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Abstract

Motivated by applications in cybersecurity and epidemiology, we consider the
problem of detecting an abrupt change in the intensity of a Poisson process, char-
acterised by a jump (non transitory change) or a bump (transitory change) from
constant. We propose a complete study from the nonasymptotic minimax testing
point of view, when the constant baseline intensity is known or unknown. The
question of minimax adaptation with respect to each parameter (height, location,
length) of the change is tackled, leading to a comprehensive overview of the vari-
ous minimax separation rate regimes. We exhibit three such regimes and identify
the factors of the two phase transitions by giving the cost of adaptation to each
parameter. For any alternative hypothesis, depending on the knowledge or not of
the change parameters, we propose minimax or minimax adaptive tests based on
simple linear counting statistics derived from Neyman-Pearson tests, or quadratic
statistics. When the change location or length is unknown, minimax adaptation is
obtained from a scan aggregation principle combined with a Bonferroni or min-p
level correction, and a conditioning trick when the baseline intensity is unknown.

1 Introduction

As explained in the introduction of the book of Daley and Vere-Jones [32], historically
the theory of point processes seems to emerge with the study of the first life tables
and renewal processes, and of counting problems in the research of Poisson [87]. Since
recently, point processes are largely deployed in the epidemiology, genetics, neuroscience
and communications engineering literature. At the origin of this work, we were actually
interested in some applications in public health and healthcare surveillance, where a point
process on a bounded interval may represent occurrences of a medical event in a particular
context, and in cybersecurity, where it may represent a packet or session arrival process



in internet traffic or occurrences of certain cyber attacks or intrusions. In these contexts,
being able to define conditions for abnormal behaviours to be detectable and to detect
such anomalies as efficiently as possible is of particular importance.

Change detection in a Poisson process model Despite rather widespread debates
regarding the real nature of the point process that can model observations in the above
applications, the Poisson process model is the most frequently encountered in the dedi-
cated articles, probably due to its convenient theoretical properties as well as its ability
to fit the data. An abrupt change in the intensity of the Poisson process may reveal a
significant health phenomenon when the process models epidemiological data (see [100]
for a review), malicious activity or intrusion attempt when it models packet or session
arrival processes in internet traffic (see [88], [20], [67], [L06] or [99]), or a change of attack
pattern when it models the occurrences of cyber attacks (see [33] and [61]). Another
cybersecurity problem, considered in [97], [98] and [108|, concerns communication over
Poisson packet channels. In such a channel, an authorised transmitter sends packets to
an authorised receiver according to a Poisson process, and a covert transmitter wishes to
communicate some informations to a covert receiver on the same channel without being
detected by a watchful adversary. Different models of covert transmissions have been
studied by authors, treating the cases where the covert transmitter is restricted to packet
insertion or where he or she can only alter the packet timing by slowing down the in-
coming process to a lower rate to convey the information. The question of detectability
of such covert transmissions, translated as a question of detectability of a bump in the
Poisson process intensity, is clearly related to the minimax testing point of view adopted
here and described below.

Considering a Poisson process observed on a bounded fixed interval, we are thus interested
in the problem of detecting an abrupt change in its distribution, characterised by a jump
or a bump in its intensity. This problem comes within the more general framework of
statistical change-point analysis. In view of the long history, going back to the 1940-1950’s
with the seminal works of Wald [107], Girshick and Rubin [55], Page [84], Fisher [49], and
the extensive literature on change-point analysis, we can not pretend to present a compre-
hensive state of the art. Detailed overviews will be found in the monographs of Basseville
and Nikirov [10], Carlstein et al. [21], Csorgd and Horvath [26], Brodsky and Darkhovsky
[16, 15|, Tartakovsky et al. [103]|, and a structured and annotated bibliography in the
paper by Lee [72].

Statistical change-point problems can essentially be classified into two main classes, de-
pending on whether they are formulated as on-line or off-line change-point problems.
On-line change-point analysis, also referred to as sequential analysis or disorder problems,
generally deals with time sequences of random variables or stochastic processes, and aims
at constructing a stopping time as close as possible to an unknown time of disorder or
change in the distribution. For presentations of the most common performance measures
and optimisation criteria used to this end, see for instance [69], [81] or [88], and references
therein.

Off-line change-point analysis, also referred to as a posteriori change-point analysis, in
fact raises two distinct questions: the one of detecting a given number of change-points or
estimating the change-points number, and the one of estimating some or all the parameters
of such change-points (jump locations and/or heights), once detected.

Though most of these questions can be, as explained in [83|, formulated or interpreted as



single or multiple hypotheses testing problems, since they are usually all treated together,
rather few attention seems to be paid to the testing performances themselves: detection
rates results are not always explicitly stated and well formalised in the literature.

A nonasymptotic minimax testing point of view Our work, which focuses on the
question of detecting a jump or a bump in the intensity of a Poisson process, precisely
aims at proposing a nonasymptotic minimax testing set-up and a guided progressive
approach to construct minimax and minimax adaptive detection procedures. It can thus
also be viewed as a necessary preliminary step towards a further rigorous minimax study
of multiple testing procedures designed for change-point localisation as in [83].

Let us consider a (possibly inhomogeneous) Poisson process N = (N;)scpo,1] observed
on the interval [0, 1], with intensity A with respect to some measure A on [0, 1], and
whose distribution is denoted by Py. As in [50] and [51], we assume that the measure
A satisfies dA(t) = Ldt, where L is a positive number. Note that when L is an integer,
this assumption amounts to considering the Poisson process N as L pooled i.i.d. Poisson
processes with the same intensity A, with respect to dt: L can therefore be seen as a
growing number when comparisons with asymptotic existing results in other frequentist
models are needed.

Depending on the intended application, and the level of knowledge on the baseline inten-
sity of the process N it induces, the questions of detecting a jump or a bump in \ are here
formulated as problems of testing the null hypothesis (Hy) "X € Sy” versus the alterna-
tive (Hy) "X € §1”, where Sy is either the set of a single known constant intensity, or the
set of all constant intensities on [0, 1], and S is a set of alternative intensities defined as
positive piecewise constant functions, with one jump or one bump. As mentioned above,
the point of view that we adopt here for our theoretical study is nonasymptotic, based
on minimax criteria in accordance with the Neyman-Pearson principle. So, given a first
kind error level « in (0, 1), any of our (nonrandomised) tests ¢, with values in {0, 1} and
rejecting (Hy) when ¢(N) = 1, is primarily required to be of level «, that is to satisfy

sup Py (¢(N)=1) <« .
AESy

Then, given a second kind error level 5 in (0, 1), any of our level « tests ¢, is secon-
darily required to achieve, over the considered set of alternatives Sy, the (a, 3)-minimax
separation rate defined as follows.

Considering the usual metric dy of Ly([0,1]), and a level « test ¢, of (Hy) versus (Hy),
the S-uniform separation rate of ¢, over S is defined by

SRB(¢Q,Sl)zin{T>O, sup PA(QSQ(N):O)SB} : (1)
AES1, d2(\,So)>r
The corresponding («, 5)-minimax separation rate over S is defined by

HlSRaﬁ (81 ) = inf SRB (gba, 81 ) s (2)

ba, SupAeSO PA(d)a(N):l )S

where the infimum is taken over all possible nonrandomised level a tests.
A level « test ¢, is said to be f-minimax over S; if SRg (¢, S1) achieves mSR, 5 (S1),
possibly up to a multiplicative constant depending on « and /.



These definitions due to Baraud [8] translate, in a nonasymptotic framework, the (asymp-
totic) minimax testing criteria that originate in Ingster’s work [63, 64, 65|, and that have
now several variants in the literature, among them the asymptotic minimax testing with
exact separation constants criteria introduced in [74].

For each choice of &y, several sets of alternatives S; are investigated, according to whether
the jump or bump parameters are known or not. Following the terminology adopted since
Spokoiny’s paper [101], a complete minimax adaptivity study of the problem is therefore
conducted: when one of the alternative parameters is unknown at least, the corresponding
minimax tests are said to be minimax adaptive with respect to this unknown parameter.
After determining lower bounds for the (¢, 5)-minimax separation rates over all these
alternative sets, we construct nonasymptotic minimax and minimax adaptive detection
tests. To the best of our knowledge, no such minimax results in the present Poisson
process model have already been established.

Change-point detection procedures in Poisson processes models References
dealing with change-point detection in a Poisson process are actually mainly dedicated
to the construction of optimal on-line detection rules (see e.g. [86], [57], [18], and [11] for
Bayesian approaches; [38], [39], [80] or [40, 41] and references therein for non-Bayesian
approaches), or asymptotic off-line detection tests. On the one hand, a few off-line pro-
cedures are derived from the Bayesian perspective, such as the ones in [3], [91] and [90]
dealing with the single change-point case, [56], [112| or [94] dealing with the multiple
change-points case. On the other hand, non-Bayesian off-line procedures are numerous,
due to the variety of Poisson processes convenient properties. Since the earliest procedures
of Neyman and Pearson [82], Sukhatme [102], Maguire, Pearson and Wynn [78], many
contributions have been made considering the exponential distribution of the homoge-
neous Poisson process inter-arrivals, like in [79], [109], [96], or more recently [4]. Recalling
that the Poisson process N is homogeneous if and only if for every positive integer n, given
N; = n, the points of the process are independent and uniformly distributed on [0, 1], any
test of uniformity on [0, 1] in a density model can be directly applied conditionally to Ny,
or used as a source of inspiration to obtain a Poisson process adapted test of homogene-
ity. Closer to the tests we propose in the present work, many other existing tests for the
single change-point problem are thus based on or inspired from the historical likelihood ra-
tio, Cramér von-Mises or Kolmogorov-Smirnov statistics, with various weighting or other
transforming strategies, as the ones of Rubin [93], Lewis [75], or Kendall and Kendall [68].
Deshayes and Picard [35, 36| study the optimality of weighted Kolmogorov-Smirnov and
likelihood ratio tests in the non local asymptotic sense of Bahadur [6] and Brown [17],
and their equivalence in the local asymptotic sense of Le Cam [70]. Asymptotic proper-
ties of point and interval change-point estimators deduced from these tests can be found
in [2], [77], and [53] where Galeano also integrates these tests in a binary segmentation
algorithm to further address multiple change-points detection. More recently, Dachian et
al. [30] (see also Yang’s [110] PhD thesis, and [31] and [111] where tests derived from
the Bayesian perspective are proposed) and Farinetto [46| consider a single change-point
detection problem in the general framework of inhomogeneous Poisson processes.

Testing procedures for close purposes in Poisson processes models On related
topics, it may be worth first mentioning the foundational paper by Davies [34], whose



goodness-of-fit test is also discussed in [32|. Several procedures for testing goodness-
of-fit or homogeneity of a Poisson process versus the alternative hypothesis that it has
an increasing intensity have then been introduced and explored through experimental
comparative studies in a series of papers by Bain et al. [7|, Engelhardt et al. [42], Cohen
and Sackrowitz [23], [59], [60]. Though these procedures are not initially designed to
handle the change-point detection problem, they can nevertheless be applied to this end.
Among them, the so-called Laplace and Z tests introduced by Cox [24] and Crown [25],
whose extensions are proposed in [85], [1], and [13], stand out when they are used to detect
a positive jump. Fazli and Kutoyants [48|, Fazli [47], and more recently Dachian et al.
[29] consider the goodness-of-fit testing problem where the null hypothesis corresponds to
a given inhomogeneous Poisson process, and the alternatives correspond to single or one-
sided parametric Poisson processes families. The problem of testing that a point process
is a given homogeneous Poisson process versus it belongs to a stationary self-exciting or
stress-release point processes family is treated in [27] and [28|.

Related minimax studies Focusing now on the minimax point of view, one can cite
Ingster and Kutoyants [66] and Fromont et al.’s studies of goodness-of-fit or homogeneity
tests, where the alternative hypotheses [50|, corresponding to Poisson processes with non-
parametric intensities in Sobolev and Besov spaces with known and unknown smoothness
parameters respectively, are however not suited for change-points detection problems.
To find minimax tests devoted to change-points detection problems in the existing liter-
ature, it is actually needed to switch to other statistical models.

Using the conditioning trick explained above, which enables to treat change-points de-
tection problems in the Poisson model as particular change-points detection problems in
the classical density model, Rivera and Walther [92| propose two positive bump detection
tests based on scan or average aggregation of likelihood ratio statistics. Though their op-
timality results are not directly transposable to the minimax set-up that we consider here
due to deconditioning difficulties, they nevertheless give preview of possible approaches
towards more Poisson processes-specific minimax tests. In the classical density model,
Diimbgen and Walther [37] had already tackled the problem of detecting local increases
and decreases of the density or the failure rate. The introduced procedures, based on ag-
gregation of local order statistics and spacings, were proved to satisfy asymptotic minimax
adaptation properties.

Of course, the most complete bibliography on jump or bump detection from the minimax
testing point of view lies in the basic Gaussian framework, where the observation is mod-
elled by a Gaussian vector Y = (Y7,...,Y,) with variance 021,,. Arias-Castro et al. [5]
first studied the minimax separation rate for the problem of detecting a bump, that is a
change in mean from zero over an interval, when considering the /;-metric on the mean
vectors, related to the ILo-distance between the corresponding Gaussian distributions and
also to the signal to noise ratio or signal energy often mentioned in regression models
analysis. When the height and the length of the change are unknown, they exhibited a
minimax separation rate of order y/logn with an exact constant equal to v/2. In other
words, they proved that no test can reliably detect Y such that E[Y;] = 61 ycfrryep (With
re{l,....,n}, £ {l,...,n+1—7}) unless the condition |§|v/¢ > /2(1 + n)logn with
n > 0 is satisfied, and they introduced minimax adaptive tests based on a scan aggre-
gation of the Neyman-Pearson test statistics £~/2 ZTM_I Y; designed to detect non-zero

=T

mean, either over all the possible intervals 7,7 + ¢[ or over intervals of dyadic type



(k27 (k + 1)27[. Chan and Walther [22] constructed three other tests, based on the
same Neyman-Pearson test statistics, but combined according to different aggregation
schemes. All these tests were proved to be consistent as soon as the refined condition
16|V > +/2log(n/{) + b, with b, — +oo holds, which slightly improves Arias-Castro
et al.’s lower bound at least when ¢/n := ¢,/n is allowed to tend to 0 with n tending
to +00. A nonasymptotic counterpart of this improved lower bound has been very re-
cently provided by Verzelen et al. [105]. But the procedures introduced in this work
go beyond the scope of the present minimax testing study as they further address the
twin problems of detecting and localising multiple change-points. In the case where the
change height is known, equal to 1, Brunel [19] constructed a test based on a scanning of
the shifted test statistic 3.7 ¥; — £/2, which is consistent as soon as ¢/ logn — +oo.
Still considering the fy-metric on the mean vectors, but considering, among piecewise
monotone signals estimation problems, the special problem of detecting a jump from an
unknown constant mean, Gao et al. [54] obtained a lower bound of order v/loglogn. More
precisely, they proved that no test can reliably detect Y such that E[Y;] = 61cprnp

(with 7 € {2,...,n}) unless |6]\/(r —1)(n+1—7)/n > cy/loglog(16n). Verzelen et
al. [105] provide a nonasymptotic lower bound equal to 1/2(1 — ¢)(1 — n=1/2)loglogn
for ¢ in (0,2/3) and n large enough. As for a corresponding upper bound, Gao et al.
[54] refer to the asymptotic test of Csorgoé and Horvath [26], based on the scan statistic
maxi<,<n /n/ (T(n —7))|>°7_, Yi — (k/n) Y1, Yi|, which is proved to be optimal from
asymptotic inequalities in the spirit of the Iterated Logarithm Law. Notice that this scan
statistic is closely related to the well-known CUSUM statistics, which have a long history
in the single change-point analysis literature from Hinkley’s [58] work, as well as in mul-
tiple change-points analysis references, where they are at the core of binary segmentation
approaches. Verzelen et al. [105] introduce a test based on a max penalized CUSUM
statistic, with location-dependent penalties, whose separation rate is of the optimal order
Vv2Toglogn (thus proving, combined with their lower bound, that the exact constant is
v/2 as in the bump detection case), with possible refinement when restricting to particular
change locations.

In more complex Gaussian models, with sparse high dimensional, heterogeneous or depen-
dence properties, it is worth mentioning at least the work of Enikeeva and Harchaoui [43],
Enikeeva et al. [45], Liu et al. [76] and Enikeeva et al. [44], addressing bump detection
problems from asymptotic minimax points of view, that are quite close to the one we
adopt here.

Notice that we do not tackle the problem of detecting multiple change-points with more
than two change-points, nor the problem of localising change-points, that we consider as
out of the scope of the present paper and a basis for future work.

Our contribution The present work addresses the question of detecting a jump or a
bump in the intensity of a Poisson process from the nonasymptotic minimax point of
view described above. At this end, we will determine the minimax separation rates that
correspond to :

- the detection of a change from a known or an unknown constant baseline intensity,

- the detection of a non transitory change formalised as a jump in the intensity, or a
transitory change formalised as a bump in the intensity,



- the detection of a change with known or unknown height, length and location.

We will thus provide a comprehensive overview of the various minimax separation rate
regimes, with a special focus on the phase transitions, and their determining factors.
Considering each parameter as known or unknown, one by one, indeed enables us to
precisely identify what causes such phase transitions, and the precise cost of minimax
adaptation to each of these parameters. Among the main results of this study, we find a
phase transition from a y/loglog L/L order minimax separation rate for jump detection to
a y/log L/L order minimax separation rate for bump detection, when the jump or bump
height, the jump or bump location and the bump length are together unknown: this phase
transition is similar to the Gaussian one. But we also exhibit minimax separation rates
that are not even known in the basic Gaussian model, up to our knowledge.

For the bump detection problem, we indeed prove that the minimax separation rate is of
order y/log L/L when both location and length of the bump are unknown, whether the
height is known or not, of order y/loglog L/L as in the jump detection problem when the
only location of the bump is known (with height and length unknown), of order /1/L in
the other cases.

For the jump detection problem, the results could be more easily anticipated: we prove
that the minimax separation rate is of order y/loglog L/ L when both height and location
of the jump are unknown, as in the Gaussian model, and of order y/1/L in the other
cases.

Such minimax separation rates are as usual obtained in two steps. Lower bounds are first
deduced from classical Bayesian arguments, originating from Le Cam’s theory, and clearly
outlined by Ingster [63, 64, 65] and Baraud [8] in an asymptotic and a nonasymptotic
framework respectively. Combined with these Bayesian arguments, the Poisson processes
properties, and mainly Girsanov’s Lemma, are key points of the proofs. Then, match-
ing upper bounds are derived from the construction of minimax or minimax adaptive
tests. The tests that we propose are based on either linear statistics adapted from the
Neyman-Pearson test in the case where all the bump or jump parameters are known, and
close to the CUSUM like statistics used in the Gaussian framework, or quadratic statis-
tics that we felt better suitable for the estimation of the distance ds, considered here,
between A and &y. The links between these two types of statistics are discussed. This
discussion raises new interesting questions about general aggregation of bilateral tests,
that are furthermore supported by our short simulation study. Minimax adaptation when
some change parameters are unknown is obtained from scan aggregation approaches, that
all differ depending on which parameters are unknown. The critical values involved in
the scan aggregation approaches are also differently adjusted, with an additional crucial
conditioning trick already used in [50] when the baseline intensity is unknown, to lead to
a nonasymptotic level @ and nonasymptotic minimax optimality. Upper bounding these
critical values often was the main and most difficult point of the proofs. We had to use
a wide variety of exponential and concentration inequalities, from historical ones due to
[89] to very recent ones due to Le Guével [71] which are specific to suprema of counting
processes and their related square martingales when dealing with detection of a change
from a known baseline intensity, plus exponential inequalities for suprema or oscillations
of empirical processes and U-statistics due to Mason, Shorack and Wellner (see [95]) and
Houdré and Reynaud-Bouret [62], or obtained from Bernstein and Bennett’s inequalities
as stated in [12], refined through combination with chaining techniques.



Organisation of the paper Section 2 of the paper is devoted to the problem of de-
tecting a change from a known baseline intensity, while Section 3 deals with the problem
of detecting a change from an unknown intensity. For each problem, all the possible sets
of alternatives according to whether each parameter of the change (height, location and
length) is known or not, including the special case where the change is non transitory
(jump detection), are handled. And for each of the resulting ten sets of alternatives,
lower bounds for minimax separation rates are provided, as a preliminary basis for corre-
sponding upper bounds (when appropriate, that is when at least the height or the length
is unknown). As explained above, these upper bounds are obtained by constructing min-
imax or minimax adaptive tests, which are mainly based on aggregation of either linear
or quadratic statistics, coupled with adjusted critical values. A short simulation study is
presented in Section 4, whose aim is to compare linear and quadratic type tests, and also
to compare them with standard tests used to detect inhomogeneity of Poisson processes
in practice. Proofs of the core results are postponed to Section 5, and proofs of techni-
cal results mostly based on exponential inequalities and devoted to quantiles and critical
values upper bounds are postponed to Section 6, which also contains fundamental and
general results for lower bounds.

Notation Concerning the Poisson Process N = (Ny);c(0,1), we use the notation N (7, 7]
for N, — N, for every 71, 75 in [0, 1]. As usual, dN stands for the point measure associated
with N, and F) and Var) respectively stand for the expectation and the variance under
Py, that is when N has A as intensity with respect to dA(t) = Ldt. The distance dy has
been introduced above, and associated with this distance, we consider the usual scalar
product and norm of Ly ([0, 1]) respectively denoted by (.,.)2 and ||.||2. For all z and y in
R, x Vy (resp. x Ay) denotes the maximum (resp. minimum) between = and y, and the
sign function sgn is defined by sgn(z) = 1,-0 — 1,<0.

All along the article, we will introduce some positive constants denoted by C(a, f,...)
and Lo(a, B, ...), meaning that they may depend on («, 5, ...). Though they are denoted
in the same way, they may vary from one line to another. When they appear in the
main results about lower and upper bounds, we do not intend to precisely evaluate them.
However, some possible, probably pessimistic, explicit expressions for them are proposed
in the proofs.

2 Detecting an abrupt, possibly transitory, change in a
known baseline intensity

As a first step of work, and because this also addresses particular applications, we are here
interested in the problem of detecting an abrupt change in the intensity of the Poisson
process N, when its baseline is assumed to be known, equal to a positive constant function
Ao on [0, 1]. For the sake of simplicity, the constant function Ay and its value on [0, 1] are
often confused in the following. The null hypothesis of the present section can therefore be
expressed as (Hy) "X € So[Ao] = {Ao}”, while the alternative hypothesis varies according
to the height, length and location of the intensity jump or bump knowledge.

In order to further cover the full range of alternatives in a unified notation, we introduce
for 6* in (=X, +00) \ {0}, 7" in (0,1), £* in (0,1 — 7% the set Sy r+ o«[Ao] of intensities



with a change of height ¢*, location 7* and length ¢* from \g:
[Alt.1] Ss+ 7+ g+ [Xo] = {A:[0,1] = (0,+00), Vt € [0,1] A(t) = Xg + 6" L(re 71, ()} . (3)

Testing ( Hy ) versus (Hy) "X € Ss« = ¢+[No]” falls within the scope of the Neyman-Pearson
fundamental lemma and an Uniformly Most Powerful (UMP) test exists, thus achieving
the minimax separation rate over Sz« ,+ s«[Ao]. Details are provided below.

Then, when the question of adaptivity with respect to unknown parameters is tackled,
the unknown parameters are replaced by single, double or triple dots in the notation
S+ e 0+ [Ao]-

Notice that for any alternative intensity A = Ao + 01(r,4+¢ with & in (=g, +00) \ {0},
7 in (0,1), and £ in (0,1 — 7], da(), So[Xo]) = |6|]V/. Hence, as soon as A has a known
change height § = ¢* and a known change length ¢ = ¢*, the distance da(A, So[No]) is
fixed, equal to |6*|v/¢*. The S-uniform separation rate of any level a test over Sse -+ g+ [Ao]
or Sg«..p+[\o] as defined by (1) is therefore either 0 or +o0o (with the usual convention
inf ) = +00), as well as the minimax separation rate. In these only two cases, studying
our tests from the minimax point of view would have no sense. Nevertheless, once having
ensured that their first kind error rate is at most «, in order to follow the same line as
the minimax results obtained in the other cases, we establish conditions expressed as a
sufficient minimal distance da(\, Sp[Ao]), guaranteeing that their second kind error rate is
at most equal to some prescribed level 5.

2.1 Uniformly most powerful detection of a possibly transitory
change with known location and length

Let us now give more details about the above problem of testing the simple null hy-
pothesis (Hy) "X € So[ho] = {Xo}” versus the simple alternative hypothesis (H;) "\ €
Ss o[ Xo]” With Sg« o+ p+[Ao] defined by (3). Notice that for any A in Sg« -« g« [Ao], then

da(N, So[ho]) = |6V .

Given « in (0, 1), Neyman-Pearson tests of (Hy) versus (H;) "\ € Sge 7+ 4« [Ao]” of size «
can be constructed. To this end, we recall Girsanov’s lemma (see [14] for a proof).

Lemma 1 (Girsanov). Let N = (Ny)eo,1) be an inhomogeneous Poisson process with
Jump locations (X;);>1, with bounded intensity X with respect to some measure A on [0, 1],
and with distribution denoted by Py under the probability P. Assume that Ay is a bounded
nonnegative function such that for every j > 1, A\o(X;) > 0 P-almost surely. Then

5}2 (N) = exp [/01 In (%) 0N, — /Ol(A(t) - Ao(t))d/\t]

From this fundamental lemma, we deduce the likelihood ratio, for A in S« ;o [Ao],

dPy 0*
N) = In{1+— | N(7"+0]—060L 4
o) =exp | (14 L ) NG 0] ()
which leads to the following size a@ Neyman-Pearson tests:
{ ¢1_7a(N) = ]lN(T*7T*+5*}<P,\OZ*L(Q)+7_ (a)]lN(T*,T*—I-Z*]:PAOe*L(a) if 0* <0, (5)
IQ(N) = ]lN(T*7T*+é*}>p)\oz*L(1—a)+fy+(1_a)]lN(T*,T*+f*}=p>\0z*L(1—a) lf 6*>0 3
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where p¢(u) denotes the u-quantile of the Poisson distribution with parameter £, and

~(u) = = Py (N (17, 77 + 7] < prge-2(w))
! Pro (N(7%, 7 + 0] = pager (1))

) =1—=7"(u) . (6)

Proposition 2 (Second kind error rates control for [Alt.1]). Let L > 1, a and 8 in
(0,1), Ao > 0, 0* in (=X, +00) \ {0}, 7" in (0,1) and ¢* in (0,1 — 7*|. Considering the
problem of testing (Hy) versus (Hy) "\ € Ss« r=¢+[No]”, let 1.4 be the test ¢y, if 6* <0,
T if 0% >0 (see (5) for definitions of the tests). The test ¢y is a UMP test of size a.

1,

Moreover, Py(¢1,(N) =0) < as soon as X belongs to Sg« 1+ ¢+[No| with

d (A Solol) = (V0o +8)/B + v/ Nofa) IV . (7)

Comments. Notice first that the same result holds with Py (¢;,(N) = 0) replaced by the
second kind error rate E)[1 — ¢ ,(N)]. Then, as explained above, studying the present
test from the minimax point is not really relevant. One can however notice that the
uniform separation rate of a UMP test necessarily provides the minimax separation rate
over any set of alternatives. Since for A in Ss« -+ o« [Ao], da (X, So[Ao]) = |6%[+/¢*, the above
proposition implies that if L > (y/(Ao + 0*)/8 + \/Ao/oz)2/ (6*2¢*), then Py(¢1,4(N) =
0) < B. Therefore, in this case, the f-uniform separation rate of ¢ , over Sg« r« g«[Ao] is
equal to 0, and consequently, the (o, f)-minimax separation rate mSR, g (S5« 7+ [Ao] )-

Let us now consider the question of adaptation with respect to the change height only.
To this end, we introduce, for 7* in (0, 1) and ¢* in (0,1 — 7*] the set

[AL6.2]  S.epe[No] = {A:]0,1] = (0,+00), 36 € (=g, +00) \ {0},
Ve 0,1] M) = Aot 0L resey (D)} 2 (8)

and we consider the problem of testing (Hy) versus (Hy) "X € S. 1« o+ [Ao]”.

The following result gives a nonasymptotic lower bound for the («, $)-minimax separa-
tion rate over the set of alternatives S.,« s [A\o] of the parametric order LY2, which is
obtained from a now classical Bayesian approach that originates in Le Cam’s theory and
Ingster’s work [65] in an asymptotic perspective, and that has been next adapted to the
nonasymptotic perspective by Baraud [8|. For the sake of clarity and completeness, the
main points of this approach are recalled in Section 6.1, and the complete proof can be
found in Section 5.

Proposition 3 (Minimax lower bound for [Alt.2]). Let av, B in (0,1) such that o+ < 1,
Xo >0, 7% in (0,1) and ¢* in (0,1 — 7*]. For all L > 1, the following lower bound holds:

mSRaﬂ (S.,T*,g* [)\0]) 2 \/)\0 lOg Ca,g/L, with Ca’g =1 + 4(1 — X — ﬁ)2 .

In order to prove that this lower bound is sharp with respect to L, we introduce a first
bilateral test based on the counting statistic N (7%, 7 + ¢*] of the above Neyman-Pearson
tests. So let

(1) _ +
2’a(N) a ]l{N(T*,T*+€*}>pA0l*L(1—Oél)} (1 - al)]l{N(T*77*"'6*]:1’%05”(1_0‘1)}
+ ]l{N(T*7T*+Z*}<P,\02*L(a2)} r (OQ)]I{N(T*,T*+Z*}=P,\02*L(a2)} . (9)
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where oy and as in (0, 1) are determined by
a;+ag=a and B\ [N(T", 7" + (7] ;%(N)] = aBE)\[N(T*, 7"+ 7]] . (10)

Since our testing problem amounts to a problem of testing "0 = 07 versus 70 # 07 in
the exponential model dPy/dPy,(N) =exp[In (1 +d/Xo) N(7*, 7" + ¢*] — §¢*L], applying
the result of Chapter 4.2 in [73] allows to see that ¢§1L is an Uniformly Most Powerful
Unbiased (UMPU) test of size a. We also prove that it is S-minimax (up to a possible
multiplicative constant) over the set of alternatives S. .« ¢+[Ag] with the following result.

Proposition 4 (Minimax upper bound for [Alt.2]). Let L > 1, o, 3 in (0,1), \g > 0,
7 in (0,1) and €% in (0,1 — 7). The test ¢y of (Ho) versus (Hy) "\ € S.p=p[No]”
defined by (9)-(10) is of level cv, that is Py,( glt)l(N) = 1) < «a (it is even of size «, that
is By, [gbélc)y(N)] = «). Moreover, there exists C(a, 3, Ao, 7%, €*) > 0 such that

SRB(QSSgu S~,T*,Z* [)\0]) S O(a> 5) )\07 E*)/\/z ’
which entails in particular mSRy g (S. .+« - [No]) < Cla, B, Xo, £*) VL.
It is interesting to notice that the test gbglt)x can also be written as

(1) _ +
270(]\[) a ]l{N(T*,T*+€*}>ﬁA0l*L(1—0¢1)} (1 - al)]l{N(T*77*"'6*]:17%05”(1_0‘1)}
* ]l{N(T*7T*+€*}<I§/\OZ*L(0¢2)} T (az)]l{N(T*”*"'Zﬂ:ﬁ/\of”(a?)} ’ <11>

where N(7%, 7% + (*] = N(7*, 7" + *] — X\ol*L and py,e-1(u) is the u-quantile of this
recentered Poisson variable under (Hy). The statistic N (7, 7" + ¢*] being an unbiased
estimator of L(A — Ao, L (7« r+4¢+)2 When A belongs to S. -« 4«[Ag], it is intuitively natural
to reject (Hp) "X = A¢” when it is too small or too large, with critical values determining
what "too small" or "too large" means based on the quantiles of N(7*,7* 4+ ¢*] under
(Ho).

Since the distance considered in our minimax criteria is the ILo-distance ds, a more natural
idea here is to construct a test based on a statistic estimating dy (X, o) or d3 (\, A\g) when
A € 8.+ +[No]. Such an unbiased estimator of d3 (A, \g) is in fact given by the quadratic
statistic 1o« ;+40+(N), where for 7, 7 such that 0 <7 <7 <1,

1
Tq—l,q—Q(N) - To - N (N (Tl,T2]2 — (1 -+ 2)\0[/(7'2 — Tl))N (Tl,Tg] -+ >\(2)L2(7'2 — T1)2)
L (T2 — Tl)
(12)
This leads us to consider a second minimax test, defined by
2
g,,)l(N) == ]]'TT*yT*+l* (N)>t)\077_*’7_*+[*(1—05) 9 (13)

where ), -, (1) denotes the u-quantile of the distribution of 77, ,,(N) under (Hy).

Proposition 5 (Alternate minimax upper bound for [Alt.2]). Let L > 1, a, 8 in (0,1),
X > 0, 7" in (0,1) and ¢* in (0,1 — 7*]. The test gbg‘)x of (Hy) versus (Hy) "X €
S.« [ No]” defined by (13) is of level a, that is P,\O(QS;?())(N) = 1) < a, and there exists
Cla, B, Do, 75, 0%) > 0 such that SRg(5 s S [No]) < C(av, B, Ao, ) /VL.
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Comments. Both tests qbgl()) and (;322()1 are therefore S-minimax over the set of alternatives
8.+ o+[Ao], where the change height of the change is unknown, with an optimal uniform

separation rate of the parametric order 1/4/L. Despite the bilateral form of the test gbglc)y
and the apparent unilateral form of gbggé, these tests have very close links that we detail
below.

Notice that the present study involves the particular non transitory change or jump detec-
tion problem, with a known change location, taking ¢* =1 —7*. The study of the general
non transitory change or jump detection problem (of unknown location) is conducted in
Section 2.5.1 as a particular case of change detection problem with unknown location and
length.

2.2 Choice of the test statistics and links between the correspond-
ing procedures

Let us focus on the test gbggx and contrast it to the UMPU test gbél()) To this end, we
notice that

DNy =1,

2,

(7 0] =200 L> 5 (14 [T+ L+ L2ty v vy (1—a) )

+ ]]‘N(T*,T*+Z*]—)\OLZ*<%(1—\/1+4>\OZ*L+4Z*L2t>\O,T*7T*+Z*(1—a)) :

The test qb;i{ can therefore be related to the test qbglc)y expressed with the recentered statistic

N(7*,7% 4+ ¢*] as in (11), with the only difference that its critical values are differently
chosen. The choice made for gb&)y has two main consequences: a negative one, which is

that the test is not UMPU contrary to gbglc)y, and a positive one which is that it does not

involve calibration of two levels a; and ay as in gbglt)x where they have to satisfy (10),
equivalent to

Ey, [(N(T*’ T+ ) = Droeer (1 — 0‘1)) ]]'{N(T*,T*+£*]—5AOZ*L(1—O£1)>0}]

+ B [(N(T*’ T+ ] - @\OZ*L(OQ)) 1{N(T*,T*+é*]—ﬁAol*L(a2)<0}]
+ a1Drge-r(1 — 1) + aoprgerr(2) =0 .

This calibration, which is already not so easy to execute when using such single bilateral
tests, leads to an additional difficulty when considering their aggregation. Correcting the
individual levels of some tests of the form of gbggx when they are aggregated is quite a
classical question, that can be solved by using principles of Bonferroni or min-p multiple
tests. This question becomes particularly tricky for tests of the form of ¢§12¥ the arbitrary
choice of oy = s makes the aggregation more convenient in the following, at the price to
slightly degrade the final power of the aggregated test, especially when the distribution
of the involved recentered statistics N(7i, 7] is not symmetric with respect to 0. More
details are given in Section 2.6.

This last consequence, together with the fact that the test statistic 77, -, (/V) is an unbiased
estimator of ||TIy, . (A—Xo)||3 where V;, -, = Vect (@©(r, ry] = Lz ry)//T2 — 71) and Iy,
denotes the orthogonal projection onto V, -, in Ly ([0, 1]), which can be a starting point to
generalise the present detection tests to more complex change-point detection problems
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(for instance in nonconstant baseline intensities), has led us to keep both types of tests
all along our study whenever possible. Moreover, the tools used to obtain the minimax
results for both tests are very different, hence the proofs for the two tests can be viewed
as real alternate proofs of minimax separation rates upper bounds.

2.3 Minimax detection of a transitory change with known length

The present subsection is dedicated to the problem of testing (Hy) "X € So[ho] = {Ao}”
versus alternatives where the length of the change from the baseline intensity is known,
with adaptation with respect to the change location, and with or without adaptation
with respect to the height of the change. We therefore introduce, for ¢* in (0,1) and 6*
in (—Ag, +00) \ {0}, the two following sets:

[A1t.3] Spe.-[No] = {A: [0,1] = (0, +00), 37 € (0,1 —£7),
Vi€ [0,1] A(t) = Ao+ 0 Lirrpeg ()}, (14)

[Alt.4] S il

y

[Ao) = {A[0,1] = (0,+00), 6 € (=N, +o0) \ {0}, Ir € (0,1 — %),
Vt € [O, 1] )\(t) =X+ 5]1(7_,7.4_5*](15)} . (15)

As seen in the above subsection, the knowledge of the change height ¢* is not necessary
to construct an UMP test of (Hy) versus (Hy) "X € S+« 0+[Ao]” as the test statistic,
which is the exhaustive statistic in the considered exponential model, does not depend
on the value of 6*. This enables to directly extend it to an UMPU test of (Hy) versus
(Hy) "A €S 7++[A0]” based on the same exhaustive statistic N (7%, 7% 4 ¢*].

The only significant question is hence the one of adaptation to the change location 7*.
A natural approach to handle this question is to take the same linear and quadratic
statistics as the ones used for testing (Hy) versus (Hy) "X € Sg« o+ p+[Xo]” or (Hy) "X €
S.«+[Ao]”, but making 7* varying in the whole set of possible change locations, or an
appropriate restricted set of possible change locations. This approach, known as statistics
scanning in the signal and image processing literature or statistics aggregation in the
minimax testing literature, has close connections with multiple tests that were investigated
in [52] (see Section 2.6), and that will be exploited in a further work dedicated to the
change localisation problem.

We therefore first introduce the following linear statistic based aggregated tests:

(1)~ _
¢3’a (N) o 1 {minTE[O,lfé*] N(T,T—I—f*]<p;07£* (a)} ’ 16
s (N) = 1 (16)
3, {max‘rE[O,lfl*] N(T,T+£*}>p;\‘ﬁol* (l_a)} ’

where py ,.(u) and pj{o’z* (u) respectively denote the u-quantiles of the distributions of
min.¢jo1—¢) N(7, 7 4+ €*] and max.¢(o1-¢+) N (7,7 + €*] under (Hy).
From these unilateral tests, we construct the bilateral test

(AN = 640, (N) v o (N) (17)

intended to address the change height adaptation issue.
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Finally, considering M = [2/¢*] and u, = o/ [(1 — £*) M|, the test statistic Tj sk a0 (V)
defined by (12) and its u-quantile tx, x/ar,k a4+ (1) under (Hy ), we introduce the quadratic
statistic based aggregated test

=1 (18)

,,,,, [(1—£*)M]—1} (Tﬁ,ﬁﬁ* (N)—tk(),ﬁ’%ﬁ*(l—ua)) >0}

As the set Sg« .. «[\o] defined in (14) is composed of alternatives with known change height
0* and length ¢*, the distance between any of its elements and Sy[Ag] = { Ao} is fixed, equal
to [0*|v/¢*. Therefore, it is not discussed from the minimax point of view. We only provide

sufficient conditions for the tests qb:(,)lc)f, gbélt)l nd ¢3 4o O have a second kind error rate

controlled by a prescribed level 5 under P, when >\ € Ss+...0x[Mo]. The proofs of these
results, postponed to Section 5, mainly rely on sharp bounds for the quantiles py . (),

pj\’oﬁ (1—a) and ¢, k/are/ni+e+ (1 — g ), that are deduced from two very recent exponential
inequalities for the supremum of a counting process and the oscillation modulus of the
square martingale associated with a counting process due to Le Guével [71]|. Recall that
the technical proofs of such quantiles bounds are detailed in Section 6.

