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Abstract

We study the existence and uniqueness of the solution of a non-linear coupled system
constituted of a degenerate diffusion-growth-fragmentation equation and a differential equa-
tion, resulting from the modeling of bacterial growth in a chemostat. This system is derived,
in a large population approximation, from a stochastic individual-based model where each
individual is characterized by a non-negative trait whose dynamics is described by a diffusion
process. Two uniqueness results are highlighted. They differ in their hypotheses related to
the influence of the resource on individual trait dynamics, the main difficulty being the non-
linearity due to this dependence and the degeneracy of the diffusion coefficient. Further we
show by probabilistic arguments that the semi-group of the stochastic trait dynamics admits
a density. We deduce that the diffusion-growth-fragmentation equation admits a function
solution with a certain Besov regularity.

keywords Diffusion-growth-fragmentation equation coupled with resource - Stochastic Feller-
type diffusion - Mild formulation - Large population approximation - Existence of density.

Mathematics subject classification (2020) Primary 35K65 - 60K35 ; Secondary 35K61

1 Introduction

Developed by Novick and Szilard [26], and Monod [25], the chemostat is a laboratory device
used by biologists to raise the microorganisms and study their interactions while at the same
time regulating the population size and the experimental medium. It consists in a culture in
a container of constant volume in which a substrate is continuously injected and extracted at
the same rate. In the literature, it is extensively used to study the population dynamics, their
interactions and the adaptative behavior of microorganisms [19, 12, 10]. In this vein, we are
interested in the dynamics of a structured asexual population (typically bacteria) coupled with
a resource in a chemostat. Each individual is characterized by a quantitative trait x € R, which
models a protein density and evolves according to a diffusion of which coefficients depend on the
resource. The goal of this work is to show the existence and uniqueness of the solution of the
large population dynamics described by the coupled system

Oruy = 8:% (D(w, Rt)ut) — Oy (C(m, Rt)ut) +gf [b(-,Rt)ut] —d(z)ug, on (0,7 x R
Ri=r—R,— /OO x(x, Ry)ui(z)dz, vt € (0,T] (1.1)
0

C(0, Ry)ug(0) — Oy (D(x,Rt)ut)‘xzo =0,Vt € (0,7]
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with a given initial condition (ug, Ro). The first two terms on the right side of the parabolic
equation in this system are linked to the trait dynamics. The third one models cell division
which is accompanied by a fragmentation of the trait according to the operator

1
0'(f)(0) = ~f(a)+ [ 27 (%) M(da)
0 a” \«
where M (da) is a symmetric probability measure on ]0,1[, and the last term represents death.
The second equation describes the resource supply and its dilution at the same rate 1. The
last term corresponds to its consumption by the population. The third equation is a no-flux
boundary condition which ensures the quantitative variable to remain non negative.

This model extends the well known growth-fragmentation model that has been extensively
studied in the literature (see Bertoin et al. [4, 5, 6, 7], or Doumic et al. [13, 15, 21] who investigated
the asymptotic properties of the equation without resource, or Campillo and Fritsch [9] for its
well posedness and stochastic derivation in a chemostat). Here, we also include the resource
dynamics, and introduce a diffusion term that can be seen as an intrinsic noise resulting from very
fast synthesis and degradations of the quantitative trait (see [3] for a similar framework). The
main difficulty to get a uniqueness result lies in the degeneracy and the dependence in resource
of this term. In order to deal with it, we will develop an approach based on the regularity of the
individual trait dynamics Markovian semi-group. As it will also depend on the solution, it will
be necessary to show some regularity according to this dependence and the state variable. Such
an approach has been developed in [16] for a model without resource with Lipschitz continuous
diffusion coeflicient in the stochastic trait dynamics. Although this coefficient is less regular in
our case, we show that it is possible to adapt their method when it does not depend on the
resource dynamics. The general situation is more complicated because we are unable to obtain
the Lipschitz dependence of the semi-group according to the solution, that holds in the previous
case. We will then require more regularity and bounds on the coefficients in order to deal with
this dependence thanks to the regularity of its generator.

