD is able to produce visually correct distributions whereas SGW struggles in generating the 4
modes and its 3B-mode is squeezed on its third dimension.

iteration 10 iteration 10000 iteration 20000 iteration 30000

- s "
e s a

Figure 4: Examples of generated distributions across iteraidh 40000 20009 and30000)for
two targets.From top to bottom ( rst-row) HWD for themode. (second-row) SGW for tlemode
(third-row) HWD for 3D5-mode. (fourth-row) SGW fob-mode. For each row, the last panel shows
the evolution of the loss over tf89000iterations.

Scalability We consider the non-rigid shape world dataset (Bronstein ef al.,| 2006) which
consists of 148 three-dimensional shapes from2 classes. We draw randomip 2

f 100 250, 500, 1000 150Q 2000y verticesf x; 2 R3g; on each shape and use them to measure the
similarity between a pair of shapés; 2 R3g_; andfy; 2 R%gl, . Figurel} reports the average
time to compute on a single core such a similarity X600 pairs of shapes using respectively GW,
SGW and HWD. As expected GW exhibits a slow behavior while the computational burden of HWD
is on par with SGW.

Figure 5: Computation time with respectriipthe number of vertices on each shape. (Left-panel)
Instances of 3D objects. (Right-panel) Running time.

Classi cation under various transformations This experiment,
whose details are provided in Appenflix B.2, aims to evaluate the ro-
bustness of SGW and HWD (the computationally ef cient methods)
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to different transformations in terms of classi cation accuracy. To
that purpose we employ the Shape Retrieval Contest (SHREC'2010)
correspondence dataset, see Bronsteinlet al. (2010). It includes high
resolution (10K-50K) triangular meshes. The shapes aBxtdsses

(see Figurg 10 in Appendjx|C) withdifferent transformations and

the null shape (no transformation). Each transformation is applied
up to ve strength levels (weak to strong). Along with the null shape,
we consider all strengths of the "isometry", "topology", "scale",
"shotnoise" transformations leading@8 samples. We perform a
1-NN classi cation.

Obtained performances ov&@ runs are depicted in Figufé 6. They highlight the ability of HWD to

be robust to perturbations. HWD achieves slightly better mean classi cation accuracy than SGW
with a competitive computation time (see Fig[fe 5). Notice that GW and RISGW are unable to run
under reasonable time-budget constraint.

5 CONCLUSION

We introduce in this paper HWD a novel OT-based discrepancy between distributions lying in different
spaces. It takes computational bene ts from distributional slicing technique, which amounts to nd an
optimal number of random projections needed to capture the structure of data distributions. Another
feature of this discrepancy consists in projecting the distributions in question through a learning
of embeddings enjoying the same latent space. We showed a nice geometrical property veri ed
by the proposed discrepancy, speci cally a rotation-invariance. We illustrated through extensive
experiments the applicability of this discrepancy on generative modeling and shape objects retrieval.
We argue that the implementation part faces the standard deep learning bottleneck of tuning the
model's hyperparameters. A future extension line of this work is to deliver theoretical guarantees
regarding the regularizing parameters, both of distributional and angle preserving properties.
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A PROOFs

A.1 PrROOF oFPrROPOSITIONT]
We use the following result:
Lemma 1 [Theorem 3 in|(Nguyen et &l., 2020)] For uniform measufe ! on the unit spher&® 1,
we have
(d=2)

A ; d 1 d 1 - .
o S“Jh, %id ¢ *()d (0)—19——((d+1):2)-

Hence,

(Assumptioff 1)
L

ih () (9iid @ *()d ¢ (9 ih; %id ¢ () ¢ (9

1 od od 1 o 1
(Lemmd1) L (d=2) ]
T((d+1)=2)°
Therefore, as long as tife  )-admissible constants % andC %
wehave ¢ 12 Mc \ M¢ : Now using a Gautschi's inequality (Gautschi, 1959) for the Gamma
. [P ( d=2) 1 —A- _'d 1 \wharef L
function, it yields that——r37— pﬁ 1=d:Let = |, 5 ,,wheref ;;:::; 40
form an orthonormal basis iR. We then have
) . X 1 5. __ (Assumptioff 1) X 1. ] L
E.o jh() (9 = g Cos (D L 5 e =
1 kI d 1 kI d

Therefore we get the lower bounds for the )-admissible constant8 andC given in Proposi-
tion@, that guarantee 1; 2Mc \ M¢ :

A.2 PROOF OFPROPOSITIONZ

Letus rst state the two following lemmas: Lemrh 2 writes an integration result using push-forward
measures; it relates integrals with respect to a measangl its push-forward under a measurable
mapf : X 1'Y :Lemma[3 proves that the admissible set of couplings between the embedded
measures are exactly the embedded of the admissible couplings between the original measures.

Lemma 2 [Se€ Lerner|(2014) p. 61]Lét: S! T be a measurable mapping, lebe a measurable
measure or5, and letg be a measurable function oh Then [ gdfy = (g f)d .