Proposition 6 (Second kind error rate control for [Alt.3]). Let L > 1, a and [ in
(0,1), Ao > 0, 6" in (=Xg, +00) \ {0} and ¢* in (0,1). Considering the problem of testing
(Ho) v.s. (Hi) "X € Sse e[ Ao]”, let gbélf) be one of the tests ¢£())1()1 or ¢3/4 if 6 >0,
and one of the tests qbz())lc)y or ¢3/4a if 0 < 0 (see (16) and (18) for definitions of the
tests). The test qﬁgf is of level «, that is Py,( 1/2)(]\7) = 1) < a. Moreover, there
exists C(a, 5, N, 6%, 0*) > 0 such that P,\< 1/2)(N) = O) < B as soon as X belongs to
85*,..75* [)\0] with
dy (X, Soldal) = Cla, B, X, 0", ) VL

Comments. Remarking that for A in S« .- [Ao], da (X, So[\o]) = |6*|v/¢*, Proposition 6
leads to exhibit a sufficient minimal value Lq(a, 5, Ao, 0%, £*) for L so that the second kind
error rates of the above tests are controlled by 5. Anecdotally, it furthermore shows that

if L > Lo(a, B, Ao, 0%, £*), the S-uniform separation rate of the above tests over Sg« .. p«[Ao]
is equal to 0, as well as the («, f)-minimax separation rate mSR, g (Ss« .. o<[Ao] ).

Turning now to the change height adaptation issue, the lower bound for mSR,, g (S. = ¢+ [Ao])
given in Proposition 3 directly leads, using the monotonicity property of the minimax sep-
aration rate recalled in Lemma 42, to the following lower bound for mSR,, s (S... o< [Ao] ).

Corollary 7 (Minimax lower bound for [Alt.4]). Let a, § in (0,1) such that o + 3 < 1,
Xo > 0 and €* in (0,1). For L > 1,

mSRQ,ﬁ (8.7..,5* [)\0]) Z \/ )\0 10g Ca,ﬁ/L, with Caﬁ =1 + 4(1 — 0 — 5)2 .

Proposition 8 (Minimax upper bounds for [Alt.4]). Let L > 1, o and 5 in (0,1),
Xo > 0, and ¢* in (0,1). Let (bgjf) be one of the tests ¢4(11()x and ¢§2/)4a of (Hy) versus
(Hy) "N € S...ix[No]” defined respectively by (17) and (18). Then ¢(1/2 is of level v, that
is Py ( (1/2)(]\7) = 1) < a. Moreover, there exists C(a, 5, Ao, £*) > 0 such that

SR (6527, .o [No]) < Clar, B, 00, 0) VL
which entails in particular mSRa 5(S. .. 0+[No]) < Clev, B, Ao, ) /VL.
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Comments. The proof of Proposition 8 mainly relies as the proof of Proposition 6 on
the quantile controls of lemmas 49 and 48, respectively deduced from theorems 4 and 2
in |71]. This result with Corollary 7 means that the tests gbil()x and gb:(f/)‘m of (Hy) versus
(Hy) "X € S...p+[N\o]” are f-minimax. Moreover and importantly, regarding the results
obtained for [Alt.2], Proposition 8 with Corollary 7 also means that minimax adaptation
with respect to the change location can be achieved with a minimax separation rate of the
parametric order, hence without any additional price to pay (possibly except multiplica-
tive constants), as soon as the only change length is known. This may contrast with the
common idea (maybe spread by results in the jump detection problem where adaptation
to the change location is equivalent to adaptation to the change length) that adaptation
to the change location is the main cause of an unavoidable logarithmic cost. Here, by
considering all the cases separately and step by step, we aim at precisely exhibiting the
various regimes of minimax separation rates: this allows us in particular to specify - where
relevant - the price to pay for adaptation to the different alternative parameters.

2.4 Minimax detection of a transitory change with known loca-
tion

In this subsection, we consider the problem of testing the null hypothesis (Hy) "\ €
So[No] = {Ao}” versus alternative hypotheses where the location of the change from the
baseline intensity is known, with adaptation with respect to the change length, and with
or without adaptation with respect to the height of the change. Contrary to the study of
Section 2.3, while adaptation to the change length only can be done without any incidence
on the minimax separation rate order, adaptation to the change height in addition to the
change length has a non-negligible impact. We therefore examine these two questions in
two separate subsections.

2.4.1 Known change height

Let us first investigate the problem of testing (Hy) versus (Hy) "\ € Sgr +....[Ao]”, where
the set Sg« +...[Ao] is defined for §* in (—Ag, +00) \ {0} and 7* in (0, 1) by

[Alt.5] S5+ re...[Xo] = {A:[0,1] = (0,400), I € (0,1 —7%),
Vit € [O, 1] )\(t) =X+ 5*]1(7.*’7.*4_5] (t)} . (19)

As explained above, we will see that the minimax separation rate over this alternative
set remains unchanged, of the parametric order L=%2. A lower bound is easily obtained
from the key arguments given in Section 6.1. Therefore the major point here is the
construction of a minimax adaptive test, which has to take the knowledge of the change
height 0* into account. In order to determine the most relevant way to integrate this
knowledge, we have used an exact expression for the probability distribution function as
well as an exponential inequality for the supremum of Poisson processes with shift, both
due to Pyke [89, Equation (6) and Theorem 3|. This has led to a new procedure which
is rather atypical regarding the other tests of this paper, and which can be related to
Brunel’s [19] scan test in the Gaussian set-up.
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Proposition 9 (Minimax lower bound for [Alt.5]). Let av, B in (0,1) such that o+ < 1,
Ao >0, 6% in (=X, +00) \ {0} and 7 in (0,1). For all L > X\glog C, 5/(6**(1 — 7)),

mSRa,g (35*,7-*7...[)\0]) Z \/ )\0 log Ca,B/La with Caﬁ =1+ 4(1 - — 5)2 .

Let us now introduce the aggregated test

¢5,a(N> = ]l{supZE((),lf‘r*) Sé*,-r*,T*+Z(N)>Sio,6*,r*,L(l_o‘)} ; (20)
where Ss« 7, -, (V) is the statistic defined for 0 < 7 <7 <1 by
S (N) = sg0(8") (N (71, 72] = MoL(m2 = 7)) = [0 L(m = m)/2 . (21)

and 3 5. . p(u) is the u-quantile of supye (g1« Ss+,7+ r++¢(N) under (Hp).

Lemma 50 provides a control of the quantile sj\’m 5+ =1 (1—a), which is deduced from Pyke’s
results [89], and which is the main argument to prove that ¢5, has an uniform separation
rate of parametric order L™'/2 and thus show that the lower bound of Proposition 9 is
sharp.

Proposition 10 (Minimax upper bound for [Alt.5]). Let L > 1, a and [ in (0,1), A\g > 0,
0% in (=g, +00) \ {0} and 7 in (0,1). Let ¢35, be the test of (Hy) versus (Hy) "X €
Ss« [ No]” defined by (20). Then ¢54 is of level a, that is Py, (¢54(N)=1) < a.
Moreover, there exists a constant C(«, 3, Ao, 6*) > 0 such that

SRB (¢5,o¢a 86*,7'*,"'[)\0]) S O(a> 5) )\07 6*)/\/Z )

which entails in particular mSR, g (Sse -+...[Ao]) < C(a, B, No, 6*)/VL.

2.4.2 Unknown change height

Now addressing the question of adaptation to the change height together with the change
length, we consider for 7* in (0, 1) the alternative set

Sore M) = {A1[0,1] = (0,400), 36 € (=X, +00) \ {0}, I € (0,1 —7),
V€ [0,1] A(t) = Ao+ 0L mpq(t)} . (22)

A first preliminary result in fact shows that this set of alternatives is too large to be
relevantly studied from the minimax point of view: the minimax separation rate is infinite
over it.

Lemma 11. Let o and § in (0,1) such that a + 5 < 1, A\g > 0, and 7" in (0,1). For
the problem of testing (Hy) "X € So[ho] = {No}” versus (Hy) "X € S.+..[\o]”, with
S.r+..[No] defined by (22), one has mSR, g (S. 7+...[\o]) = +00.

This preliminary result leads us to consider, for R > ), the restricted set of alternatives

(AL6.6] 5. [oy B] = {02 0,1] = (0,R], 36 € (—Ao, B — Ao] \ {0}, 3¢ € (0,1 — ),
YVt € [O, 1] )\(t) =X+ (5]1(7.*,7.*_1_5] (t)} . (23)

For the problem of testing (Hy) "X € So[ho] = {Ao}” versus (Hy) "M € S «...[\o, R]”,
we then obtain the following lower bound.
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Proposition 12 (Minimax lower bound for [Alt.6]). Let o, 8 in (0,1) with o + f <
1/2, \g >0, R > Xy, 7" in (0,1). There exists Lo(a, B, o, R) > 0 such that for L >

L()(CY, 5) )\07 R);
mSRa g (8. r+....[Ao, B]) > /Ao loglog L/L .

Let us now assume that L > 3. In order to prove that the above lower bound is of sharp
order (with respect to L), we construct two aggregated tests: a first one based on a linear
statistic and a second one based on quadratic statistic as in Section 2.3.

We thus consider the discrete subset of (0,1 — 7*) of the dyadic form

{tp=(1—7)2" ke{l,..., [log, L|}} ,

and the corrected level u, = a/|log,(L)], which allow to define the two following tests:

& (N) =

{maxke{1 ,,,,, LlogzLJ}( (7% 7 +lrx k] =Prge _Ta )>0}

(24)

where pg(u) stands for the u-quantile of the Poisson distribution of parameter £ as in (5),
and

CHN) = (25)

where T, -,(N) is the quadratic statistic (12), and tro.m . (0) its u-quantile under (Hy).

Proposition 13 (Minimax upper bound for [Alt.6]). Let « and S in (0,1), A\g > 0,
R > X and 7 in (0,1). Let QS(I 2 be one of the tests (bég and <b2 of (Hy) wversus
(Hy) "N € S. 1+...[ Xy R]” respectively defined by (24) and (25). Then QS(I/ is of level a,
that is Py, ( (1/2)(N) = 1) < a. Moreover, there exists C(a, 8, Ao, R) > 0 such that

SRy (0447, 8..re [0, B] ) < Cla, B, 00, R)Vloglog L/ L

which entails in particular mSR,, 5 (S. +...[Ao, R]) < C(av, B, Ao, R)+/loglog L/ L.

Comments. The proofs of these upper bounds are mainly based on a sharp control of the
quantiles pye. . 1 (u) derived from the Cramér-Chernov inequality (see Lemma 46), and of
the quantile i&,\(;,m72 (u) already used in the proof of Proposition 6. This result, combined
with its corresponding lower bound, brings out a first phase transition in the minimax
separation rates orders, from the parametric rate order 1/v/L to y/loglog L/L. This
means that adaptation with respect to both height and length of the bump has a v/log log L
cost, while adaptation to only one of these parameters does not cause any additional
price, nor adaptation to both height and location as noticed above. Though a comparable
phase transition has already been observed in Gaussian models when dealing with the
jump detection problem (where adaptation with respect to the location is equivalent to
adaptation with respect to the length), up to our knowledge, such results did not appear
yet in the bump detection literature.
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2.5 Minimax detection of a possibly transitory change with un-
known location and length

In this subsection, we address the final problem of testing the null hypothesis ( Hy) "\ €
So[o] = {Ao}” versus alternative hypotheses where both location and length of the change
from the baseline intensity are unknown, distinguishing the case where the change is
transitory from the particular case where it is not transitory.

Still adopting the minimax point of view, we will see that when considering the transitory
change detection problem, adaptation to both change location and length has a minimax
separation rate cost of order y/log L, and this whether the change height is known or not.
This highly contrasts with the study of the particular non transitory change or jump
detection problem, which makes two different regimes of minimax separation rates appear,
with a maximal cost of order y/loglog L for change height adaptation.

Let us underline that the non transitory change or jump detection problem can be viewed
as perfectly symmetrical to the above transitory change with known location detection
problem (see Section 2.4). In the first problem, one can consider that the length of the
change is unknown but the endpoint of the change is known, while in the second problem
the length of the change is unknown but the starting point of the change is known. The
study of the first non transitory change detection problem will therefore use very similar
arguments as the study of the second transitory change with known location detection
problem, finally leading to the same minimax separation rates. This is why we conduct
it first here.

2.5.1 Non transitory change

In order to investigate the problem of detecting a non transitory change or jump with un-
known location, but known height, we introduce for §* in (—\g, +00) \ {0} the alternative
set

[ALL.7] S5 [No] = {X 2 [0,1] = (0,400), 37 € (0,1), A(t) = Ao+ 0" T (£)} . (26)

This allows us to formalise the considered detection problem as a problem of testing the
null hypothesis (Hy) "X € So[Xo] = { Ao} versus the alternative (Hy) "X € Ss .. 1-..[ )",
with the corresponding minimax lower bound stated below.

Proposition 14 (Minimax lower bound for [Alt.7]). Let o and 5 in (0,1) such that
a+ B <1, A\ >0 and §* in (=X, +00) \ {0}. For all L > N\glog C,, 5/6*2,

Following the study and the notation of Section 2.4, we define the test

¢1.0(N) = L (27)

SUPre(0,1) S(S*,T,I(N)>Sioy5*y[,(1_a)} ’

where Sy« 7, 7, (N) is the statistic defined by (21) and s}, 5. ; (u) stands for the u-quantile
of sup.,¢(g,1y Ss+ -1 (V) under (Hp).
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Proposition 15 (Minimax upper bound for [A1t.7]). Let L > 1, ac and 3 in (0,1), \g > 0
and 6 in (=g, +00) \ {0}. Let ¢7, be the test of (Hy) versus (Hy) "X € Sge..1—..[Ao]”
defined by (27). Then ¢z, is of level v, that is Py, (¢7..(N) =1) < a. Moreover, there
exists a constant C(«, 3, N, %) > 0 such that

SR (¢7,0, Sse 1 [Aa]) < Cla, B, X, 6%) VL,
which entails in particular mSR, g (Ss+..1-..[Xo]) < C(a, B, X, 0*)/V/L.

Let us now tackle the question of adaptation with respect to the change height and
therefore introduce to this end a preliminary alternative set

S.ca—[Xo] = {A: 36 € (=X, +00) \ {0}, 37 € (0,1), A(t) = Ao + 0Lz y(t)} . (28)
As in Section 2.4, we underline that the minimax separation rate over this set is infinite.

Lemma 16. Let o, 8 in (0,1) such that a+ < 1. For the problem of testing (Hy) "\ €
So[ho] = { Ao} versus (Hy) "X € S...1—..[No]|”, with S...1_..[\o] defined by (28), one has
mSRaﬂ (3.7..,1_..[)\0]) = +00.

We thus consider for R > Ay the more suitable set of alternatives bounded by R, defined
by

[A1£.8] S...1—.[Xo, R] = {\:[0,1] — (0, R], 36 € (—Xo, R — Xo] \ {0}, 37 €(0,1),
Vt € [0, 1] )\(t) =X+ 5]1(7_’1](15)} . (29)

Considering the problem of testing (Hy) "X € Solho] = {Ao}” versus (Hy) "\ €
S...1—..[Ao, R|”, we then obtain the following lower bound.

Proposition 17 (Minimax lower bound for [Alt.8]). Let o, 8 in (0,1) with o+ < 1/2,
Xo > 0 and R > \g. There exists Lo(a, B, Ao, R) > 0 such that for L > Lo(c, 5, N, R),

mSRaﬁ (3.7..71_..[)\0, R]) 2 AV )\0 log 10g L/L .

Again, following the study and the notation of Section 2.4, we assume now that L > 3,
we consider the discrete subset of (0,1) of the dyadic form

{mm=1-2"% ke{l,... [log, L]}} ,
and we set u, = a/[logy(L) ], which allows to define the two following tests:
L)
(30)

where pe(u) stands for the u-quantile of the Poisson distribution of parameter £, and

SNy =1 (31)

{maxpe(1,.... 10gy L1} (Tr 1 (N)=tag rp 1 (1=ua ) ) >0}

where 17, -,(N) is the quadratic statistic (12) and ¢y, -, -, (u) its u-quantile under (Hy).
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Proposition 18 (Minimax upper bound for [Alt.8]). Let o, B in (0,1) with a + B < 1,
Xo >0 and R > X\g. Let qbgc/f) be one of the tests qbgc)y and qbg(f()l of (Hy) versus (Hy) "X €
S...i—..[Xo, R]|” respectively defined by (30) and (31). Then gbgc/f) is of level a, that is
Py ( gf)(N) =1) < a. Moreover, there exists a constant C(a, 3, \o, R) > 0 such that

SRy (0007810, ] ) < Clav, 8,00, R)Vloglog L/L .
which entails in particular mSR, g (S...1-..[\o, R]) < C(a, 5, Ao, R)\/loglog L/ L.

2.5.2 Transitory change

In this section, we address the transitory change detection problem, focusing here on the
question of adaptation to unknown location and length.

As explained above, we will see that minimax adaptation to these both parameters has
the most important cost in the present study, whose order is as large as y/log L, so that
adaptation to the height will have no additional cost.

Let us first give lower bounds for the minimax separation rates, focusing on the case where
the change height is known since the general case where all three parameters, location,
length and height of the change are unknown then follows easily.
Hence, we introduce for §* in (=X, +00) \ {0} the alternative set

[AL1£.9] Sp-.....[Ao] = {A:[0,1] = (0, +00), Ir € (0,1), I € (0,1 —7),
Vt € [O, 1] )\(t) =X+ 5*]1(777-4_@] (t)} . (32)

Proposition 19 (Minimax lower bound for [Alt.9]). Let a, 8 in (0,1), Ao > 0 and §* in
(=g, +00) \ {0}. There exists Lo(cv, B, Ao, 6*) > 0 such that for all L > Lo(cv, B, Ao, 6%),

Now considering the very general alternative set
S.onfro) = {A:[0,1] = (0,400), 35 € (—Ao, +00) \ {0}, 37 € (0,1), I € (0,1 —7),
Ve € [0,1] A(t) = Ao+ 0L(rrpq(t)} . (33)

since it contains S. ;« ...[\o| defined by (22) for any 7* in (0, 1), Lemma 11 straightforwardly
leads to an infinite minimax separation rate lower bound.

Corollary 20. Let o, § in (0,1) such that o+ < 1. For the problem of testing (Hy) "\ €
So[Mo] = { Ao} wversus (Hy) "X € S.....[Ao]”, with S.....[\o] defined by (33), one has
mSRaﬂ (S ,[)\0]) = +00.

%y

We therefore restrict the alternative set to the one defined for R > Ay by

[A1t.10] S......[A0, R] = {A: [0,1] — (0, R], 36 € (—Ao, R — Ao} \ {0}, 37 € (0, 1),

e (0,1—7), VE€[0,1] A{t) =X+ 0Lirrpg(t)} , (34)
and deal with the problem of testing (Hy) "A € So[ho] = { Mo}’ versus (Hy) "\ €
S.....[Ao, R|”. This alternative set S......[Ao, R] includes Sg_j,......[A\o] defined by (32)
when R > Ao, and S_) /a.....[Ao] when A\g = R. Therefore, Proposition 19 has the

following direct corollary, whose proof as well as the proof of Corollary 20 is omitted for
simplicity.
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Corollary 21 (Minimax lower bound for [Alt10]). Let o, 5 in (0,1) with a + 5 < 1,
Xo > 0 and R > \g. There exists Lo(a, B, Ao, R) > 0 such that for all L > Lo(a, 3, Ao, R),

mSRaﬁ (3.7..,...[)\0, R] ) 2 \/ )\0 10g L/(QL) .

In order to prove that the above lower bounds are sharp, we secondly construct two novel
minimax adaptive tests according to a scanning aggregation principle again. Since the
lower bound shows an additional cost for adaptation to change location and length of
order /log L instead of at most /loglog L when dealing with adaptation to only one of
these parameters, we do not necessarily need to consider a dyadic set of aggregated tests.
More precisely, setting u, = 2a/([L]([L] + 1)), we define

(bg/lo a( ) - ]l{

. ./
maXgefo,...,[L]1—1},k €{1,..., [L]—k}(N([_]Z]vk[JEﬁ]_pkok’L/]'L'\(l_uTa))>0}

V1 , . (35)
{maxke{o ,,,,, [L]—1},k’e{1,....,[L]1—k} (pkok’L/[L'l ( 5 )_N(% kﬁLI}c } )>0}
and
¢9/100¢( )=1 . (36)
maXgefo,...,[L]—1},k" €{1,...,[L]—k} Tﬁykﬁlﬁ’ (N)_tk()»%»kfﬁ/(l_ua) >0

Proposition 22 (Minimax upper bound for [Alt.10]). Let a, 3 in (0,1), Ay > 0 and
R > X\o. Let gbgl/fo)a be one of the tests qﬁél/)m’a and qSéZ/)lOa of (Hy) wversus (Hy) "X €
S......[Ao, R]|” respectively defined by (35) and (36). Then (bgl/l%a is of level «, that is

Py, (¢(1/2 (N) = 1) < . Moreover, there exists a constant C(a, B, Ao, R) > 0 such that

9/10,0
SR (8161 S0 B ) < Clar, B, 20, )V 108 L

which entails in particular mSR,, 5 (S. .....[Ao, R]) < C(a, B, Xo, R)+/log L/ L.

As in particular Sy« .. ...[Ag] is included in S. .. ...[Ag, Ag+0*] for any 6" > 0 and S. .. ...[Ag, Ao
for any 0* in (—\g, 0), Proposition 22 has the following immediate corollary, which closes
the study of possibly transitory change in a known baseline intensity detection.
Corollary 23 (Minimax upper bound for [Alt.9]). Let o, in (0,1), Ay > 0 and 0*
n (—Ao,+00) \ {0}. Let (bgl/l%a be one of the tests ¢9/10a and (bg(f/)w@ of (Hy) versus
(Hy) "X € Sge ... [No)” respectively defined by (35) and (36). Then gbél/fo)a is of level a,

that is Py, ((bgl/l%a( ) = 1) < a. Moreover, there exists C(a, 3, Xg, %) > 0 such that

SR (08rar St Po] ) < Cla, 8, 20,8 Iog L/L

which entails in particular mSR,, g (Ss~......[\o] ) < C(a, 5, Ao, 6*)/log L/ L.

Comment. The upper bounds in Proposition 22 and Corollary 23, combined with their
corresponding lower bounds, bring out a second phase transition in the minimax sepa-
ration rate orders, from the rate order \/loglog L/L when considering adaptation with
respect to both bump height and length to \/log L/ L, obtained when dealing with adap-
tation to at least bump location and length (with no additional cost when adapting to the
bump height). As comparable minimax separation rates were already known in Gaussian
models with [5] and [19], these results were more expected that some of the above ones.
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2.6 Choice of individual levels for aggregated tests and links with
multiple tests

Except the tests o7 ,, oF o gla and q§2a that are classical single tests, all the tests
introduced in the above study are based on aggregation principles. Among them, we can
essentially distinguish two kinds of such aggregated tests.

The first aggregated test type is of the form ¢ggg10(N) = ]l{sup9€@ So(N)>sf (1-a)} OF

]l{supae@ Sg(N)>s;rO(1—a/2)} N ]l{infge(_) SQ(N)<S;\O (a/2)}’ where:

e 0 is one possible parameter or couple of parameters among the location 7 or length

¢ of the bump /jump in the alternative intensity, and © is a subset of possible values
for 0,

e Sy(N) is a statistic designed to test (Hp) "A = \o" versus (H;) "A has a jump or a
bump with parameter or parameters 6", such that sup,cq Sp(IV) and infyeg Sp(IV)
have computable, exactly or by a Monte Carlo method, u-quantiles sj{o (u) and s} (u)
under (Hy).

The tests ¢3a , ¢3a , ¢4a, ¢5.0 and ¢7, can all be written in this way.
The second aggregated test type is of the form ¢,490.0(N) = ]]-{Sllpae@(se(N)—SA o(1—ua) )50}
0> ey

or ]l{Supge@(SQ(N)—SAO’Q(I—ua/z))>O} v ]l{supgee(s)\oyg(ua/2)—59(N))>0}7 where:

e @ is one possible parameter or couple of parameters among the location 7 or length
¢ of the bump/jump in the alternative intensity, and © is a finite subset of possible
values for 0,

e Sy(N) is a statistic designed to test (Hp) "A = A" versus (H;) "A has a jump/bump
with parameter or parameters 6", with computable (1 — u)-quantiles sy, o(1 — u)
under (Hy),

e 1, is an individual, adjusted and smaller than «, level of test.

The tests ¢3/4a, ¢6a, ¢6a, ¢5(51a7 ¢5(;2a7 ¢9/10a, ¢s()2/)10 ., can all be written in this way.

Both ¢ugg1,0 and ¢g42,« aggregated test types can thus be expressed as 11{3966 So(N)> g 0.0}
} 0,0,

_ ot 1 — ot
or ]l{aee@, So(N)>c} | g0 o So(N)<E3 9o}’ where ¢y, 9.0 = 53, (1—a), ¢y, g0 = 5y, (1 —/2) and
cio’aa = s;O(a/Q) do not vary with 6 in ¢,4g1,4 and cx, 0.0 = Sxg.0(l—ua), 02\079,(1 = Sxp0(l—
Uq/2) and Cioﬂ,a = Sxy,0(Ua/2) vary with 6 in ¢gg40 o. This therefore means that these tests
reject (Hy) when, scanning all the parameters or couples of parameters 6 in ©, at least one
single test in the collection {1, )>ergoar O € ©} or {Lg, N)>el, oo Vs, (v)<c 300 , e}

rejects (Hp), which explains the name of scan aggregation prln(:lple All the smgle tests
Lsy(N)>erg 0,0 OF 159(N)>0A0,9,a Vv 159(N)<0A0,9,a in the considered collections are of level «,
but they can be in fact, individually, very conservative, otherwise their aggregation would
not preserve the level a property in fine. In the particular case of ¢u442.q, the single tests
are of individual level u,, taken here equal to u, = o/|0)|.

A better choice for u,, leading to a less conservative aggregated test, was first proposed
in another context by Baraud et al. [9]. In our context, this choice corresponds to u.,
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equal to

sup {1 € (0,1), Py (5ubpeo (So(N) — sx0(1 = 1) > 0) < a} or
u, =< sup{u € (0,1),

Py, (supgee (So(N) — sxg0(1 —u/2)) V (53,,0(u/2) = Sp(N)) > 0) < a}( :

37

Since u, < ul,, by definition, sy, g(1—ul) < sxgo(l—uq), Sxp0(1—ul/2) < sx,0(1—u0/2)
and $x,.0(ta/2) < sxg0(ul,/2). Any upper bound for sy, o(1 — ug) or sy, e(l — ua/2), or
lower bound for sy, ¢(ua/2), such as those used in the proofs of the minimax separation
rates upper bounds and deduced from the quantiles bounds of Section 6.2, therefore remain
valid for sy, o(1 — ul,), Sa0(1 — ul,/2) or sy, e(ul,/2) respectively. As a consequence, all
the above tests of type @uggo,o but with u, instead of u,, that we can denote by ¢/, 5
satisfy the same minimax properties as @ug42 -
The fact that such adjusted aggregated tests ¢y, are more powerful than ¢ugg0 .. is
not discernable in minimax results whereas it is clearly noticeable in practice, is a known
shortcoming of the present nonasymptotic minimax point of view, where exact constants
(making lower and upper bound match, up to a possible negligible term) are not expected,
which is not solved yet up to our knowledge in any testing framework. Our simulation
study presented in Section 4 focuses on the performances of adjusted aggregated tests of

the form ¢/, 5 -

Let us now turn to the links that can be highlighted between such minimax adaptive,
aggregated tests @uggoq or adjusted aggregated tests ¢, , and multiple tests. The
parallel between such aggregated tests and multiple tests has been established in [52], as
the foundation of a minimax theory for multiple tests. Notice that when each single test
Ly (N)>eyy 0.0 11t the collection {1SQ(N)>CAO,9,Q= f € ©} can be interpreted as a test of a null
hypothesis (Hog) A € Spg versus (Hyg) A & Spp, with Sy C NpeoSo g, it appears that our
first choice of individual level u, = «/|©| can be related to a Bonferroni type multiple
test of the set of hypotheses {(Hpy), 6 € O}, while our second choice u), defined by (37)
can be related to a min-p type multiple test of the same set of hypotheses. As an example,
recall that 77, ., (N) defined by (12) is an unbiased estimator of [[IIy, (A — Ao)[5 (see

Section 2.2). Therefore, the single tests ]lTk/m,(k+k/>/m (N)>ty ) 1o, (ksae 1o (1) involved

IV, 11 arsrag (A = A0) = 0
versus (Hy/ro10/127)) HVk/[L],(k+k’)/[L]()\ — Xo) # 0. Our aggregated tests of the form
®agg2,o are thus clearly aggregated tests constructed from Bonferroni multiple tests, while
the corresponding adjusted aggregated tests of the form ¢/, , , are constructed from min-p

multiple tests of such collections of hypotheses (see [52] for some detailed study).

in qbéz/)lo’a(]\f) can be viewed as single tests of (Ho /r01.k/72]))

2.7 Summary and discussion

We present below a summary of the results stated above in a tabular form. Recall (c.f.
(12) and (21)) that for 0 <7 <71 <1,

B 1

N L2 (T2 — Tl)
Sse m.m (V) = sgn(6*)(N (11, 2] — XNoL(12 — 7)) — |0*|L(72 — 71)/2, and that pe(u) and
tro.m.m(w) stand for the u-quantiles of the Poisson distribution of parameter ¢ and the
distribution of 77, ., (N) under ( Hy) respectively.

Tﬁ,‘rg(N) (N (’7'1,’7'2]2 — (]_ + 2)\0[/(7’2 — Tl))N (’7'1,’7'2] + )\(2)L2(7'2 — ’7'1)2) 5
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Non transitory change or jump detection

Alternative set  mSR, g Test statistics

Ss+ r+ 1—7+[Ao] - N(r*,1]
8.77*,1_7—* [)\0] L=1/? N(T*, 1]
Tr1(N)
S oo 1—[Ao) L7772 sup (o) Ss+ r1 (V)

8.7..,1_..[)\0, R] \/% H’lane{lvalogQ L|} (N(l - Q_k, 1] — Pxo2—*L (1 — ua/2))

V (prg2-ir (ua/2) — N(1—27%1])

MaxXpe(1, . Jlogy L]} (T1—2-+1 (V) = ta 10+ (1 — ua))

Transitory change or bump detection

Alternative set mSR, s Test statistics

Ss 70+ [Ao] - N(r*, 7 + "]
S. 7o e[ Ao] L=Y2  N(r*, 7%+ (%]
TT*7T*+Z* (N)
85*’..76* [)\0] - maxTE[Ol —0%] N(T T+ v ] Il’llIlTeOl —0%] N(T T4+ g*]
MaXe{0,...,[(1—£+)[2/£+]]—1} kam - m“*( ) — t/\omkm’%%*(l_ua))
8.7..’[* [)\0] L_l 2 maXTE[O 1—0%] N(T T+ v ] mlHTe 0,1—6*] N(T T+ g*]
MAXke(0,...,[(1—£+)[2/£]] 1} (Tm;;*] et (N) =ty ek e (1 —%))

Sst v (Mol L7 SUPre(0.1-77) S o+ re+0(N)

8.77—*’...[)\0, R] \/Lgli)gL mane{l’...7L10g2 L|} (N(T*, T 4 (1 — T*) 2_k] — p)\o(l—r* y2=k L (1

V (DPag(1—rya-+1 (Ua/2) — N(7%, 7% + (1 — 7%) 27H])
MaXpe1,... llogy L]} (Lot (1-r )28 (N) = tyg e (1 y2-+ (1 — ug))

lo, ! Q
Sp# e[ Aol \/%L MAXkeo,...,[L]—1}K (1. [L]—k} <N(%, o] = paowryin (1= —))
S......[Nos R (pxok'L/m (% )
MaXke{0,...,[L]-1},ke{l,...,[L]—k} <T%k(ﬁ (N) — tAO,m (1- Ua)

The present overview notably enables to highlight two main phase transitions in minimax
separation rates. A phase transition from the smallest parametric rate order 1/v/L to the
intermediate rate order y/loglog L/ L, due to adaptation to both height and length of the
bump when dealing with the bump detection problem (BDP), or both height and location
of the jump (which is in fact equivalent to adaptation to the bump length here) when
dealing with the jump detection problem (JDP). A similar phase transition was already
known in the independent Gaussian model when dealing with the JDP as explained in the
introduction (see [54] and [105]). But the tools used in this Gaussian model, mainly based
on Law of Iterated Logarithm exponential inequalities could not be used here, which led us
to circumvent the difficulty via new exponential inequalities of Le Guével [71] combined
with a dyadic type scan aggregation approach. Two points which seem important to
us here are: first, in the BDP, adaptation to both bump height and location can be
conducted without any additional cost as soon as the bump length is known; second,
when adaptation to the length in the BDP or the location in the JDP is considered, the
knowledge of the bump or jump height suffices to cancel any price to pay for adaptation.
Up to our knowledge, such results were not known, even in classical Gaussian models.
Constructing minimax adaptive tests actually required a careful analysis of the shifted
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Poisson process. Then, a phase transition from the intermediate rate order y/loglog L/L
to the largest rate order \/log L/L, due to adaptation to both position and length of
the bump when dealing with the BDP. Notice that this rate is so large that additional
adaptation to the height has no supplementary cost. Notice also that similar minimax
separation rates were already known in the independent Gaussian model: Arias-Castro
et al. [5] handled the case where the height is unknown, while Brunel [19] handled the
case where the height is known, equal to 1 (therefore positive) within the asymptotic
perspective, with linear statistics in the spirit of well-known CUSUM statistics. From
this angle, our study provides nonasymptotic and Poisson processes counterparts for the
Gaussian tools used in [5] and [19]. But we furthermore introduce, in the unknown height

case, a novel scan aggregated quadratic statistic, whose interest is discussed in Section
2.2.

3 Detecting an abrupt, possibly transitory, change in
an unknown intensity

We now turn to the problem of detecting an abrupt change in the intensity of the Poisson
process N when its constant baseline is not assumed to be known anymore. This detection
problem probably more largely fits applications, especially with epidemiological data for
which it is often more realistic not to assume that the baseline intensity of the underlying
Poisson process is known. In the present section, we therefore consider the null hypothesis
expressed as (Hy) "\ € SY[R]”, where S{[R] is the set of all possible constant intensities
upper bounded by a given R > 0. As in the above section, we consider various alternative
hypotheses, that are defined according to the persistent or transitory nature of the change,
and its height, location and length knowledge. In order to further cover the full range of
alternatives in a unified notation, we introduce for 6* in (—R, R) \ {0}, 7* in (0,1) and ¢*
in (0,1 — 7*] the set S . ,.[R] of intensities with a change of height ¢*, location 7* and
length ¢* from an unknown )\, in S§[R], and still upper bounded by R,

[A16%1] S} o [B] = {0 [0,1] = (0, ], 30 € (=6 V0, (R— ") AR,

VEe[0,1] A(t) = Ao+ 5*]1(7*;*“*](15)} . (38)
Though it is not as immediate as in Section 2, testing (Hy) versus (H;) "\ € S§. . - [R]”
also falls within the scope of Neyman-Pearson tests, and an Uniformly Most Powerful
Unbiased (UMPU) test can be constructed by using a conditioning trick (see details
below). As above, when the question of adaptivity w.r.t. some unknown parameters
is tackled, the unknown parameters are replaced by single, double or triple dots in the
notation Sg. . ,.[R].
Notice that for any intensity A such that A(t) = Ao+ 01(;r1¢(t) for 6 in (=R, R) \ {0}, 7
in (0,1), £in (0,1 — 7] and Ag in (=6 V 0, (R —3J) A R],

do(N, S§IR]) = 0]/ (1 —0) .

Hence, as soon as an alternative intensity has known change height 6 = ¢* and length
¢ = r*, the distance da(\, S§[R]) is fixed, equal to |0%|4/¢*(1 — ¢*). Hence, the S-uniform
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separation rate of any level a test over Sg. . ,.[R] or S§. _ ,.[R] is either 0 or +o00, and so
is the (a, #)-minimax separation rate. In these cases, our tests are not studied from the
minimax point of view. As in Section 2, we nevertheless establish conditions, expressed
as a sufficient minimal distance ds(A, S{'[R]), guaranteeing that their second kind error
rate is controlled by f.

3.1 Uniformly most powerful detection of a possibly transitory
change with known location and length

Let us first focus on the problem of testing (Hy) "X € S{[R|” versus (Hy) "\ €
S5 1« o« |R]” with S§. . ,.[R] defined by (38) for 0" in (=R, R)\ {0}, 7" in (0,1) and £* in
(0,1 — 7*]. Assume here that A belongs to {\ : [0,1] — (0,R], 36 € (=R, R),3\ €
(=0 VO, (R—=0)ANR], A\ = X+ 0L(rereqr)} D SYIRIU S . po[R]. In this model
parametrised by (0, Ag) in {(d,\g), 6 € (=R, R), g € (=6 V 0,(R—0) A R]}, the distri-
bution P, is dominated by P; (see Lemma 1), with a Likelihood Ratio given by

(dP)\/dpl) (N) _ 6(log(1+6/)\o)N(T*,7'*+€*]+log(>\o)N(O,l]—L()xo—H%*—1)) )
Reparametrising the model by 6; =log (1 + d/Xg) and 6, = log(Ag), this LR becomes
(dP)\/dpl) (N) _ e—L(692(1+(591—1)6*)—1)691N(T*,T*+£*}+92N(0,1} ) (39)

Our testing problem can then be viewed as a problem of testing (Hy)”6, = 07 versus
(Hy)”60, <07 or (Hy)76, > 0" (depending on the sign of §*) in an exponential model
with natural parameters 0 = (6,,62) and sufficient statistics (N (7%, 7% + ¢*], N(0, 1]), and
where 0y can be interpreted as a nuisance parameter. From (39) and Lemma 2.7.2 of [73]
we can deduce that given N; = n, the conditional distribution of N (7%, 7* + ¢*] defines
an exponential family with respect to some measure v,,, with natural parameter 6;, and
is in particular free of 5. In this conditional framework, one knows that there exists
an UMP test of (Hy) versus (H;) of the Neyman-Pearson form. Recalling that given
Ny = n, N(7*,7" + ¢*] has the same distribution as a binomial random variable Y, /-
with parameters (n,¢*), such conditional Neyman-Pearson tests lead us to consider the
unilateral tests defined by

i’;(N) = 1N(T*,T*+€*}>b1\r1,e*(1—a)+75V1,£*)(1_a>]lN(T*7T*+€*]=bN1,e*(l—a) lf 5* > 0 5

(40)
where for all n in N, b, s«(u) denotes the u-quantile of the distribution of Y}, ¢+, and

{ Pra(N) = LN rteg<ty, (@) TV n ) (LN 7=ty o (a) 1 67 <0,

Yoy (W) = (1= B(¥ e < b (0)) [PV = by (), Aoy (1) = 1= 7oy (1) - (41)
From Theorem 4.4.1 in [73] and the remark below its proof, we obtain the following result.