Further, another major point consists in showing that the weak solution of the diffusion-
growth-fragmentation equation is a function, even if the initial condition is a measure. Classically,
this point is directly linked to the stochastic dynamics of the individual trait. Then we will
first show that at any time, the distribution of the trait admits a density with respect to the
Lebesgue measure on R, and extend the existence of the density to the solution thanks to a mild
formulation of the equation. Again, the main difficulty lies in the degeneracy of the diffusion
coefficient, but also its weaker regularity (Holder continuous). Sato & Ueno [30, Theorem 2.1
and Appendix| showed the existence and regularity of the density in the uniformly elliptic case,
and Bouleau & Hirsch [8, Theorem 2.1.3, p162| showed the existence of the density in the case
of Lipschitz continuous coefficients. Here, we adapt a method inspired by Debussche & Romito
[14] that has been developed by Romito [29], which allows us to show that the density exists
outside the degeneracy point 0 for time dependent and Hélder continuous diffusion coeflicients.
It remains to justify that the law of the trait at any time does not charge this very point in order
to conclude that the density exists on the entire non-negative real half-line.

The paper is then organized as follows: in Section 2, we show that (1.1) can be derived from
an individual based model that describes each intrinsic dynamics and the resource. For that
purpose, we propose a Markovian stochastic process that models the trait distribution within
the population coupled to the resource dynamics, given a parameter that scales the initial number
of individuals. We show that when this scale parameter goes to infinity, the sequence of laws of
the processes admits some limiting values which satisfies a weak formulation of (1.1). In Section
3, we show that the solution of this weak formulation is unique in a certain set of continuous
measure valued processes and under suitable assumptions. We distinguish an easier case where
the diffusion coefficient does not depend on the resource, and the general case where it does.
As described here above, the method we use in those cases are based on the regularity of the



semi-group of the stochastic process that describes the trait dynamics, according to the state
variable and the way it depends on the solution. Finally, in Section 4, we show that this solution
admits a density at any time with a Besov regularity. To summarize and including the resource
dynamics, we prove that the only weak solution of (1.1) belongs to L>°((0, 7], L}(R,) x R).

Notations For later use, we introduce the following notations :

o Mp(Ry) is the space of finite measures on Ry. It can be endowed with its vague (re-
spectively weak) topology and denoted (Mp(R4),v) (respectively (Mp(R4),w)), that is
the weakest topology making all maps Mp(Ry) > u— fR+ f(z)p(dz) continuous for any
f € Ce(Ry,R) (respectively f € Cp(Ry, R)).

e M is the subspace of Mpr(R,) constituted of the finite sums of Dirac masses, thus
n
M = {Zéml :n €Nz, ...z, € RJr}
i=1
e P(&) denotes the space of probability measures on a given measurable space £.
e LB(R;,R) denotes the space of functions from R to R that are bounded and Lipschitz
continuous. It is endowed with the norm ||¢||z5 = ||¢||Lip + [|¢||cc Where
lollLip = inf{c >0: M <cVr,yceRi,x# y} .
r—y
e J denotes an abstract countable set.
e The constant C' > 0 (or Cp) can change one line to an other.

2 The individual-based model and stochastic derivation

In this section, we propose a stochastic individual-based model describing the population dy-
namics in the chemostat at the individual level with a carrying capacity K > 1. Our goal is to
derive a weak solution of (1.1) from this stochastic model when K goes to infinity.

2.1 Description

Let us first introduce a scaling parameter K > 1 that represents the carrying capacity of the
environment. We assume that it is roughtly proportional to the initial number of individuals.
The bacterial population is described by a stochastic measure valued process (v{< )e>0 with values
in %M given at any time by the sum of the Dirac masses at the trait of each living cell so that
each individual has the same mass 1/K, and the resource is described by a positive continuous
process (RX)i>o that corresponds to its mass concentration. Let us denote by VX C J the
collection of the living cells at any time ¢ > 0. Each individual is characterized by a positive
trait that evolves during its life-time, and may give birth or die depending on its trait and the
availability of the resource as described as follows :

Between jumps, the trait dynamics of an individual i € V,X is described by a non negative
diffusion process X»¥ that satisfies the following stochastic differential equation

dx = (X} RFYdt 4+ \/2D(X RK) dw} (2.1)

during its life-time. The set W = {W',i € J} is assumed to be a family of independent Brownian
motions.