Lemma 3 [Lemma 6 irf Paty & Cuturi[(2019)] Forall;, and 2 P (X); 2 P (Y), one has
( #5 # )=1( #ostoo2 (5 )g;
where X YIX'Y such that xy)=( (xX); (y) foralx;y2X Y :

(i) HWD  (; ) is nite. In one hand, we assume thaR P (X)and 2 P ((Y), henceitg-th

moments are nite,i.eM,( )= , kxk'd (x) T <1 andM.( )= kykid (y) 7 <
1 . Inthe other hand, the following holds for all parameté S* * and a coupl¢ ; )-embeddings,

Wi(. . )= inf ju uj'd (uu
(s =, b e )
(Lemmd3) . ; > >\ ir .
= inf 1Oy ()7yid (xy)
2(: ) xv
2t inf O™+ ()7 d(6y)
2035 ) xv

=2" ' inf O xtd )+ ()yi'd ()
2(5 ) X Y

13
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where we use the facts th@+ t)" 2" I(s" + t');8s;t 2 R, and that any transport plan has
marginals onX and onY. By Cauchy—Schwarz inequality, we get

Wi, ) 228 k(OKkxk'd (x)+  k ()kkyk'd (y) =2" P M{( )+ M[():
X Y

Then, E WI( . ; . ) 7 27

Finally, one has thatwD ,(; ) 2+

1

MIC)+ M) T 2
Me( )+ Me( )

(ii) Non-negativity and symmetrjogether the non-negativity, symmetry of Wasserstein distance
and the decoupling property of iterated in ma (or principle of the iterated in ma)

Me( )+ Me():

yield the non-negativity and symmetry of the distributional sliced sub-embedding distance.

(i) HWD(; ) =0. Let and °two embeddings for projecting the same distributian
Without loss of generality, we suppose that the corresponding®)-admissible constans® C ,
henceM ¢ , M ¢ . Using the fact thasup(A\ B) supA” supB; (witha” b) = min( a; b)),
se have, straightforwardly,

sup E Wi, o)

® 2Mc \Mc ,

HWD(; )= inf

1 1
inf sup E Wi( 5 o) "~ sup E Wi, o)
0 2Me 2M ¢
1 1
=infinf sup E Wi(.; o) '~ sup E Wi(.; o) '
0 2M ¢ 2MC0
1 1
inf sup E Wi(,;.) "~ sup E Wi )
ZMC 2MC0
1
inf sup E  W'( . .) '
2M ¢
=0:
(iii)Onehas% ’Linf; max o, tW,( . ; . ) HWD ((; ) inf. max,g 1 W,( . ;
SinceM¢c \ M¢ MiandW[( . ; . ) max,s 1 W[( . ; . )we ndthat
1 1
sup  E W{(,; ;) " sup E W(( ;)
2M ¢ \MC 2M
r . 1=r
gnSE‘XlWr( ch o)
max We( . ; . );
28 1 A )
which entails thaHWD (; ) inf. max ,g W ( . ; . ). Morerer, since thé; )-
admissible constants andC satisfyC UTandC UThence = f’zlé  2Mc
M ,where we set; =argmax ,o 1 W, ( . ; . ). Wethen obtain
1
HWD,(; ) inf E W/( ., ; .) '
X g L
:mf aWr( I \)
' I=1
1 a=r.
3w )
- Loy max W, ( . ; . )
T d ;25 vl
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(iv) For p = g, HWD is upper bound by the distributional Wasserstein distance (D&@t)us rst
recall the DSW distance: |& > OandseM¢c =f 2P (S Y):E. o [h; G] Cag

=l

DSW,(; )= sup E Wil ;)
2M ¢

We have that the case of a identity couple of embeddings,id; = Id, the probability measure
setM¢c ;Mc = Mc;thenitis trivial thatHWD ,(; ) DSW ,(; ):

(v) Rotation invarianceNote that(R# ), =P (y#(R# )=(P (), R)# ;

and for allx 2 RP; using the adjoint operat®® ,(R = R 1), (P ¢y R)X)=h(),R(x)i=
R (())xi=Pr ()(X):
Then,(R# ), =(Pr ())# .Analogously,oneha®# ), =(Pqg ())# .Moreover,

2P (8" M:E; o [h () (9]
2P (8" H:E; o (R ()R ) 9il

R

<
0
n o1

Mc

Then we have similarfl ¢ = M Co - This implies

1
r

HWD (R# ;Q# )=inf  sup  E  W((R# ); :(Q# ), )
; 2Mc \M¢

=inf sup B Wi((Pr () iPo ()#)

2Mc \M¢
1
=inf  sup  E W/ (R ;R
; 2Mc \M¢
1
= inf sup E W(r ;g
b 2Mc,  \Mcg
1
= inf sup E Wi(RrR ;0 '
; 2Mc,  \Mcg
1
= inf sup E W/( o; o
=R ; °=Q 2Mc \Mc , ' Y
= HWD.(; ):