Proposition 24 (Uniformly Most Powerful Unbiased tests). Let L > 1, « in (0, 1), 6*
in (—R, R) \ {0}, 7" in (0,1) and ¢* in (0,1 — 7*|. For the problem of testing (Hy) v.s.
(Hy) "X\ € Sf o (o [R]”, let ¢}, be the test ¢\ if 6 <0, ¢’y if 0" > 0 (see (40)). Then
E\[¢4 o(N)|Ny =n] =« for all X in SY[R] and ¢}, is an UMPU test.
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In order to follow the same line as the minimax results obtained when regarding other
alternative hypotheses with unknown height and /or length change, we further study which
minimal distance da(\, S§[R]) guarantees a second kind error rate control.

Proposition 25 (Second kind error rates control for [Alt".1]). Let L > 1, a in (0,1),
0% in (=R, R)\{0}, 7" in (0,1) and ¢* in (0,1 — 7*]. For the problem of testing (Hy) v.s.
(Hi) "X\ € 8§ 1 po[R]”, let ¢}, be the test ¢y, if 6* < 0, ¢\'% if 6* > 0. Then there
exists C(a, B, R, €*) > 0 such that P\(¢} ,(N) = 0) < B if X belongs to S. . .[R] with

da(\, SY[R]) = Cla, B, R, ") VL . (42)

Comments. Noticing that for any A in Si. . .[R], da (A, S¢[R]) = [0%|y/€*(1 — ¢*), the
above proposition implies that if L > C?*(«, 3, R, E*)/(é*zf*(l - E*)) then Py\(o} a( ) =
0) < . Therefore, in this case, the S-uniform separation rate of ¢y, over Si. . ,.[R] is
equal to 0, and so is the corresponding («, 3)-minimax separation rate mSR, 5(Si - 4- [R]).
In order to address the question of adaptation to the change height, we consider the
problem of testing (Hy) v.s. (Hy) "\ € 8. ,.[R]”, where for R > 0, 7* in (0,1) and ¢*
n (0,1 —7%,

Alt"2] S".,.[R] = {)\ 110,1] = (0, R], 3o € (0,R], 30 € (—ho, B — Ao] \ {0},

vt € [0, 1] )\(t):)\o+5]l(7*ﬁ*+m(t)} . (43)

Unsurprisingly, with the Bayesian arguments already used to prove Proposition 3, one
obtains a lower bound for the minimax separation rate over S* . ,.[R] of the parametric

order 1/+/L.

Proposition 26 (Minimax lower bound for [Alt".2]). Let o and 5 in (0,1), R >0, 7*
n (0,1) and ¢* in (0,1 —7*]. For all L > (2log C, 5/ (R(*)),

SR g (S o [B]) > \/R(L— £)10g Co s/ (2L), with Cop = 1+4(1 —a — §)* .

In order to prove that this lower bound is sharp, we construct two minimax adaptive tests.
The first one is based on the linear statistic N (7%, 7* + ¢*] and is very similar in spirit

to the test ¢§1; defined by (9), except that the associated critical values are based on
the conditional distribution of N(7*,7" + ¢*] given N; = n under (H,) instead of the
unconditional distribution (which is not free from the unknown constant baseline intensity

under (Hy)). Let
1
¢2,(a)(N) = IN(re o)ty g (1—a1) T 7&1,3*)(1 — 1) IN(rs et =by, 4o (1-an)
T LN et <ty oo (a2) Vg o) (2) IN (e et =ty pe(a) 5 (44)

where ”Y(tl,z*) and 7, ;. are defined by (41), b, ¢+ (u) denotes the u-quantile of the binomial

distribution with parameters (n, ¢*) for all n in N, and «; and s in (0, 1) are determined
by

Oél—l-OéQ:Oé
EX\[N(7%, 7+ )¢5 (N)| N1 = n| =aE\[N(7%, 7+ £*]| Ny = n]V\ € SY[R] .
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Theorem 4.4.1 of [73] again (but considering the bilateral test) shows that qbu(l is UMPU.
The second one is based on a quadratic statistic deduced from an estimation of the ILo-
distance between A in 8" . ,.[R] and S§[R]. For 0 <7 <7 <1, we define ¢y = Tjoy

and ¥y, ., = (Lirym — (2 = 71)%0)/\/ (72— 71) (1 — 7o+ 1), so that (Yo, s, ) is an
orthonormal family. Denoting by Il and Ily, . the orthogonal projections onto Wy =
Vect (¢g) and W, ,, = Vect (o, s, ) in Lo([0, 1]) respectively, the quadratic statistic

T _(N)=

71,72

L 2
L2(T2—71)(1—72+71)<(N(71’T2] = (2 =m)N(0,1])

+ (o —711) (N(r, 2] = (72 = 71 ) N(0,1]) — (1 — (72 — Tl))N(’Tl,TQ]> ., (46)

is an unbiased estimator of |[ITy, . (A —Ilw,(A))[|5. We therefore consider the particular
statistic T7. ., ,(N) which is an unbiased estimator of the squared Lo-distance between
Ain 8. ,.[R] and the set of constant intensities, leading to the test defined by

u(2
$5 2 (N) = 1g, e N>ty () (47)

where t/ (u) is the u-quantile of the distribution of 7/ _ (N) given Ny = n under ( Hy).

n,71,72 T1,7T2
Since this conditional distribution under (Hy) is the distribution of the renormalised

U-statistic L2 3 ", ¥r, -, (Ui)¥r, 1, (U;) based on a n-sample (Uy, ..., U,) of i.i.d. uni-
form random variables, we use an exponential inequality for U-statistics of order 2 due
to Reynaud-Bouret and Houdré [62] to control the quantiles #], . _ (u) in theory (see
Lemma 53), and Monte-Carlo methods to evaluate them in practice.

Proposition 27 (Minimax upper bound for [Alt".2]). Let L > 1, «, 5 in (0, 1), R >0,
™ in (0,1) and £* in (0,1 — 7]. Let ¢5, Y072 be one of the tests ¢;,(,i) and ¢>;j of (Hy)
versus (Hy) "X € 8" ,.[R]” respectively defined by (44)-(45) and (47). Then ¢y, u1/2) g
of level a, that is supyesur) Pa( “(1/2)(]\7) =1)<a (qbg,(olt) is even of size o). Moreover,
there exists C(a, B, R, E*) > 0 such that

SR, (6! u(1/2 “Te[R]) < C(a,B,R,ﬁ*)/\/Z )
which entails in particular mSR, (8", -[R]) < C(a, B, R, “IVL

Comments. This result proves that both tests gbg,(al) and gbg,(j) are -minimax over the set
of alternatives S* . ,.[R], where the height of the change is unknown, with an optimal
uniform separation rate of order 1/4/L, as expected regarding results for gbglt)x and gbg{l in
Section 2.

Notice that this study involves the particular non transitory change or jump detection
problem, with a known change location, taking ¢* = 1 — 7*. Following the same layout as

in Section 2, we investigate the jump detection problem with unknown location in Section
3.4.1.

3.2 Minimax detection of a transitory change with known length

In this subsection, we deal with the problem of testing the null hypothesis (Hy) "\ €
SY[R]” versus alternatives where the length of the change from the unknown baseline
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intensity is known, with adaptation to the change location, and with or without adaptation
to the change height. We therefore introduce for ¢* in (0,1) and 6* in (—R, R) \ {0} the
two following sets:

[ALt".3] S5 . .[R] = {\:[0,1] — (0 R], 3Xg € (6" V0,(R—6") AR],
Ir e (0,1 —0%), Vt€[0,1] A(t) =Xo+ 8 Lirpeg (D)}, (48)

[A1t%.4] 8" .[R] = {A:[0,1] = (0,R], 3 € (0,R], 36 € (~Ao, R— Xo] \ {0},
Ir € (0,1—£), Vt € [0,1] At) = Ao+ 6lirpem(®)} . (49)

Adapting the ideas of Section 2.3, we handle the question of adaptation to the change
location 7* by introducing aggregated tests based on the same linear and quadratic statis-
tics as those used for testing (Hy) versus (H;) "X € S§. . ,.[R]” above. We thus set on
the one hand

dT(N) =1
s =1

miﬂre[o 1—£*A(1/2)] N(TvT+é*A(1/2)}<b7 e*/\(l/g)(a) ’

(50)

max,c(o,1—exa(1/2)] N(T,7+L* A(1/2)]>bN1 a2 (1=2)

u(1 u(1l u(1)+
A (V) = 6300 (N) v g5 05 (N) (51)
where b, ,(u) and b, ,(u) respectively denote the u-quantiles of the conditional distribu-
tions of min,¢jo1—¢ N(7,7 + £] and max,cp1-¢q N (7,7 + ¢ given Ny = n under (H,), for
all n in N and ¢ in (0,1/2]. Then, we introduce on the other hand the aggregated test
u 1 52
¢3/4a( ) {maxke{o ,,,,, [(1—e*)M]— 1}( (M=t & (1—ua))>0} ’ ( )

S TN Niarear H

where M = [2/(0*(1 — £%))], uo = o/[(1 —€*)M], T,g/Mk/MM is defined by (46) and
b k/ark/nrre- (W) 18 the u-quantile of Ty /4y 4o (N) given Ny = n under (Ho).
Since the set Si. . ,.[R] of (48) is composed of alternatives with known change height

0* and length ¢*, the distance between any of its elements and S{[R] is fixed, equal to

|0*[\/€*(1 — E* Hence, for this set, we only provide sufficient conditions for the tests

u(l , ¢3 ., and ¢§(421a to have a second kind error rate controlled by a prescribed level

B When ANESK [R] As in Proposition 6, the key points of the proofs of the following
results for ¢§f; ~ and ¢“(1)+ are sharp lower or upper bounds for the involved quantiles
b, pn(1/2) (@) and by pe AL /2)( «), which are deduced from inequalities for oscillations of em-
pirical processes found in [95] (see Lemma 54 for details). The result for gbg;i)a relies on
the control of the quantile #;, _ _ (u,) obtained in Lemma 53 via the exponential inequality
for U-statistics of order 2 due to Reynaud-Bouret and Houdré [62], as in Proposition 27.

Proposition 28 (Second kind error rate control for [Alt".3]). Let L > 1, a and § in
(0,1), ¢* in (0,1) and 6* in (—R, R) \ {0}, and consider the problem of testing (Hy) v.s
(Hy) "N € S5 p[R]". Let ¢g’(oll/2) be one of the tests gbg’(oll) or ¢§>421a if 0* > 0, and one
of the tests ¢§§" or (;Sg;i)a if 0% < 0 (see (50) and (52)). The test gbg,al/z) is of level a,
that is supy,csu(r| Py ( u(1/2)(N) = 1) < a. Moreover, there exists C(a, 3, R, 6%, () > 0

such that Py ( (1/2)(N) = 0) < 8 as soon as X belongs to S§- _ ,.[R] with
d2 (X S1R]) = Cla 6, R,6% ) /VL
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Comments. Remarking that for A in S§. . [Ao], d2 (A, S¢[R]) = |6*[/£*(1 — %), Propo-
sition 28 provides a sufficient value Lg(c, 5, R, 0%, ¢*) for L so that the second kind error
rates of the three tests is controlled by . If L > Lo(a, 5, R, 0%, ¢*), their S-uniform
separation rates over Sj. . ,.[R] is equal to 0, as well as the (a, f)-minimax separation
rate.

Now considering the alternative set S*._ ,.[R], that is the change height adaptation issue,
the following lower bound is directly deduced from the lower bound for mSRq (S - ;- [R])
and the monotonicity property of the minimax separation rate recalled in Lemma 42.

Corollary 29 (Minimax lower bound for [Alt".4]). Let o and  in (0,1), R > 0 and ¢*
m (0,1). For all L > (2log C, 5/ (Rl*)),

WSRa 5 (S - [R]) > \/R(1 ~ £)10gCop/ (2L), with Cog=1+4(1—a — B)* .

Proposition 30 (Minimax upper bounds for [Alt".4]). Let L > 1, o, 5 in (0,1), R >0

and ¢* in (0,1). Let ¢y, Y172 be one of the tests qbu(l and qbgfm of (Hy) versus (Hy) "\ €

St -[R]", defined by (51) and (52). (1/2 is of level o, that is supesuir Do ZS/Q)(N) =
1) < a, and there exists C(«, B, R, 6*) > 0 such that

SRs (¢4, ™. - [R]) < Cla, B, R, ) /VL
which entails in particular mSRq5(S". ,-[R]) < C(a, 8, R, €*)/V'L.

Comments. Proposition 30 and Corollary 29 mean that the tests QﬂS) and gbgﬁ)a are
minimax. Together with the ones obtained for [Alt".2], the two above results finally
mean that, as when the baseline intensity is known, adaptation with respect to the change
location can be achieved with a minimax separation rate of the parametric order, that is
without any additional price to pay (possibly except multiplicative constants) as soon as
the only change length is known.

3.3 Minimax detection of a transitory change with known loca-
tion

We consider the problem of testing the null hypothesis (Hy) "\ € S{[R]” versus alter-

native hypotheses where the location of the change from the baseline intensity is known,

with adaptation to the change length, and with or without adaptation to the height. As

in Section 2.4, we see that adaptation to the length can be done without any incidence
on the minimax separation rate order, while adaptation to both height and length leads

to a cost factor of order /loglog L.

3.3.1 Known change height

Let us first investigate the problem of testing (Hy) versus (H;) "\ € St . .[R]”, where
for R >0, 0* in (—R, R) \ {0} and 7* in (0, 1),

AL%5] 82 . [R] = {A: [0,1] = (0, ], Iy € (—5° V0, (R—6")AR], 3 € (0,1—7°),
Vi€ [0,1] A(t) = Ao+ 8" Lpe rerg()} - (53)
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As in Section 2.4, the most intricate point here is the construction of a test achieving the
minimax separation rate over Si. . . [R] which will be proved to be of the parametric

order 1/v/L, and therefore necessarily taking the knowledge of the change height 6* into
account. The test we propose is largely inspired from the aggregated test ¢s, defined
by (20), where the test statistic is slightly adapted to compensate for the lack of the
baseline intensity knowledge. Since the critical value can not be taken as a quantile of the
test statistic, whose distribution under the null hypothesis is not free from the unknown
baseline intensity anymore, we use the same conditioning trick as in the above subsections.

Proposition 31 (Minimax lower bound for [Alt".5]). Let o, 5 in (0,1) with a + 5 < 1,
R > 0,8 in (~R, R\{0}, 7" in (0,1). ForL > (R — 0) A B)log Cus/ (2627°(1 — 7)),

mSRa 5 (Si ,-..[R]) > \/((R — ) AR)1logChp/ (2L), with Cop=1+4(1—a—B)* .
Let us now introduce the test

alN) =1y (54)

"+
Suple(071*7*>Sg*,r*,r*+e(N)>5N1,6*,7*,L(1—0¢)} 7

where S. . (N) is the statistic defined for 0 <7 <7, <1 by
S (N) = 580(8") (N(71,72] = (72 = 7)Ny ) = || L(m2 = 7)(1 = 72+ 7)/2 , (55)

and s;;;*,T*7L(u) is the u-quantile of supe g1+ S« 1« 1 ¢(N) given Ny = n under (Hy).
The main argument of the following upper bound is a control of the conditional quantile

!

8,;’5*77*7 (1 —a), provided in Lemma 55, and which is deduced from a refined Bernstein
inequality based on some chaining techniques.

Proposition 32 (Minimax upper bound for [Alt".5]). Let L>1, o, f in (0,1), R>0, §*
in (—R, R)\{0} and 7* in (0,1). Let ¢y, be the test of (Hy) versus (Hy) "\ € Sg. . [R]”
defined by (54). @5, is of level a, that is supy,csuir) P (¢¥ (N)=1) < a. Moreover,
there exists a constant C(a, B, R,0%) > 0 such that

SRy (% o St v [R]) < Ce, B, R, 6%)/VL
which entails in particular mSR,, g (S(;“T[R]) < C(a,B,R,5")/VL.

3.3.2 Unknown change height

Now addressing the question of adaptation to the change height and length together, we
consider for R > 0 and 7 in (0, 1) the alternative set

[A16".6] S . [R] = {\:[0,1] = (0, R], 3\g € (0, R], 30 € (~Ao, R — Ag] \ {0},
e (0,17, VEE[0,1] Al) = Ao+ 0l rsn(t)} . (56)

For the problem of testing (Hy) "A € S§[R]” versus (Hy) "\ € S".. .[R]”, we obtain
the following lower bound.
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Proposition 33 (Minimax lower bound for [Alt".6]). Let o, 5 in (0,1) with a+5 < 1/2,
R >0 and 7" in (0,1). There exists Lo(a, B, R, 7") > 0 such that for L > Lo(a, 5, R, 7%),

mSR, 5 (S .[R]) > V/Rr*loglog L/ (2L) .

Let us assume now that L > 3. In order to prove that the above lower bound is of sharp
order (with respect to L), we construct two aggregated tests: a first one based on a linear
statistic and a second one based on a quadratic statistic as in Section 3.2.

We thus consider the discrete subset of (0,1 — 7*) of the dyadic form

{lre=(1—=7)27" ke{l,... [log, L]}} |

and u, = a/|logy(L)], which allows to define the two following tests:

P (N) =

{maxke{l ,,,,, oy 113 (NPt re = e o Ni=biy o (1282 ) ) >0}

{maxke{l ,,,,, [logg L]} ( N1, k ( UTQ )_N(T*7T*+ZT*,]€]+ZT*,I€N1 >>0} ’ <57>

where b, ., ,, (u) is the u-quantile of N(r, 7] — (75 — 71)N; given N; = n under ( Hy),
that is the u-quantile of a recentered binomial distribution with parameters (n, (1, — 7)),
whose sharp bound is obtained via Bennett’s inequality (see Lemma 56 for details), and

(58)

/

u(2 N
6,(a)( ) =1 el )
maXgec(1,..., [logg L]} .,. TEAL k(N)_tNl’T*vT*JFZ-,—* k(l—ua) >0

where T/ _ (N) is the quadratic statistic defined in (46) and ¢/ (u) still denotes the

T1,72 n,71,72
u-quantile of its conditional distribution given N; = n under (Ho)

Proposition 34 (Minimax upper bound for [Alt".6]). Let o, in (0,1), R > 0, 7*
n (0,1), and let ¢g, Y072 be one of the tests (béﬁ? and ¢"2 of (Hy) versus (Hy) "\ €
S*. ..[R]" respectively defined by (57) and (58). Then ¢g, Y172 s of level o, that is

sT

SUP )\ esu[R] P,\O( Z’(ol/z)(]\f) = 1) < «. Moreover, there exists C(a, 8, R,7*) > 0 such

that
SR ( w1/ gu [R]) < C(a, B, R, 7)\/Toglog LT |,
which entails in particular mSRq g (8" ..[R]) < C(a, 3, R, 7%)/loglog L/L.

3.4 Minimax detection of a possibly transitory change with un-
known location and length

Let us discuss as final stage the problem of testing the null hypothesis (Hy) "\ € S{[R]”
versus alternatives where both location and length of the change from the unknown base-
line intensity are not known, distinguishing as in Section 2.5 the transitory change case
from the non transitory change particular case.

From the minimax point of view, we will emphasize that regardless if the baseline in-
tensity is known or not, adaptation to both location and length of the change has the
same minimax separation rate cost of order y/log L in the transitory change case, and of
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order y/loglog L at most (possibly cancelled by the change height knowledge) in the non
transitory change case.

Since the non transitory change or jump detection problem, that we here study first, can
be viewed as perfectly symmetrical to the transitory change with known location detection

problem, our study uses tools and arguments that are very similar to the ones used in
Section 3.3.

3.4.1 Non transitory change

In order to investigate the problem of detecting a non transitory change with unknown
location, but known height, we introduce for R > 0 and ¢* in (—R, R)\ {0} the alternative
set

[ALt".7] S5t [R] = {X:[0,1] = (0, R], IXo € (=6* VO, (R—0") A R], It €(0,1),
VEe[0,1] A(t) =X+ L)} . (59)
Considering the problem of testing the null hypothesis (Hy) "A € S{[R]” versus the
alternative hypothesis (H;) "\ € Sg. ., [R]”, we obtain the following lower bound.

Proposition 35 (Minimax lower bound for [Alt".7]). Let o, f in (0,1) with o+ < 1,
R>0 and 8" in (—R, R)\ {0}. For all L > 2((R — 6*) A R)log C,y /62,

Following the study and the notation of Section 3.3, we define the test

7a(N) = ]l{supTg(o,D Spe (N> o (=)} (60)
where Sg. (N) is the statistic defined for 0 < 7 < 7, < 1 by (55) and s;f5*7L(u) is
the u-quantile of the conditional distribution of sup, ¢ 1) S ,1(IV) given Ny = n under
(Ho). ,

Notice that a control of this conditional quantile s 5. ; (1 — «), provided in Lemma 57,
and deduced from the same chaining trick combined with Bernstein’s inequality as in the
proof of Lemma 55, is the main argument of the following result.

Proposition 36 (Minimax upper bound for [Alt".7]). Let L > 1, « and B in (0,1), R > 0
and 6" in (=R, R)\{0}. Let ¢7 , be the test of (Ho) versus (Hy) "X € Sg. ., .[R]” defined
by (60). Then ¢7,, 1s of level o, that is supy csuir Pro (97 (V) = 1) < a. Moreover, there
exists a constant C(«, 5, R, 6*) > 0 such that

SRy (6% 0 S .. [R]) < Cler, 8, R, 6V
which entails in particular mSR, g (55*7,,71_,,[]%]) < C(o, B, R, 6*)/\L.
To address the question of adaptation to the change height, we introduce the alternative
set

AL".8] 8™, [R] = {\:[0,1] = (0, R}, 3o € (0, R], 3 € (—Ao, R — Ao \ {0},
Ir € (0,1), ¥t €[0,1] At) = Ao+ 0Ley(t)} . (61)
and we consider the problem of testing (Hy) "\ € S¢[R]” versus (Hy) "\ € 8., [R]".

As usual, we start with a lower bound for the corresponding minimax separation rate.
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Proposition 37 (Minimax lower bound for [Alt".8]). Let o, 5 in (0,1) with o+ < 1/2
and R > 0. There exists Lo(a, 3, R) > 0 such that for all L > Lo(a, B, R),

mSR, 5(S".,_.[R]) > \/Rloglog L/ (AL) .

Let us assume now that L > 3. In order to prove that the above lower bound is of sharp
order (with respect to L), we consider the discrete subset of (0, 1) of the dyadic form

Dy ={27" ke {2, logy(L)]}}u{1—27" ke{l,.., |log(L)|}} ,

we set u, = a/(2]logy(L)| — 1) and we define the two following tests:

Psa (N) = Lt cn (NI (1= )N) by 1 (110 /2)) 50}

\/]l{maXTGDL(ENl’li_r(ua/2)—N(T,1}+(1—T)N1)>O} ., (62)

where b, 1, (u) is still the u-quantile of N(7,1] — (1 — 7)N; given N; = n under ( Hy),
that is the u-quantile of a recentered binomial distribution with parameters (n,1 — 7),

and

dO(N) = (63)

{maXTGDL (T;_J(N)—t’N1 ’_,_71( 1—uq )>0} )

where T/ _ (N) is the quadratic statistic defined by (46), and ¢ (u) denotes the u-

T1,7T2 n,71,7T2

quantile of its conditional distribution given N; = n under ( Hy).

Proposition 38 (Minimax upper bound for [Alt".8]). Let a, 3 in (0,1), R > 0, and let

“(1/2 be one of the tests qbu(l and (bg,(j) of (Hy) wversus (Hy) "X € S*.,__[R]" defined
by (62) and (63). Then ¢“( /2 is of level o, that is SUD ) esu(r) Do ( ;fj/z’(N) = 1) <a.
Moreover, there exists a constant C(«, 3, R) > 0 such that

SRy (04077, S 1. [R]) < Cla, 8, R)/loglog L/
which entails in particular mSR,, g (8“1_[R]) < C(a, B, R)\/loglog L/ L.

3.4.2 Transitory change

Let us investigate now the transitory change detection problem, focusing on adaptation to
unknown location and length. As in Section 2.5.2, we will prove that minimax adaptation
to these two parameters together has a cost of order as large as v/log L, so that adaptation
to the height will have no additional cost. We therefore treat the two corresponding
alternative sets quasi-simultaneously. For R > 0, 6* in (—R, R)\ {0}, let

[Alt™.9] S. .. ={X:[0,1] = (0, R], 3N € (=6" V0, (R — &%) A R],

37 € (0, 1), 3 e (0,1 —7), VE€[0,1] At) =X+ 0 L(rrpg(t)} , (64)
[AL£".10] S ..[R] = {\:[0,1] — (0, R], 3X € (0, R], 35 € (Ao, R — Ao]\ {0},
37 €(0,1), 3 € (0,1 —7),Vt €[0,1] A(t) = Ao+ 0L r1q(t)} . (65)

As usual, we begin by giving lower bounds for the minimax separation rates over these
two alternative sets, noticing that the case where the change height is known can be
straightforwardly extended (as a simple corollary then) to the general one, where all three
parameters, location, length and height of the change are unknown.
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Proposition 39 (Minimax lower bound for [Alt".9]). Let o, 5 in (0,1) with o + § <
1, R > 0, ¢ in (=R, R)\{0}. There exists Lo(a, 8, R,0*) > 0 such that for L >
LO(aaﬁaRa 5*);

mSRa 5 (Sg....[R]) > /(R—0*) AR)log L/ (4L) .

Since S".. ..[R] includes S}, /27__7_“[R], Proposition 39 directly leads to the following corol-
lary, whose proof is omitted for simplicity.

Corollary 40 (Minimax lower bound for [Alt".10]). Let o, 3 in (0,1) with o+ < 1
and R > 0. There exists Lo(c, 5, R) > 0 such that for all L > Lo(c, 5, R),

mSRa s (S"...[R]) > /Rlog L/(8L) .

In order to prove that the above lower bounds are sharp, we then construct two mini-
max adaptive tests, based on an aggregation principle. In order to customise the tests
developed in Section 2.5.2 to the lack of knowledge of the baseline intensity, we consider
the linear statistic N (71, 7s] — (72 — 71)N; and the quadratic statistic 7/ _ (N) defined

71,72

by (46), combined with the conditional trick already used in the above studies through
the u-quantiles b, -, - (u) and t;, _ _ (u) of the conditional distributions of these statistics

given Ny = n under (Hy). Introducing M, = [L/log L],

KY = {(kK), ke{0,....,[L] =1}, K e {1,....[L] —k}}
KP = {(kK), ke{0,...,M, — 1}, K e{1,...,M, —k}}\ {(0, ML)} ,

and the corrected levels u$) = 2a/([L]([L] + 1)) and u) = 2a/(Mp (M + 1) —2), we
can thus propose the two following tests:

Soitna(N) =1 {

Vi 7 (1) k_ k+k! K’ ’ <66>
{max(k,k’)e)C(Ll) <bN w (w6?/2) =N (i S T N1>>0}

LTI
u(2)
¢9}10 JN)=1 o - (67)
{max(k’k,)enf) (T;szy%lz_,(N)—t;VLﬁ?%E_,O uf )>>o}
Proposition 41 (Minimax upper bound for [Alt".9] and [Alt". 10]) Let o, 3 in (0,1),
R >0 and 0* in (—R,R) \ {0}. Let gbgﬁfa be one of the tests ¢9/10a and gbgﬁOa defined

by (66) and (67). Th en qbgﬁ(/ﬁl is of level a for the problems of testing (Hy) versus
(H1) "A € S5 [R] or (Hy) "A € St [R]”, that is supy csuir) P (QSQ/%QQ(N) = 1) <
a. Moreover, there exist C'(a, B, R, 0*) > 0 and C(«, 5, R) > 0 such that

SRﬁ(cbg/iéza,sa*..,..[l%]) < C(e,B,R,6")\/Iog L/ L ,
SRy (04302, St [B]) < Clan B, R)/Iog L/L .

These upper bounds entail both mSR,, s (85* ,,,,, [R]) < C(a, B, R,0%)\/log L/L and mSR, 4 (SU[R]) <

C(a, B, R)y/log L/ L.
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3.5 Adjustment of individual levels for aggregated tests

As in Section 2.6, we discuss here the possibility of adjusting the individual levels of the
single tests involved in our aggregated tests to make them more powerful. Most of the
tests introduced in the present section are based on aggregation principles coupled with
conditional tricks. Among them, we can again distinguish aggregated tests of the form
gbgggl,a(N) - ]l{supge@ SQ(N)>31+V1(1—a)} or ]l{supee@ Se(N)>sj+V1(1—a/2)} v ]l{infeee So(N)<sy, (@/2)}>
where s} (u) and s (u) respectively denote the u-conditional quantiles of supy.g Sp(V)

u(l u(1) "

4,0 0 5, and

and infgeg Sp(N) given Ny = n under (Hy) (concerning ¢;ff;)‘,
17‘7(1), from aggregated tests of the form ¢ggg2,a(N) = ]l{SUpge@(Sé)( N)—sny o(1-ua) )50} or

]l{sup@e@(se(N)—SNl o(1—ua/2) )>0}\/ {supoco(sxy.0(ua/2)—So(N) )50} , Sn,o(u) being the u-conditional

quantile of Sp(V) given Ny = n under (Hp) and u, = «/|0] (as qﬁg}ia, gbg(al , g(j , g(;),
u(2)

e oo Fofro)-

Notice that for any )¢ in S§f[R], when N ~ P,,, the distribution of Sy(N) given Ny = n is

free from \g. Moreover, similarly to (37), a better choice than u, can be made for levels

of the single tests involved in aggregated tests of the form @ugg0o(N), namely u;, , equal
to

sup {u € (0,1), SUP ) esu(r) Do (supge@ (Se(N) — spg(l—u)) >0 ‘Nl = n) < a}
Or sup {U € (0,1), SUP )\ eS¢[R] Py, (Supeee (So(N) = snp(1 —u/2))
V (sn0(u/2) — Sg(N)) > 0 ‘Nl - n) < a} .
(68)
Since for all n in N\ {0} u, < uj, ,, by definition, s, (1 —u;, ,) < sp0(1 — Ua), Sne(1 —
Uy, 0/2) < Snp(l — ue/2) and sng(ua/2) < sno(uy, ,/2) therefore all the above tests of
type ¢pyg0.0 but with u, replaced by uly, ,, that we can denote by ¢a992 o Satisfy the same

minimax properties as ¢, .o ,. Our simulation study presented in Section 4 focuses on

the practical performances of these adjusted aggregated tests ¢py o -

3.6 Summary and discussion

As in Section 2.7, we present a summary of the results stated above. Recall (c.f. (46) and
(55)) that for 0 <7 <7 <1,

1
L2(ro—m)(1l—Ta+1)

4 (7o — 1) (N(r1, 7] — (12 — 71 ) N(0,1]) — (1 — (75 — 71))N(71,72]> ,

T . (N) =

71,72

((N(Tl, o] — (15 — 1) N(0,1])?

Sho 1 (N) = sgn(6*) (N(Tl, ] — (0 — TI)NI) —16*|L(ry — 71)(1 — 75 + 71)/2, and that
bpry—r (1) and ¢/ (u) respectively stand for the u-quantiles of N (7, 7] — (172 — 1)V}

n,71,72

and 77 _ (N) given Ny = n under (Hy).

71,72
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Non transitory change or jump detection

Alternative set  mSR, g Test statistics
Si e a—re [ ] - N, 1
NSy L% N(r*1]
71 (V)
SEa Bl T subeon Soma (M)
S*.1_.[R] VL max ep, (N(r,1] = (L= 7)Ny = by, e (1 - ua/2) )

v(BNl,l_T (ta)2) —

maXrepy, (Tﬂl',l(N) - Q\fw,l (1— Ua))
Dp={2" ke{2,..., log,(L

Bruft—27*% kefl,...

N(r, 1]+ (1 - T)Nl)

[logy (L))} }

Transitory change or bump detection

Alternative set mSR, s Test statistics
St R N1 O
S".. - |R] L=Y2  N(r*, 7" + ¢¥]
T e ye-(N)
Si . - |R] - maXTE[Ql—Z*/\(l/Z)} N(r, 7+ 0N (1/2)],
Il’liIlq—e[(]’l 25N (1/2)] N(T T+ g* (1/2)]
maxke(o,...[1—e)nrl-1} (T &0 (V) = tﬁth’MM*(l—ua))
= [2/(&(1 = £))]
S - |R] L7V2 maxccoa-penqyo) N(7, 7+ 0 A (1/2)],
minyep1-eny2)] V(7,7 + A (1/2)]
maxpe(o, ., [1-e)m1-1} (T o0 (N) =1 o o (1 ua)>
Su*,r*,---[R] L_l ’ SupéE(O,l—T*) S(/S*,T*,T*-i-é(N)
- VL maienosg 1)) (N( ’ ] =N by, e (1 ua/2)>
\/(ENl’%(ua/Q)—N( . +lg—,:*N1)
MaXke(1,...,[log, L]} ( ) = Uy e i (1 —uq)
O ; R
S .1 \/% MaXke(o,...,[L]—1},k'e{L,....[L]—k} ( ( ; kfiﬂ - ” ~N; — bN e (1 — %
S [R] v(by )

/ /
MaXpe(o,..,M,—1} k' eft,...M—k} | 1"y )=t
(k,k")#(0,ML) wp N

My, =[L/log L]

e ()~ (o ]
V(N

(1 _u<2>))
N17ML’ ML

As compared with the above overview in Section 2.7, this one enables to see that the
minimax separation rates do not suffer from the lack of knowledge of the baseline distri-
bution: they indeed remain of the same order as in the problem of detecting a change from
a given intensity, with the same phase transitions. Of course, these results are obtained
at the price of a more important complexity of the test statistics, whether they are of
linear or quadratic nature. This, combined with the need to use conditional quantiles
instead of direct quantiles as critical values, brought in more technical arguments in the
proofs. It can be furthermore noticed that up to our knowledge, except in the work of
Verzelen et al. [105] for the jump detection problem, this specific case of an unknown
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baseline distribution is in general not treated in the basic Gaussian model, where the only
presence of a signal (that is a bump or jump from zero-mean) is tested.

4 Simulation study

We study in this section the performance of our minimax adaptive tests from an ex-
perimental point of view, by giving estimations of their size and their power for various
distributions of the observed Poisson process, characterised by a jump or a bump in its
intensity. Motivated by some applications in epidemiology and in cybersecurity, we check
the feasibility of our new change-points detection procedures in practice and compare
them with existing procedures.

We focus here on the most general problems investigated in this article of detecting a
change (a jump or a bump) in the intensity A when the change location and height are
unknown. The baseline intensity of A, denoted by A, is taken equal to 1 on [0, 1] in all
the sequel. Recall that this baseline intensity can be considered as a known parameter of
the testing problem as in Section 2 or as an unknown parameter as in Section 3.

For several piecewise constant intensities A with respect to the measure dA(t) = Ldt,
where we have chosen L = 50, we take a level of test a = 0.05.

We compare the estimated powers of our procedures with more classical conditional tests
previously studied in practice by other authors. For instance Cohen and Sackrowitz [23],
and Bain, Engelhardt and Wright [7| considered six well-known tests in the context of
detecting increasing intensities of a Poisson process. They showed that two of these six
tests, namely the so-called Laplace and Z tests (respectively studied first by Cox [24] and
Crow [25]) are more efficient from a practical point of view.

The Laplace test, denoted by (La) is based on the statistic ZzNzll Xi— q](\];“la)(l — «v), where

(X1,...,Xn,) are the points of the Poisson process N, and for all n in N, q,gLa)(l —a)is
the (1 — a)-quantile of the sum of n independent random variables uniformly distributed

n [0,1]. The Z test, denoted by (Z), is based on the statistic 2 Z L log(X;) + q(Z)( )

where for every n in N, qu) () is the a-quantile of the chi-square distribution with 2n
degrees of freedom. Note that these tests were especially designed to test homogeneity
versus an increasing trend, with rejection of homogeneity when they take positive values.
Therefore, we have had to adapt them to fit our context. More precisely, we decided
to reject the null hypotheses (Hy) "A € Sp[ho] = {Xo}” or (Hy) "X € SY[R]” when
T (N > 0, where

(ZX—qu 1—a/2)> (qu (a/2) — ZX) :

for the Laplace test (La), and when 7;(2)(]\7) > (0, where

(22]0g —|—qN1(oz/2> <2ZIOg —qu(l—oz/2)>,

for the Z test (Z). Notice that a generalised version of the Laplace and the Z tests
have been studied by Pena [85] and Agustin and Pefia [1]. A simulation study has been
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performed for these generalised procedures, but we have found that they have very similar
estimated powers to the more classical Laplace and Z tests for the considered alternatives.
The results are therefore omitted in this section.

4.1 Detection of an abrupt change from a known baseline inten-
sity

We first consider the case where )\g is a known parameter, referring to the theoretical
results of Section 2. The minimax adaptive tests we introduced to detect a change with
unknown parameters from such a known intensity are based on two kinds of statistics.
The first statistic is simply N (7, 7], and is therefore of linear nature, while the second
statistic, of quadratic nature, is defined by

1

Ty (N) = ————
172( ) L2(7'2—7'1)

(N (71, 72)* = (1 + 2XoL(72 — 1))N (11, 7] + ML (72 — 71)?)

4.1.1 Detection of a non transitory change or jump

Let us recall that our tests are based on an aggregation principle which involves a scanning
of the above linear and quadratic statistics over a discrete subset of possible values for
the change location on (0, 1). The subset introduced in Section 2.5.1 is of the dyadic form

Os={1-27"% ke{l,....5}} .

Considering the alternative [Alt.8], the test statistic of our first procedure denoted by
(CP1(Oy)) is thus

Thon (V) = max (N7, 1) = paga -z (1= u/2)) V (praanz (u/2) = N(7,1]) )

TEO,

where py,(1—rr(u) is the u-quantile of a Poisson distribution with parameter Ao(1 — 7)L
and vl is defined as in (37) by

ul) = sup {u € (0,1), P)\O({_Ié%}j ( (N(7,1] = prga—ryz (1 —u/2))
V (praonz (w/2) = N(7,1]) ) > 0) <a} . (69)
while the test statistic of our second procedure denoted by (CP2(0y)) is

T2 (N) = max (T;1(N) = trgra (1 — u((f))) ’

Ao, TEOY

where €, 7, (1 —u) is the (1 — u)-quantile of T}, ., (N) under (Hy) and

TEOY

ul?) = sup {u € (0,1), Py, <m%X (T (N) = trgra (1 —u)) > 0) < a} . (70)

The null hypothesis (Hy) "A € Splho] = {Ao}” is rejected when 7;(017L(N) > 0 for
(CP1(8,)), or when 7,7 (N) > 0 for (CP2(0,)).
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Noticing that the tests we use for the bump detection problem (see the following sub-
section) and the jump detection procedure studied in [105]| are based on regular grids of
possible values of change location instead of the dyadic subset ©,4, we also consider the
same tests but replacing ©4 by a regular grid, with a cardinality close to the cardinality

of ©4, namely
2k+1
r = ) k ,...,4
© { 10 € {0 }}

The corresponding tests are then respectively denoted by (CP1(©,)) and (CP2(O,.)).

For all 7 in ©, or ©,, we have estimated the quantities u&l), u,(f) and ty,.1(1 — u,(f))
by classical Monte Carlo methods based on the simulation of 200 000 independent copies
of a Poisson random variable with parameter \o(1 — 7)L or T;1(N) under (Hy). The

approximations of ul and ul? were obtained by dichotomy, such that the probabilities
or estimated probabilities occurring in (69) and (70) are less than «, but as close to « as
possible.