Furthermore, an individual with trait 2 > 0 divides at rate b(x, RX ) and its trait is split at the
same time so that the mother cell stays with a random proportion « € ]0, 1| chosen according to
a symmetric probability distribution M (dea), and the daughter starts its life with the remaining
proportion 1 —c«. Such an individual dies at rate d(z) either by extraction at rate 1 or by natural
death. It is then natural to consider that

d(z) > 1,V >0 (2.2)

but we do not need this hypothesis in the sequel.

Finally, the mechanisms of the resource dynamics are well known for the chemostat and consist
in a continuous supply of concentration r;, > 0 and dilution of the resource at rate 1, and its
consumption by the micro-organisms during their life-time. Let us consider that an individual
with trait = > 0 consumes a small amount x(z, Rf)/K of the resource at time ¢ > 0, then

t 1 )
RE = R, +/ {rm — RE — = X(X;vK,Rf)}ds, vt > 0. (2.3)
0

1eVE

In order to describe the coupled dynamics of the population and the resource, we introduce
a probability space (2, F,P) so that the initial condition (v{, Ry) is almost surely %M x R~
valued for each K > 1, and independent of the family W. Let us also introduce the independent
Poisson point measures N1 (do, dz, di,ds), Na(dz,di,ds) on [0, 1] x Ry x J xRy and Ry x J xRy
with intensities M (da)n(dz,di,ds) and n(dz,di,ds) respectively, where

n(dz, di,ds) = dz(Z 5j(di)> ds. (2.4)
JjeJ

Those Poisson point measures are assumed to be independent of the families W and {VK K >
1}. We finally introduce the canonical filtration (F3)¢>o generated by the sequence of initial
conditions {y{{, K > 1}, the family of Brownian motions ¥V and the Poisson point measures
N7, Ns. This filtration is assumed to be complete and right continuous.

We are interested in the dynamics of a coupled stochastic process composed of the %M—
valued process defined by

1
=2 D Oy, V>0 (2.5)

ieVK
and the continuous real valued process (R )e>0. The trajectories of this coupled stochastic
process can be represented by the following system

for all f € CZ(Ry,R),

<Vt ,f>—<V0 ,f K/ Z XZK RK)f(XZK)dWZ

ieVE

// {¢(z,RE)f'(2) + D(z, RE) f" (=) } vE(

T e e ot 20

[~ FOXE) + f@XEE) + 710 = )X Wi (da, dz, di ds)

///[0 Ix TxR, {zeVK}m{z<d (xHK }f( )NQ(dZ di,ds),
R{(—Ro+/0 { rin — RE — (U y (,Rf)>}ds.
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The first and the second integrals in the first equation correspond to the trait dynamics and
follows from the It6 formula applied on (2.1), and the jumps correspond to births and deaths
respectively. We refer to [17, 11] for the construction of such a process. In the sequel, we denote
R = r;, V Ry and make the following assumptions.

Assumption 2.1.

(A.l) The coefficients ((x,r), D(x,r),b(x,r),d(z), x(x,r) are Lipschitz continuous for x > 0 and
€ [0, R].

(A.2) The coefficients b(x,r),d(x), x(x,r) are non negative and bounded for x > 0 and r € [0, R).
3)

(A.

The coefficient D(x,r) is non negative and
¢(0,7) >0 and D(0,7) = 0,Vr € [0, R].
(A.3) For any x>0, x(z,0) =0.