(vi) Translation quasi-invariancele have

1
r

HWD (T # ;T # )=inf sup E WI(T# ) (T#).)
i 2Mc \M¢c
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By Lemmag B anf]2 , we have
We((T# ) (T # ),

ju vji"d (u;v)

inf
2((T# ), (T#):, ) R

ju vji'd (u;v)

inf
2((P () TW (P ()T ) R

= inf Py T Py THXYid(xy)
2(5 ) xvy

= inf. JP () P Oy +(P () P ()i"d (xy)
(5 ) xv

2t Zinf' P (Hy(X) P (y(yni'd (xxy)+jP () P (DI
() xv

2! inf P (yx) P (y(yi'd (x;y)+(k k+ k k)" :
2(5 ) xv
Thanks to Minkowski inequality,

1
r

sup E Wi(T# );(T#))

2Mc \ M¢
h i 1
2t sup E inf JP () P ()(yni'd (xy)
2Mc \M¢ 2(: ) xvy
+27 Lk k+k K} sup (87
2Mc \M¢
21 sup E W/(.;.) +2" Yk k+k K-

2Mc \M¢

Therefore, we gafWD (T # ;T # ) 20 HWD,(; )+2" (k k+ k k):

B [IMPLEMENTATION

This section graphically describes the learning procedure in Algofithm 1. It also provides the training
details not exposed in the main body of the paper.

B.1 LEARNING SCHEME

We present in Figure] 7 the updated graphics of our approach, highlighting the main components :
the distributional part is ensured by a rst deep neural network as is each of the mappings. As each
of the networks should be learned, we included the part of the loss functions associated with each
network (blue fonts correspond to minimization, whereas red fonts correspond to maximization, see
Algorithm section).

B.2 TRAINING DETAILS

Our experimental evaluations on shape datasets for scalability contrast GW, SGW and HWD. Re-
garding or classi cation under isometry transformations, we additionnally consider RI-SGW. Used
hyper-parameters for those experiments are detailed below. Notice that SGW, RI-SGW and HWD
rely onK , the number of projections sampled uniformly over the unit sphere. K hisay vary from

a method to another.

1. SGWK.

2. RI-SGW: Ri.sew, the learning rate an@l, the maximal number of iterations for solvipp 4
over the Stiefeld manifold.
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Figure 7: The implemented approach. Both the distributional and mappings parts are achieved by
deep neural networks. A numbiér of projections is used to compute 1D-Wasserstein distances.

3. HWD: beyondK and the latent space dimensignt requires the parametrization of
andf as deep neural networks and their optimizers. For solving the min-max problem by an
alternating optimization scheme we uUseinner loops and number of epochs.

For SGW and RI-SGW we use the code made available by their authors and cite the related reference
Vayer et al.|[(2018) as they require. We use POT toojbox Flamary|ét al.|(2021) to compute GW
distance.

Scalability This experiment measures the average running time to compute OT-based distance
between two pairs of shapes maden@D-vertices. 100 pairs of shapes were considerecharaties
in f 100, 250 500, 100Q 150Q 2000y.

We choos& sgw = 1000 (as a default value).

For HWD, the mapping functiof is designed as a deep network with 2 dense hidden layers of
size 50. Regarding bothand , they have also the same architecturé &&ith adapted input and
output layers) but the hidden layers are 10-dimensional. Adam optimizers with default parameters
are selected to train them. Finally we considgfwp = 10,d=5,T =50, N =1 as default values.
Notice also that the regularization parametegsand , are setto 1.

The used ground cost distance for GW distance is the geodesic distance.

Classi cation under transformations invariance For this experiment, we consider the same set

of hyper-parameters as f8calability evaluation on shape datasets. Besides, the supplementary com-
petitor RI-SGW was trained by settigri.scw = 1000 = Kgsgw = 1000, gsew = 0:01,
Tri-sew = 500. Notice that due to the high-resolution of the meshes (more than 19K three-
dimensional vertices), RI-SGW and GW were not able to produce the pairwise-distance matrix
used in 1NN classi cation after several hours.
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iteration 10 iteration 10000 iteration 20000 iteration 30000

JER JER+ JER+-

Figure 8: Comparing (top) HWD and (bottom) SGW on generating 2D distributions from 3D target.

. ®

Figure 9: Comparing (top) HWD and (bottom) SGW on generating 3D distributions from 2D target.

Figure 10: Instances of the shape dataset with null and isometry transformations. The classes
are respectivelyj)uman,dog andhorse . For the experiments of Figufé 6 we also consider the

"topology", "scale", "shotnoise" transformations that respectively amount to deform, to upscale and
to add noise to the shapes of each class.
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C ADDITIONAL EXPERIMENTAL RESULTS
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