4.1.2 Detection of a transitory change or bump

Let us consider the discrete set :

_ kE kE+F /
@_{(50 50 )v’fe{ov---a49},ke{l,...,so k}}

Considering the alternative [Alt.10], the test statistic of our first procedure (TC1) is

7;\0a( ):(EI:%?@((N(TaT/]_pAo(T’ T) (1—U /2)) (pAo'r —7) (ug’)/Q)_N(TaT/])> 5
where py -7z (1) is the u-quantile of a Poisson distribution with parameter A\o(7" —7)L

and vl is defined, again as in (37) by

ug’) = sup {u € (0,1), Py, ( (T@%gg ( (N(7'> 7] - DPxo(r'—7)L (1- U/Q))

V Doz (1/2) = N(7,7]) ) > o) < a} . (71)

while the test statistic of our second procedure (TC2) is

T(4) (N) = max (TTvT,(N) N (1 . u((f))) ’

Ao, (r,7)€EO

where 14 is defined by

ul = sup {u € (0,1), Py, ( max (T, (N) =ty rr (1 —ulM)) > 0) } . (72)

(r,7)€O

The null hypothesis (Hy) "X € So[Ao] = {Ao}” is rejected when 7;\(3)0(]\7) > 0 for (TC1),
or when 7;\%7)&(]\7) > 0 for (TC2).
As above, for all (7,7') in ©, the quantities u? | ul? and trg (1 — ugl)) have been

estimated by Monte Carlo methods based on the simulation of 200 000 independent copies
of a Poisson random variable with parameter \o(7" — 7)L or T, (NN) under (Hy). The

approximations of ul and ul have been obtained by dichotomy.
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4.1.3 Simulation results

We compare the tests (La) and (Z) with (CP1(©y)), (CP2(0y)), (CP1(0O,)) and (CP2(O,.))
when addressing the jump detection problem (described in 4.1.1), and with (TC1) and
(TC2) when addressing the bump detection problem (described in 4.1.2).

Estimated sizes We first study the size of each test via simulation of 10000 indepen-
dent homogeneous Poisson processes of intensity A\g = 1 w.r.t. A on [0, 1]. The probabili-
ties of first kind error of all the considered tests were simply estimated by the number of
rejections divided by 10000. The results are given in Table 1.

Table 1: Estimated sizes

La Z
0.049 0.049
CP1(0,) CP2(O,)
0.046 0.048
CP1(O,) CP2(O,)
0.049 0.048
TC1 TC2
0.046 0.048

Notice that the estimated sizes of our tests always remain below the target 0.05, as ex-
pected from the definitions of u,(ll), ug), u and u$. It is in particular interesting to
see that the Monte Carlo estimation, which is calibrated according to a balance preci-

sion/running time, does not affect here the first kind error rate control property.

Estimated powers For both testing problems, we study the estimated power of each
test under various alternatives.

Let us start with the jump detection problem. We consider alternative intensities ;s
defined for all ¢ in [0, 1] by

)\mg(t) =1+ 5]1(771] (t) , (73)
where § € {-0.8,—-0.6,—0.4,—0.2,0.4,0.8,1.2,1.6,2}, and 7 = 0.5 (Table 2), 7 = 0.9
(Table 3) and 7 = 0.95 (Table 4). For each alternative, 1000 independent inhomogeneous
Poisson processes with intensity A, s w.r.t. A on [0, 1] have been simulated. The power of
the considered tests has then been simply estimated by the number of rejections divided
by 1000, leading to the results gathered in Tables 2-4.

Let us now turn to the bump detection problem. We have considered alternative intensities
Ares defined for all ¢ in [0, 1] by
)\T,Z,5(t) =1+ 5]1(7'774-@ (t) ) (74)

where 7 = 0.2, 6 € {-0.8,-0.6,—0.4,—0.2,0.4,0.8,1.2,1.6,2} and ¢ = 0.1 (Table 5),
¢ = 0.2 (Table 6) and ¢ = 0.5 (Table 7).

For each alternative, we have simulated 1000 independent inhomogeneous Poisson pro-
cesses with intensity A, s w.r.t. A on [0, 1]. The powers have been estimated for each test
by the number of rejections divided by 1000, and the results are provided in Tables 5-7.

41



Table 2: Estimated probability of detecting a jump with 7 = 0.5

0= -08 -06 -04 -02 04 08 12 1.6 2

La 0.92 0.58 0.27 0.09 0.19 056 0.84 0.96 0.99

yA 0.62 0.34 0.15 0.07 0.16 044 0.70 0.89 0.97
CP1(®y) 1 093 044 0.13 040 090 1 1 1
CP2(0,) 1 087 0.35 0.09 040 090 1 1 1
CP1(®,) 1 091 043 0.14 042 090 1 1 1
CP2(®,) 1 089 0.39 0.11 045 091 1 1 1

Table 3: Estimated probability of detecting a jump with 7 = 0.9

0= -0.8 -06 -04 -02 04 08 12 1.6 2

La 0.13 0.10 0.07 0.06 0.08 0.15 0.24 0.39 0.51

yA 0.07 0.06 0.04 0.06 0.06 0.09 0.12 0.20 0.29
CP1(©,4) 0.18 0.11 0.05 0.04 0.13 0.31 0.53 0.74 0.86
CP2(©,) 0.17 0.09 0.04 0.04 0.15 0.33 0.56 0.78 0.88
CP1(©,) 0.44 0.20 0.09 0.06 0.10 0.25 049 0.68 0.84
CP2(©,) 0.09 0.08 0.04 0.04 0.13 0.33 0.59 0.79 0.89

Table 4: Estimated probability of detecting a jump with 7 = 0.95

0= -0.8 -06 -04 -02 04 08 12 1.6 2

La 0.05 0.06 0.06 0.05 0.07 0.07 0.12 0.17 0.23

yA 0.05 0.05 0.05 0.04 0.06 0.05 0.08 0.11 0.13
CP1(©,4) 0.06 0.05 0.04 0.04 0.07 0.18 0.29 043 0.55
CP2(©,;) 0.05 0.04 0.04 0.04 0.09 023 0.35 0.50 0.63
CP1(©,) 0.10 0.08 0.06 0.06 0.07 0.11 0.17 0.27 0.37
CP2(©,) 0.04 0.04 0.04 0.05 0.08 0.15 0.24 0.36 0.47

Table 5: Estimated probability of detecting a bump with ¢ = 0.1

0= -08 -06 -04 -02 04 08 12 1.6 2

La 0.08 0.06 0.06 0.05 0.06 0.07 0.11 0.14 0.19

Z 007 0.06 0.05 0.05 0.05 0.05 0.06 0.04 0.05
TC1 0.13 0.08 0.06 0.04 0.08 0.17 0.28 048 0.71
TC2 0.06 0.05 0.04 0.04 0.09 0.20 0.31 0.54 0.74
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Table 6: Estimated probability of detecting a bump with ¢ = 0.2

0= -08 -06 -04 -02 04 08 12 16 2
La 0.14 0.10 0.07 0.05 0.06 0.08 0.17 0.26 0.37
Z 008 0.07 0.06 0.06 0.04 0.04 0.03 0.05 0.04

TC1 0.52 0.21 0.10 0.06 0.12 0.34 0.65 0.88 0.96

TC2 0.18 0.07 0.05 0.05 0.14 0.38 0.71 0.90 0.97

Table 7: Estimated probability of detecting a bump with £ = 0.5

0= -08 -06 -04 -02 04 08 12 16 2
La 0.18 0.10 0.07 0.07 0.04 0.04 0.06 0.07 0.09
Z 0.15 0.08 0.07 0.07 0.04 0.03 0.04 0.06 0.05

TC1 0.99 0.74 027 0.08 028 0.79 098 1 1

TC2 098 056 0.15 0.05 034 083 099 1 1

Comments

1. It first arises that our procedures have estimated powers significantly larger than
the Laplace and the Z tests for both testing problems corresponding to alternatives
[Alt.8] and [Alt.10] in most cases. The lower performances of the Laplace and the
Z tests may be due to the fact that their construction does not take the knowledge
of )¢ into account. Moreover, among our testing procedures, it is to note that both
procedures based on the linear statistics (CP1) and (TC1) are mostly more powerful
than (CP2) and (TC2) in the case of negative change heights whereas the procedures
based on the quadratic statistics (CP2) and (TC2) are slightly more powerful when
positive change heights occur. More precisely, the better performances of the linear
statistics to detect negative jumps mainly concern the bump detection and the better
performances of the quadratic statistics to detect positive jumps mainly concern the
jump detection when the change-point is close to the observation interval endpoint
1.

2. The comparison of the estimated powers of the different testing procedures confirm
the intuition that detecting a bump is harder than detecting a jump. Moreover,
the performances of each test are very different according to the sign of the change
height. In both jump and bump detection problems, it is easier to detect a change
with large negative jumps than a change with large positive jumps, except for the
cases where ¢ = 0.1 in the bump detection problem and 7 > 0.9 in the jump
detection problem. Indeed, in these cases, the estimated powers are close to the
size of the tests for small negative change heights. Note that this capability of our
tests to better detect a jump or a bump with negative height than with positive
height can be explained by the fact that the significant parameter to evaluate the
detectability of a (transitory or not) change is not the change height itself but the
ratio between the minimum and the maximum values of the intensity. In other
words, this means that it is easier to detect an intensity increasing from 1 to 2 than
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an intensity increasing from 100 to 101 whereas in both cases, the jump height is
equal to one. In the same way, it is hence easier to detect an intensity decreasing
from 1 to 0.8 than an intensity increasing from 1 to 1.2.

3. By comparing the estimated powers of our jump detection procedures based on the
dyadic and regular sets ©,4 and ©,., one can take note that using the dyadic set is as
expected more relevant when the jump is close to the observation interval endpoint,
that is the most difficult to detect.

4. Finally, for the bump detection problem, we have to notice that complementary
experiments showed that the estimated powers of (TC1) and (TC2) are equivalent
for a same value of change length whatever the values of the change location, which
is not always true for the procedures (La) and (Z): for a same change length, these
procedures are more powerful when the change location is close to 1.

4.2 Detection of an abrupt change from an unknown baseline
intensity

We now consider the case where )\g is an unknown parameter, referring to theoretical

results in Section 3. The minimax adaptive tests we introduced to detect a change with

unknown parameters from such an unknown intensity are still based on two kinds of

statistics. The first statistic, of linear nature, is N(m, 7] — (172 — 7 )N(0, 1], while the
second statistic, of quadratic nature, is defined by

, 1
Trn) = L2(p—m)(1=7o+71)
t(r— 1) (N(r1, 7] — (75 — 1) N(0,1]) — (1 — 7 +¢1)N(ﬁ,¢2]] .

(N(Tl,TQ] — (7’2 —Tl)N(O, 1])2

4.2.1 Detection of a non transitory change or jump

As above, the aggregation approach we used to construct our new tests to detect a jump
from an unknown baseline intensity consists in scanning these linear and quadratic statis-
tics over a discrete subset of possible values for the change location on (0,1). The subset
introduced in Section 3.4.1 is of the dyadic form

v {2k ke{2,.... 50 u{1—27% ke{l,. .. 5}

Considering the alternative [Alt".8], the test statistic of our first procedure denoted by
(CP1%(OY)) is thus

T (V) = maxe ((N(r. 1) = (1= 7IN (0,1 = by s (1= i) /2) )
V (Bwar (u8)af2) = N1+ (1= 7)NO,1]) )

where b, ;. (u) is the u-quantile of a recentered binomial distribution with parameters
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(n,1—7) and ull), is defined for all n in N as in (68) by
u® = sup {u c(0,1), sup Py (max ( (N(,1] = (1 = 7)N(0,1] = bpa_r (1 —1u/2))
’ Xo€ESY[R] T€O

V (Bua—r (u/2) — N(r, 1] + (1 — 7)N(0, 1])) >0 ‘Nl - n) < a} . (75)
The test statistic of our second procedure denoted by (CP2*(0Y%)) is

TD(N) = max (T, (N) = thy o (1-08,))

TEOY

where ¢, . (u) is the u-quantile of the conditional distribution of 77, _ (N) given Ny = n

under (Hy) and u?), is defined for all n in N by

ul?) = sup {u € (0,1), sup P, (ma:ﬁ: (T2 (N) =ty .1 (1 —u)) >0 ‘Nl = n) < a}
Xo€SE[R] TEO]
(76)

Then, the null hypothesis (Hy) "X € S§[R]” is rejected when 7:%)(]\7) > 0 for (CP1%(©Y)),
and when 7.2 (N) > 0 for (CP24(OY)).

As in the known baseline case, we have also considered the same tests, but replacing the
dyadic set ©} by the regular set

k
=< — 1.... .
o {1O,ke{, ,9}}

The corresponding testing procedures are then denoted by (CP1%(©Y)) and (CP2"(©OY))

The quantities uih, u{?h and trra(1— USEL) have been estimated by Monte Carlo meth-

ods based on the simulation of 200000 samples of n independent copies of a recentered
binomial random variable with parameters (n,1 — 7) and of an uniform random variable
on [0, 1]. These samples were used to approximate the conditional probabilities occurring

in (75) and (76). The approximations of ulth and u'th were obtained by dichotomy.

4.2.2 Detection of a transitory change or bump

Let us consider the discrete sets

_ k k+Fk /
@1—{(50, 50 ),ke{O,...,49},ke{l,...,50 1{;}}’

and

kE k+E / /
@2:{<E’T)’ ke {0,...,12), K e {l,.... 13—k}, (k,k)#(O,lB)}}

Considering the alternative [Alt".10], the test statistic of our first procedure denoted by
(TC1%) is
7 3
TO(N) = max (N7 = (7 = INO 1] = by, o (1 u)0/2) )

(r,7")€O1
V (b (40/2) = N7+ (7 = NO]) )
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where I_yn77/_7(u) is the u-quantile of a recentered binomial distribution with parameters
(n,7" — 7) and ug’?x is defined for all n in N by

O =sup{ue01), swp Py( max ((N(r7]= (7 = IN(O,1] = by (1-u/2))
3 )\OES(I)L[R} (T,T’)€®1

V (Bur—r (u/2) = N(r, 7] + (7' = 7)N(0, 1])) >0 ‘Nl - n) < a} . (77)
while the test statistic of our second procedure denoted by (TC2") is

Tfi)(N) = max <TT/,T/(N) — Ny e (1 - U%Ea» ’

(1,7")EBO2

where u;‘% is defined for all n in N by

ul) =supu € (0,1), sup Py, ( max (7] _(N) =ty .. (1 —u)) >0 ‘Nl = n) <a
XoESY[R] (r,77)EO2

(78)

The null hypothesis (Hy) "X € S§[R]” is rejected when Tg)(]\f) > 0 for (TC1*), and when
TO(N) > 0 for (TC2Y).

The quantities ug?x, US;*L and t/

(1 —ul)) have been estimated by Monte Carlo methods
based on the simulation of 200000 independent copies of a recentered binomial random
variable with parameter (n,7" — 7) and 200000 independent copies of T) ,(N) given
Ny = n under (Hy) obtained from the simulation of 200000 samples of n i.i.d. random

variables uniformly distributed on [0, 1]. These samples have been used to approximate
the conditional probabilities occurring in (77) and (78). The approximations of ul), and
u;‘% have been obtained by dichotomy.

4.2.3 Simulation results

We compare the tests (La) and (Z) with (CP1%(©Y%)), (CP2*(©Y)), (CP1*(O%)) and (CP2*(O))
when addressing the jump detection problem (described in Section 4.2.1), and with (TC1*)
and (TC2") when addressing the bump detection problem (described in Section 4.2.2).

Estimated sizes We first study the size of each test by simulating 10 000 independent
homogeneous Poisson processes of intensity A\g = 1 w.r.t. A on [0, 1]. The probabilities of
first kind error of all the considered tests have been estimated by the number of rejections
divided by 10000. The results are given in Table 8.

Notice again that the estimated sizes of our tests always remain below the target 0.05,
as expected from the definitions of u&}L, uﬁf)a, u&f’)a and uﬁf‘L the Monte Carlo estimation
procedure does not affect this first kind error rate control property.

Estimated powers For both testing problems, we study the estimated power of each
test under various alternatives.
For the jump detection problem, we consider the same alternative intensities A, as in

the known baseline intensity case, defined for all ¢ in [0, 1] by (73), but with 7 varying in
{0.05,0.1,0.5,0.9,0.95}.
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For each alternative, we have simulated 1000 independent inhomogeneous Poisson pro-
cesses with intensity A, s w.r.t. A on [0, 1], and the powers have been estimated for each

Table &: Estimated sizes

La Z
0.050 0.049
(CPT"(OF)) (CP2Z'(O}))
0.047 0.046
(cP1*(y)) (cP2"(Or))
0.046 0.047
TC1" TC2"
0.049 0.049

test by the mean number of rejections. The results are gathered in Tables 9-13.

Concerning the bump detection problem, we have considered the same alternative intensi-
ties A; /5 as in the known baseline intensity case. For each alternative, we have simulated
1000 independent inhomogeneous Poisson processes with intensity A;¢s w.r.t. A on [0, 1].
The powers have been estimated for each test by the mean number of rejections, giving

the results presented in Tables 14-16.

Table 9: Estimated probability of detecting a jump with 7 = 0.05

5= 08 06 04 02 04 08 12 16 2
La 019 0.0 0.06 0.05 0.05 0.06 007 0.09 0.10
Z 0.36 0.18 0.09 0.06 0.05 0.09 0.13 0.17 0.4
CP1“(0%) 0.34 0.16 0.09 006 0.05 0.08 0.09 0.4 0.20
CP2U(©%) 0.34 0.17 0.10 0.06 0.05 0.06 0.07 0.11 0.16
CP1“(O%) 0.22 0.10 0.06 0.05 0.06 0.07 0.07 0.10 0.14
cP2u(OY) 0.23 0.11 0.07 0.05 0.06 0.06 0.07 0.09 0.13

Table 10: Estimated probability of detecting a jump with 7 = 0.1

0= -0.8 -06 -04 -02 04 08 12 16 2
La 041 0.17 0.08 0.06 0.07 0.09 0.13 0.19 0.24
yA 0.54 0.26 0.12 0.07 0.08 0.14 0.27 0.39 0.54
CP1“(©%) 0.54 0.25 0.11 0.07 0.06 0.11 0.20 0.35 0.49
CcpP2(©®%) 0.55 0.27 0.12 0.07 0.05 0.09 0.17 0.28 0.43
CP1*(©F) 0.53 0.24 0.10 0.06 0.07 0.13 0.24 0.42 0.60
CcpP2(©Y¥) 0.54 0.27 0.11 0.07 0.06 0.11 0.21 0.39 0.56
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Table 11: Estimated probability of detecting a jump with 7 = 0.5

0= -08 -06 -04 -02 04 08 12 1.6 2
La 091 0.60 0.28 0.09 0.19 0.55 0.85 0.96 0.99
yA 0.62 0.35 0.17 0.08 0.16 045 0.72 0.88 0.97

(©4) 0.92 055 0.22 0.07 0.15 049 0.83 0.96 1

CP2%(OY%) 0.90 0.51 0.20 0.07 0.14 0.46 0.81 0.95 0.99

(©7)
(©7)

093 058 0.25 0.09 0.16 053 085 097 1
091 056 0.23 0.08 0.16 051 084 096 1

Table 12: Estimated probability of detecting a jump with 7 = 0.9

0= -08 -06 -04 -02 04 08 12 1.6 2
La 0.13 0.10 0.07 0.05 0.08 0.15 0.24 0.37 0.53
yA 0.08 0.08 0.06 0.04 0.06 0.10 0.13 0.20 0.27
CP1*(©%) 0.17 0.10 0.07 0.05 0.09 0.22 0.36 0.57 0.73
CcpP2(©4%) 0.14 0.09 0.05 0.04 0.10 0.24 0.39 0.60 0.75
CP1*(GF) 0.22 0.13 0.07 0.05 0.08 0.20 0.36 0.58 0.75
cp2*(©Y¥) 0.15 0.09 0.05 0.04 0.09 0.22 0.40 0.61 0.79

Table 13: Estimated probability of detecting a jump with 7 = 0.95

0= -0.8 -06 -04 -02 04 08 12 16 2
La 0.07 0.06 0.06 0.06 0.06 0.08 0.12 0.16 0.23
yA 0.05 0.05 0.06 0.05 0.06 0.06 0.08 0.10 0.12

(©Y%) 0.06 0.05 0.05 0.04 0.09 0.14 0.22 0.31 0.46

CP2%(©Y%) 0.05 0.04 0.05 0.04 0.10 0.15 0.25 0.35 0.50

(67)
(67)

0.08 0.05 0.07 0.05 0.06 0.08 0.13 0.20 0.29
0.06 0.05 0.06 0.05 0.07 0.09 0.15 0.22 0.32

Table 14: Estimated probability of detecting a bump with ¢ = 0.1

0= -08 -06 -04 -02 04 08 12 1.6 2
La 0.08 0.06 0.07 0.05 0.06 0.08 0.10 0.13 0.19
Z 0.08 0.06 0.07 0.06 0.05 0.04 0.04 0.05 0.06

TC1* 0.12 0.09 0.07 0.05 0.06 0.14 0.26 0.37 0.59

TC2* 0.11 0.07 0.07 0.05 0.06 0.13 0.25 0.35 0.56

Comments

1. Considering the single change-point or jump detection problem, it first arises that
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Table 15: Estimated probability of detecting a bump with ¢ = 0.2

0= -08 -06 -04 -02 04 08 12 1.6 2
La 0.14 0.10 0.08 0.06 0.07 0.11 0.18 0.29 0.39
Z 0.09 0.09 007 0.05 0.05 0.04 0.04 0.05 0.05

TC1* 042 0.19 0.09 0.06 0.09 0.24 0.47 0.71 0.87

TC2* 0.29 0.17 0.08 0.06 0.10 0.24 0.46 0.70 0.86

Table 16: Estimated probability of detecting a bump with ¢ = 0.5

0= -08 -06 -04 -02 04 08 12 1.6 2
La 0.15 0.12 0.07 0.06 0.04 0.04 0.05 0.07 0.09
Z 015 0.11 0.07 0.06 0.04 0.05 0.04 0.04 0.05

TC1* 0.83 045 0.17 0.08 0.12 037 0.67 0.89 0.98

TC2* 0.83 0.44 0.17 0.08 0.13 039 0.68 0.89 0.98

among the (La) and (Z) procedures, neither is preferable to use: the Laplace and Z
tests can have very low powers depending on when the change occurs. One can notice
that their performances are significantly smaller than the ones of our procedures
(CP1*) and (CP2") when the jump occurs near to the endpoint 1, while the estimated
powers remain comparable in the other cases. Moreover, it is worthwhile to note
again that the jump detection problem in a Poisson process is not a symmetric
problem. Indeed, it is easier to detect large negative jumps occurring close to 0
than close to 1, and easier to detect large positive jumps occurring close to 1 than
close to 0.

. Considering the transitory change or bump detection problem, our procedures have
estimated powers significantly larger in all cases than the Laplace and Z tests.
Moreover, we have to mention that complementary experiments (omitted in this
study) showed that the estimated powers of (TC1") and (TC2") are equivalent for a
same value of change length whatever the change location, which is not true for the
procedures (La) and (Z).

. Among our testing procedures, the estimated powers are quite similar in most cases.
Nevertheless, it is to note that the procedures (CP1*) based on the linear statistics,
are slightly more powerful than the procedures (CP2*) based on the quadratic statis-
tics, for some positive jumps occurring near 0 and for some negative jumps occurring
near 1, whereas the procedures (CP2") are slightly more powerful for some positive
jumps occurring near 1. As expected, the aggregated tests based on dyadic sets
are significantly more efficient that the ones based on regular sets when the change
occurs near 0 or 1. For the bump detection problem, the main difference in the
estimated powers concerns the case ¢ = 0.2 where the better performance of the
linear statistics based test (TC1") as compared with the quadratic statistics based
test (TC2%) to detect large negative jumps is pronounced.
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4. The comparison of the simulated powers of the different testing procedures confirm
again the intuition that detecting a bump is harder than detecting a jump. The
simulation study also highlights that it is substantially easier to detect a jump or
a bump with negative change height than with positive change height probably for
the same reasons as in the above known baseline intensity case.

5 Proofs of the main results

Notation

As explained in the introduction, the main tools to prove our nonasymptotic minimax
separation rates upper bounds are exponential inequalities. Many of these exponential
inequalities involve the function g defined for every x > —1 by

gx)=1+xz)log(l+z)—x . (79)

The inverse function of g restricted to ]0, 400l is denoted by g~! and is defined on ]0, 4+o0.
For any x > 0, one has:

g M (z) < 22/34+V2x . (80)

The inverse function of g restricted to | —1, 0] is denoted by g”__l1 ol and is defined on |0, 1].
It is easy to see that g(—z) > 2%/2 > g(z) for all x in ]0, 1[, which allows to prove that

gt o(®) = =2 > —g7'(2) (81)

5.1 Proof of Proposition 2

The first statement of Proposition 2 directly results from the Neyman-Pearson fundamen-
tal lemma and Girsanov’s lemma recalled in Lemma 1.
Assume that ¢* > 0 and notice that the assumption (7) leads to

5L > [ (Ao + 5 VL /)\0€ (82)

From (82), the quantile bound (280) and the Bienayme-Chebyshev inequality, we obtain

Py(67,(N) = 0) < P, (N<T*,T* AR AM*L)
’ o

<P (N(T*,T* L < (g oy — QoL g ) L)

<B.

Assume now that —\j < 0* < 0 and notice that the assumption (7) leads to
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As above, using (83), (280) and the Bienayme-Chebyshev inequality, we obtain

Aol*L

Py(¢1(N) = 0) < Py (N(T*, ] > - + )\oﬁ*L)

<P, (N(T*, 0] > (Mo + 0L + W)

<B.

5.2 Proof of Proposition 3

Let C\, 3 =1+ 4(1 — a— ). Let us introduce for r > 0 the Poisson intensity A, defined
by

Ar(t) = X + (t) for all t in [0,1] .

,
—]l TH Tk *
Vb (7%, +0x]
Notice that A, belongs to (S.«[Xo]), = {\ € S. 7« s+ [Xo], da(\,So[Ao]) > 7}, as defined
by Lemma 42. We get from Lemma 1 and Lemma 44 that

dP)\ 7’2L
™ N _ o
(dPAO) ( )] o ()
Choosing 7 = (A\glog Cy, 5/ L)'/? then leads to Ej, [(alP)\T,/dP,\O)2 (N)] = Cap, and thanks
to Lemma 43, we conclude that p, ((8.77—*75* [Ao] )T) > B and mSR, g (S. 7+ e+[No]) > 1.

Ey,

5.3 Proof of Proposition 4

The first statement of the proposition is straightforward.
As for the second kind error study, let us consider first A = Ao + 61+ 7o) In S. 7+ g+ [Ao]
with 6 > 0. From the quantile bound (280), one deduces that

Aol* L
g

P)\( SL:O) < P, (N(T*,T*Jr(z*] < +A0£*L> ,

= P, (N(T*,T* + 0= (M +0) 0L < —60°L + Aot L)
g

It remains to find a condition on dy (A, Sp[A\g]) which will guarantee that

Y /A /( )\0+5 +L (84)

so that P,\( gl(l = 0) < B thanks to the Bienayme-Chebyshev inequality.
Let us assume for instance that

dy (N, So[No]) > 2\/70(} ¢1T) + ng_*L .
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Since dy (X, So[Ao]) = dv/¢*, this implies

5”7*”[(} ¢1_1)+W1€’*L ’

W (5\gﬁ+2ﬁ¢lm> Z@<%+¢%>

Using the basic inequality vab < (a + b)/2 then leads to

) A 1 1
SV — [ >/ 22 (—+—)
ﬁL - L \/B \/ 1
and (84) conveniently follows.

Let us consider now A = A + 017+ roype) in S. = p+[Ag] with 0 in (—X,0). From the
quantile bound (280) again, one deduces that

Aol* L
P (ofh=0) <Py <N(r*,r* +0] 2 =[P Aoé*L)

(D)

whereby

Qo

Aol* L
=P\ (N(T*,T*+£*]—()\0+5)€*LZ—5€*L— 0 )
As above, it remains to find a condition on dy (A, So[A¢] ) which will guarantee that

—5£*L—,/ ,/A“M (85)

so that P,\( = O) < B. Since dy (A, So[No]) = —6+/0* and 6 < 0, the following condition

suffices
bl = 2 (

Taking C'(a, B, Ao, £*) = max (2\/_( %)

lows to conclude the proof.

+

1
=)
oV (

¥ %\H

+ \/%) ) finally al-

S

5.4 Proof of Proposition 5

The first statement of the proposition is straightforward.

Let us now consider A = X\g+01 (7« ¢+ In S. 7+ g+ [Ao]. Since T 1+« (V) is centered under
(Ho), trgrerote (1 — ) < /Vary (Tr 740+ (N)) /. From the variance computation of
Lemma 47 under (Hy), we derive the upper bound ty, ;+ 10 (1 — ) < (Ao/L)\/2/ 0.
Moreover, still using Lemma 47 but under ( H; ) now, one can see that Ey[Tr« ;o (N)] =
§20* (recall that Ty« ;+,p«(N) is an unbiased estimator of d3(\, So[Ao] = §2¢*), and

4(Xo + 6)6%* N 2(\o +0)?

Var)\( T T*+Z (N)> = L L2
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Therefore,

PA(6), = 0) = Py (Tre ey (N) < bpgure o (1 — )

Ao /2

< P, <TT*T*+Z*(N)§_ _) ,
’ LYV a

Ao /2
< Py <TT*,T*+Z (N) — 620 < 22, /2 — 5%*)
LV a

Assume now that

dy (A, SolAo]) > %ﬁ%f) |

C(a,ﬁ,)\o,g*):max(\/B)\o(\/g+\/%) ’ 6\/f;+\/36\gf*L’ gjL)

This implies

52g*>3maX< <\f \f) |5|¢e_*<f\ﬁ ﬁ) 2\6|3/W’*>

and then

2 )\0\/5 )\0 - \/5()\0 ) 2‘5|3/2\/£7
O = = +2 |5|\/£_+ \/_| Ve ¥ el

hence, using v/ Ao+ < Ao + /|4,

X [2 Ao + 0 I N\ +0
2* 0 = 0 " 2 0
ot L\/;+2 7 I(Wﬂ\fﬁ =2 (56)

with

Therefore,

L

2 Px 2
< P T e (N) = 526 < __\/ )P 2(h +9) )

o /2
Py( ;?i:O)SPA Tov peioe(N) — 820" < 22 ——W*)

L2

Vary (Tr« - (N
S Py | Torrges (N) = EX [T peges (V)] < —\/ A ﬁ v )))

<B.

This concludes the proof.
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5.5 Proof of Proposition 6

Let us first give a short proof for the tests ¢§1()1+ and qﬁélc)y_

Start by remarking that the first kind error rates control of both tests is straightforward.

Since g~ !(x) < 22/3 4+ +/2x for all z > 0 (see (80)), Lemma 49 leads to
P (1= ) < Nl*L +2+/2Xolog (2/ar) L+ 4log (2/ax) /3

and

Py (@) = Nol*L — 24/2Xglog (2/av) L — 4log (2/ar) /3
Let us consider A = Ag + 0*1 (7 r4¢+) in S5+ ..~ and assume that

1 2)\010g(2/a) /)\0+5* 4log (2/a)
dz()\,So[)\o])zﬁ<2 7 ) T

If §* > 0, the condition (89) yields

4 Ao+ 0°)0*L
5L 2 2y/2log (2/a) L+ 5 log (2/a) + % |
which entails

PA( max N(tt+€*]<p/\oé*(1—a)>

te[0,1—£%]

SPA( max N(t,t+ 0] < (Mg + 0*)0°L — M)
te[0,1—0+] 3

<P (N(T,T + 0 — (Mo + 0L < — %)

< B with the Bienayme-Chebyshev inequality .

This concludes the proof for ¢§()X+.
If 0* belongs to (—\g,0), the condition (89) yields

()\o + 5*)€*L
— 5
We get then as above, with (88), (91) and the Bienayme-Chebyshev inequality,

5L > 22 log (2/a) L + % log (2/a) +

P, ( min  N(t,t+ €] > py 4 (a))

te[0,1—£%]

4
SP,\< min N(t,t+£*]2)\oﬁ*L—2\/2>\olog(2/oz)L—glog(Q/oz)
te

0,1—¢+]

te[0,1—£+] ﬁ

= b (N(Tv”r@*] — (Mo + )L > W)
<p.

o4

(87)

(88)

—

89)

(91)



This concludes the proof for qbi%_.

Now, let us turn to the test ¢é2/)4 .- As above, start by remarking that the first kind error
rate control of this test straightforwardly follows from a basic union bound:

Py (65, (M) =1) < Z Py (To s (N) >t e e (1— ua)
k=
a-eoari .
S *
—~  [A=0)M]
<«

Let A in Ss- .. 0« such that A = Ao + 6" 1 144+ with 7 in [0,1 — ¢*], and assume that the
following holds:

2 Ao + |6%]
ds (N, So[No]) > ﬁmax (8 —5
4v2(No + 167)) 2l0g (3/ua) 2\ 2
( /3 + 8o (3 oWy 210g(3/ua)) ) ) . (92)

This entails

2log (3/ua) 21Og(3/ua))2+m<xo+|5*|>+8d2<A,80[A0]> Ao+ 167

8Ao
O = 5 (S 2ot = e

(93)

Noticing that

<¢3/4a( ) O) S ke{o,..., [I(lililgl*)M]_l}P (Tk L3 +€*(N) S t%,%-ﬁ-@*(l - ua)) )

we only need to exhibit some k. in {0, ..., [(1 — £*) M| — 1} satisfying

P, (TkT b o (N) <ty

MM M

+*(1_ua)) Sﬁ .

s\ﬂ

We set k, = |7M]. Since 0 < 7 < 1 — £*, k, actually belongs to {0, ..., [(1 — ¢*)M]| — 1},
and since M = [2/0*], k./M <1 < k;/M + ¢*/2. Therefore, using Lemma 47 equation
(282), we get on the one hand

(¢ + ko /M —7)* 570
z N

By [Tip ao e (V)] =672

that is
} < d3(X, So[Ao))

By T sz 0o (V) e

MM

(94)

95



and on the other hand with Lemma 47 equation (283),

A5 (Nl A+ 6% (ke /M + 05— 7)) (ke /M + 07 — T)?

Var, Tkﬁ’llc\/_}—_l_z* (N)

L =
2 (Nl* + 0% (ky /M + 5 — 7))
L2 (2
A(Ao + |0 2(\o + |67])2
< 20 LD g5, s ag]y + 2 LD (95)

Moreover, Lemma 48 entails

1 (log(3/ua) V)
tﬁ7ﬁ+z*(1 — uq) <2030 (9 ! (W )

with ¢g71(z) < 22/3 + 22 (see (80)), which implies, with (93), (94) and (95) that

g s o (1= t0) < By [T s 0o (V) | = \/Vam [Tiz so e ()] /18

MM MM

We simply conclude the proof for ¢é2/)4 ., With

P)\ (T%,%+Z*(N) S thr & Z*(l —ua)>

T T
M’]\/I+

1

< Py <Tkr,kf+g*(N) — E) [Tkﬁ‘r,’;v_f+z*(N):| < —\/Varx [T%,%Jrz*(]v)] /5)

5.6 Proof of Proposition 8

The control of the first kind error rates of the two tests qbé(&()x and ¢é2/)4 ., 1s straightforward
using simple union bounds.

(1) Control of the second kind error rate of gbfllc)y

Recall from the proof of Proposition 6, equations (87) and (88), that

{pgﬁu—an>

Ml*L 4 24/2Xolog (4/a) L+ 4log (4/ar) /3,

Nl'L —2/Dholog (4a) L — Alog (4/a) /3 . 0

<
Pro-(@/2) >

Let us first set A in S... g« such that X\ = Ao + 61 (7 ;44 With 6 > 0 or § in (=X, 0), 7 in
(0,1 —¢%), and

8
LSl = T2 | 5 E* N7 —+§log(4/a)). (97)

B
The condition (97) entails

|5|\/€_*2|5‘;/?*+@<i+2 210g(4/0‘)>+ ! (1 4log(4/a)),

2_\/70(L+2 210g(4/a)>+ 1 (1

VI \ VB Iz NIACEAE
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and therefore, using the inequalities vVab < (a + b)/2 and va +b < \/a + /b for every

a,b>0,
. 0] VAo [ 1 2log(4/a) 4log(4/a)
o = \/ﬁ—ﬁ7<—+2 T)ﬂg TrT
o + )\0 2log 4/04) 4 log(4/a)
= BL NER (%8)

Then, assuming that 0 > 0, we conclude with the following inequalities:

B2, (N) = 0)

P (¢haN)=0) < B
< ( max Ntt+£*]<pke(1—oz/2))
(

te[0,1—£%]

IA

Py (N(r, 7+ 0] < Ml*L + 2y/2X log (4/a) L + 41log (4/a) /3) with (96)

(Ao +0)*L
g
< [ with the Bienayme-Chebyshev inequality .

)\07 )7

IN

P (N(r, T+ = (N + )L < — ) with (98)

Assuming now that ¢ is in
P(o ) =0) < P (¢l),(N) =0)

(—
(
( min_ N(t,t+ 0] > py, - (a/Q))
(

IN
-

te[0,1—£%]

IN

Py (N(r, 7+ 0] > Ml L — 2y/2x log (4/a) L — 410g(4/a)/3) with (96)

< <N 7T+ 0] — (Ao + 0)0°L > w> with (98)

<

(13) Control of the second kind error rate of qbéz/zla.

Let us now set A in S. .4+ such that A = A\ + 61 (- 140+ With 6 > 0 or 0 in (=X, 0), 7 in
(0,1 —¢%), and

\ﬁo 6v/2 288
JBL T VBFL’ BVEL

\/3>\0(410g(3/ua)+ Q/B)+2\/§10g(3/ua)+2\/§(2)\0)1/410g3/4(3/ua)> . (99)

dg()\,SQ[)\o]) Z 2 max (

VL 30°L (L3

o7



Notice that (99) entails that

8V 4V2 8
d%()\,S(]P\()]) Z Smax (dg()\,S(]P\o]) (\/ﬁ—[? + \/WL) , d;’/2(>\780[>\0])m y
160 log (3/us)  3210g% (3/us)  32¢/2Xlog®? (3/ua)  4XoV/2
L e 3O [3/2 VBL |’
and therefore
8vho 42 / 8 160 log (3 /1 )
d%(A,So[AoDzdzu,so[AoJ)( T WL)M%”(A,SO[AODE*lM N7 7 +
32log” (3/us) | 32v2Aglog™” (3/ua) | 4XoV/2
o2 3V L3/ VBL

Since da(\, So[Ao]) = [0]V/0* and /Ao + [0] < v/ Ao + /9], this implies that

d3(X\, So[Ao)) < 24/ Ao + |9] V2(|6) +)\0)+4)\0 log(3/ua)+810g2(3/ua)

da( X, So[Ao])+

4 - V/BL VBL L 90+ L2
8v/2X log”? (3 /uq
0108 (3/ua) (1)
3V L3/
Let us now prove that Py <¢é2/)4a(N) = 0) < B. From the definition (18), we notice that
(2) _ : _
B (¢3/47Q(N) B 0> S pen iy (Tﬁ%”*(m St gee (1 uQ)) ’

so that we only need to exhibit some &, in {0, ..., [(1 — £*)M ] — 1} such that

Py (Tﬁ b (V) <t i o (1— ua)) <3 .

MM M

As in the proof of Proposition 6, we choose k, = |7M |, which leads (see (94) and (95))
to
} > d3 (X, So[Ao))

By | T sz e (V) T

MM

(101)

nd 400 + 18))
_'_
Val")\ [T%’%+Z*(N):| < OT

From (100), (101) and (102), we derive that

Ao +10])°

B sDo]) + 22 (102)

Dolog (3/ua) _ 8log? (3/ua)
By [Tﬁ’ﬁ_,_g*(N)} 2\/\/&1")\ [T%},%M*(N)] /B + - + E

8v/2Xo log®? (3 /u )
3/ L3/2 '

o8



The conclusion then basically follows from Lemma 48, supplemented by the upper bound
(80), which allows to see that

By | T s 0o (V)| = \/Var,\ (Tt see (V)| /B 4+ g e (1= )
and the Bienayme-Chebyshev inequality, which entails

P, (Tk, by (N) < tiy i e (1 —ua)) <8 .