Remark 2.1. The conditions ((0,7) > 0 and D(0,7) = 0 ensure that the trait remains positive,
since its diffusion coefficient vanishes and its drift is non-negative when it reaches 0. Similarly,
the condition x(z,0) = 0 is natural and ensures that the process (RE);>o remains positive, since
its drift is positive when it reaches 0. Moreover, it follows from the comparison principle that

RE < i+ (Ry —rin)e < R for all t > 0. (2.7)
For the sake of simplicity, we introduce the operators
Ly f(w) = ((x,r)f'(z) + D(@,r) f"(2), V& > 0 (2.8)
given r € [0, R], and
G111(0) = 1) +2 [ om0, 29)
then we have the following result.

Lemma 2.1. Under Assumption 2.1,

1. if there exists ¢ > 1 such that supy E (<y0 ,1>q) < o0, then

K 0<t<T

supE{ sup [<utK, 1>q} } < oo for all T > 0. (2.10)
2. if there exists ¢ > 1 such that supg E (<I/é(, 1+ xq>) < 00, then

supE{ sup [<I/tK, 1+ xq>]} < oo for allT > 0. (2.11)
K 0<t<T

3. if E (<1/0 , >) < o0, then the process (I/tK)tzo admits the Doob-Meyer decomposition
WY = W 1)+ VS M we>0 (2.12)

for any f € C2(R4,R) such that xf' and xf" are bounded, where VI:/ is the process with
finite variation defined by

t
VtK,f:/ (W Ly f + b(-, RE)GIf] — df )ds (2.13)
0



and M1 a square integrable martingale of quadratic variation

() = 2 [ [7 D R @t s + o [ [ a2 o

1 t o] K 1 , B
+ ?/0 /0 b(x, R! )/0 [— f(@)+ flaz) + f((1 — a)z)]"M(da)v, (dm();;)

The proof is relatively classical and similar to the one obtained in [22, 11, 16, 31]. It is left to
the reader.

Remark 2.2. It follows from (2.14) that the quadratic variation of the martingale part of the
above Doob-Meyer decomposition satisfies the property

2 712
<MK’f> < op M+ llzflse (vE 1) Vi € [0,7). (2.15)
¢ K 0<u<T

2.2 Large population approximation and existence theorem

In this section, we are interested in a large population approximation of the above stochastic
model. The main result consists in showing that under suitable assumptions, the sequence of
laws of the coupled stochastic dynamics of the population and resource is tight in the set of
probability distributions P (D([0, 7], (Mpr(R4+) x R,w ®|.|)), and the processes in its limiting
values are the solutions of (1.1) in the weak sense. Let us make the following assumptions.

Assumption 2.2.
(A.1) There exists o > 0 such that the initial conditions vl € =M satisfy
suplE [<y§, 1>1+Q] < 4o00.
K
(A.2) The sequence {vf*, K >1} converges in law in (Mp(Ry),w) towards a mesure valued
initial condition vy € Mp(R4).
The main result of this section follows.

Theorem 2.1. Under Assumptions 2.1 and 2.2, the sequence of laws {ZK = L(WE RK) K > 1}
is tight in the space of probability measures P(D([0,T], ( Mpr(R4) x Ryw ® |.|))) for all T > 0.
In addition, each process (v, R) in the support of its limiting values is continuous, satisfies the
bound supg<;<7 (v¢,1) < oo and the system

vt € [0,T],Vf € C2(R;,R),
W f) = 0 £)+ [ (v L+ B, ROGL - s .16)
Ry = RO +/0 {Tin - Rs — <V5,X(‘,RS)>}CZS

that is a weak formulation of (1.1) with the initial condition (vp, Ry).

Remark 2.3. Equation (1.1) has therefore at least one weak solution.

The proof of Theorem 2.1 is relatively classical and uses the techniques developed in [1, 28, 11, 22,
17, 16] or [2], Theorem 7.4. It consists in three main steps: a uniform control of trait distribution
tails in the population, the tightness of the sequence of laws {Z%, K > 1} and identification of
the limit. It is detailed in Appendix A.