MM MM

5.7 Proof of Proposition 9
Let Cpp=1+4(1—a—B)% r= (NlogC,3/L)"? and ), defined for all ¢ in (0,1) by

>\T(t) - )\0 + 5*]1(T*77.*+T2/6*2](t) .

Notice that for all L > AglogC,z/(6**(1 — 7)), r2/6** < 1 — 7* and ), belongs to
(Ss¢,7+,.[Ao] ), in the notation of Lemma 42. We get now from Lemma 1 and Lemma 44

APy, \? B LY

Lemmas 43 and 42 then entail p, ((85*7T*,...[)\0] )T) > [ and mSR, g (Ss+ r+...[Ao]) > 7

By,

5.8 Proof of Proposition 10

The first kind error rate control is straightforward. As for the second kind error rate
control, let A = X\g+6*1 ¢+« r«14 belonging to Ss« -« ...[Ao] with £ in (0, 1—7*) and satisfying

I\ +5*
da (A, So[Ao]) > < ’ 0%s) - (1 —a)lssop+

5 log (1/a)
\/log()\o/ (Mo — |5*|/2))]1{—>\o<6*<0}> . (103)

Assume that §* > 0 and recall that s} . j2 (1 — ) defined in Lemma 50 is a constant
which does not depend on L. The assumption (103) implies

Ao + 0*
da(X, So[Ao]) = T <2\/ 05 ) \/5*510,% (1 —04)) 7
which yields
T (l—a)
. (o400 S
>4 2
0" > 4max AL , 17 ,
hence
%EL > Wjus;g (1-a) . (104)
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We get then

Py (¢50(N)=0) < Py ( sup  Sse v peper(N) < 83 5o e (1 - Oé)) ;

0'e(0,1—1%)

where

Spe e rerer(N) = sgn(6%) (N(T*, ] - AOLE’) —|6*|Le/2

as defined by (21) and s}, 5. .. (u) is the u-quantile of supyc (g 1 «) S5 v+ 7+ o (N) under
(Hp). From the quantile upper bound (286), we deduce

Py (95.0(N) = >SPA< sup Sa*,f*,f*w(N)ss;M<1—a>>

2e(0,1—7%)
5*
< P)\ (N(T*,T*—Fg] - ()\04——) (L < 8+ 5% (1—0&))

< P (N(T*77*+€] — (g + )L < S;roﬁ (1-—a)— 5—€L)

SP)\ <N(T*,T*+€]—()\0+(S* gLS—

S /6 )

with a last line simply following from the Bienayme-Chebyshev inequality.

Assume now that 0* is in (=g, 0). The assumption (103) implies

imax Ao + 0* |0+ log (1/c)
GOSN 2 = (2\/ ; ’\/mguo/(xo—wﬂ/w))’

which yields

* (Do +8%) log (1/0)
g 'EZ“”‘“( L Llog<A0/<Ao—|5*|/2>>)
Hence
16%] (Ao + 6)0L log (1/a)
g (k= 5 log(h/ (o —1071/2))
and then
165%| log (1/a) ) (Ao + 0%)(L
<A°‘ 3 )EL_IOg()\o/(Ao—|5*|/2)) ~Qod YL 2 e (105)
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We conclude with the following inequalities:

PA(% N)=0)

5
n
(v

sup 55 ar it (N) < 83 oo p (1= a))

0e(0,1—1*

. log (1/0)
(AO )EL‘N(T T S el Do —10172))
N T*

_m B log (1/a)
T > (Ao Q)EL log()\o/()\o—|5*|/2)))

w) with (105)

< [ with the Bienayme-Chebyshev inequality .

|5*

IN

) with (286)

| /\

SP)\ <N(T*,T*+€]_()\O+6*)€LZ

5.9 Proof of Lemma 11

Let \p > 0, 7" in (0,1), and ¢, a level-a test of (Hy) "A € Sp[ho] = {Ao}” versus
(Hy) "A €S 1+..[Ao]”, with

Somealha] = {A: 30 € (=Xg, +00) \ {0}, 3 € (0,1 = 7°), A(t) = Ao + 0L (e o)}

as defined by (22).
Let 7 > 0 and A in S. .« ...[A\o] satisfying da (A, So[Ao]) > 7. We compute

Py (¢a(N) =0) =1 =Py (¢a(N) =1) + Py, (¢a(N) = 1) = Py, (¢a(N) = 1)
21— =[Py (¢a(N) =1) = PA(¢a(N) =1)]
2 1—Oé—V(P>\,P)\O) s

where V' ( Py, P, ) is the total variation distance between the probability measures Py and
P,,. Then, using the Pinsker inequality (see for example Lemma 2.5 in [104]),

Py (¢a(N)=0)>1—a— M’

where K ( Py, Py,) is the Kullback divergence between the probability measures P, and
Py,. We deduce from Lemma 42 that if there exists A in S. ;« ...[Ao] such that da (A, So[Ao]) >
r satisfying 1 —a — /K (Py, Py,) /2 > 3, then mSR, 5 (S.7+...[Ao]) > 7

Let us introduce for all £ in (0,1 — 7%), A\, = Ao + 7"6_1/2]]_(7—*,7.*_1_[] in S. ;+...[Ag] which
satisfies da(\,, So[Ao]) = r. Then, Lemma 1 entails

K (P, Py) = /log (3}?) APy, = log (1 + T\/Z) (AO i %) 0L — LT |
0 0

Hence choosing ¢ close enough to 0 — which is allowed as long as A, is not constrained to
be upper bounded by some given constant, K (Py,, Py,) < 2(1 — a — 3)%. This entails

mSRu 5 (S, [No]) > 7

for every r > 0 and allows to conclude that mSR, g (S. ;+....[Ao]) = +00.
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5.10 Proof of Proposition 12

Assume that L > 3 and « +B <1/2.
Let Cl 5 = 4(1—a—B)? Kapr = [(logy L)/Cy, 5], and for kin {1,..., Kapgr}, e = Ao+
5k]l (1% 7% +04] with Ek = (1 —T )/Qk and 519 ()\0 loglog L/(fk ))1/2. Then dg ()\k,SO[)\O]) =

VAologlog L/L for all kin {1,..., K, .} and assuming that

*

1oglogL ol =7
o, < B MR

Ar belongs to S. ;«...[Ao, R]. Recall that for any & in {1,..., Ky} P, denotes the
distribution of a Poisson process with intensity A, with respect to the measure A, and
consider k, a random variable with uniform distribution on {1,..., K, 1}, which allows
to define the probability distribution g of A,. From Lemma 43, we know that it is
enough to prove EAO[(dPM/dPAO) ] <14 C 4 to conclude that mSR, 5 (S. +....[Ao, R]) >
v/ Aologlog L/L.

By definition, (dP,/dPy,)(N) = E, [(dP\./dP\,)(N)] (where E,, denotes the expectation
w.r.t. the uniform variable x) and therefore

(106)

Ko

dP, 1 " ( ( 5k) )
N) = exp [ log | 1+ N(T5, 75 +/ Ll
dPAO( ) K%@L 2 p g N ( k] KOk

Since £, < ), for all k' > k,

dP“(N) 2 ! Kazm 21 1+5—"“ N(T*5, 75 + 4] — 21416
Py, Kg exXp 0g N T,T k KOk

Bl =1
Kap,r—1 Kapg,L s 5
k k, * *
exp((log <1+—) + log (1+—))N(7‘ T+ O]+
KiﬁL ; ijﬂ Ao Ao

) N(T* + gk’; T* + Kk] - Lﬁkék - Lekfék/)
0

O
1 14+ —
+0g<+)\

Recall that under (Hy), N is a homogeneous Poisson process with intensity Ao with
respect to the measure A, so

K, 1K
dP 2 1 «,B,L L£k52 2 K, B, L— a,B,L Lgk,ék(sk,
Ey ( “) exp( k)—l— exp( )
Then
1 K
dP,\*| logL g Meprt Kesr
E - = + ex (2 2 (loglo L) , 107
» (dPAo) Kopr Ksp Z %1 P glog L) (107)
which entails
AP, \*|  logL g Tegs! l
Ex [\ ap) | = Kopp — 1 (2" loglog L )
Ao (dPAO) Kons K2, ; (Ka,p,r — 1) exp (272(loglog L)

QBL 1

94
< ﬁlogQ—l—KzﬁL Z (Kapr—1) exp( 2(loglogL))




Now taking 1 such that 0 <7 <1 —1/v/2,

dP 2 2 Ka,ﬁ,L_l
E L) | < L log?2 Kopp —1 (241 1 L)
Xo (dPAO) < Caplog2+ K2, ; (Ko, — 1) exp (272 (loglog L)
[ (log L)"] l
= g,ﬁ log 2 + Kg,ﬁL 1221: (Kapr —1)exp (2_5(log log L))
5 Kapp—1
+ T Z (Kapr—1)exp (2_%(log log L))
B L 1= (log L)7|+1
207, 5log 2 Bl log log L
a,f + g10g
< Cqplog2+ T losL (log L) V2 + exp (m) (108)
If we assume now that
log log L 207, 5log 2 /
exp (2(1ogL)n/2) (log L)l_"_% <14 (1-1og2)Cy 5 , (109)

we finally obtain the expected result, i.e.

dpP,\’

dP,
To end the proof, it remains to notice that there exists Lo(«, 3, Ao, R) > 3 such that for
all L > Lo(«, B, Ao, R), both assumptions (106) and (109) hold.

5.11 Proof of Proposition 13
The control of the first kind error rates of the two tests (bgt)l and ¢((f¢)1 is straightforward
using simple union bounds.

(1) Control of the second kind error rate of gbélc)y

Let Ain S. 7« ...[Ao, R] be such that A = Ao + 01 (7= 7«44, With § in (=g, R — Xo| \ {0}, £ in
(0,1 — 1), and such that

dy (X, So[\o]) > V2 max (2\/ Rlogg(j/ ta) 2\/ 20 logL(Q/ o) +2\/5EL | %)
(110)

Let us prove that Py ( él())(N) = O) < B.
Assume first that § belongs to (0, R — A]. Noticing that

(1) _ : * %
P(ofa)=0) < imf  PUNGE T ] Doy (1 10/2))

one can see that it is enough to exhibit some k in {1,..., [log, L]} satisfying
P)\ (N(T*,T* + &-*JC] < pAOZr*,kL (1 - ua/2)) < ﬁ .
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We get from (110) that d3 (X, So[Mo]) > 2R?/L which entails ¢ > 2/L, so

(1 — 7%)27Mee2 Ll < 2(1 — 7%)/L < 2/L < £ and ¢ < (1 — 7%)27'*1. Therefore, one can
find k.- in {1,..., [logy, L]} satisfying (1 —7*)2 % < ¢ < (1 —7*)2 % +L Consider now
b = (1 —7%)27F = 7+ . such that £/2 < .. < (. We get

62 > d3 (N, So[No]) /2 . (111)

Moreover, we deduce from (110) that

dy (A, Solro]) >\fmaX( \/m \/2/\010g (2/ua) \/ﬁ) |

and then with (111),

5v/E 2 max WW o PRETT] o ;a)

This entails in particular 0¢,« > 4log (2/u,) /(3L) as well as

20 log (2/u,) Ao +0
* > * —_— —_—
0l > 24/ 1 (\/ i3 + AL
Therefore,
21og (2/ug) \/2)\0 log (2/ua) Ao+ 0
* > _— * _— N —
Ol > 2max< 3L . Vs T + 8L )

(Mo +0)l+L
5

On the one hand, since ¢« < ¢, Lemma 44 gives E [N (7%, 7% + {.+]] = Var, [N(7*, 7" + (]| =
(Ao + 0)lr« L. On the other hand, Lemma 46 gives

hence

2
0y L > S log (2/ua) + V2 ol Llog (2/uq) + (112)

1 2
Drotyer (1= 1a/2) < Mol L + Aoly-Lg ™" (M) |

)\OLET*
with ¢7'(z) < 2x/3 + /22 for all z > 0 (see (80)), which leads to

Protnr (1= 1a/2) < Nl L + Blog(Q/ua )+ v/ 2MolrLlog (2/uy)

Combined with (112), these computations yield

E)\ [N(T*, T* + 67—*” > Prot,«L (1 — ua/2) + \/V&l")\ [N(T*, T + 67—*” /5 . (113)
We conclude with (113) and the Bienayme-Chebyshev inequality successively:
PA(NG 7 4 6] < prger (1= 10/2) )
< Py (N(7, 7" 4 6] = By [N, 7"+ 6] < —/Nany [N(7, 7 + 011 /B)
<g.
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Assume now that § belongs to (—\g, 0) and notice that

D (N) = )< i ] >
Py (V) =0 e PN Tl ] 2 Pt (00/2))

Lemma 46 with (80) gives

2
Protar (Ua)/2) > Nolp L — 3 log (2/ta) — /2 olre L1og (2/14) .

The same choice of k.« and £+ = £« ;. as in the above case where § € (0, R — \¢] entails

()‘0 + 6)€T*L
5 Y

and since Ey [N (7%, 7" + {«]] = Vary [N(7*, 7" 4+ ]| = (Mo +0)lr+ L = Nl L —|5]4+ L,

we obtain in the same way

|5|€T*L 2 )\OET*L — PXol,« L (UQ/Q) + (114)

P)\<N(’T*, T* + ET*] Z Pxot.«L (UQ/Q))
< Py (N(, 7" 4 6] = By [N, 7" + €] = /Vany [N(, 7 + ]1 /B)
<pB.

Finally (110) leads in both cases to Py (qﬁélzy(N ) = O) < (3, which allows to conclude that

log (2[log, L
SR (04100 S e[, F]) < V2 max (W Flog (2liogy L)

2Xo log (2|log, L| /) R
I, [T 1)

(11) Control of the second kind error rate of qbgc)y.

Let XA in S. -« ...[Ao, R] be such that A = Ao+ 01 (7« -+, with § in (=X, R — A] \ {0}, £ in
(0,1 —7*), and such that

ds (X, So[No)) >max< \/2)\010g 3/ta) 2\/27 \/2\/7R10g 3/Uq ) ’
4@) e LEGle). 16\//% %) ()

Let us prove that P\ (QS(?()](N) = O) <p.
Noticing that

P<(2>N:o>< inf Py (Torenrs (N) <tagrereren (1—1ua))
A Do () S e N (T ot (N) < lagre oty (1= 1a)
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one can see that it is enough to exhibit some k in {1,..., [log, L]} satisfying

P)\ (TT*,T*—MT*JC (N) S t)\o,'r*,'r*-‘ré,,_*’k (]- - ua)) S 6 .

From (115), we deduce that d3 (X, So[\o]) > 2R?/L which entails ¢ > 2/L. Therefore, as
in the above part (7) of the proof, let k.« in {1, . Uog2 L|} be such that (1 —7*)27%
(< (1—7%)27%+1 and consider {,- = (1 — 7 ) =l .. Then (/2 < 67* </ and

62 > d3 (N, So[No]) /2 . (116)

Moreover, we get from (115)

4 O Soal) >max< \/2)\010g 3/ua) |, /2 \/2leog 3/ua)
4(2) 1/631/3\/m 16\/7>

On the one hand, this entails in particular dj (A, SO[)\O]) > 128 R?log® (3/uy) /(9L?), and
then, with (116), di (X, So[\o]) > 64d3 (X, So[No]) log? (3/ug) /(9L%0,).
On the other hand, this yields

64 20 log® (3/ua
d;’(/\,So[/\o])zgdg(,\,sopo])\/ 0 Lg%(*/u ) ’

using the same arguments. Therefore

Ao log (3/ua) 2R 64log” (3/u,)
2 > L - =2 7 77
dj (A, So[Ao]) = max (32 I TNBT T ore.
20 log? (3/uy) R
3 3. » 16023, SolAo)) 8L

Hence

d%()\,SO[AO])>4>\010g(3/ua)+ 2R 8log® (3/ua) 8\/2>\010g3(3/ua)

2 = L 8L 9L%( .. 3 L3,
R

20 SoPol)y /57 - (1)

Since £+ < ¢, Lemma 47 gives E) [Ty 1«14 . (N)] = 6*(,+ and

482 (N + )t 2N +0)°
L 2

Vary [Ty rese. (N)] =

This leads with (116) to

d% ()‘7 SOP‘O] )

By [Ty rose . (N)] > (118)
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and

4B (A Silh) R | 2R

Vary [T reip.. (N)] < . - (119)
With (118) and (119), the inequality (117) yields
4holog (3/ua) | 8log? (3/ua) 2 log” (3/ua)
* * >
BT rete. (N)] 2 L 9120 3 L3
TT* T* * N

Moreover, Lemma 48 gives

Ly (log (3/ua) )
t)\o,T*ﬂ'*-i-g.,.* (1 - ua) S 2)\(2)£T* (g 1 (W ’

where ¢7(z) < 2x/3 + v/2z for all x > 0 (see (80)), and then

ot (1= tg) < 008 eI 7,

< E\[Treroge . (N)] = \/Vam [TT*gHT* (N)] |

_ Dolog (3/ua) | 8log” (3/ua) \/2)\010g (3/ua)
3

We obtain with the Bienayme-Chebyshev inequality

P)\ (TT*,T*—MT* (N) S t)\o,r*,'r*—i-&.* (1 - uoc) )

< P)\ (TT*,T*-‘,-Z.,.* (N) < E)\ [TT*,T*-l—ZT* (N)] - \/ B

<B,

Vary [Ty o te,. (V)] )

which entails Py (¢g?;<zv> - o) < 8.
This finally allows to conclude that

2) 2Xlog (3|logy L] /av) 2R
SRs <¢67Q,S.J*7...[AO,R]> < max (4\/ 7 +24/2 3T

2v2Rlog (3[log, L] /) 2 1/6 13, /10g (3 10%2 /o) R V2R
2\/ T ,4(-) /R/\/ ,16\/5:L,ﬁ>.

5.12 Proof of Proposition 14
Let Cop=1+4(1—a—B)2 r = (NlogC,s/L)"? and ), defined for all ¢ in (0, 1) by

Ar(t) = Ao+ 071 (12 5.2 (1) -
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Notice that for all L > \glog C, 5/8*%, we have r < |6*| and A, belongs to (Ss-..1_..[Ao])
in the notation of Lemma 42. We get now from Lemma 1 and Lemma 44

dPy, \> B LY
(dPo) (N)] —exp<>\—0) = Cy p.

T

By,

5.13 Proof of Proposition 15

The first kind error rate control is straightforward. As for the second kind error rate
control, let A = A\g + 6*1(, ;) belonging to S« ..1—..[Ao] with 7 in (0, 1) and satisfying

2 [ Ao + 0%
dg()\,S(]P\()]) Z —Lmax <2 0 5 s \/(5*81_07% (1 — Oz)]l{5*>0}—|—

|6%[ log (1/ar)
\/log()\o/ (Mo — |5*|/2))]l{—)\0<6*<0}> . (121)

Then the proof essentially follows the same line as the one of Proposition 10 just replacing
by (1—1).
Assume that 6* > 0 and recall that sj\r 52 (1 — ) defined in Lemma 50 is a constant

which does not depend on L. The assumption (121) implies that

da( N, SolMo]) = <N/A°+5* NS 1—a)) ,

which entails
o* (N +6)(1—7)L n
2(1—7‘)L>\/ 5 +s

Then we get from the quantile upper bound (287)

(l—a) . (122)

Py (¢7,4(N) = )<P>\< sup Spe 1 (N) < 57 5 (1—04)>

7'€(0,1)

*

<P (N(T, 1] - <>\0+ %) (1-7)L < sjm% (1 —a)>

<A (Nl = Qo)1= L < 8] (1-a) = S0 - 7)L )

()\0 + 5*)(1 - T)L
B

SPA <N(7’,1]—()\0—|—5*)(1—’7‘)L§_\/
<B.

Assume now that 0* is in (=g, 0). The assumption (121) implies that

E} Ao + 6% |0%|log (1/cv)
d2(A, So[Ao]) = f (2\/ B \/IOg()\o/()‘O_ |5*|/2))) |
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which entails

5l s [Qets)i-nL log (1/a)
7 ! >LZ¢ g T log o/ (a — [57/2))

and then

()‘0 - 2 ) (1—T>L_log()\0/()\0 _ ‘(5*‘/2))_(>\0+5 )(1—7’)L > \/ B .

(123)
We conclude with the following inequalities, deduced from (287), (123) and the Bienayme-
Chebyshev inequality successively:

Py <¢7,a(N) = 0) < P ( Slzp : Sse 1 1(N) < 53\1—076*77—*7L(1 - O‘))
7'€(0,1

5 log (1/a)
§“<<%‘ 2)“‘”L‘N“”§kguwuwwmm»)

< B (N(T, J=Qo+0)(1—-7)L = \/(AO +5*>ﬁ(1 —T)L>
<B.

Coming back to the formulation of assumption (121), we therefore can take in the state-
ment of Proposition 15

. [ Mo + 0%
C(a, B, A, 0%) = 2max (2 0 5 \/5*51’07% (1 —a)lso+

|0*|log (1/a) "
log (Xo/ (Ao — [0%]/2)) {~Xo<o*<0} | -

5.14 Proof of Lemma 16

Let A\g > 0 and ¢, a level-a test of the null hypothesis (Hy) "X € So[ho] = {Ao}”
versus the alternative (Hy) "A € S...1—..[A\o]”, with S...1_..[Ao] defined by (28). Let us
fix some r > 0. As in the proof of Lemma 11, we can argue that if there exists A in
S....1—..[Ao] such that da (X, Sp[ho]) > 7 satisfying 1 — a — /K (P, Py,) /2 > 3, then
mSRaﬁ (8.7..,1_..[)\0]) Z r.

Let us introduce for all 7in (0,1), A, = Ag+r(1—7)""/21(, 1 in S....1_..[Ao] which satisfies
da(Ar, So[Ao]) = r. The end of the proof follows the same line as the one of Lemma 11,
noticing that

K(PAT.,P/\O):IOg<1+ Ao + (1—7)L—Lrv1—1

o) (o 7=

and choosing 7 close enough to 1 in order to get K (Py,,Py,) < 2(1 — a — 3)?, which
yields mSR, g (S....1—..[\o]) > 7 for all » > 0 and allows to conclude.
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5.15 Proof of Proposition 17

Assume that L > 3 and o+ < 1/2. As in the proof of Proposition 12, we consider C7, 4
4(1—a—p)% Kupr = [(log, L)/C, gl and for k in {1,..., Ko}, A = Ao + 5k]l(Tk 1]
with 7, = 1 — 27% and &, = (2¥\gloglog L/L)"/2. Then, for every k in {1,...,K,5.1},

dy (A, So[Mo]) = VAo loglog L/ L, and assuming that

loglog L (R — \o)?
Ll_l/czlx,,@ - 2)\0 '

(124)

Ak belongs to S..1_..[Ao, R|. The proof then essentially follows the same arguments as the
proof of Proposition 12. Thus, considering a random variable x with uniform distribu-
tion on {1,..., K, .} and the probability distribution p of A, we aim at proving that
Ex[(dP,/dPy,)"] <1+ C7, 5, with P, defined as in Lemma 43, in order to conclude that

mSRa 5 (S...1-..[Ao, R]) > /Ao loglog L/ L.

By definition,

P 1 R 5
L(N) = log (14+ 25 ) N(rp 1] = L(1 — 7.)8
dP,\O( ) Kops ; exp <0g< + )\0) (Tk, 1] ( Tk) k)

Since 1y > 7, for all & > k,

AP 1 ast 5
H k. _ _
( dP%(N)) > e (2og (14 2) N 1] - 220 - ) )

aB, L =1
Kap,r—1 Kapg,L 5 5
k K
exp ((log <1 + —) + log (1 + —)) N (73, 1]
KiﬁL ; k’zl;—l—l Ao Ao

+ log (1 + —k) N(Tk,Tkl] — L(l — Tk)(sk — L(l — Tk/)(sk/) ,

hence

E,

Kaog,L Kap,—1 Kapg,L
1 L(]_ - Tk)(sg 2 ]_ — Tkl)(sk(sk/
K241 2 o ( Ao +K2,B,L 2, o Ao

( P, )2
dP)\O a,B8,L p—q k=1 k'=k+1

We then obtain the same expression of E), [(dP,/ dPAO)ﬂ as in Equation (107), and the
proof ends exactly as the one of Proposition 12, just replacing (106) by (124) in the final
argument.

5.16 Proof of Proposition 18

This proof is very similar to the one of Proposition 13. For the sake of completeness, we
nevertheless detail it below.
The control of the first kind error rates of the two tests (bg()x and (bé(f()) is straightforward
using simple union bounds.

(1) Control of the second kind error rate of qbgc)y.
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Let Ain S...1—..[Ao, R] be such that A = A\g+01(;1), with 7 in (0,1), 6 in (—=Xg, R—Xo]\ {0},
and such that

dy (N, So[Mo]) > V2max (2\/R10g3(§/u°‘) , 2\/2A010i(2/ua) 4o BEL | %) |

(125)

as in (110).
We prove here that P, (qbg()x(]\f )= O) < B, assuming first that 0 belongs to (0, R — Ag).
Noticing that

(1) _ :
(e =0) < inf P (N 1] < paggiongn (1 a/2)

one can see that it is enough to exhibit some k in {1,..., [log, L]} satisfying
P)‘ (N(Tk? 1] S p)\o(l—'rk)L (1 - UQ/Q)) S 5 .

Let k; = |—logy(1—7)|+1. Since 0 < 1—7 < 1, k. > 1. Moreover, from (125), we obtain
d% (X, So[M\o]) > 2R?/L which entails (1 —7) > 2/L and k, < [log,(L/2)| +1 < |log, L].
Consider now 73, = 1 — 27% which satisfies (1 —7)/2 <1 — 17, < 1— 7 as well as

62(1—7.) > da (N, Solho]) /2 . (126)

We get from (125)

da (X, So[Ao]) > V2 max <2\/@, 2\/%@/“0%&\@) ’

which gives with (126)

This entails in particular 6 (1 — 7, ) > (4/3)log (2/u,) /L and also
2o log (2/u,, Ao+ 06
§(1—7p,)>2 1—Tk,<\/—° gL(/ >+,/—°5L )

MNo+0)(1 =7, )L
3 .

Hence,

0(1l—7, )L > %10g(2/ua) + /2 (1 — 73, ) Llog (2/us) —i-\/

(127)
On the one hand, since 7, > 7, Lemma 44 gives E) [N (7, ,1]] = Vary [N(7,,1]] =
(Mo +0) (1 =7k ) L. On the other hand, Lemma 46 with the inequality (80) give

2
Prattm (1= 4a/2) < No(1 = 7, )L+ = 10g (2/ua) +v/2% (1= 7,) L1og (2] -
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Combined with (127), these computations yield

Ex[N(7h,, 1] = prgorp (1 = 1a/2) + v/ Vary [N(n,, 1]] /5 (128)

The Bienayme-Chebyshev then leads to
PA(N(TICT, 1 < pag—m,z (1= Ua/2)> <p.
Assume now that ¢ belongs to (—\g, 0) and notice that

P ( W (N ::o) < inf Py (N7 1> oo (1a/2)
A Ps (V) L. N (N (Tk, 1] 2 paga-moz (1a/2))

Lemma 46 with (80) gives

Pro(1—m)L (Ua/2) 2 Ao (1 — 7)) L — %log@/ua) —V/2X (1 —7;) Llog (2/ua)

The same choice of k, as in the above case where 6 € (0, R — \g| thus entails

(Ao+0)(1—7, )L
5 ,

and since E)\[N(Tk_r,l]] = Val")\[N(TkT,l]] = ()\(] —|—5)(1—Tk7)L = )\0(1—7%7)[/ —
|0] (1 — 7%, ) L, we obtain in the same way

51 (1= 7 ) L2 Ao (1= 7 ) L= ag(1n, 1 (0/2) + \/ (129)

PA<N(TkT>1] > Pao(1-7, )L(ua/2)> < P, (N(Tkﬂl] B\ [N(7,,1]] > /Vary [N(7. H/ﬂ)
<B.

Finally, (125) leads in both cases to Py (qﬁél()x(N ) = 0) < /3, which allows to conclude that

3L ’

2)log (2|log, L] /) R R
I, [T 1)

(i) Control of the second kind error rate of gbgc)y

Let Ain S. .. 1—..[Ao, R] be such that A = Ag+01 (17, with 7in (0, 1), § in (=Xg, R— o]\ {0},
and such that

dy (X, So[No]) > max( \/2)\010g 3/te) 2\/27 \/2\/7R10g 3/Uq) ’
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as in (115).
Let us prove that this implies that P\ ( 5(;2) (N) = 0) <.

,Q

Notice that

(2 — )< 1 < —
(oo =0) < inf  PU(Tha(N) S froma (1-ua))

to see that one only needs to exhibit some & in {1,..., [log, L]} satisfying

Py (T 1 (N) < tagma (1 —ua)) <8,

to obtain the expected result.

As in the above part (i) of the proof, let k; = |—logy(1 —7)| + 1 and 7. = 1 — 27F.
From (130) which in particular entails d (A, Sy[No]) > 2R?/L, we get that k, actually
belongs to {1,...,|log, L] }. Furthermore, by definition,

0* (1=, ) = d3 (X, SolAo]) /2 - (131)

Now, we also deduce from (130) that

2Xolog (3/uq 2R 2R 1log (3/uq
dz()\>50[)\0])2max<4\/ oOgL( /u)+2 2\/%2’ V2 OggL( /U)’

2\ 16 s 108 (3/ua) R
z /3, 2O\ ) _
4(3) AR AR

This entails on the one hand that dj (A, So[\o]) > 128R2log? (3/us) /(9L?), and with
(131), di (X, So[Xo]) > 64d2 (A, So[No]) log® (3/us) /(9L? (1 — 73, )). On the other hand,
we deduce that

5 64 2o log® (3 /uq)
dz (A, Soldo]) 2 - (>\=50P\0])\/ F—r)

Therefore

2 3
32)\010g(3/ua)+8\/%R 6410g? (3/us ) 6_4\/2)\010g (3/10)

L L L3(1—1,)

2 >
d2(>\,50[/\o])_max< L’ 92(1—7.) 3

16d5(\, Solo]) %) |

Hence,

d2 (X, So[Mo]) >4)\010g(3/ua) 2R 8log®(3/uy) §\/2>\010g3(3/ua)
3

2 = L BL 9L (1—7,) L3(1—)

+2d2()\,80[>\0])\/55. (132)
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Since 73, > 7, Lemma 47 gives that E) [T}, 1(N)] =6*(1 -7, ) and

. 4(52()\0 —|—(5> (1 - Tk-r) i 2()\0 +5)2
- L L? '

Var,\ [TTkT,l(N)]

From (131), we get
2
> —d2(A’§°[AO]) . (133)

Moreover,

4d3 (X, So[No)) R N 2R?
L Lz

With (133) and (134), the inequality (132) yields

Var,, [Tmﬂl(N)] < (134)

Ey [T,

(N
ot (V)] L 912 (1—7,.) 3

A\olog (3/uys)  8log® (3/us) 8 [2Xolog® (3/us)  |Vary [Th, 1(N)]
. ; £ [Puio Gfe) [V [Toa D]

Furthermore, Lemma 48 gives

L 9I2(1— 7. ) 3

4Xolog (3/us)  8log? (3/us) 8 [2Xglog® (3/uq)
— <
t)\O,TkTJ (1 ua) = JE (1 — TkT)

< By [Ty, a(N)] - \/ - [TET’I(N” ,

and the Bienayme-Chebyshev leads to
Po(Tr a(N) < g 1 (1-wa) ) <5

This entails the expected result P, ( 5(;22‘(]\7 ) = 0) < f3, and finally allows to conclude
that

27 log (3[log, L 2
SRB(qsg?g,s.,.,l_..[Ao,R]) < max <4\/ Ao og(BLLogg /o) Q\E%

2\/zmlog<3tlog2u/a>74(2)1/3A3/6R1/3wog<3tlog2LJ/a)716 R ﬁR>.

3L L BL’ VL

3

5.17 Proof of Proposition 19

Let L >2. Forall kin {1,...,[L¥*]}, let us define Ay(t) = Ao+ 6*L(ry rorq(t) With 7, =
k/L, and ¢ = X\glog L/(20**L). Then \; belongs to S+ ..o [Ao] for all £ in {1, ALY }

asS Soo1 as
(L34 Nlog L

L 26%2 L

<1, (135)

and it satisfies
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Considering a random variable J uniformly distributed on {1,...,[L¥*]} and the dis-
tribution g of A\; and using Lemma 43, one can see that it is enough to prove that
Ey[(dP,/dPy,)?] <1+ 4(1 —a — B)? to obtain the expected lower bound. By definition,
(dP,/dPy,)(N) = E;[(dPy,/dPy,)(N)], therefore

dP 1 (LZW 5"
M _ *
dP)\O(N)— |7L3/4—| exp (log (1"‘)\—0) N(Tk,Tk—Fg]—L(S £>

We then expand the square as
[L3/4]
dpP,\’ 1 5" )
(dPAO) (N) :m 2 exp <2log (1 + )\_0) N (7, 1 + €] — 2L6 f)

k=1
(L9411 (L34

+ﬁ Z Z exp(log<1+i>N(Tk,Tk+€]

k=1 k'=k+1

*

+ lOg < f\ ) (Tk’ Tk + E] — 2L5*€) .
0

Forkm{l ,[L34] — 1} setting Ko(k) = max (k’ = {k:—l— 1,...,[L3*] } ST < Tk +€),
we may erte

ar,\? e 5
- _ *
(dP%) (V) =t Z exp <2log <1+ » )N(Tk,Tk+£] 215 6)

fL3/4] 1 (L3/4—|

6*
L3/4 > > eXp <10g (1+ 3 )N(Tkﬂ'k"‘g]

k=1 K=Ko(k)+ 0

*

+ log ( f\ ) (Tk/ T + f] — 2L5*€>
0

9 [L3/41=1 Ko(k) 5
+ [L3/4—|2 Z Z eXP<10g <1+)\ ) (N(Tk,ka]+N<Tkr,Tk+£])
k=1 k'=k+1

*

J
+ log <1+ )(N(rk,,rk+£]+N(Tk+£,rk/+£])—2L5*£> :

Ao
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Under (Hy), N is a homogeneous Poisson process with intensity Ay with respect to the
measure A. Thus

2 [L3/4]-1
(jllj;) <N)] :(Lé% T L32/4}2 (TL¥*] = Ko(k))

Ey,

[L3/4]-1
:[[ﬁ1 + [L?’Q/ﬂ? Z ([Ls/ﬂ — Ko(k))
k=1
2\/— [L3/4]1—1 Ko(k)
[L3/4 Z Z exp< k))
=k+1

VL 2 fLS/“]—l » T ) -
S(Ls/ﬂ + (L3172 ; ([L**] — Ko(k)) + T ( /Yo _ 1) .

Since Ko(k) > k+ 1 for all kin {1,...,[L%%] — 1}, notice that

[L3/4]-1 [L3/4]-2

Z ((L3/4—| Z k<(L3/4"| |
k=1
(i)

VI 41
[L3/4] 52/ — 1

dpP,\*

N
<dP>\o) ( )
Noticing that there exists Lg(a, 8, Mg, 0*) > 2 such that for all L > Ly(a, 8, Ao, %), both
assumptions (135) and (136) hold then allows to end the proof.

hence

VI 4
[L3/4] 020 —1

Ey, <1+

Finally, assuming that

<4(l-a-p)", (136)

we get

By, <14+4(1—a-p)?.

5.18 Proof of Proposition 22

The control of the first kind error rates of the two tests qbél/)w ., and qbéz/)w ,, 1s straightforward
using simple union bounds.

(1) Control of the second kind error rate of qbél/)lo o
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Let Ain S......[Ao, R]. We may fix § in (=g, R — \o| \ {0}, 7 in (0,1), £ in (0,1 —7) such
that A = Ao + 01+ r44. We assume by now that

day (A, So[Ao]) > V3 max (\/4Rlog3(LQ/ua)) 72\/2)‘01032(2/%) +2\/BEL’ %) |

and we prove the inequality Py ((Z)g /10a( )= 0) < B.
Assume first that 0 belongs to (0, R — Ag]. Noticing that

Py (gbél/)w’a(N) = 0)

< i i ! < , -
- ke{O,.l.-I}ffH—l} k’E{l,.l.I-l,fH—k} B (N(k/(LL (k) JILI < Paowryin (1 ua/2)) ’

one can see that it is enough to exhibit some ko in {0,...,[L]—1} and &j in {1,...,[L] —
ko} satisfying

Py (N (ko/[L1, (ko4 k) /TL1] < prgrgryre) (1 —ua/2)) <5 .
We get from (137) that
d5 (N, So[No]) > 3R?*/L > 35%/[L] , (138)

which entails
¢>3/[L] and T <1-=3/[L] . (139)

We therefore can define ky = min(k € {0,...,[L] — 1}, 7 < k/[L]) and k| = max(k’ €
{1,...,[L] = ko}, (ko +K)/[L] <7+Y0), sothat7‘<k0/(L1 (k‘o—l—k")/[ 1 <7+L
Since by definition ko/[L] — 7 < 1/[L] and 7 + ¢ — (ko + k{)/[L] < 1/] L], notice that

% =(— ((%—7’) + <T+€ k0+k/)> > —
This, combined with (139) and the expression of d3 (A, Sp[X\o]) = §2¢, implies that
M B Sl -
[L]
which yields with (137)

K 40 1og (2/uy)) 20 log (2/u,) Ao+ 6
o T >max<\/3—L,2\/T+2 i ) . (141)

We then deduce on the one hand

28° _ &3 (A SlNo))

o L] 3 ’

(140)

Okl 4log(2/ug)
> )
[L] 3L
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and on the other hand

Ok K 2 log (2/uy) Ao+ 0
] 2 (L%(QV L 6L>’

which together can be synthesized in

ok} 2log (2/uqy) K 20 log (2/u4) Ao+ 6
(L1>2max< 32\ T (\/ L\ aL ))

Ok{L  2log (2/uy) 210g (2/uq) AokyL (Ao +9) k(L
F7 B \/ L] \/ s P
From Lemma 44, we easily deduce that

Exd[ff\f(ko/L(Ll (ko;g ko) /TL1]] = Vary (N(ko/[L], (ko +kg) /[L1]) = (Ao + 0)koL/[ L],

Hence

MokoL  MokoL _y (log (2/us) [L]
, _ < 7
Proyr/i] (1= 1a/2) < L] T ¢ Aoko L

Using the upper bound (80), this leads to

Xok(L  2log (2/ug) 2log (2/uq) Aok( L
/ — < .
Paokyr/r] (1 —ua/2) < 7 + 3 + 7] (143)

The inequality (142) therefore entails

E\[N(ko/TL1, (ko + k§) /TL1]] > Pagkyzrry (1 — ta/2)
+/Vary (N(ko/[L], (ko + k) /TL1]) /B . (144)

We conclude with (144) and the Bienayme-Chebyshev inequality:

Py (N(ko/[L1, (ko + ko) /TLT] < pagkyryiz) (1 = a/2))

=P (N (|- [ (] < ‘\/ v (v (13- ) )
<pB.

Assume now that ¢ belongs to (—\g, 0) and notice that we have here

Py (¢g(;l/)1o,a(N) = 0)

< i i ! > , .
ol inf PN G/TLY, (k4 K /TEN) 2 paown o (/2))

Lemma 46 and (80) give

XokoL  2log (2/ug) 2log (2/uq) Aok L
, > _ _
PaokL/L] (Ua/2) > T 5 T
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The same choice of ky and k{ as in the previous case yields Ey [N (ko/[L], (k;o +ky) /L] =
Vary (N(ko/[L], (ko + ko) /TL1]) = (Ao + 6)koL/[L] = (Ao — [8])koL/ L], s

Py (N(ko/[L, (ko 4+ k) /TL1] = proryryrey (ua/2)) < B,

in a similar way, notably replacing & by |d| (except when it is involved in Ay 4 J) in the
rest of the proof.