3 Uniqueness of the solution

In this section, we show that there exists a unique solution of the system (2.16). The main
difficulties are the degeneracy of the diffusion coefficient and the non linearity of the drift and
diffusion coefficients. Then we will first of all proceed by a decoupling of this system in order to
obtain only one non-linear equation on the measure-valued process and establish some important
properties of that decoupling. Secondly, we will write a mild formulation of this equation with
continuous test functions thanks to the semigroup of the individual trait. Finally, we will use
the properties of this semigroup to show in two different cases that the system (2.16) admits a
unique solution.

3.1 Decoupling and mild formulation of the limit system

Let us start with the following results that ensure us that the limit system (2.16) can be decoupled
so that it is equivalent to only one equation that describes the process (v4);c(o,r) for the given
initial condition (vp, Rp).

Proposition 3.1. If (v,R) € C([0,T], Mr(R;) x R,w ® |.])) is a solution of (2.16), then the
process (Ri)iepo,r) is completely defined by the measure valued process (vt)iec(o,1] in the sense that
if (Vt)te[oﬂ s given, then (Rt)te[o,T} exists and is unique. More precisely, at any time t > 0 the
quantity Ry is characterized by the history of the measure valued process v until the time t.

Proof. Given the process (Vt)te[oﬂ, the resource dynamics is described by the equation

t
R, = Ry +/ F(s,Rs)ds, ¥Vt € [0,T] (3.1)
0
with
FY(t,r) =1y —1— <1/t,X(-,7")>, (t,r) € [0,T] x R. (3.2)
Since F"(t,0) = r;, > 0, each solution of (3.1) is non-negative. In addition,
X(xﬂn) = ’X(I’,T’) - X(Z’,O)’ < THXHLiP'

Then if we set
pr = |IxllLip sup (u,1), (3.3)
0<t<T

we obtain the inequality

r
(1+ p7) [1;7:0% —’I“:| =Tin—1 — pprr < FY(tr) <1y — 1

By using the comparison theorem for ordinary differential equations, that implies that each
solution of (3.1) satisfies the bound

Tin Tin —(1+p4)t ¢
Ry — A+t < Ry < 14 + (Ro — 14
1+p£’r+< ’ 1+p5’r>e < e X 1in - (Bo — Tine

We deduce the bound property
Roe”WHPDT < R, <1y vV Ry < RVt € [0, T). (3.4)

Moreover, for all t € [0,T] and 71,79 € [0, R],
meﬁ—wmmnzm—n+/ (@, 72) — x(a, )] we(de)
0

§M—wﬂ+/ (@, 71) — X(, 7o) [vi(da)
0

< (1 +p7) |r1 — 72|



It then follows from the Cauchy-Lipschitz theorem that the equation (3.1) admits a unique
solution. O

The limit system (2.16) is then decoupled by introducing the new notation
gz, 1) = g(z, Ry),V(z,t) € Ry x [0, T (3:5)

for each continuous function g(x,r). This notation is consistent with the regularity according to
the first variable. Indeed, if g(z,7) is of class C¥ in its first variable with continuous derivatives,
then the function g[v](x,t) will be as well. Moreover, the function F* given in (3.2) being
continuous, the trajectory ¢t — Ry is differentiable and then for each g(x,r) of class C! in its
second variable, the function g[v](x,t) will be as well. We then introduce the following lemma
whose proof is left to the reader.

Lemma 3.1. Let (z,7) — g(z,r) be a function of class C' on Ry x [0, R], then for each M > 0,
the local Lipschitz property holds

lglV](@. 5) = glVl(y. )] < Carr (lz =yl + |t —sl) , Vs, < T, Yo,y € [0, M) (3.6)
We can now rewrite equation (2.16) in the equivalent form

vt e [OaT] ) vf € CCQ(R+’R)?

t (3.7)
i £) = (vor ) + /0 (e, LLf + b](, 5)GLF] — df s

with LY = Lp, for any s € [0,7]. In order to get the mild formulation of this system, let us
consider for a given solution (v).e(o,7) of (3.7) the stochastic differential equation

dX; = C[V)(Xy, t)dt + /2D[V] (X, t) dW; (3.8)

that admits for every > 0 and s € [0, T] a unique weak solution that starts at = at time s > 0
(see Lemma B.1 in Appendix B). This solution is almost surely non negative at any time and
satisfies the control of moments

Vp >0, E; g { sup (Xu)p} < Cpr(1+2P) (3.9
s<u<T
(see Lemma B.1). Let us denote by (X{)ic[s1) its trajectory and (PY,)s >0 its semigroup
defined by
Psy,tgb(x) =K [gb(Xs s+t)] VQS € Cb(RJr’ ) (310)

Its infinitesimal operator is (LY) sefo,7] and we have the following result.

Lemma 3.2. Equation (3.7) admits the mild formulation

Vvt > 0,Y¢ € Cp(R4,R)

(3.11)
(vi, ) = V07P0t¢ / <V87 P;t sl — dPVt s¢>

Proof. Tt classically follows from equation (3.7), that for each test function fs(z) = f(s,z) €
Cg’z([O, T] x R4, R) such that 0sfs + L% fs is bounded and ¢ € [0, 7],

(vt, fr) = (0, fo) +/0 <V8a68fs + L3 fs + b[v] (-, 8)G[fs] — df8>d5- (3.12)



In addition, for each test function ¢ € Cg(R+,IR{), the function

fs(@) = PJy_od(2),V(s,2) € [0,¢] x Ry
is a solution of the problem

Osfs(x) + LY fs(x) =0, (s,z) € [0,¢] x R4
f|8:t = ¢ sur R,.

We then use this function in (3.12) and obtain (3.11) for ¢ € CZ(R4,R). It is easily extended by
a density argument to continuous and bounded test functions. O

We also have the following property on the semi-group, which means that it is consistent with
the linear space LB(R4,R) :

Lemma 3.3. The operator Py, satisfies the uniform property

S |PYb(x) — Py (y)| < Cllgllziple —yl,¥o € LB(R+,R). (3.13)

Proof. For all s,t > 0 such that s+¢ < T and x,y > 0, we have

<E(‘¢ st+s - st+s

‘Psy,tgb(x) | - |E[ st+s - st+s ]
)
< ||¢HL1p (‘Xs t+s st+s{

|
)
)

where (X7 )uels,r) and (X )ueps, 1) satisfy the stochastic differential equation (3.8) with the
same Brownian motion. It then follows from Lemma B.1 in Appendix B that

|PYo(x) — PYyo(y)| < Clidlluiple — yl, Vs +t < T.

3.2 A simpler case of uniqueness

In this section, we show a uniqueness result when the diffusion coefficient does not depend on
the resource dynamics. The method is adapted from that of [16] with a local Holder continuous
diffusion coefficient for the stochastic differential equation that describes the individual trait
dynamics. Let us introduce the distance on Mp(R;) defined by

[l — p2lllcs = sup (1 — p2, @), V1, 2 € Mp(Ry). (3.14)
PELB(R4,R); |8l <1

We start with the following results that highlight the consistence of the decoupling and the
semigroup according to the solution considered.

Lemma 3.4. Let (z,7) — g(z,r) be a Lipschitz continuous fonction from Ry x [0, R] to R and
v 2 € C([0,T), Mp(Ry),w)) be two solutions of (3.7), then

t
sup  |gv](z,5) — gl (x,5)| < CHQHLz‘p/ llve = villles du, vt € [0,T]. (3.15)
(z,8)€R4 x[0,t] 0



Proof. Let us denote by R and R”” the processes that are solutions of (3.1) for ! and 2
respectively, for the same initial condition Ry. Then thanks to the decoupling formula (3.5) we
have for all t € [0,7T] and (z,s) € Ry x [0,¢],

|9l )(z, 5) — g[v?)(x, 5)| = |g(x, RY) — gz, RY)| < llglluin| R — RY'|. (3.16)