Coming back to the assumption (137) and the definition of u,, one can finally claim that

SR (6100 Suvlho. ) < VB max ( \/41% g LI+ /o)

2\ log ([L]([L] +1)/a) R R
BRI, [ 1)

which ends the proof for the test gﬁél/)lo o

(i3) Control of the second kind error rate of ¢s()2/)10 o

Let A in S......[Ao, R]. There exist ¢ in (—Xg, R — A\o] \ {0}, 7 in (0,1), £ in (0,1 — 7) such
that A = Ao + 01+ r44. Let us assume now that

da (A, So[Ao]) > max (R\/% : 4\/3>\0 logL(S/ua) + 2\/ 3\/_R \/\/_Rlog 3/ua) 7
321/3(6)) /0 R/ llog(i/ua) 7 24\/5%) . (145)

and prove that it entails P\ (gbéz/)wa(N) = O) < g.
As in (i), we begin by noticing that

—0) < inf mf P Ty (N <t o (1-ua))
<¢9”°“< ) < ve0. oy wea non T Uy V) St g g (1= 1)

so it suffices to find ko in {0,...,[L] —1} and k{ in {1,...,[L] — ko} satisfying

P)\ (Tm ko+k( (N) <t
[L]> L]

to obtain Py (¢9/100¢( )= 0) <p.
We get from (145) that d3 (X, So[No]) > 3R?/L > 36%/[ L] which entails

¢>3/[L]and 7 <1—-3/[L] . (146)

We therefore can define ky = min(k € {0,...,[L] — 1}, 7 < k/[L]) and k| = max(k’ €
{1,...,[L] —ko}, (ko+K)/[L] <7+4{),s0that 7 < ko/[L] < (ko +k{)/[L] <1+
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As in (i) above, starting from the remark that ko/[L] — 7 < 1/[L] and 7+ ¢ — (ko +
k()/IL] < 1/[L], which implies k{/[L] > ¢ —2/[ L], we obtain, combined with (146) and
the expression of d3 (A, So[A\o]) = §2¢:

ko
[ L]

Moreover, we get from (145)

R W% ety (P20 M V2lllon (3/1e).
321/3<6Ao>”6\5|”3\/@ , N@ ) ,

480 log (3/ug) N 12v2(X\g +6)  326%log® (3/uq )

202 d3 (N, So[No))

5 i > 3

> d5 (X, So[ho]) —

(147)

which entails

d% ()\780[)\0]) > max (

L VBL " L2d5 (N So[Mo])
32v/6X0[0]1og®? (3/ua) 24+ A0 + 0ds (X, So[Ao])
L32dy (A, Solh]) vBL '

Then with (147),

48X log (3/uq) N 12v2(\o +6)  32log® (3/uy) [L]

d% ()\,SO[)\()]) > max (

L VBL ’ 3k} L2 ’
3210g%% (3/ua) [20[L]  24vA0 + 0da (X, So[Ao])
L3/ ko VBL ’
hence
d3 (X, So[Mo]) - 4o log (3/uq) N V2(Xo + 9) N 8log? (3/ugs) [L] N
3 L VBL k) L2
81og®? (3/ua) [2X0[L] N 2v/ Ao + 0da (X, So[Ao]) (148)

3L3/2 k) VBL '

Using Lemma 47, we compute
/ 2
E\ [Tm ko4 (N)] _geto L RS (147) |
Ak [L] 3

and

[L]> L]

4Ny + )02 K 2\ + 0)?
Vit (T, () = 2040 K 2004

< 4(Xo + 0)d3 (X, So[Ao]) n 2(Xo +0)?
- L L? ’
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These computations combined with (148) leads to

(L1’ TL]

} - 4\ log (3/uq) N 8log? (3/us) [L]  8log*?(3/ua) [2X[L]

. {T St L OkyL? 3L372 b

(L1’ TL]

-+ \/Val”)\ (Tko k0+k6 (N))/ﬁ . (149)
Furthermore, Lemma 48 gives

INZK, log (3/ua) [L])\?
t . , 1_ N < 0o —1 «
e < 2 (7 (P2

where ¢71(z) < 2x/3 + v/2z for all x > 0 (see (80)), and then

8log? (3/ua) [L]  8log*?(3/ua) [2X[L]  4Xolog (3/us)
t kg kotkp (1 - ua) < T2 3/2 / + :
)\07 LT’ L] 9k0L 3[/ ko L

(150)
It follows from (149) and (150) that

B[ Ty, g

[LT’ TL]

>t>\ ko k0+k6(1—ua)+\/val")\ <Tk0 k0+k(,)(N>)/ﬁ 3
OTLTTTLIT TLT T

whereby

P(Ty M) <0, g (1))
O TLT>TLT

TLT " TL]

[LT’ TL] [L] TL] [LT° TL]

<P (Tko i (N) < By [Tko (N)] - \/Var,\ (Tko (N)) /ﬁ)

The Bienayme-Chebyshev inequality allows to conclude that

P)\ (Tm ko+k( (N) St

[L]> L]

kg kotkp (1 _uoz)) <p.

A0 TLT 7L

Coming back to the assumption (145) and the definition of u,, one can finally claim that

SRg (sbéz/’w,a,s.,..,...po, R]) < max <4 \/ 3o log (3[L] (F +1)/@a) \% |

2\/\/§Rlog (BHJL((L} +1)/2a) | 24\/5%’ R\/%, 321/3(6)\0)1/6R1/3\/10g (3(11((? + 1)/204)) ’

which ends the proof for the test gﬁéz/)lo o
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5.19 Proof of Proposition 25

By definition of b, (u) as the u-quantile of a binomial distribution with parameters
(n, £*), the Bienayme-Chebyshev inequality easily gives

boes(1 —a) <nl* 4+ /nl+(1—0)/a

for all n in N. It also gives for every n in N and every € > 0, by, p () > nl*—+/nl*(1 — 0*) /(o — €).
Therefore, letting e tending to 0,

b () > nl* — \/nls(1 — %)/ .

(i) Assume first that 0 < 6" < R and let A in Sg. . ,.[R].
Setting I(\) = fol A(t)dt < R, the assumption (42) leads to

§ (1 —17) > \/13 %?fjg? +2y /75f1(A_>££*) + J; <I(A) +2 %)

Hence

5 (1= )L > \/@+ %*,/% + J Lla_ &) (I(A)L +9 L(;)L) |

and since I(\) = Ao + %0,

(I()\)L+2 mﬁ)eudf’k(l;“g’k)([@ﬂ” 1(2)L>

2(\g + 6*)6<L

_()\0+5*)€*L§_ 6

(151)
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We get then the following inequalities
Py (1 (N)=0)
=Py (N5, 7" 4+ 0] <bny o+ (1 — @)
— P, (N(T*,T* ) < by e(1—a), [Ny —I(NIL| < 2\/I(A)L/ﬁ)
+ Py <N1 <IN - 2\/I(A)L/ﬁ) + P, <N1 > I(\L + 2\/I(A)L/ﬁ)
< Py (N(T*,T* S0 < by (l—a), [N — IOVL| < 2\/I(A)L/B> n g

<P N7, 7" + 0] < Ny O+ w , [Nt —I(MN)L| < 2\/I(A)L/B> +§

<P | NG+ 0] < (I(A)L+2 W)ewdm‘g*) (I(A)L+2 W)) +§

15} «

<Py N7+ 0] — (N + )L < — W) + g (thanks to (151))

< 5 (Bienayme-Chebyshev) .

This concludes the proof of (7).
11) Assume now that —R < 0* < 0 and let A in e assumption entails
A h R < ¢* <0 and let X\ in S5. e . Th 42 1

- - (Ao + 6%) E* I(\)
T (ﬁ J( M)).

Hence
5" (1 =1L > \/@+2£* 7]()\)[/ +JM (I()\)L—I—Q I<)‘)L> ’
B \ B a 3
and then
(I()\)L—2 W)g*_JM <[()\)L—|—2 I()‘)L>
B a 3
— (Ao + )L > M . (152)
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We get then

Py (¢7, (N) =0)
= Py (N( 7"+ 0] > by, (o)

— P, (N(T*,T* 0] > by (@), [Ny — IOVL| < m/W)
+ P (N < IO)L =2/ TNL/B) + Py (N > I)L + 2/ TVL]B)
< P (NG 7"+ 0] > by e) [Ny = IVE] < 2V/TOVE/B ) + g
< Py | N(7%, 75+ 04] > Ny£* — W Ny — IV L] < 2\/W> +§

) N(7*,T*+€*]><I<A>L—2 mﬁ)f*—dM([(A)Lm %) +2

2( N\ + 6%)6+ L

<P | N7 0] = (Mo + 0L > 5

) +§ (thanks to (152))

< [ (Bienayme-Chebyshev) .

This concludes the proof of (ii).

5.20 Proof of Proposition 26

Let us set \p = R/2 and introduce for » > 0 the Poisson intensity A, defined for all ¢ in
[0, 1] by
,
Ar(t) = Xo+ ——=1(r 4 (1) .
(t) = Ao 6*(1—6*)(’”]()
Notice that when 0 < r/4/0*(1 — ¢*) < R/2, A\, belongs to
(S o [B])r = {A € S o [R], do(X, SolR]) =7}

as defined in Lemma 42. We get from Lemma 1 and Lemma 44 that

dP \? r2L
() )] - (i)
Choosing 1 = (Ag(1 — ¢*)log Cy.5/L)"? then leads to Ej, [(dPy/dPy,)*(N)] = Cap.
For L > 1 such that 2log C, 3/ (¢*L) < R, we obtain 0 < r/4/£*(1 — ¢*) < R/2 whereby A,

belongs to (S . ;-[R]), and Lemma 43 allows us to conclude that p ((S,“Jw* (R )T) >0
and mSRq g (S" 4 [R]) > 1.

E Ao

5.21 Proof of Proposition 27

The first statement of Proposition 27 is straightforward, just noticing that for every \g in
S [R]

2,a 2,

En, [ “(1/2)(N)} — B\, [EAO [ “(1/2)(N)‘N1H <a .
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Let us assume that A € S* . ,.[R], that is there exists Ao in (0, R) and § in (=Ag, R — Ag] \
{0} satisfying A(t) = Ao + 01 (7= 7= 14+(t) for all ¢ in [0, 1].

Let us first consider the test ¢;,(;’(N ) and assume

da(A, Sg[R]) > \/15 \/5(12i%£*) + 2\/5(ff*£*) + J aq /1\ iy <R+ 2\/%)
(153)

We may write u( o (N) = ¢1'0,(N) V ¢1"S (N) by definition of the tests ¢y, and ¢}"} in
(40). We therefore obtain P) <¢27a (N) = O) = P\ (¢14,(N) =0, ¢7'0 (N) =0).

From the assumption (153) and the same computations as in the proof of Proposition 25,
we get

Py (¢11L7’;2(N) = 0) < P)\(N(T*,T* +£*] > bNhg*(OfQ)) < 5 ,
when —\g < 0 < 0 and

Py (61, (N)=0) < PA(N(7T", 7" + 0] < by (L =) < B

when 0 < 0 < R — ).
The result of Proposition 27 for the test q52 o () follows with

g R
5 R F) 1—@* 25 1—6* JaleQ(R” BL)'

Let us consider then the test qb%f?(]\f ). We get from Lemma 53

C 2.77 1—0 0 2.77
! . w1 — < — - L] ki
e g (1 —a) < 73 <5nlog< - )—l—Bm x( Iz ,1_£*>log< - ))

Now, the Bienayme-Chebyshev inequality and the bound fo x)Ldr < RL give

[oRL\ 8
Py <N1>RL+ 3 )sg.

This yields Py (ty, 1« - yp-(1 — ) > C'(a, 8, R, 0%, L)) < /2 with

o og (42) || PRI () o eyl ()
C(OK,ﬁ,R,g, ) C<5RT+5 FW"‘?)IH&X( I s 1—6*) 72 .

Noticing that

Py (652 (N) = 0) < Py (T} oo (N) < C'(0, 8, R0, 1)
+ Py (ty pe ey (1= ) > C'(a, B, R, 0", L)),

this enables to write

Py (652 (N) = 0) < P (T oo (V) < O B R L)) + (154)

N ™
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Assume now

1/2
) 9oR [ 4R , .
dy(\, SY[R]) > T (4 =t <ﬁ+2LC (o, B, R, { ,L)) ) : (155)

which ensures

* * 1/2
6]/ (1 — ¢+) > % max (4\/2“0 +o(l =) , (4“0 +o(l =) +2LC" (v, B, R, £*,L)) ) .

B e

We get then

§20*(1—*) > 2max (2\/ (o +gL |5|\/ (1 — %) 200 +\jéL a ))+C"(a,ﬁ,R, f*,L)> ;

and using the simple facts that a +b < 2max(a, b) and va + b < v/a+ /b for all a,b > 0,

52£*(1—f*) > \/% (4(>‘0 + 5[(/1 B 6*))52€*(1 _ f*) + 2()‘0 + 5[(; B g*))2)—|—0'(a,ﬁ,R, f*, L) )

(156)
Furthermore, Lemma 52 gives E\[T}. . ,.(N)|] = 0*¢*(1 — (%) and

20 + 00— () | 400 01— 0)) .

Vary (T7. oy (N)) = L2 L

1- )

o (156) leads to

BA[T oy (N)] 2 \J2Vary (T2 (o (N)) /B + C'(0, 6, R0, L)

Combined with (154), this inequality entails

P, ( SLO(N) = o) <P, <T; s (V=BT oo (N)] <y /2Vary (T2 o (N)) /5) +§ ,
and the proof ends with the Bienayme-Chebyshev inequality, thus giving
P (a3 (N)=0) <5

The result of Proposition 27 for the test qbgfj)(]\f ) then follows with

oR (4R 2.77 OR (277
Cla,B,R, (") =max | 44/ — , +2C|(5Rlo ( )+5 lo ( )+
o) <\/ E <\/B ( o) T
1/2
. O (27T
ax (g )l (5 ’

where the constant C' is defined in Lemma 53.
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5.22 Proof of Proposition 28

Start by remarking that the control of the first kind error rates of the three tests ¢g’(olt)+’

g(al and gb3 Lo 1S straightforward, considering the same conditioning trick as in the
beginning of the proof of Proposition 27 above.

Let us first address the statement of Proposition 28 for (bg",,(alH
Let L > 1 and let us consider A = Ay + 0" L (7 ryp+ In Sii .. pu [R] with §* > 0. Notice that

u(l) — ) _ * < bt _
Py ( (N)=0 Py (tE[O,lr—nZ%i\((lﬁ)] N(tt+ 0N (1/2)] S by, ez (1 a))
< Py (N7 0 A (1/2)] S b gepayny(1— ) )
One deduces from Lemma 54 that for every n in N\ {0},
32 320
s =) < (A /24 5o (Zog (20
with g defined by (79), and then from the inequality ¢~ '(z) < 2z/3 + 2z for all z > 0

(see (80),

b+

Since baf ¢en1/2y(1 — @) =0, the above control holds in fact for every n in N, whereby

320 32 320
by ey (1 — @) < (& (1/2))N1+4\/N110g< ) ~ log (?)

Setting I 1.(8) = I(A)L + /29 with I()) = [;' A(t)dt, and

@(a,ﬂ,u)=fA,L<6>+4\/A,L<5>log(320) Zoe(20) 0 oom

we obtain for £ in (0,1/2]

P (@307 (N) = 0) < PN (.7 + £ A (1/2)] £ Q(a, 8,6 A (1/2), L))+ Py (N > L(8))

Therefore

Py ( ST (V) = 0) < Py (N(r, 7+ A (1/2)] < Q(a, 8,6 A (1/2), L)) +§ (159)
with

Qo 8,0 A (1/2), L) < (ew%) (Ao + 6°¢)L + (e* 2) ”;L

J (i 22 s (2 s (2) a0

87



since I(A\) = Ao + 0*¢* < R. Let us now assume that

e (e Y (22 i)

Then
1 1 2RL 2RL 1
* _ * * - > * - * =
s-e)(eng) ez (end) 2 PR (i)
+4 RL + 2RL log 320 + 52 log 320
15} « 3 «
With (159) and using R > Ao + 0%, this implies

5 (1 — %) <£* A %) L>Q(a, 3,0 N(1/2),L) + \/w <£* A %)

(et oursen.

and

Qla, B, 0 A (1/2), L) < <€*A %) (o + 6L — \/W (em %) |

By simply using the exact computation of E\[N (7,7 + ¢* A (1/2)]] and Vary[N (7,7 + £* A
(1/2)]] which both equal (Ao +6*) (£* A (1/2)) L, one can notice that this is equivalent to

2Vary[N(7,7 4+ €* A (1/2)]]
7 .

Coming back to (158), one finally deduces from the Bienayme-Chebyshev inequality that

P (G0 (V) = 0) < PN (7 + 0 A (1/2)] < Qo 5,67 A (1/2), 1) +§ <5

Qa, B, 0 N (1/2), L) < EX[N(1, 7+ 0" N (1/2)]] — \/

Let us now address the statement of Proposition 28 for gbg’(olt)_.
Let L > 1 and let us consider again A = Ao + 0" 1(r 74+ In Sfi . pn [R], but with —X\¢ <
0* < 0 here. Notice first that

Py ( gg)_(N) = 0) = P, ( min N(t,t+ 05N (1/2)] > bz_\717é*/\(1/2)(0‘)>

te[0,1—0*A(1/2)]

<P, (N(T, T 0 A (1/2)] 2 by, e /2)(a)) .
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From Lemma 54, one deduces that

oy (@) 2 N (€A (1/2)) - \/2Nllog(3jo) .

Setting for ¢ in (0, 1/2],

Q. B, 0, L) = LT(\) L — 2 ](2) 4J1 L+2\/ \/21 320 (161)

with IT(A fo t)dt as above, this entails

px( ST =0) S PUN(r + 0 A (1/2)] 2 Qe 8,6 A (1/2), 1)
(e [0 2 T 001 2 )

The Bienayme-Chebyshev inequality therefore leads to

|

Py (qsg,(;)—(zv) - o) < Py(N(r, 7+ 05 A (1/2)] > Q'a, 5,0 A (1/2), L)) +

with
1 | RL
Q' (o, 8,0 N (1/2),L) > (6* 2) (N + "0 )L —2 (6* ) R
4\I RL—l—Q\/ \/2log 320 . (163)
since I(\) = Ao + 6*¢* belongs to (0, R].
Let us furthermore assume that

u 320
dy (N, SU[R]) > ,/1_6* (\[1/ o E*A14R+2 M,/zl )

Then

+4\IRL+2\/RL\/21 320

With (163) and the bound R > Xy + ¢*, this yields

|0%[(1 = ¢%) (6* A %) L> \/2(AO %) (? NAZDE | (6* A %) (Xo+ 60" L
= Q'(a, 8,07 N(1/2),L) .
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From E\[N(7,7 + ¢* A (1/2)]] = Vary\[N(r,7 4+ £* A (1/2)]] = (Ao + 6%) (£* A (1/2)) L, we
then deduce that

2Vary[N(7,7 4+ €* A (1/2)]]
z .

Q' (o, B, N (1/2),L) > E\[N(r,7 + ¢ A (1/2)]] + \/

Inserting this inequality in (162) and using the Bienayme-Chebyshev inequality again, we
finally obtain

| ™

Py <¢gf;>—(zv) - o) < PN 7+ 0A1/2)] > Q8.0 N(1)2), L)+ 2 <5 .

This concludes the proof for the test qbu(l

Let us finally turn to the test qbgﬁ

Let L > 1 and let us consider A = A\ + 6" 17+ ¢ in Sp. . [R}] satisfying

1 2.77 R 1 R 2.77
u > -
dy(\, SY[R]) > 2 max <_\/E <\/106’R10g< - ) +2 \/B> L3/4\l 100455 g( - )
1 01— 2.77 2R
+Z\/6Cmax<1_€*, - )log( w ) , 8 ﬁ_L> , (165)

C being the constant defined in Lemma 53.
In order to prove P)\(¢gﬁ)a(]\7 ) =0) < B, noticing first that

P& (N) = 0) < Tp (V) <ty oo (=)

inf (
ke{0,..., ((1111—5*)1\4]_1} o+ MM

we only need to exhibit some k, in {0, ..., [(1 — ¢*)M| — 1} such that

P)\ <T%’%+Z*(N> <tN kT k7—+£*(1 _u(Jz)) SB .

Let

Since Lemma 53 with the Bienayme-Chebyshev inequality together entail

Py (thlkﬁ’%H*(l — Uy) > C’(ua,ﬁ,R,K*,L)> < g ,
k, only needs to satisfy
P (Tl sy (V) < Clu B R L)) < s (166)
T}'7T}'+é* —_ Q) Y ) Y e~ 2
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Using now the simple facts that (a +b)? > a® +b* and a + b < 2max(a, b) for all a,b > 0,
(165) entails

ds(\, SY[R]) > 4C 5Rbg(m+5\/%bg<ﬂ7>+3max< ¥ 1£*£ ) log” ( 7)

L L?

L\/_ \/_|5*|\/£* (1—0)

Further using va + b < /a + /b for all a,b > 0, by definition of C’(u,, 3, R, ¢*, L), this
yields

, . AR 8R0*2(+(1 — (%)
> .

Let us set k; = [7M]. Since 0 < 7 < 1—0*, k, actually belongs to {0, ..., [(1—¢*)M ] —1},
and since M = [2/(¢*(1 — ()], k. /M <7 < k./M + (¢*(1 — ¢*)/2. Therefore, since we
get in particular k. /M < 7 < k./M + ¢*, using Lemma 52 (equations (288) and (289))
with © = Nk, /M,y = Xl* +0(k; /M +0*—7) and z = N\o(1 — 0 — k. /M) + (1 — k. /M),
we get on the one hand

4

(01— 0) + ke /M —7)? A )
0+(1 — %) = 4 ’

Ey |:Tk-r kr +g*( )] ="

MM

and on the other hand
2 . . -\ 200 —1 \\°

— — ko /M k\ 20 —1
*2 * 7T 1 — p* AR T
T (f i) (oo (oo (3 )
Using again the fact that 7 — k, /M < (¢*(1 — ¢*)/2, we obtain
k 20 — 1
<1—¢ -l )——x<1
0< E—I—(T M)E*(l—f*)_

for all £* in (0,1), leading to

2 4
Var,\ [Tk-r k7+£*(N)] < (ﬁ ()\0 —+ 5*)2 + Z ()\0 -+ 5*) 6*2£*(1 _ E*)) ]16*>0

2 4
+ <§/\§ + A0 (1 - e*)) Igeo |

whereby S
/ = TV Sx2 ik ¥
Vary [T%%W(N)} < ()

Combined with these computations, (167) leads to

(N )} > " (Ug, B, R, €%, L) + J 2Var) [Té—?v%ﬂ*(N)]

The Bienayme-Chebyshev inequality finally allows to obtain (166), which ends the proof.

By |Th .

MM
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5.23 Proof of Proposition 30

As for the other Bonferroni type aggregated tests, the control of the first kind error rates
of the two tests gbi(al) and gbgﬁ)a is straightforward using simple union bounds.

(1) Control of the second kind error rate of gbi(;)

Let us first set A in S8, ,.[R] such that A = Ao+ 1 -1+ with 7 in (0, 1—£%), A in (0, R},
din (0, R — o] or d in ( Ao, 0), and

da(N, SU[R]) > 1/1_6* ( 1/ E* £*A1\I <R+2 i)log<6i0)

N 321og (640/ )
3(en)VL )

This condition ensures that (160) and (164) both hold, but with « replaced by «/2. Then,
it suffices to notice that if § € (0, R — A¢],

Px(cbff,(i)( ) = ><PA<¢3 aj2(V) = 0) ’

and if 0 in (=X, 0),
Py (01 (V) = 0) < P (l),(N) =0)
Since (160) and (164) hold with «/2 instead of «, by using exactly the same arguments

as in the proof of Proposition 28, we obtain P ((Z)g a/2( ) = 0) < B when § € (0, R— \]

on the one hand, and P, <¢3 nja(N) = O) < B when 6 in (—Ap,0) on the other hand.
In any case, whatever the value of § in (—Xg, R — A] \ {0}, one has

P(eiV () =0) <5 .

(13) Control of the second kind error rate of ¢3/4a

Let us set now A in 8. ,.[R] such that A = A\g+ 01 (- -1+ with 7 in (0, 1—£%), X in (0, R,
din (=X, R — Xo| \ {0} as above, but with

1 2.77 R 1 2R 2.77
da(A, Sg[R]) > 2 max <ﬁ <\/1OCRlog (u—a) +2 ﬁ) L3/4\I 1004 | — 5 log( " )

1 A 2.77 2R
- ) =
+L\/6C'max<1_€*, 7 ) Og(ua) , 8 BL) ,
so that (165) holds.

Following the same arguments as in the proof of Proposition 28 (with the only change of
d instead of §*), we prove that

P (. (V) =0) <8 .
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This ends the proof, just taking for instance C(«, 8, R, £*) as the maximum between

0 R 2R 4 R 640\ 32log (640/c)
e (oo v (e[ e (52 bty

(1-—
and

2 max < <\/1OCRlog (2&77) + 2“%) + J 1001/% log (2&77)
0 — 0* a7 2R
—l-\/GC'maX (?ﬁ*’%) log <2Ua ) , 8 %) :

5.24 Proof of Proposition 31

Assume that
((R—0*) AR)logC,

L 168
- 20%27%(1 — 7*) ' (168)
and set
((R—0*)AR)logC,
= — . 1
r \/ 5T (169)
The assumption (168) ensures
r? < 61— 1) < 62 /4 (170)

which enables us to define A, for ¢ in (0, 1) by

*2 2
M(t) = g+ 8L ige res (1) with Ao = (R — 6%) A R) and £, = = (1 - 7”547“)

2 |6%]

First, ¢, belongs to (0,1 — 7*) for all 7% in (0,1). Indeed, if 7% < 1/2 the result is
straightforward by definition of ¢, and if 7* > 1/2 the result follows from (170).
Moreover, the definition of £, implies 6*2/,(1 — ¢,) = r? and ensures that ), belongs
to (S§ .« ...[R])r. Furthermore, we get from (168) that L > (2Xolog Ca,)/0** and then
1 — Xolog C, 5/(L6*?) > 1/2, which leads to

2 MologCap (1 NologCag _ 0% [ (1 2XlogCap ?
L Lo+ 4 L5+ ’

hence §*%(, < A\glog C, 5/L. We then obtain from Lemma 1 and Lemma 44

Py, \? B L6*24,
(dPAo) (N)] _exp< Ao ) < Cos -

Lemmas 42 and 43 then entail p ((Si - ..[R]),) > 8 and mSR, 5(Sg

Ey,

(R]) > r.

* eee
ST
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5.25 Proof of Proposition 32

The control of the first kind error rate is straightforward, and even more strong by using
the same conditioning trick as in the proof of Proposition 27: in fact, for every A\g in S{[R)]

and n in N, E); [qbf{a(N)‘Nl = n} = P, <¢§Q(N) = 1‘N1 = n) < a, so

VAo € SUR], Py (014 (N) =1) = E), [PAO <¢§7Q(N)‘N1” <a.

Let us turn to the control of the second kind error rate of ¢y .
Set A in S§. .. ..[R] such that A = Ao + 0" 1 (7 r+1¢ With X in (=0* V0, (R — ¢*) A R] and
¢in (0,1 — 7*), and satisfying

. : : i o]
da(\, So[R]) > 7 nax <\/\5 |Q(2R, 6%, ), 2 5 2\/25—}3) : (171)

where Q(2R, 6", «) is the quantile upper bound defined by Lemma 55, and which does
not depend on L. The condition (171) ensures that |*|\/¢(1 — £) > |6*|/v/2BRL, that is,
using the fact that ¢(1 —¢) < 1/4,
> 2
ZBR
Setting I(\) = fol A(t)dt as in the proof of Proposition 28, with I(\) < R (and therefore
obviously 2R — I(\) > R), since (172) also entails L > 2R /(S R?) we obtain

21())
2RI

(172)

(173)

Notice now that (173) and the Bienayme-Chebyshev inequality yield
Py\(N1 > 2RL) = P\(N; — I(A\)L > L(2R — I(\)))

gPA<N1—I(>\)L> %) gg |

This leads to

™

P)\ ( g7a(N) - 0) S P)\ < SU.p 53*77.*77.*_’_(/(]\[) S s;\—}_l,(g*ﬂ'*,[/(]_ - O{), Nl S 2RL) +

0e(0,1—7%)

and Lemma 55 allows to write that

|

Py (05,(N)=0) < P, ( SUp — Spe ey (V) < Q2R 5*’04)) +
0e(0,1—7*)
B

S P>‘ (Sé*,T*,T*-‘rZ(N) S Q(2R> 5*,04)) _I— 5 '

Moreover, the assumption (171) implies

S

L

6%\ /I0 = 1) > — max<\/|5*|Q(2R,5*,a), 2 §> ,
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which entails

Sl 01> 2 gz, [FUZ0E)

hence

|52 Lo = 0L > 2 max (Q(2R, 5. a), \/2

B

Noticing that Ex[S. 1« vy ((N)] = [0%[€(1—=£)L/2 and Var(Sg. .« o(N)) = (Ao +0*(1 —
0)e(1 — )L, we get

(Ao + 6*(1 — 0)6(1 — £)L)

2Var(S§. . .. (N
E)\[S(/S*,T*,T*-i-é(N)] 2 Q(2R> 6*,04) + \/ ( d 77577— +é( )) . (174)
Therefore,
PA ( g’a(N) - 0) = PA (S(/g*,T*,T*—I—Z(N) < Q(QR, 5*,Oé)) + g
/ 2Var(S’* T, T* (N))
< PA S(/S*,T*,T*—I-Z(N) - EAI:SJ*,T*,T*-"-Z(N):I < _\/ ° 7B7 +€ + g

<8,

with a last line simply following from the Bienayme-Chebyshev inequality.

5.26 Proof of Proposition 33

Assume that L > 3 and a+ 3 < 1/2, and set A\g = R/2. As in the proof of Proposition 12,
we consider C, ; = 4(1 — a — ()%, Ko = [(logy, L)/C}, 51, and for kin {1,..., Kap 1},
Ak = Ao+ 04 L(re resgy) With £, = (1—7%)/2% and &, = (Mg loglog L/(¢.L))"2. Then, for all
kin{1,..., K, p 1}, noticing that ¢, < 1—7%, we get dy (A, So[R]) > \/)\07* loglog L/ L.
Furthermore, assuming that

loglog L - R(1—171%)
[H/CL, = 1 ,

(175)

one obtains that A belongs to S*.. _[R].

Recall also that for all k£ in {1,..., K, s}, P, denotes the distribution of a Poisson
process with intensity A, with respect to the measure A, and consider x, a random
variable with uniform distribution on {1,..., K, s}, which allows to define the prob-
ability distribution g of .. From Lemma 43, we know that it is enough to prove
Ex[(dP,/dPy,)’] < 1+ C!, 4 to conclude that mSRq,6(S%. ...[R]) > +/Rr*loglog L/(2L).
The same calculation as in the proof of Proposition 12 (see (108)) gives for n such that
0<n<1—1/V2,

dpP,\’
AP,

2C7, 5log 2

E
A log L

< C5log2 +

(log L)"Jr% + exp ( log log L )

0 2(log L)/2
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If we assume now that

(log logL) 2C;, log2
ex -
2(log L)"/2 (log L)l—n—ﬁ

<1+ (1-1log2)Cy 4 , (176)
we finally obtain the expected result
dpP,\’
dPy,

To end the proof, it remains to notice that there exists Lo(a, 3, R, 7") > 3 such that for
all L > Lo(«, 8, R, 7"), both assumptions (175) and (176) hold.

o <1+Chy -

5.27 Proof of Proposition 34

As for all our Bonferroni type aggregated tests, the control of the first kind error rates
of the two tests QSZ’(O%) and gzﬁg(j) is straightforward using simple union bounds and the
conditioning trick of the above proofs for upper bounds.

(1) Control of the second kind error rate of gbgv(al).

Let A in S*.. . [R] be such that A = A\g+01 (-« r-4q With Ag in (0, R, § in (Ao, R—Xo]\ {0}
and ¢ in (0,1 —7*) and assume that

d2(A, Sg[R]) > 2 max <\/§\/1 ;:T* \/log (i/“a) ’
1+7* 2log(2/ua) 2R 2R WR
o \/T\JT\/;LH/;L , W) . (177)

Let us prove the inequality Py ( gg)(N ) =0) < 5. Applying Lemma 44, we get for all k

in {1,...,[logy L]} and £, ) = (1 —7%)27F

E)\[N(T*, T* + 67—*’k] - 67—*7kN1] = (5(67—*’k N 6)(1 - 67—*7k V g)L y (178)
and

(Ao(1 =Ll ) + 0(1 — 20w g+ L p )V lpe p L i U < 0

Vary [N(75, 7 4 foe 4] — £oe f N1 | =
any (N7, 77 4 L] = e {(Aoa*,kwea—eT*,k))u—eT*,k)L i 0 >0

(179)
Assume first that 0 belongs to (0, R — Xg]. Noticing that

PA(QSg(al)(N) =0) < inf Py (N(T5, 7% + Lo g = oo 1Nt < by (1 —un/2))
’ ke{l,...,|logy L]} i

one can see it is enough to exhibit some k in {1,..., |log, L]} satisfying

Py (N(T*,T* + lon )] = Cre ;N7 < Z_?Nl,e,*,k (1— ua/2)) <g.
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Under the condition (177), we have d3(\,SY[R]) > 2R?*(1 — 7*)/L which ensures the
inequality £(1 —¢) > 2(1 — 7*)/L > (1 — 7*)271°82 L] and then
I >l T 180
-7 >L> m . ( )
From (180), we deduce the existence of k, in {1,...,|log, L]} satisfying (1 — 7*)27% <
0 < (1 —7%)27RFL that is

gﬂJw </< gq—*JgZ_l . (181)
Then
gT*,k( g < gT*,k(—l
1—lpg, ~ 1—=0 1=l 1’
and
gT*,k( _ eT*,k(—l 1 - gT*,k(—l gT*,k( > g 1 - eT*,kl—l
1—lpg, 1—=lpgyn 1=l Lrogymr 2(0—0) 1 — Loy,
—_——— ~——
a -
But
1— "l 1 1—7* ™
okl g > 2 ’
1—"loy, 2ke — (1 — 7%) 147
so we finally obtain
ET* ko T* 14
’ > . 182
]_—ET*’]% ]_—I—T*l—g ( )
The condition (177) then gives on the one hand
2 1+T*\/log(2/ua)
NIl —4)> —=VR
( ) = \/gf\/ T L ’
and using the fact that 6 < R
T* 4log (2/uy)
001 —1¢ >
( ) 1+7* = 3L '
which entails with (181) and (182)
4log (2/uq
5, (1 — 0) > H108(2/ua) - (183)

3L
On the other hand, (177) yields

5\/€(17—€)221—7:T* /210gf/ua)

which entails with (181) and (182)

Urs i, 2log (2/uy) 2R 2R
_ TR 2o\ ) - -
i(1 6)1/1_&%5_2 \/ T R+ 5L+ 3L |
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whereby

21 2 . 2R /2R
5l (1= ) 2 20/, (1 Ly g,) | ) 2 08 (2/tta) 5L (184)

Thus, with (183) and (184), the condition (177) leads to

4log (2/u) 2log (2/uq) 2R 2R
0z o (1-€) 2 max T72\/£T*Jw(1_£7*,kz) — 7\ BT 52 T\ 5z

Using the fact that 2max(a,b) > a + b for all a,b > 0, we get

2 2

+\/€T*,kl(1—&*,k£) 21og (5)\ILI()\)+\/2LI;)\)+\/QJ;L . (185)

where we recall that I(\) stands for fo t)dt.

Moreover, with (181), the equations (178) and (179) lead to Ey\ [N (7", 7" + lr i, ] — bre 1, N1 ] =
601, (1 — O)L and Vary [N(7%, 7% + L g, ] — Lo i, N1] = (Mo(1 — Lo g) + 6(1 — 20,44, +

Cro 1 O))lrs o L < lrs g, (1 — L7 g, )RL. So (185) entails

EA [N(T*, ’7'* + ET*JQZ] — g’r*,keNl]

% ( ) (= o) 210g(uza)JLl()\)+ 2L;<A>

+\/2Var, [N(7, 7 4 L] = e, N1/ (186)

The total probability formula then ensures that

Py (N(T*ﬂ'* A+l iy = Lo g N1 < Z_?Nl,zf*y,% (1— ua/2)>

<P, (N(T*, 75+ Lo gy = Lo oy Nt < EX[N(T5, 77 + b g ] — e o, NI

- 2 2
— \/QVar,\ [N(T*,T* +€T*,k2[] — ET*JWNl]/ﬁ) + P)\ (le,gT*’kz (1 — UQ/Q) > g log <u—>

/(1= )y [2108 (ui) J LI(A) + 2L;<A>> .

From the Bienayme-Chebyshev inequality, we deduce on the one hand that the first right
hand side term is upper bounded by /2, and on the other hand that

P, (Nl > LI(N) + 2“()‘)) < é )

5 ) =2
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This last inequality, combined with Lemma 56, which follows from a simple application
of Bennett’s inequality, leads to

- 2 2
P)\ (levéT*,ke (]_ — ua/2) > g log (u_a)

/(1= )y [2108 (ui) J LI + %(AU < g .

We therefore conclude that
Py (N7 4 ] = b Ny S b, (1= 10/2)) <8

so, as expected, P,\(QSZS)(N) =0) <p.
Assume now that § belongs to (=g, 0) and notice that

Pr(65(N) =0) < inf Py (N(*, 7% + 0o ] — e o Ny > b J/2)) .
A ( (N) )_ke{l’“}ﬁlo&u} )\( (7%, 7" + L7 k] kN1 2 Nl,éf*yk(u / ))

One can see it is enough to exhibit some & in {1,..., |log, L]} satisfying
Py (N(T*,T* + lre ) — lre )Ny > BNl,zT*Jc (Ua/z)) <B.

The same choice of k; as above leads, with (178) and (179), to EX[N(7*, 7" + {7« k,] —
ET*Jle] = _|5|€T*,kz(1 —E)L and Val')\[N(’T*, 7*+€T*,k5] _ET*,k[Nl] < f.ﬁ«,kl(l —ET*JW))\QL <
Cre o, (1 = Crv ) RL. With very similar arguments and calculations (mainly replacing § by
0] and using the lower bound for by, ¢, (ua/2) of Lemma 56) as above, we also conclude
that condition (177) implies

P)\ (N(T*”T* +€T*,kz] — ET*Ji‘eNl 2 Blef-r*,kl (Ua/2)> S 5 ,

and Py(¢0) (N) = 0) < 6.
Since log (2/ua) log(2|log, L|/a) and L > 3, there exists C(a, 8, R, 7*) > 0 such that

5 \/7\/1+7'*\/10g (2/uq) 1+7‘ /2log 2/ua 2R 2R

max ﬁL ﬁL
Vv1—71*R . [loglog L
W) <C(o, B, R, T) 1

(ii) Control of the second kind error rate of gbg’(j)

Let Ain 8. | [R] such that A\ = \g + 01 (7« -1 With A in (0, R], 6 in (=Xg, R — Ao} \ {0}
and ¢ in (0 1 =7 *) and assume that

which allows to conclude the proof.

* 1/4
ds(\, SUR]) > 1?: max <\/@<\/ﬁ w+\/§<%) logg;?/ua)

L VBlog(277/ua) | | 2VR RO A L T \/m . (187)
2v/2L1Toglog L VLB T Lp 147 L
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where C' is the constant defined in Lemma 53, and let us prove P,\(QSZS)(N )=0) <p.
Noticing that

PGDIN) =00 < inf P (T g (N) Sty e, (1= 1))

ke{l,...,|logy L]}

one only needs to exhibit some k in {1,..., [log, L]} satisfying

P)\ (T;'*,T*-l—é.,.*’k (N) S tl]Vl,T*,T*+€T*7k (1 - ua)) S 5 ’

in order to prove the result.
Under the condition (187), we first obtain d3(\, SY[R]) > 16 R*(log log L)/ L which ensures
((1—¢) > 16(loglog L)/ L as well as

16 log log L 16 log log L

(> 7 and 1 — ¢ > 7 (188)

Moreover, since 16(loglog L)/L > 27lee2L] > (1 — 74)27182 L] | we obtain
s> T 189
-7 >€> m . ( )

From (189), as in the above part (i), we deduce that there exists k, in {1,..., |log, L|}
satisfying (1 — 79)27% < ¢ < (1 — 7%)27%+1 that is

ET*J% </l< g‘l‘*,k)[—l . (190)

As above again, this leads to the same inequality as (182), i.e.

67—* ko T* £
: > . 191
1—Cp, 1411 (191)
Applying Lemma 52, we get with (190)
lrs
BT (N)] = 8(1 — (P2 (192)
s T*,kp 1 — g‘l’*,k)[

and

’ 2 01 2
O )
T",Re

4 ET*k g'r*k
—0%(1 =02 — [N+ (1= (1 —0)—T5e (1
A >1—£T*7,§e<°+ < ( )1—4@7*7,62)) (193)

Using (191),

*

T

/ 2 _
AT gy, (W] > P = O — (194)
and with (190) we obtain
, 2R? 4R
Var,\ |:TT*,T*+ZT*’,% (N)] S ? + Td 6(1 - 6) . (195)
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On the one hand, using a® + b* < (a + b)? for a,b > 0, the condition (187) ensures that

1+ 7* log (2.77 /ug) 2Rlog (2.77/uy)  3log? (2.77/uy) 2R

2

—_/ > N S e 2 —

§20(1—0) > 2—— (C(E)R 7 +5 3 Tt SLToglon T +L\/B :

T

and on the other hand

524(1 — 0) > 2 ;T* (2 %wwm - E)) ,

hence

3 2
S(1—0) > 2} ET (C <5Rlog (2.77/ua) | /%log (2.77/uq) | Blog (2.77/ua)>

T L L3/? 8L loglog L

v

Finally, with the inequality a + b < 2max(a, b), we get

) log (2. [2R log (2. log? (2. 5
§20(1—10) T >C<5RM+5 ?ROg( 77/Ua)+30g( 77/”“‘)>+ R

2R %\5%/6(1—6)).

1+7* — L L3/2 8Lloglog L L\/B
[2R
+2 L—6|6|\/€(1—€) ,

that is, with (194), (195) and using va + b < /a + v/b,

2
EAThress., (V)] 20 <5 Rlo8 2.77/ua) | /%log (2.77/uq) | 3log (2.77/%))

L L3/? 8L loglog L

+ \/2vau~A [TT’*,T*MTW(N)] /B . (196)

Furthermore, (188) and (190) lead to

1 _ L d 1 _ L
an
Uy, 8loglogL 1—"tpy, 16loglogL ’
and therefore L , I
- T*vke T*vke
< . 197
Hax ( brog, 11— 67*,@) 8loglog L (197)

We set now

log (2.77/u.) 2R log (2.77 /uy)
Q(a>5aLa Ragr*,kg) :C<5RT—|—5 ?T

g, 1-— eTW) log? (2.77/%))

—|—3max( i

)
1 - 67’*,]% 67’*,]%
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and with (197), the condition (196) ensures that

BATY s (V)] 2 Qe 5 L k) +y[2Vera [T V)] 15 (108)

T, ky

The Bienayme-Chebyshev inequality leads to

P, (Nl > LI(A) + m;“)) sg ,

and combined with Lemma 53 and the fact that I(\) < R, we obtain

B
>

Pr (e st (1= 1) 2 Q(ay B Ly Ry b)) < (199)

As a consequence,

B
Py (Tv/— Tl g, (N) < té\h,r*,r*-{-é,»‘,kl(l_ua)) < P (T/ Tl ( ) < Q(Oé,ﬁ,L,R, 67'*,16())_'_5 ’

whereby we finally obtain with (198) and the Bienayme-Chebyshev inequality
PA(T) iy L, V) < t'zvl,T*,sz*,kl(l —u,)) <8 .

The proof is ended by noticing that there exists C(«, 8, R, 7*) > 0 such that

1+7* log (2.77/u,,) V0og (2.77 /uy) \/_log (2.77 /uq)
VT (@(@ 3 +¢g< 3 ) 37 2v/2Lloglog L )

2\/_ 1 1+7‘* 2R 1 / /1oglogL < Clo. B, R.7) /loglogL ’
61/4 \/_ 1+T

as log (2.77/u,) = log(2.77|log, L| /o) and L > 3.

5.28 Proof of Proposition 35

Assume that
2((R—0") AR)logChp

L> 5z , (200)
and set
((R—0*)AR)logC,

= = 201
' \/ 2L (201

The assumption (200) entails

*2

r? < 0 T (202)

which enables us to define A, by A () = Ao+6*1 (-, 1)(¢) for t in (0, 1), with Ay = (R—0*)AR
and

P 1 1+ M

"2 |6%]
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Thanks to (202), 7. belongs to (0, 1) and satisfies 6*?7,.(1 — 7,.) = 72, that is A, belongs to
,,,,, [R])T. Moreover, the inequality 1 — A\glog C,, 5/(Ld*?) > 1/2 comes from (200)
and yields

L Lé+?

_ (L alogCag
4 Lo+ ’

hence 6*?(1 — 7,.) < A\glog Cy, 5/L. We get now from Lemma 1 and Lemma 44

() o] on (52 <.

Lemmas 42 and 43 then entail p (S

2 _ Nolog Cag (1 N 1ogoa,5)

Ej,

)

5.29 Proof of Proposition 36

The control of the first kind error rate is straightforward, and even more strong by using
the same conditioning trick as in the proof of Proposition 32: in fact, for every A\g in S{[R)]

and n in N, B, [qs;{a(N)‘Nl — n} — P, ( 5 (N) = 1‘1\11 — n) <a.

Let us turn to the control of the second kind error rate of ¢y .

Set A in Sg. .., .[R] such that A = Ao + 6*1 (-1 with Ao in (=6* V0, (R —¢*) A R] and 7
in (0,1), and satisfying

u 2 ; ; 2R |67
da(\, SY[R]) > ﬁmax<\/|5 IQ(2R, 6%, ), 2 5 2\/25—}3) , (203)

where Q(2R, 0%, «) is the constant, not depending on L, defined in Lemma 55 and used in
Lemma 57. The condition (203) ensures that [6*|y/7(1 — 7) > |0*|//26RL, and therefore,

using the fact that 7(1 —7) < 1/4,
L>_2 (204)
—_ /BR .
Setting I(\) = fol A(t)dt, we obtain with /(\) < R (and therefore obviously 2R — I(\) >
R) and the fact that (204) entails L > 2R/(8R?)

Lo 20

= @R 1N (205)

Notice now that (205) and the Bienayme-Chebyshev inequality yield

Py(Ny > 2RL) = P\(Ny = I(\)L > L(2R — I())))

<P (Nl—I(A)L> 21;“) gg |
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This leads to

Py (¢$7Q(N) = 0) < Py ( sup S(';*,T/vl(N) < 5/1\2,5*@(1 —a), N; < 2RL> +§

7/€(0,1)

< Py ( sup S 1(N) < Q(2R, 5*,a)> +§ with Lemma 57
7'€(0,1)
B

< Py (S5 oa(N) < QR %, 0)) + 5

Moreover, the assumption (203) implies

5*/FA=7) > %max (\/\5*\Q(23,5*,a), 5 ﬁ) ,

which entails

|52*|7'(1—7')L22max (Q(QR,(S*,@), M) ,
whereby
|62*|7'(1 —7)L > 2max (Q(QR, 0", ), \/2()\0 i 6*75)7_(1 — T)L>

Noticing that Ex[Sj. . (N)] = [0*|7(1—7)L/2 and Var(Ss. . (N)) = (Ao +0*7)7(1 —7)L,
this leads to

2Var(S;. ., (N))
B

EA[S) 1(N)] > Q@2R, 8, a) + \/ (206)

Therefore,

3 + 75 with (206)

Py (¢74(N)=0) < Py (Sg*vT,l(N) — B[S}, (N)] < _\/QVar(SZs*,T,l(N))) A

<8,

with a last line simply deduced from the Bienayme-Chebyshev inequality.

Setting
2R |0%]
0%) =2 0*|Q(2R, 6* 24—
Cla, B, R, 8") max(w QR 0], 2,/ 7 Nw—R) ,

allows to conclude the proof.

5.30 Proof of Proposition 37

Assume that L > 3 and a + f < 1/2. We consider C/, 5 = 4(1 — a — §)?, Kap =
[(IOgQ L)/C(lxﬂ—l, )\0 = R/2 and for k in {1, ey Ka,@L}, )\k = )‘0+5k]l(rk,1]7 with T = 1—2_k
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and &, = (2F)\gloglog L/L)/2. Then, for every k in {1,..., K.z}, do (M, SY[R]) >
v/Rloglog L/(4L), and \j, belongs to S ;_.[R] assuming

loglogL R

L, S 200

The proof then essentially follows the same arguments as the proof of Proposition 17.
Considering a random variable x£ with uniform distribution on {1,..., K, g} and the
probability distribution y of A, we aim at proving that Ey,[(dP,/dPy,)’] < 1 +C7, 5, with

P, defined as in Lemma 43, in order to conclude that mSRq 5(S™. ;_..[R]) > v/Rloglog L/(4L).
The same calculation as in the proof of Proposition 12 and Proposition 17 gives for n such

that 0 <n < 1—1/V2,

dp, ’ / 2C,, 5log2 L loglog L
Ex, (dfﬁo> S§C;ﬁlog2—+——iggjf——ﬂoglﬁ V2 + exp oD/
If we assume now that
log log L 2C" ;log?2
o8 08 508 — <1+ (1-1log2)C; 5 , (208)

we finally obtain the expected result, that is

dP,\*

dPy,
To end the proof, it remains to notice that there exists Ly(a, 3, R) > 3 such that for all
L > Ly(a, 5, R), both assumptions (207) and (208) hold.

Ex, <1+Ch, .

5.31 Proof of Proposition 38

As for all our Bonferroni tgf%je aggregated tests, the control of the first kind error rates of
the two tests QSg,(al) and gbgj is straightforward using union bounds and the conditioning
trick of the above proofs for upper bounds. Let us now turn to the second kind error
rates.

(1) Control of the second kind error rate of gbgg).
Let Ain 8., [R] such that A = Ao+ 61 71), with Ao in (0, B, 7in (0,1), § in (=X, R —
o) \ {0}, and assume that

da(A, SER]) > max (N/%wﬁ, BBy 5, \/;i@%\/% @R) |

(209)
Let us prove that under this assumption, Pj( gfj)(N )=0) <g.
Applying Lemma 44, we get for all 7" in Dy,
E\IN(T 1] — (1 =7 )N =d6(7'AT)1—-7"VT)L , (210)
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and

(Ml —=7)+or"(1—7)7'L if 7 <7

/ / / / 3 / (211)
Mo +6(7" =7+ 7)1 =1L if 7' >71 .

Vary [N(7',1] — (1 = 7")N;] = {

Assume first that 0 belongs to (0, R — Ag].
Noticing that

Pa(og(N) =0) < inf Py (N(7,1] = (1 = 7)Ny < byya—r(1 = 1a/2))

€Dy,
one can see that it is enough to exhibit some 7’ in Dy, such that
Py(N(T 1] = (1= 7)Ny by i—r(1 —ua/2)) < B .

Under the condition (209), we have da(\, SY[R]) > 2R?/L which entails

2
s 2 212
-7 (212
On the one hand, if 7 belongs to (0,1/2), the condition (212) implies the inequalities
271 > 7 > 2/ > 27ll°e2L] and the existence of k. in {2, ..., [log, L]} satisfying 2% <
7 < 27F*1 We set 7, = 275 and then

T, < T < Tg—1 (213)

whereby i i -
kr kr—
< < —
1 —7, l—7 1—7

and therefore

Tk, Tho—1 1 —Tp 1 Tk, 1 7 1 =7,

l—7 1—7p_ 1—7 71 21—7 1—7
N—_—— N——

> =1
But
1— 7% 1 _q_ 1 - 2
1— 7 2kr —1 = 3
so we finally obtain
L —— (214)

-7, 3(1—1)

On the other hand, if 7 belongs to [1/2,1), the condition (212) implies the inequalities
1-21<7<1-2/L<1-2U8Ll and the existence of k, in {1,..., |logy L] — 1}
satisfying 1 — 277 <7< 1—27%"1 We set 7. = 1 — 27% and we obtain

Thy ST < Thot1 (215)
whereby

TkT T TkT—i—l
< < ;
1 -7, l—7 1—7p
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and therefore

Thr Tt 1 =Tpr T 1 T T,
1—’7‘kT 1—Tk7+1 1_7_]97— TkT—i-l 21—7'7']@7_4_1 ’
But ) 5
-
L R S ’

Thr+1 2k7+1 -1 3

so we finally get
oy T
b . (216)

1—m.  3(1-71)
Recall that I(\) = fol A(t)dt < R and notice that the assumption (209) leads to

log (2/u4) log (2/us) 2[()\) 2 ()\0—|—57' )
5\/7'(1—7')2max< TQ\/E’ L2\/6\II()\)+ b ) :

\/—
(217)
In particular, (217) gives on the one hand
log (2
Pr(l—7) > 4RM ,
L
which entails, using (213), (215) and the inequality 6 < R
log (2
5r(1—m,) > 41082/
L
Then, (214) and (216) ensure that 7(1 — 7, )/(3(1 — 7)) < 7%, and thus
41og (2/uq
o (1—7) > =28 (L/“ ) (218)
On the other hand, it follows from (217) that
log 2/ua) 2I(A) 2 [6(Ao+OTk.)
5/7( —= 7 90V6 + 2
J T I T
which entails with (214) and (216)
log 2/ua ()\) 2 2(Xo —l— 0Tk, )
o(1— 2 =
oy = T A 2 |
that is
27, (1 — N + 07k, ) L
51 (1=7)L > 2¢/27. (1 — 7. )\/L 1og (2/ua) \l \/ \/ i ( T’“)ﬁ( 0+ 07 )L
(219)
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Thereby, with (218) and (219),

57‘kT(1—7')L22max< log( ) V Tk (1 — 7, 1/2log \ILI QLI

2 )\ ) L
+\/ Tk o—l- TkT)

hence

QTkT(l — TkT)()‘O + 5TkT)L
s

07k, (1 = 7)L = Q(ev, B, L, 7y.,) + \/ ; (220)

with

Q( ﬁ L TkT) 10g< ) —+ m 210g \l 2L[(>\) '

Furthermore, with (213) and (215), the expressions of E) [N — (1 —=7")Ny] and
Vary [N(7/,1] — (1 — 7/)N;] given in (210) and (211) entail

{EA[N(T,%, 1] = (1 =7, )Ni] = 0m, (1= 7)L (221)

Var,\ [N(Tk.r7 1] — (1 — TkT>N1] S ()\(] +5TkT)TkT(1 — TkT)L .

The Bienayme-Chebyshev inequality leads to

Py <N1 > LI(\) + QL;M)) <

o™

Y

and combined with Lemma 56, we get that

|

Py (b 1r,, (1= ua/2) = Q(a, B, L, 7i,)) < (222)

We conclude with the following inequalities:
PAN (1t 1] = (1= 1) ;< sy 1 11— )

S P)\ (N(Tk.r; 1] - (1 - TkT)Nl < Q(&,B,L,Tk_r)) + g with (222)

S P)\ (N(Tk.r7 1] - (1 - TkT>N1 - E)\[N(Tkﬂ 1] - (1 - TkT>N1]

_\/QVarA [N(7g,, 1 — (1 - T’fr)Nl]> +§ with (220) and (221)

g
< B with the Bienayme-Chebyshev inequality again.

Assume now that J belongs to (—Ag, 0) and notice that we have also

Py(osW(N) = 0) < inf Py (N(7,1] = (1 = 7)Ny > byyirr (10 /2))

T'eDy,
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The same choice of 7, as above leads, with (210) and (211), to Ex[N(7x,, 1]—(1—7%, ) N1] =
—|0|7, (1 —7)L and Vary [N (7., 1] — (1 — 7%, ) N1| < AT, (1 — 7. ) L and we obtain, with
very similar arguments and calculations (mainly replacing 6 by |d| and using the lower
bound for by, 1-r, (ua/2) deduced from Lemma 56), that the assumption (209) implies

P)\ (N(’TkT, 1] - (1 - TkT)Nl 2 BNl,l—TkT (uoz/Q)) S 5 )
so Py(¢sW(N) = 0) < 8.

Since log(2/ua) = log(2(2|logy, L] — 1)/a) and L > 3, there exists C(«, 5, R) > 0 such
that

log (2/u4) log (2/uq) 2R 6R

log log L
Cla. B, R) ng ,

(223)

which allows to conclude the proof.

(ii) Control of the second kind error rate of ¢§(2)

Let A in 8" , . [R] such that A = Xg + 01 (-3 with A\g in (0, R], 7 in (0,1) and ¢ in
(—Xo, R — >\0] \ {O} and assume that

13/4

N 3v/C log ( 277/% 12 4R loglogL (224)
2+/Lloglog L

where C' is the constant defined in Lemma 53.
Let us prove the inequality P, ( u(2)(N ) =0) < B. Notice first that

Tog (2.77 /s 14
dy(\, SU[R]) > max <\/3OCR10g (2.77/ua) | /30C0g (2.77/ua) <2R)

PA@ED(N) = 0) < inf Py (T (N) < thy (1 —ua))

T EDL

so one only needs to exhibit some 7 in D;, satisfying
Py (Tﬂl'/,l(N) < tif\fl,ﬂ",l(l - Ua)) <Bg,

to obtain the expected result.
Under the assumption (224), we get d3(\, S¥[R]) > 16R*(loglog L)/L which entails

161oglog L
r(1—7)> % . (225)

Assume first that 7 belongs to (0,1/2). The condition (225) leads to 7 > 16(loglog L)/L
and since L > 3, we get the inequality 16(loglog L)/L > 27182 L) and the existence of k.
in {2,...,|log, L]} satisfying 2% < 7 < 27%*1 Setting 7,, = 27% we can prove as in
the above case (i) that

T, < T < Thol1 (226)
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and - -
s . 22
1 — 7%, ~ 3(1—71) (227)

Moreover, since 7. < 1/2 and by definition of k. ,

T 1 — 7, 1 -7, 2—71
max , = < .
1 -7 7% Tk T

T

Since (225) implies 7 > 16(loglog L)/ L, we get

Tk 1-— Tk L
- - < . 228
e <1 — Tk, Tk, ) 8loglog L (228)

Assume now that 7 belongs to [1/2,1). The condition (225) entails 7 < 1—16(loglog L)/L
and since L > 3,1—27! <7 < 1-27l%L] Hence, there exists k, in {1, ..., [log, L| — 1}
satisfying 1 —27% <7 <1—-27%~1 We set 7,. = 1 —27%" and we obtain as in the above
case (i)

T, <7< Thoy1 (229)
and

Tk T

“ . 2
1 — 7%, - 3(1—71) (230)

Moreover, since 7. belongs to [1/2,1), we get using (229)

Tk, 1—’7‘kT Tk, T
max , = < .
1l—7 7 1 — 7, 1—17

-

Since (225) yields 1 — 7 > 16(loglog L)/ L, we get also

Tk 1-— Tk L
~ - < . 231
e (1 — Tk, Tk, ) 16loglog L (231)

Applying Lemma 52, we obtain with (226) and (229)

(232)

and

2
4 2
Var, [T;kﬂl(zv)}:zﬁa—ff 17’“ <A0+(5(1—7) Thr >+ﬁ<xo+5(1—f) 17’“ ) .

— Tk, 1— Tk, — Tk,

(233)

On the one hand, we finally get with (227) and (230),

Pr(l—r
NGANE) BRALC (234)
and on the other hand, using (226) and (229),
46°7(1 —17)R  2R?

Vary {TT’kﬂl(N)} < (L L o (235)
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Notice that the assumption (224) entails

30CRlog (2.77/uy)  30C1og (2.77/us) |2R  9Clog? (2.77/uy)
2r(l—1) > -
0°r(1—7) = max ( L + IRE 5 ' ilLloglog L

12R 2R
+m,12|5|\/7’(1—7) L_ﬁ) s

hence

2
§2r(1— 1) > 15C Rlog (2.77/uy) N 15Clog (2.77/us) 2R N 9C log” (2.77 /uy,) N 6R
L L3/2 6] 8L loglog L L\/B

+ 6107 =7) %. (236)

Using (234) and (235), the condition (236) then leads to

BAITY, (V)] = y/2Van [17,_,()] /5

log (2.77 /us,) 2R1og (2.77/us)  3log? (2.77 /uy)
>C | BR—"2 45 [ - . (237
- < L * 6] L3/? +8 Lloglog L (237)

Now, if we set

Q(Oé,ﬂ,L, R,'TkT) = C<5Rw + 5y l%log@[ﬁ#

_ 2
—l—3max( el TkT) log (2'77/%‘)) , (238)

1—Tk7’ Tk L2

-

combined with (228) and (231), the condition (237) yields

BT (V)] Ve, [T (V)] /92 QoS B (239

Furthermore, from the inequality

P, <N1 > LI(\) + 2Lm>> < g ,

B

Lemma 53, and the fact that I(\) < R, we deduce that

(240)

|

Py (th (1= 1) = Q@ B, L R ) ) <
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We finally obtain using successively (240), (239) and the Bienayme-Chebyshev inequality

Py(T"

7k771

(N) <ty a1 — ) < P (T4 (V) < QoL o)) +

<P (TT;T,I(N) ~ BT, 4 (N)] < M 2Vary [T, (V)] /5> 5
<B.

Since log(2/u,) = log((4[logy L| —2)/a) and L > 3, there exists C'(a, 8, R) > 0 such that

(224) is implied by

log log L

d2(A?Sg[R]) 2 C(O‘aﬁ>R) L ’

which concludes the proof.

5.32 Proof of Proposition 39

Let L > 2 and set \y = (R —0") A R.
For all kin {1,...,[L¥*]}, let us define A\x(t) = Ao + 6L (5, 744 (t) With 7, = k/L and
{ = \olog L/(26**L). Then, as soon as

[P@+Jw—&WUM%L<1

241
L 20%% L, ’ (241)
A belongs to Sy. . . [R] for any k in {1,...,[L¥*]} . If in addition
log L 5*2
< 242

L —(R—0)AR’ (242)

A satisfies for all k in {1, o [LA },
R—90")ANR)log L
B (v syl > WEZT AR oL
4L

Using Lemma 43 and considering a random variable J uniformly distributed on { 1,...,[L3*] }

and the distribution  of A7, one can see that it is enough to prove that Ey,[(dP,/dPy,)?] <
1+ 4(1 — a — 8)? to obtain the expected lower bound. The same calculation as in the
proof of Proposition 19 leads to

dpP,\*
N
<dP Ao) ( )
Therefore, assuming that

\/E 66*2/(R—6*)AR+1
(L3/4—| ed*2/(R=6*)AR _ |

5*2/A0
<14 VL e +1

Exo = [L3/4] 020 —1

<4(l—a—p)?*, (243)
we get the expected result, that is
dpP,\*

N
<dP>\o) ( )
We then conclude the proof noticing that there exists Lo(a, 8,0*, R) > 2 such that the
assumptions (241), (242) and (243) hold for all L > Ly(a, 8,0%, R).

By, <14+4(1—a-p)?.
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5.33 Proof of Proposition 41

As for all our Bonferroni type aggregated tests of Section 3 dedicated to change detection

from an unknown baseline intensity, the control of the first kind error rates of the two
tests qbgﬁ(]a and ¢§ﬁ%,a is easily deduced from union bounds and the conditioning trick

of the above proofs for upper bounds. We therefore focus here on the second kind error
rates.

(1) Control of the second kind error rate of ¢9/10a

Let A in 8. [R] such that A = Ao+ 61 (74, with Ao in (0, R], 7 in (0,1), 6 in (=Ag, R —
o]\ {0} and ¢ in (0,1 — 7). By now, we aim at proving that P (qbgﬁzm(]\f) = 0) < pas
soon as we assume that

Rlog (2/u&1)> \l 2log (2/u((11)) [9R 9R V3R

(244)

Let us first consider the case where § belongs to (0, R — Ag].
Noticing that

<¢gﬁo a( )= 0)

kok+K] K _ uly
< inf inf PN — N <b, w |1——
- ke{o,.l..r,lm_uk'e{L.l.I.l,m_k} A ( ((L}’ [L] } [L] b= TN ( 2 ’

one can see that it is enough to exhibit some kg in {0,...,[L]—1} and &k} in {1,..., [L]—
ko} such that

ko %+%} Kl ull)
PN , N <h o (1= ) ) <8
( (i "] - iy T%( 2 )) =7

We get from (244) that d3(\, S¥[R]) > 3R?/L > 3R?/[L] which entails

((1—-¢)>3/[L] . (245)

Assume first that ¢ < 1/2. The condition (245) leads to
¢>3/[L] and T <1-3/[L] . (246)
Therefore, we can define kg = min(k € {0,...,[L] — 1}, 7 < k/[L]) and k{ = max(k’ €

{1,..., L] —ko}, (ko +FK)/[L] <T+Y),sothat 7 < ko/[L] < (ko + k({)/[L] < 7T+ L.
Since by definition ko/[L] — 7 < 1/[L] and 7 + € — (ko + k() /[ L] < 1/ L], we get that

)/
=t ((%‘) y (T“‘ koiw%)) >

and then, combining with (246),

ko
[L]

14
= . 24
> (247)
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Lemma 44 leads to E [N (ko/[L], (ko + k() /[ L]] — (k(/TL])N1| = 6(1 — €)Lkj/[ L] and

vars ¥ (5 o = | = (e (- ) o (- ory) ) i

With (247), we obtain on the one hand
ko Ko+ k:()] kg
B (4 L EY
FAR AR A

On the other hand, k{/[L] < ¢ < 1yields 0 <1—(2—0)k{/[L] <1—ky/[L]. Moreover,
using k{/[L] < ¢ again and the fact that £ < 1/2 one obtains

> 512(1 — 0L . (248)

k; k;

(1) =00, 2
and we finally get

ko ko + K ki,
Vary lN <[ T } | S Qo raa-oL . (250)
Recall that 7(A fo t)dt and notice that (244) entails
dlog (2/u&1)> 2log 2/Ua 2I(A 2(A\o + 0)
—_ /> N/ 0
0/ L(1 —¢) > max 2\] 7 , 6 BL 3L )
thereby
2log (2/ul!)) 2log (2/ul!)) 20(N) . [2(0 +0)
_) > N N _ _ N 7 0

0l(1—¢) > 2max 7 , 3L — 1) 7 I(\) + AL + AL
and then

gf(l—E)nglog< )+\/ (1—-10) 2Llog J \/ \/251—6 (Mo +90) ‘
(251)

Thus, with (248) and (250), the inequality (251) ensures that

E) {N ((’E | k‘oi}%} - []261 Nl} z% (1 +\/17—£ 2Llog (1 \l F

ko kotk
J 2Vary [NV (o, imehs] — o]
B

+

. (252)
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Furthermore, we deduce from the inequality

Py <N1 > LI(\) + m;@)) <

Y

@

combined with Lemma 56 that

] WV ,
Py bNh% == > Q(a, B, L, kyp)
with

QW@LW?“(@J+¢$<1{%)%M%QJJ“W+ ey

(254)

, (253)

MIQ

—

Using (249), the inequality (252) leads to
ko ko + ki Ky
E)\ |:N( 0 0+ 0:| - 0 N1:| >Q( 57L7k6)

L7 LT | 7L
+\/2Vam [N(’“O "‘“’ﬂ— L Nl}/ﬂ, (255)

(L] [L] [ L]

and we conclude with the following inequalities

ko ko+ k] K O
“@(M’m]‘mW‘béx“ﬁv)

<pA N( ko ,’“’ﬂ - (’“L%Nl Q(a,B,L,ké))

1)
( " (1 — i) > Q(a, B, L, ké))
Nu, iy

(N <[L ko +k’} _ K Ny < Q(a, B, L, k;())) +§ with (253)

L
( (e ] - e - [y (i M) - ]
< —\/ IVar, [N (% , koﬁké} - [kLél Nl] /ﬁ) +§ with (255)

< f with the Bienayme-Chebyshev inequality .

Assume now that ¢ > 1/2. We define ky = max(k € {0,...,[L] — 1}, 7 > k/[L]) and
ky = min(k" € {1,...,[L] —ko}, (ko +K')/[L] > 7+ {) so that ko/[L] <7 <7+ <
(ko + kg)/[L]. Notice that the condition (245) entails

1—¢>3/[L] . (256)
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Since by definition of ky and kj, 7 —ko/[L] < 1/[L] and (ko +k})/[L] — (7 +¢) < 1/[L],
then, with (256),

]{36 ]f0+]{36 kO
= —(r+0)+l+7——<1/|L|+(1-3/|L))+1/|L]| <1-1/|L]| <1
e e e <UL+ =3/[L)+1/[1] < 1= /[
In the same way, we can also obtain with (256) that
ki ko ko + ko 1-7
1— =2 :1—£—<<T——)+( ))>1—£——>—. 257
L] ) T\ 3 @0
Furthermore, by definition of ky and k{, one has k{/[L] > ¢ and since £ > 1/2,
kg ( kg )
1-— </l(1-17) . 258
7 o (1-1) (258)

From Lemma 44, we therefore deduce
ko ko + l{:{)} k{ } ( k{ )
E\|N , — Ni| =0l L
' [ (m iy |7 L]
> gﬁ(l — ()L with (257) ,

and since ki /[L] > ¢,
Van {N ((]?Vkoiw%} o Nl] - (AO o (1 a )) (1 o ) -

<(veo(2)) (-2 e

< (Mo +0)(1 — 0L with (258) .

Thus, the condition (251) also yields

B v (1 | - i) 2 s %”\/M“ (i )

where Q(«, 8, L, kj)) is defined by (254) and we conclude that

ko k0+k6} kb ull)
Py (N , — O N<h w1 ) <8,
( (m L] ] T T m m< 2 ’

with the same arguments as above.

Let us then treat the case where § belongs to (—\g, 0). We start by noticing that

kok+k] K . ul)
P((l) N:0)< inf inf Py (N B A T e
3 99/10.0(N) = he(0o Dy ek (L] [L] L] = "M\ 2

The same choice of ky and &, as in the case where § belongs to (0, R — Xg| leads to

e (- <
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and

W“h<$ﬁﬂﬁ}W%M}Aﬁ%@‘%)“”ﬁ%@‘%)“

and we obtain

ko ko+ k] K ull)
“(NQM’mfl‘£W“”7%(7J>§5’

following the same lines of proof as above, but with § replaced by |d| except when it is
involved in A\g+9, and using the lower bound for BN K, (u&l) / 2) deduced from Lemma 56.

b FLT

Coming back to the assumption (244) and the definition of u,(ll), one can finally claim that

SRB<¢u(1 "[RD -~ <2\/Rlog(m([ [+ 1/a)

9/10,
21og((L 1+1)/a) 2R 2R V3R
\/ A ﬁL 1/ ) . (259)

which leads to the result stated in Proposition 41 for (bgﬁzm and the set S“[R] of the
alternative [Alt".10]. Since Si. . [R] C 8" .[R] for any 6" in (=R, R) \ {0}, the same

result holds for gbg}io and the set 8§ ....[R] of the alternative [Alt".9]. Notice that in
this case, the constant C'(a, 3, R) 1nvolved in the upper bound can be refined, benefiting
from the knowledge of §*, which explains the formulation with C'(«, 8, R, 0*) instead of

C(«, 8, R) in Proposition 41.

(11) Control of the second kind error rate of gbgﬁo o

Let X in 8", .[R] such that A = Ao+ 1 (r 14, with Ag in (0, R], 7 in (0,1), 0 in (—Xo, R —
o) \ {0} and £ in (0,1 — 7). We assume by now that

L L3/4

log (277/ut?) 6R 2R [3logL
+6VC ( 49 24 Og (260)
VILlog L BL’

where C is the constant defined in Lemma 53.

Let us prove that this assumption implies Py (qbgﬁo LIV) = 0) < B.

60C R log (2.77/u&2)> oR\ /4 \/60C10g (2.77/%&2))
da (N, S§[R]) > max + ( )

As above, we invoke that

P(“(Q’N:0)< inf inf P (T, o (N) <P S (1=u®)) |
T N e AR
(k,k")#(0,ML)
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to argue that we only need to exhibit some kg in {0, ..., M —1} and kj in {1,..., My —ko}
such that (ko, k) # (0, My) satisfying

Py (T/ko ko+k) (V) < th ko ko+k) (1 - ugzz))> <g.
wip LN
Recalling that My = [L/log L], we get from (260) that d3(\, SY[R]) > 3R*log L/L >
3R?/My, which entails
((1—40)>3/M, . (261)

Let us first consider the case where ¢ < 1/2.
The condition (261) leads to

0> 3/M; | (262)
and therefore, we can define kg = min(k € {1,..., M —1}, 7 < k/M}) and kj = max(k’ €
{1,. o My — ]{70}, (1{30 + k/)/ML <7+ 6), so that 7 < ]{Zo/ML < (]{70 + ké)/ML <7+
Since by definition ko/M — 7 < 1/My and 7+ ¢ — (ko + k{,) /My < 1/M[, notice that

ko ko ko + K 2
ML—E ((ML T)+(T+€ R )) >/ TP

and then, combined with (262),

> (263)

ko /My, (k0+k6)/ML(N)] = 62(1 — 0)*(k{ /M) /(1 — k{/My), and with
(263) and the facts that 1 —¢ > 1/2 and 1/(1 — k{/My) > 1, we get

Lemma 52 gives E) [T

Ey

T, i <N>] Sy (261)

My, My, 6

Lemma 52 also gives

2 1— (2= 0kl /M, \?
! 0
Van Tﬁ—g,’“ﬂfé (N)] 12 (AO i 1— ky/M, )
4, , kb /My, 1—(2—0)k,/My
+70%(1-0) i Ao+ 6 L, . (265)

and since k{/M < ¢ < 1, notice that 0 < 1 — (2 —0)k{/M < 1—k{/My. Moreover using
ki /My, < ¢ again, one obtains
ki /My, - l
1—k)/My, —1—0

(266)

Therefore, using (266),

Var A

My My,

, 2
Tko ko+k( (N)] (L_()\O +5) L()\O +5)52€(1 —E)) ]16>0
(L2 A2+ LA052€(1 - E)) Lso |
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hence

2
<HU L Aoy (267)

Val")\ < L2 17

/
Tko ko+k6 (N>
My, T My,

Now, on the one hand, notice that the assumption (260) ensures that

60CRlog (2.77/ul) ( 2R ) 14 \/ 60C 1og (2.77/ut”)
(&

VT —0) 2 J B

3 1,3/4
log (2.77/u?) oR
6/ C(M; —1 20| ——=
which entails
2 log (2.77/u) orlog (2.77/ul)
(1 —¥) > 60CR 7 + 60C ? 757
log2 <2.77/u((12)) 4R
+36C (Mg —1) (268)

- VT
On the other hand, the same assumption (260) ensures that |6]\/¢(1 — ¢) > 24\/2R/(SL),
which leads to

(1 —10) > 24 Z—sz\/é(l —0) . (269)

Therefore, (268) and (269) imply

log (2.77/u&2)> oR log (2.77/u((12))
6%(1—¢) > 2max [ C'| 30R + 30 7

L L3/2

log? (2.77/uf’ 19
+18(M;, — 1) ( )) 1

2R
e +oop 12 B—L\5|\/e(1—e)) ,

SO

52 log (2.77/u&2)> o log (2.77/u&2)> log? (2.77/u&2)>
Eﬁ(l—f) > C|5R +5 5 +3(Mp—1)

L [,3/2 .2

°R OR
AT 5_L|5|‘/€(1_€)' (270)

Thus, with (264) and (267), the inequality (270) ensures that

» <5Rlog (2.77/u£3>) . \/% log (2.77/u£3>)

E}\ T/ko k0+k6 (N)

My Mg, L L3/
log? (2.77/u£3)>
4 3(My — 1) - | 2Vany [T e (N) | /8. (271)
My ML
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Furthermore, the inequality

P, <N1 > LI(\) +

combined with Lemma 53 and the upper bound /(\) < R, leads to

PA t/ kg k0+k(’) (1 - u((:uz)) Z Q(OK, Bv L7 ké)) = é 5 (272)
Nz g 2
with
, log (2.77/u£3)) SR log (2.77/u£3))
Q(, 8,L,ky) = C| 5R - 5\ G

2 @

[ RMy 1Ko/ o (277/4) .

X .
1= kM, K/ My, I

Since kj/M < ¢ <1/2, one has

(KM L= k/ML\ L= kM M,
\T—kMy KM, ) T kML K

and the inequality (271) leads to

My My My~ My,

Ex T/k_o kot (N)] > Q(a, B, L ky) + \l 2Var, T/ko ko+kj (N)] /B (274)
My > My, My My,
We conclude with the following inequalities
Py <T/k0 ko+k( (N) < t ko+k{) )
My Mg, Ni, ML M7,
SP)\ T,kikova{)(N) ﬂ,Lk’) PA( ﬁk(ﬁk() (1_u2) Q( ﬁ,L,k‘g))
My >~ My, ToMp
< Py leio ko+k{)( ) < Q(a, 8, L, k) >+2 with (272)
My M,
5.
S PN Ty worwy (N) = Ex [T kyen (N)] < —\l 2Vary | T, i (N)] /B |+ 3 with

My, My,
< B with the Bienayme-Chebyshev inequality .
Let us then consider the case where ¢ > 1/2.
We define ky = max(k € {0,..., My — 1}, 7 > k/Mp) and kj = min(k" € {1,..., M —
ko}, (ko +K')/Mp > 74 {) so that ko/Mp <17 <71+ < (ko+ kp)/ M.
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Notice that the condition (261) entails

3
1—0>—. 2
> P (275)
Since by definition of kg and k{, 7 — ko/My < 1/My and (ko + k() /My — (1 + ) < 1/My,
then, with (275),

Ky ko + kY
M, My

—(T+e)+e+f—%<1/ML+(1—3/ML)+1/ML<1 o (276)
L

In the same way, we can also get with (275)

ko ko ko + ki, 2 1—¢
1 ML—l 14 ((7’ ML)—i-( R (T+€)))>1 14 ML> 3 . (277)

Furthermore, by definition of ko and k{, again, one has k{/M > ¢, so

1 k/Mp 1t
< . 2
WM, S 27

From Lemma 52, we deduce the expectation
Ex |:Tko/ML (k0+k6)/ML(N)] = 0% (1~ ko/Mr) [ (ko/My)

which satisfies with (277) and ¢ > 1/2

: 6
B T sy (1 o, (V)] > GEL=0)

Lemma 52 also gives the variance

Lt 2 Y Y
T/ko ko+k6(N>] = 3 ()\04_56%) +%52€2% <>\0—|—(%%

Vary 12 ki /My, ki /My, kM,

My My,

which satisfies with (278)

Var A

My, » My,

2 4
T rour (N)] (L—(AO +6)? + z526(1 —0) (X + 5)) Ls>0

4
- (L2 A2+ = Xg0%(1 — £)> Ts<o ,

L
thereby
2R* AR
Var)y T/Lo ki, (V) | < -+ _526(1 —10) .
My My,
Finally, since k{/Mp > ¢ > 1/2, (276) leads to
.- ki) My, ’1—k6/ML _ ko/Mp K <M, 1.
1—ko/My" ko/My L—ky /My, Mp—ky —
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As in the above case where ¢ < 1/2, we can therefore prove that the assumption (260)
leads to (274), that is

FE
A ko

My~ My,

T/ko kO+k6 <N)] Z Q(O(, ﬁ7 L7 ké) -+ 2\/&1”)\

My, » My,

T ko +k{ (N>] /ﬁ )

with Q(«, 5, L, kj)) is defined by (273). We then use the same final arguments as in this
case, to conclude that

(Tl 800, s (108 5

My, > My, Lyag M

Coming back to the assumption (260), we can thus affirm that

60C Rlog (2.77/u£?>) SR\ 1A \/ 60C1og (2.77/ul)
SR <¢u(2 [R]) < max —l—( )
B\ ¥9/10,07 - 1,3/4
log (2 7/ Ua | 6R 2R 3log L
g
6VC 2 24 Ry/ (279)
* V/Llog L * LVB’

which, since My = [L/log L] and u) = =2a/(Mp(Mp + 1) —2), leads to the result stated

in Proposition 41 for gbgﬁo and the set 8. [R] of the alternatlve [Alt".10].

Since Sy. .. ..[R] C 8. ..[R] for any §* in (- R R) \ {0}, the same result holds for gﬁgﬁo N
and the set S§. .. .. [R] of the alternative [Alt".9]. Again, notice that in this case, the
constant C(«, 5, R) could be refined thanks to the knowledge of §*, which justifies the

formulation with C'(«, 8, R, 6*) instead of C'(«, 5, R) in Proposition 41.

6 Key arguments for minimax separation rates lower
bounds and technical results for minimax separation
rates upper bounds

6.1 Key arguments for nonasymptotic minimax separation rates
lower bounds

The arguments given below are repeated from 8|, who adapted the asymptotic Bayesian
approach of Ingster [65] to obtain lower bounds for minimax rates of testing in a nonasymp-
totic perspective, and [50] who derived these lower bounds in the Poisson framework. We
only recall these arguments without the proofs for the sake of clarity and completeness.
Let us recall the notation of the introduction, where N = (NVy);ejo,1) is a Poisson process
observed on [0, 1], with intensity A w.r.t. some measure A on [0, 1], and whose distribution
is denoted by Py, and where Sy is either the set So[Ag] = {0} of a single known constant
intensity Ao on [0, 1], or the set S{'[R] of all constant intensities on [0, 1] bounded by R.
We consider the problem of testing (Hy) "A € Sy versus (H;) "X € §”, where S is a set
of possible alternative intensities, from the nonasymptotic minimax point of view based
on the definition of mSR,, 5(S) given in (2).
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Lemma 42. Forr > 0 and any subspace S of Ly([0,1]), set S, = {X € S, da(A, Sp) > 71}.
For o in (0,1), we define

Pa(Sr) = inf sup Py(¢a(N) =0) .

$osuPrcsy Prlda(N)=D)<a e,

(1) If pa(Sr) > B then mSR, 3(S) > 7.
(71) For all subsets 8" and S of Ly([0,1]) such that &' C S, then po(S.) < pa(S,) and
mSR, 3(S") < mSR, 5(S).

Lemma 43 (Minimax lower bounds and Bayesian approach). Let u be a probability mea-
sure on S, and define P, the mizture probability by

a:/g@m.

1/2
dP,\*
N)| -1 .
(dPM) ( >] )
As a consequence, if o + 3 < 1 and infy es, E), [(dPH/dP,\O)2 (N)] <1441 - a—p)?
then

Then

A0€So

%wgz1—a—%(mf@0

pa(Sy) > B and mSR,3(S)>71r .

6.2 Technical results for minimax separation rates upper bounds

Lemma 44 (Moments of a Poisson distribution). Let X be a Poisson distributed random
variable with constant intensity & > 0.

1. The Laplace transform for X is given by
Ve e R, Elexp(cX)| = exp[(exp(c) — 1)].

2. The first moments of X are given by the following formulas:
EX]=¢, E[X?] =& +¢, E[X°] =€ +3¢" + ¢ E[X"] =¢"+66 +7¢" +¢,

and its central moments are given by E[(X — E[X])3] = ¢ and E[(X — E[X])!] =
324+ ¢.

Lemma 45 (Rough quantile bounds for the Poisson distribution). The u-quantile pe(u)
of the Poisson distribution with parameter £ satisfies

E—VE/u<pelu) <E+VE/(T—u) . (280)

Proof. Let N be a Poisson random variable with parameter . Using the Bienayme-
Chebyshev inequality, we obtain for all ¢ in (0, u)

IP’(NS@“— ufg)gu—a<u and P(N>§+\/%)§u,

which leads to the expected result by letting ¢ tend to zero. O
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Lemma 46 (Sharp quantile bounds for the Poisson distribution). The u-quantile pe(u)
of the Poisson distribution with parameter £ satisfies

(5—59—1(w))v03p5<u>s5+5g—1(1°g<1/<;_“>>) S (s

Proof. Let N be a Poisson random variable with parameter £. The Cramér-Chernov in-
equality applied to this Poisson random variable gives that for all = > 0,

P(N —¢&>x) <exp(—&g(z/€)) .

and for 0 < z < €&,
P(N —¢ < —x) <exp(—Eg(—z/)) .

The first exponential inequality gives

(v ere (HO0=D))

which leads to the upper bound of Lemma 46. The second inequality gives that for all
u > e ¢ and all € such that u > u —¢& > e™¢, using (81),

P(Ngg_gg—l (W)) §P<N§§+§9”__1LO[(log(l/(gu_g))))

<u—ce<u .

By letting ¢ tend to zero and by continuity of ¢g~!, this leads to the lower bound of
Lemma 46 for any u > e ¢. Since 0 < g(1) < 1 and ¢! is increasing on ]0, 400,
1=g"Yg(1)) < g (1), hence for 0 < u < e7¢,

e (W) >g7 ()21,

Therefore in this case & — g1 (% < 0. The conclusion follows from the remark
that for any u in [0, 1], pe(u) > 0 as some quantile of a Poisson distribution. O

Lemma 47 (Expectation and variance of 1%, ,,(N)). Let 7,7 be in (0,1) such that
0<m <1 <1 A >0and T, ,(N) be defined by (12). Assume that N (1, 72| follows a
Poisson distribution with parameter Lx with x > 0. Then

R Aﬁ) | (282)

and

Var(T,, ., (N)) = & ( T /\0)2 (22 (283)

L To — T L2 (Tg—Tl)z

Proof. Set m; the moment of order i of N(7, 7s]. Since N(71, 7] follows a Poisson distri-
bution, my = m; +m? and

1 220
E[TTl,TQ(N)] — mm% - Tml + )\3(7_2 - 7_1),
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with m; = Lxz. This straightforwardly leads to the first statement of Lemma 47. Notice
now that

1
T3 7 (N) NECET) (N (71, 7] —ma)? +mi + (2mq — 1)(N (71, 7] — ma) —my)
2\ 2\
- TO(N(TME] —my) — Toml + )\3(72 -7,

which entails
1

Tr m(N) = E[T;, ,(N)] = m ((N(7'177'2] —m1)? + (2my — 1)(N(11, 7] — mq) — m1)
) —T1

_ 2

L (N(Tl,TQ] — ml).

Considering the moment ¢; of order ¢ of the centered variable N (7, 73] —my, one obtains

1 42
Var(T;, .,(N)) = m (04 + (2my — 1)%cy +mi +2(2mq — 1)es — 2m102) + L—2002
4\
—_— 2my; — 1 .
T5(rs — 1) (3 + (2m1 — 1)c2)
Applying Lemma 44 finally leads to the second statement of Lemma 47. O

Lemma 48 (Quantile bound for 77, ,,(N)). Let A\ > 0, uw in (0,1) and assume that
N is a homogeneous Poisson process of intensity Ao with respect to the measure A. Let
tro.m (1 —w) be the (1 — u)-quantile of Ty, -,(N) defined by (12). Then for all 0 < 7 <

T2 S 17
1 log(3/u) ’
1—u) < 2X\3(7y — L (= St A
t>\077'177'2 ( u) — )\0(72 7-1) (g (AOL(TZ o ,7_1) ’

where g is defined by (79).

Proof. Notice first that under the assumption of Lemma 48, 77, . (V) can be written as

! T1,T t 2 1 S ¢ 2
T7'177'2 (N) = </ S0(17T2}(>(dNt - AoLdt)) — / <S0(1’T2}(>) dNt
0 0

with ¢ (s, ) = L7 ,]/v/T2 — 71. Applying the exponential inequality of Theorem 2 in [71],
we obtain for all z > 0

||H7'1 7’2||%L HHT T Hoo x
P(T7 - (N) > 2) < 3exp | — — 59 — Py 5
’ ||H7'177'2H?>o HHTM'QH%,L 2
where H, -, (t) = @(r,)(t)/L, g is defined by (79) and || H, ,||2,r is the Lo-norm of H-, ,,
in IL?([0, 1], Ao Ldt), that is || H:, o3, = fol |H., -, (t)[*AoLdt = X\o/L. This leads to

P (T, ., (N) > z) < 3exp <—A0L(Tz — g (ﬁ@)) |

We therefore obtain P (T}, .,(N) > z) < wifz > 2)\2(ra—71) (g~ (log (3/u) /(MoL(rs — 11))))?
and the result follows. O
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Lemma 49 (Quantile bound for max / min.¢jg ¢ N (7,7 4 €*]).
Let L > 1. The (1 — a)-quantile py, ,-(1 — @) of max,co1-p N (7,7 4 £*] under (Hy)
satisfies

log(2
P (L= ) < XLl +20Lg~" (w)
0

The a-quantile py ,.(a) of min,cjo1—¢=) N (7, 7 + £*] under (Hy) satisfies

- « _, [ log(2/a)
p>\07é*(a) > NgLl* —2X\gLg~! <)\07L ’
where g is defined by (79).

Proof. We define M! = f;(dNu — MoLdu) for all s,t > 0. Let x > 0 be such that

log (2
x> MLl + 200 Lg~! (%) . (284)

Since

0,1—¢+]

Py, < max N(r,7+ ("] > :5) = Py, ( max M > g — )\OLE*)
T€[0,1—£*] TE
< Py, ( max |M!| >z — /\OLE*) ,
s,t€[0,1]

Theorem 4 in |71] ensures that

— M\ Ll*
Py, < max} |M!| >z — )\OLK*) < 2exp (—AOLg (w))

s,t€0,1 2)\0[/
Tr — >\0L£*
2 —XLg | ——— <
e (=t (T30 ) ) <

leading to Py,(max.¢jo,1-¢) N(7,7 + *] > x) < a. The (1 — a)-quantile py, ,.(«) of
max,efo,1—¢) N(7, 7 + £*] under (Hy) therefore satisfies py, ,.(1 — @) < z for every  such
that (284) holds. In particular,

Then (284) entails

log(2
Pl (1 —a) < XLl +2X\Lg ™" (%)
0

Let us consider now z in R and ¢ in (0, 1) satisfying

& < ALl — 22Lg~" (bg&/(j‘% - 5)))) . (285)

Using (285) and Theorem 4 in [71] again, we obtain

Py, ( min  N(7,7+ 7] < x) =P, ( max —MTT > \gL{* — x)

T€[0,1—0%] T€[0,1—£%]

< Py, < mz[lx} | M| > N Ll* — x)

s,t€(0,1
Ao LO* —
< 2exp (—)\OLg <O2TLx))
<a(l—eg)
< .
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Thus the a-quantile py . () of min,¢o1—¢-] N (7, 7 + €] under (Hy ) satisfies py_,.(a) >z
for every x such that (285) holds. In particular

p;o’z*(oz) > NgLl* —2X\gLg~! (log(2/(;z(£ — 6))))

for every € in (0,1). The result then follows by continuity of g~!. O

Lemma 50 (Quantile bound for supe (g1« S+ r+.r+40(N)). Let v >0 and L > 1. Let
(N°)y>0 be an homogeneous Poisson process with a known constant intensity \ogL > 0
w.r.t. the Lebesque measure. Then, the u-quantile of the supremum supt>0(N{\° — (Ao +
v)Lt) does not depend on L, and will therefore be denoted by s _(u). Now considering
835071 (W), the u-quantile under (Hy) of the statistic SUpye(g_pey S5+ e 40(N) with
Ss+ v+ r10(N) defined by (21), we have for all L > 1

{ 51075*77*7L(u) < 81075*/2(71) when 0* >0

+ log(1/(1-u)) * *
S)\O75*77_*7L(U) 1og(A§/(/\o—|6*\/2)) when 0* € (—)\0,0) .

(286)

IN

Proof. Equation (7) in [89] directly enables to state the first part of the result.
Under (H,), since the processes (N (7%, 7% + €])¢c,1-+) and (N (0, £])ec(o,1-7-] are left-
continuous and have the same finite dimensional laws, we get

5*
Sup Spreress(N) L sup (sgnw*)(zv(o,a—AOeL)—' 'eL).
£€(0,1-7%) £e(0,1—7%) 2

Assume first that 6* > 0. We compute

5*
P,\0< sup  Spe e reqo(N) > sj{oﬁ*/z(u)) <P ( sup ) (N’\O(O,t] — (Ao - 5) Lt) > 31075*/2(71))

e(0,1—7*) te|0,+o00
<l—wu,

by definition of s;;)’ 5-/2(w). This allows to conclude that the first part of (286) holds.
Assume then that ¢* belongs to (—Ao,0). For all z > 0,

6*
Py, sup  Ssx e t(N) >z | = Py, sup ( ()\0 — o] ) (L — N(O,E]) >z
£e(0,1—7*) £e(0,1—7*) 2

Theorem 3 in [89] then entails

Py, sup  Sge e r0(N) > | <exp(—wz) |,
0e(0,1-7%)

where w is the largest real root of the equation Ao(1 — e ™) = w (Ao — |6*|/2). Notice
that w > log (Ao/(Ao — [6*|/2)). Then, correctly choosing = in the above exponential
inequality leads to

= - )

P su S v repo(IN) >
v <ZE<O£T*> 77t ) > o ol (o = 1/2))

which implies the second part of (286). O

log (1/(1 — ) )<1 .
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Lemma 51 (Quantile bound for sup, . g 1) S« ~1(N)). Let L > 1. With the same notation
as in Lemma 50 and Ss- -1(N) defined by (21), the u-quantile s 5. ; (u) of the statistic
SUD,e(0,1) 95+, r1(IV) under (Hp) satisfies

(287)

{ sj\ro,(;*,L(U) < 810,5*/2(u) when 0* >0 |
<

log(1/(1—u)) * *
sj{o,(;*’L(u) 1og(/\§/(/\o—\5*|/2)) when 0* € (—A§,0) .

Proof. Under (H,), since the processes (N(7,1])-c(0,1) and (N(0,1 — 7]);¢@,1) are left-
continuous and have the same finite dimensional laws, we get

sup i oa) £ sup (sen)N0.7) ~dort) — Tl ).

7€(0,1) 7€(0,1)

The result then follows from the same arguments as in the proof of Lemma 50, by noticing
that when 6* > 0,

6*
PA0< sup Sy 1(N) > s} . /Q(U)) <P (tesup | < NY(0, 1] — ()\0 + 5) Lt) > s /2(u)> ,

7€(0,1) (0,400

and when §* belongs to (—M\, 0),

6*
Py | sup Ss« 1(N)>x | =Py, | sup (()\0— | |)tL—N(O,t]) >z
7€(0,1) te(0,1) 2

for all z > 0. O

Lemma 52 (Expectation and variance of T _ (N)). Let 71 and 7o in (0,1] such that
0<m <71 <1andlet N be a Poisson process such that N(0, 7], N(7i, 7], and N(72,1]
follow a Poisson distribution with respective parameters Lx > 0, Ly > 0 and Lz > 0.

Considering the statistic T/, _~ defined by (46), one has

2
— 1—
E[TT'”Z(N)]:( 2T (p42) - éy) , (288)
’ 1—T2+T1 To — T1
and
2 Ty — T1 1—’7'2—|—’7'1 2
V. T N)= — [ — - - -

4 1—7’2—|—7'1 2 Ty —T1 2 T2 —T1 2
—— SRLL RS = . (289
+L< To —T1 ) (y 1—7'2—|—7'1(x+2)> ((1—’7‘2+’7‘1) (IL"l‘Z)‘l"y) ( )

Proof. Notice that the statistic 77 can be written as

T _(N) ! [ﬂ ((N(0,71] + N(7, 1])* = (N(0,71] + N(m, 1]))

T2 2|1 - To + T1

JLl=ntn (N(r1,]* = N(71,72]) = 2N (71, 7] (N (0, 71] + N(, 1D] :

T2 —T1
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Set, as in the proof of Lemma 47, m; and m; the moments of order i of N(m, 7] and
(N(0, 7] + N(72,1]) respectively, and ¢; and ¢ the corresponding centered moments of
order i. Then, by independence of N (0, 7], N (71, 72] and N (7, 1], and since my = m?+m,
My = m3 4+ my with my = Ly and my = L(z + 2),

1 To—T1 _ l—m+m _
E[T _(N)] = — |—2—"1 (s, — LRy —my) — 2
[Tl,TQ( )] L2 |:1_7_2+7_1(m2 ml) T — T (m2 ml) mimy
Ty — T1 2 ]_—’7'2—|—’7'1 2
=2 (z+2)+ ———y* —2y(x+2) ,
1—7‘2+7'1( ?) Ty —T1 4 ul 2

which gives (288). Moreover,

iyam=%45§£i«N@ﬂ+Nwﬁf—wwﬂ+Nmﬂm
+ % (N(71, 722 = N(71,7]) = 2N (r1, 7] (N (0, 71] + N (7, 1])] ,

and then

T (N)—E[T, _(N)] :é Li%fﬁ ((N(o, n + N(m, 1] — imy)?
+(2m0 = 1) (N0, 7] + N(ra, 1] = ) = )

1-mntmn ((N(ﬁ,Tz] —ma)? + (2my — 1)(N(71, 7] —my) — m1)

To —T1

= 2N (71, 73] = ma) (N (0, 7] + N (7, 1] = ) + 701 )
— 2m1 (N(O, 7'1] + N(Tg, 1] — ml)] .
This entails

1 o 2
Var(T7, (N)) = Ti [ (%) (ca+ (2mq — 1)°G + mF + 2(2my — 1)E5 — 2 &)
- 12 1

1—mn+T 2

+ (#) (04 + (2my — 1)202 + m% +2(2my — 1)cg — 2m102)

27— 11

Ty — T
+4 (Cg’ﬁ’LQ + mfég) + 2(C2 — ml)(ég — ml) — 4m1 2 ! (53 + (27711 — 1)52)
1-— To + T1

l—m+T

— 47711 2 ! (03 + (2m1 — 1)02)]
T2 —T
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This leads using Lemma 44 to

Var (T}, ., (N)) = é [ <£) (4L%(x + 2)> + 2L%(z + 2)?)

1—T2—|—T1

l—m+7)\
T2 — T

+4 (Ly(L*(z + 2)* + L(z + 2)) + L*y’L(z + z))

2T
— 4Ly1 — (L(x+2)+ (2L(x+2) = 1)L(x + 2))
1—
4L+ 2)— 2T Ly 4 2Ly — 1) Ly)
T2 — T1

The second statement of Lemma 52 given in (289) finally follows from direct computations.
0

Lemma 53 (Conditional quantile bound for 77, (N)). Assume that N is a homogeneous
Poisson process with a constant intensity \g with respect to the measure A = Ldt. For
and 1y in (0,1) such that 0 < 7 < 7 <1, uwin (0,1) and n in N, let ¢, (1 —u) the

n,T1,72
(1 —w)-quantile of the conditional distribution of T, . (N) defined by (46) given the event
{Ny =n}. Then

C 2.77 ]_—’7'2—|—’7'1 To — T1 2 2.77
t 1—u) < —|bdnlog|— )+ 3 1 —
n,Tl,Tg( u) = L2< n Og( W )+ maX( Ty — T 1 P, og u )

with C' = mingso (e(1+e H2(2.5+ 3271 + ((2v2(2+e + 7)) V(1 +£)?)/V2) .

Proof. For n > 2 and conditionally on the event {N; = n}, the points of the process
N obey the same law as a n-sample (Uy,...,U,) of i.i.d. random variables uniformly
distributed on (0, 1). 1 — u) is thus equal to the (1 — u)-quantile of the following
U-statistic of order 2

nrim
tn77-177-2

n n -1
1
7/7/7L77'1,7'2 = 72 Z Vry 7 (Ui, 1, (Uj) = ZZHLJ'LTz(Ui? Uj) ,
i#Fj=1 i=2 j=1

where Hy, 7, 1, (2,y) = 2¢s, 1 (), -, (y)/L? for any z and y in [0, 1].

Since for all 0 < 73 < 7 < 1, 9y, 5, is orthogonal to vy (in L2([0,1])), the variables
Yr, 1, (U;) are centered and we can apply Theorem 3.4 in [62]. We obtain that there exists
some absolute constant C' > 0 such that for all x > 0 and for all n > 2

P ( TIL,L,Tl,T2 2 C(Al\/i + Agl’ + A31’3/2 + A4l’2)) S 2.77e™* s
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where

A% = n2E[HL,T1,T2(U17 U2>2] )

Ay = sup ( E ZZHL,ﬁ,TQ(Ui, U;) f:(Us)g;(Uj)

=2 j=1
n n—1
E| > fAU > g U;)
i=2 Jj=1

1
A3 =n sup / H} . (2, y)de

yelo,1] Jo

n i—1

)

<1, E

<1, f; and g; Borel measurable functions) ,

A4: sup ‘HL7717T2(x7y)| :
z,y€(0,1]

From Theorem 3.4 in [62], notice that the constant C' can be taken equal to C' =
min..o (e(1 471254+ 3271) + ((2vV2(2+e+¢e71) V(1 +¢)3/V2)).

Let us now evaluate A;, Ay, Az and Ay.

Since the function ¢, ,, has a Ly-norm equal to 1 and the U,’s are independent, we get

A} = —E[¢?

The independence of the U;’s and the Cauchy-Schwarz inequality applied twice also yields

n

i—1
E ZZHL,Tl,TQ(UiaUj)fi(Ui)gj(Uj)
i=2 j=1
FD) wn 7'2 fz d wﬁ T2 J d ‘
;]Zl / x / Y)g;(y)dy
9 n—1 1
Sﬁ; /0 ff(x)dx_; /0 g;(y)dy
Z/ f2 dl’ Z/ gy 2dy )

i= 2%/_/ J=1 e —
=E[f2(U;)] —E[g U;)]

| /\

hence Ay < 2n/L?. Moreover,

= 74 Sup / wn 7'2 T, 7'2( )dl’

yG[O 1]

— 2% sup 42 ()

L y€[0,1]

4n l—m+mn Ty — T
= — max

LA T —T1 ' 1—7'2—|—7'1

To conclude,

2
5 2 l—m+m7 TN
A = — T1,T¢ = ’
4 12 <xsel[]E]I,)1] |Q/) 1, 2(1’)|> 2 aX( To — T} 1-— T2 + Tl)
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We finally obtain for all x > 0 and for all n > 2

C 1- —
IP’( ;L7L7T1’T22?(2”\/}“‘2711"“2\/71]11&)(( T2+Tl, ! ););3/2

Ty — T1 1—’7‘2+’7‘1

1— _
+2mw< ntT _non )#))32ikﬁ.
Ty — T1 ]_—’7'2—|—’7'1

Then notice that for all z > 0

1— — 1— —
2\/nmax( ntn (! )x3/2§nx+max( ntn (! )x2,

To — T1 ' 1—T2+T1 To — T1 ' 1—7'2+T1
whereby
C 1— —
P(T! , 1.2>—|2nvVz+ 3nz + 3max T2+Tl, E R 7’ <2.77e7" .
A L? To — T1 l—m+mn

(290)
By convention, (290) also holds for n in {0,1} such that 7" , , , = 0. We then obtain
for all n in N and x = log (2.77/u) (which satisfies > 1 for all v in (0, 1))

C 2.77 1— To + T1 To — T1 2 2.77
P(T > —| bnlog(— |+ 3 1 — < .
( n, L7172 = L2< n Og( w )+ max ( Ty — T 1 _ o+ 71 0og w Su

This allows to end the proof. O

Lemma 54 (Conditional quantile bound for max /min,cjo - N(7,7 +/]). Let L > 1
and 0 < £ < 1. For any n in N\ {0}, the (1 — a)-quantile b, ,(1 — ) of the conditional
distribution of max.cjo1—¢q N(7,7 + 1] given Ny = n under (Hy) satisfies

39 320
br(l—a)<tn+ gt 2200 [ 22
nl( Oé)_ n+2g <n Og(@)) )

where g is defined by (79). Moreover, by (1 —a) = 0.
For anyn in N, the a-quantile b, /() of the conditional distribution of min,cjo1—¢ N(7, T + (]
given Ny = n under (Hy) satisfies

2
b () > tn — 4\/2n log (3(1—0) :

Proof. Let nin N\ {0}. If Uy, ..., U, denote independent uniform random variables on
(0,1), let us consider the empirical process U, associated with these random variables,
defined for 0 <t <1 by

1 n
U, (t) = vn (E;]lxig —t)
Let ¢ in (0,1/2] and = > 0 satisfying
2 2
xznﬂ+gy4(img(i£)). (291)
n



Then, we may compute for all Ag in (0, R)

P,\O< max N(t,t+ /] >:c‘N1—n)
te[0,1—¢]

-, (t 5,7 (gzﬂw e —f) V(2 =1) =)
=1 i=1
< P g, 100004~ 001> Vi (= ) [ =)

X
< - =
< (g e, 901> VA (5 0) b=

We shall use now an inequality for controlling the oscillations of the empirical process
which is due to Mason, Shorack and Wellner, and which can be found in Chapter 14 of
[95] page 545 under the name of Inequality 1. We get

sup Py, ( max N(t,t+/(] >z ’ Ny —n) < BQOeXp(—ﬁg (2 (E —E)))
Ao€(0,R) te[0,1—¢] 32 n

< « using (291) .
This yields b, (1 — «) < nf +ng~" (32log (320/a) /n) /2 for every n in N\ {0}, which is
the first statement of Lemma 54. The fact that bj,(1 — a) = 0 is obvious.
Now let again n in N\ {0}, € > 0 and y in R satisfying

2
y§n€—4\/2nlog< 320 ) . (292)
a—c

We compute for all Ag in (0, R)

1 + /7 < =
Py, <t€%7112€} Nt t+/( <y ‘ Ny n)
= Py, ( min (U, (t +¢) —U,(t)) < vn (—y — f) ‘ N, = n)
— )
= — > — —
Py, (ter[rol%i(@ (U,(t) = U, (t+£)) > +/n (f n) ‘ N, = n)
)
< — > - Z =
< Py, (01;123?% teI[Iol,%}—{z] (Un(t) = Up(t+2)) > vn <£ n) ‘ N, n)

Applying now the second part of Inequality 1 page 545 in [95], we obtain

. n Y\ 2
sup P,\O< min N (t,t + /] <y’N1—n><320exp< 5 (6——) )

Xo€(0,R) te[0,1—4] n

<a—¢e<a using (292) .
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This entails b, (o) > nl — 44/2nlog (320/(a — ¢)) for all & > 0. With ¢ tending to 0, we

get b, () > nl — 44/2nlog (320/cr), which leads to the second statement of Lemma 54
with the obvious fact that by ,(a) = 0. O

Lemma 55 (Conditional quantile bound for supse (g 1—r+) Sge v« x4 o(N)). Let L > 1 and
ng > 1. For all 0 < n < ngL, the (1 — a)-quantile st . (1 — ) of the conditional

n,0%, 7,
distribution of Supye(g1—r+) Sge re o1 o(N) given Ny = n under (Ho) with Sg .« . o(N)
defined by (55) satisfies

/

Sn—i,—é*;r*,L(l - Oé) S Q(n07 5*7 Oé) )

where

Q. 6, ) = log(2) o 1N o +2071/3) (”—) 9no + 07|

5+ 3a ) 3[6"]

Proof. First recall that (see (55))
She e rese(N) = sgn(a*)(zv(f*,f* . ml) 16561 — O)L)2 .

Since N is an homogeneous Poisson process, the processes (N1, N(7*, 7" 4 €])sc(0,1—7+]
and (Ny, N(0,/])¢c(0,1—-+] have the same finite dimensional law and since N is a right
continuous process, we get that supe (1) S 1« 1«4 ¢(N) is distributed as

0"
(1 - £)L)

sup (sgn (0) (N(0,¢] —¢Ny) —
Le(0,1—7%)

As seen above, for n > 1 and conditionally on the event {/N; = n}, the points of the
process N obey the same law as a n-sample (Uy,...,U,) of i.i.d. random variables uni-
formly distributed on (0, 1). Therefore, considering the empirical distribution function F,
associated with this sample defined for 0 <t <1 by

1 n
Fu(t) = — ; Iy« ,
conditionally on the event { N1 = n}, supse(g1_r+) S« 1« 1«4 0(N) is distributed as

|07]
51— E)L)

sup (sgn(é*)(nFn(ﬁ) —nl) —

0€(0,1—7%)

Notice first that for all n > 1 and for all x > 0

) 107]
P (Ze(sup (sgn (0") (nF,(0) —nl) — 5 01— E)L) > :L’)

0,1—7%)

<P ( sup <sgn(5*) (nF,(0) —nl) — |52*|€(1 —E)L) > 93)

£e(0,1)
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Moreover, since the process ( — (nF,(() — nf)), c(o.1) has the same distribution as the

process (nf,(1 —€) —n(1 —{)) one has when 6* <0

£e(0,1)’

IP’( sup <sgn(5*) (nF,(0) —nt) — @E(l - E)L) > a:)

e(0,1)

= su n —{) —n(l- LA x
—IP<£€(O]%)1)( F,(1-17) (1-10) 25(1 E)L)> )

=P < sup (nFn(ﬁ) —nl — ‘(;*‘E(l — E)L) > :5)

€(0,1)

Therefore, whatever the sign of 0,

) 10|
P(Ze(sup (sgn(5 ) (nF,(¢) —nt) — 5 (1 — E)L) > x)

0,1—7%)

<P < sup (nFn(f) —nl — ‘(Z‘E(l - E)L) > :5) ,

£e(0,1)

and

) 107]
P(Ze(sup (sgn(5 ) (nF,(£) —nt) — 5 (1 — E)L) > x)

0,1—7%)
<P ( sup (nFn(ﬁ) —nl — |52 |€(1 — E)L) > :5)

1€(0,1/2]
07|

2 E(I—E)L) >x> . (293)

+P ( sup <nFn(€) —nl —
e(1/2,1)

Let us now prove that on the one hand

P sup (nFn(ﬁ) R N v —E)L) > Qlng,8%,a) | <2 (294)
0€(0,1/2] 2 2
and on the other hand
|07 ; o
Pl sup (nE,(f)—nl——L1—0L)>Q(ny,d" a)|<—=. (295)
ve(1/2,1) 2 2

Let 1 < n < noL. Set C(6%,n9) = |6*|/ (6n0) and C"(6*, 1o, n) = {exp (%%)J
For all k£ in {0,...,C"(6%,ng,n) — 1}, we define

3+ 2C (0%, ng) log(k + 1)
3C(6*,mp)? n ’

U, =
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and

3+ 2C(6*,ng) log(C' (0%, ng,n) + 1)
EC’(5*,no,n) - 3 ANl .
3C (0%, ng) n
Notice that with such definitions, ¢ belongs to [0, 1/2] for all £ in {0, ..., C" (0%, ng,n) — 1}
and Ler(s+ nony belongs to (1/2,1].
Applying Bernstein’s inequality, as stated in equation (2.6) in [12|[page 12|, one obtains
for every x > 0 and every k in {1,...,C'(6*,ng,n)}

P<ma@9>mk+¢%@a—ww@+2byo+ii§%f)gi;.

A union bound therefore gives for every x > 0

P (W (1O o)), WF () € i+ /BT s g + 218
2
>1- %e_x

Using the inequality v2ab < aC'(6*,ng) + b/(2C (0%, ng)) and the fact that ¢ — nF,(¢) is

nondecreasing, we get

P<Wf e{L,....,C" (0" no,n)}, VL€ (i, by, nFu(l) < by + C (0", mo)nly(1 — L)

x+2logk x+2logk T
>1——e" .
20(5*, no) 3 6

Therefore, with probability larger than 1 — w2¢72/6, for all k in {1,...,C"(6*,n9,n)} and
all £ in (&c—l,gk],

3 4 20(5%, no) 3 4 20(5%, no)

F(0) <nly + C(6" ng)nlu(1 — log k
nE,(0) <nly + C(6*, no)nly( k) + T 603 ) + log 3C (0. 10)
) 3+ 20(5%n )
=nly, + C(6*,no)nlp(1 — 4) + x 60(6’(‘,710)0) + C(0", no)nly_q
3"‘20((5*,710)

<nly + C(0", ng)nlp(1 — l) + x + C(8",ng)nt

6C'(6%,np)
=nl 4+ C (6", no)nl(1 — €) + C (0™, no)nl +n(ly, — ) + C(6™,no)n (Lx(1 — £) — (1 = 1))
3 +2C(6*, o)
6C (6%, ng)
<nl 4+ C (6", no)nl(1 —€) + C (0™, no)nl + n(ly, — ) + C(6*,no)n(l — ) (€, — ¢)
3 +2C(6*, o)
6C (6%, ng)

<nl 4 C(0%,ng)nl(1 —£) + C (6", ng)nl + (1 + C(6*,ng)(1 — 1))

3 4 20(5%, no)
30(5%, no )2

log 2

3+ 20(5*, no)
60(5*,%0)
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Finally, we have proved that with probability larger than 1 —m%e=*/6, for all £ in (0,1/2],

nF,(0) < nl+3C(0*, no)no LL(1—0)+(1+C(6*, ng)) 300 n)? 6C (0" o)

hence

":'m _ m) < Q(no,a*,a)> >1-9

P ( sup (nFn(ﬁ) —nl —
0€(0,1/2]

that is (294).

Define now ¢, = 1 — ¢, for all k£ in {0,...,C"(0%,n9,n)} and notice that ¢ belongs to

[1/2,1] for all k in {0,...,C"(6", no,n) — 1} and Le 5., ) belongs to [0,1/2).

Applying Bernstein’s inequality again, one obtains for every x > 0

(Vk e {1,...,C"(6" no,n)}, nEu(f,_) <nly , + \/Qne — 0w+ 2logh)
x4+ 2logk 2
— | >1——e 7.
+ 3 ) > 5 e
With the same computations as in the above case, we get
(‘v’k e{l,...,C"(0%, nog,n)},Vl € [0}, 0;_1), nF,(£) < nlj_;+C(6" ,no)nlj_(1—10,_4)
x+2logk x+2logk T
>1——e
2C(0*,ng) 3 6

Therefore, with probability larger than 1 — w2¢72/6, for all k in {1,...,C"(6*,n9,n)} and
all £in [0}, 0,_,),

F < / * / 1 _ / 1
n n(g) —/n'gk—l + 0(6 ?no)ngk—l( k—l) +x 60(5*, nO) + ng 30(6*,77,0)
/ * ! ! 3 _'_ 2C 6*7 n * /
=nly_y + C(0", no)nlj_1 (1 — £;_) +35W + C(6%, no)n(l — 4,_y)
o , 34+ 20(6%n )
<nf_ +C (8 no)nl,_,(1—£,_)+ xﬁ + C(5, no)n(1 — 1)
<nl 4+ C(6*,no)nl(1 — €) + C(6*, no)n(1 — £) + n(€_, — £) + C(6*, no)n(1 — ) (€,_, — ¢
3+ 2C/(5*, n)
60(6*,77,0)
<l + O n)nt(1 — 0) + O mo)n(l — 0) + (1 + C(F, ng)(1 — ) 2=2C 0" 7o)
30((5*,710)2

3+ 2C(5*, no)
60(5*,71,0)

Finally, we have proved that with probability larger than 1 —m2e=*/6, for all £ in [1/2, 1),

342000 m) | 3+ 200" )

nk,(0) < nl+3C(5", ng)ngLL(1—0)+(1+C(0%, ng)) 3C (6, no)? 6C (0" 1)
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hence

P| sup (nFn(ﬁ) —nl — 19 |€(1 — E)L) < Q(ng, 0" ) | >1—— |
te[1/2,1) 2 2

Q

that is (295). Combined with (293), the equations (294) and (295) conclude the proof
using the obvious fact that S;)—S*J*L(l —a)=0. O

Lemma 56 (Conditional quantile bounds for N (71, 72] — (79 — 71 ) N1). Let L > 1, u in
(0,1), 71 and 15 such that 0 < 74 < 7 <1 and n in N. The u-quantile b, ., (u) of the
conditional distribution of N (1, 7| — (72 — 1) Ny given N1 = n under (Hy) satisfies

~ 2los(1/u) ~ /s 1) (1~ 72+ 70 V/ZI0R(1/0) < by, (1)

< glog(l/(l —u) +V/n(r —n)(1 =+ m)y/2log(1/(1 - u))

Proof. Let n > 1. Under (Hp) and conditionally on Ny = n, N(m, 7] — (1o — 71) N}
follows a recentered binomial distribution with parameters (n, 7, —71). Applying Bennett’s
inequality as stated in Theorem 2.28 in [12] to > " | (X; — (72 — 7)) where (X1, ..., X,)
is a sample of i.i.d. random variables with a Bernoulli distribution with parameter 7 — 7
, we obtain for all x > 0

sup Py, (N(11, 7] — (1o —71)N1 > 2 [Ny =n)

Xo€SY[R]
T
< exp <—n(7'2 —n)(1 =7 +m7)g ( ))

n(ry —7m)(1 =7 +m)

It directly follows that

log(1/u) )

l_)’l’LT—T - < - 1- -
(L= S = (1=t g (B

The upper bound (80) for g=! and the fact that by, ., (1 —u) = 0 allow to conclude for
the first part of Lemma 56. Then, following similar arguments, but applying Bennett’s

inequality to Y1 ((72 — 1) — X;) and using the continuity of ¢! as in Lemma 46, one

obtains the second part of Lemma 56. O

Lemma 57 (Conditional quantile bound for sup, ¢ 1) Sg ,.1(N)). Let L > 1 and ng > 1.

For all0 <n < mnyL, the (1 — a)-quantile s;LJ’F5*7L(1 — a) of the conditional distribution of

SUD,¢(0.1) 5+ -1 (IV) given Ny = n under (Hy) with Ss. . |(N) defined by (55) satisfies
Sln—l:é*,L(l - Oé) < Q(n07 5*7 Oé) )

where Q(ng, 0", ) is defined in Lemma 55.

Proof. Notice first that sup,¢(g 1) Sg. .1 (IV) is distributed as

sup (sgn (6°) (N(0,1 — 7] — (1 — 7)) — |52*|T(1 - T)L)

7€(0,1)
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Now, recall that for n > 1 and conditionally on the event { Ny = n}, the points of the pro-
cess N obey the same law as a n-sample (Ui, ..., U,) of i.i.d. random variables uniformly
distributed on (0, 1) and consider the empirical distribution function F), associated with
this sample defined for 0 < ¢ < 1 as in the proof of Lemma 55. Then, conditionally on
the event { Ny = n}, sup,¢ 1) S5 ,.1(IV) is distributed as

-0 —T)L)

“up (sgn(é*)(nFn(l ) —n(l—1) -

7€(0,1)

Since the process (—(nFy,(1—7)—=n(1—7)))rc(0,1) has the same distribution as the process
(nF,(7) — n7)re(0,1), whatever the sign of 6%, sup,¢( 1) S5- ., (V) is distributed as

710 —T)L)

sup (nFn(T) —nT —
7€(0,1)

The proof now follows the same line as the proof of Lemma 55, just replacing ¢ by 7 and
using the fact that s, (1 —a) = 0. O
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