In addition, it follows from (3.1) that

/ {RZQ—RZI— / x(z, RV vk (dz) + / X(x,Rf)ug(dx)}du
0 0 0

< [l = me e [ o - e
0 0
}du

R —RV|=

v (de)

_l’_

/Oo (2, R (02 — ) (da)
0

s t
< <1+uxump sup <u;,1>> / IRL — R2|du+ (Illso + Iliip) / vk — 211125 du
0<z<T 0 0

and by the Gronwall lemma, for all s <,

Vl l/2
|RY — R |S(\|X\|oo+\|XHLip)eXP{<1+||X||Lip0211£ v: 1) }/ Il = villlzs du.
_Z_

We introduce this inequality in (3.16) to obtain (3.15). O
Lemma 3.5. For each test function ¢ € LB(R,R) and v',v? € C([0,T),(Mp(Ry),w)) two

solutions of (3.7), one has

sup (P21 = 222L) o< ot [ 14— llca (317)

s<t

Proof. For all 0 < s<t>T and x > 0, we have
V V2 V17 V27
Ps b= s¢( ) Ps,t—s(b(x)‘ - ‘E {(b(Xs,t 93) - ¢(Xs,t 93)] ‘
) (3.18)

)

where (Xif;’x)ue[s,;p] and (X§Z7$)ue[s’T] satisfy (3.8) with the same Brownian motion. In addition,
using the inequality |\/a — vb| < y/|a — b] for all a,b > 0, we have for all s <# <t and £ > 0,

2

<E (Jo(x2,") - o(x5)

1 2
< ol (| X" - X2

1 2
t d<X;j,.’x—X;/,.’m> t '\/D \/D
1 vl g 2z 1 2 L == 1 vlg v2 2 1
s {0<Xs,u7 7Xs,u’ S€} X;dm _Xsy,uvx s {0<Xs,1[ *Xs’u’ SE} Xl/,u:l: Xsu
vl vz
D(X4") — DXL

t/

< 2/ 1 1 2

- 0< Xy =X <e vl V2
s X Xealsd XL — X

du

t/
< 2”DHLIP/ 1{0<X5171_XV2,,<6}du < +00.
s U ERTEES

We deduce with [27], Ch. IX, lemma 3.3 that the process X;’lm — X;ﬂx has a zero local time at
0 and the Tanaka formula gives for all s <t <t

Xul,m . Xu2,a:

s,t! st

t/
1 2 1 2
_ : vz vix vz vex
_/ Slgn(‘Xs,u7 _Xs,d )d(‘er,u7 _Xs,u’ )
s
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Thanks to the control of moments (B.2) in Lemma B.1, that implies

2

)=E< /:/sign<xz;v$—xzi@> (X" ) = (X2 )| du)

<‘X” @ e

gE</:\<[ XL ) = (XL >\du>

) du.

t t
vo,r I/I x 1/2 xT
< [ B (') - 0Pl e ) du+ 1Ko [ (X207 - X2
Using Lemma 3.4 and Gronwall’s lemma, it follows that

st’

t
B (|xey - x27]) < €= )l [k = 12 e

We inject this inequality for ¢’ = ¢ in (3.18) to obtain (3.17). O
The main result for this part follows:

Theorem 3.1. Under Assumptions 2.1 and 2.2, the system (2.16) admits a unique solution in
C([0,T],( Mp(Ry) x R,w ® |.])) that satisfies supg<i<p(vt, 1) < 00.

Proof. The existence of the solution and the bound comes from Theorem 2.1 here above. It then
suffices to show that the solution is unique. For that purpose, let us assume that there exist two
solutions denoted (v, R') and (v2, R?) in C([0, T], (Mp(Ry) x R,w®|.])). Then it follows from
(3.11) that for all test function ¢ € LB(R,,R),

(v —vi o) = <v <P0t P0t>¢>
[T b wsgir ol — d@ P o)} ) - o)

/ / {b < Vi — Pl ) ¢l(x) — d(x )(Ps”t Py ) ¢(ﬂf)}l/s2(dx)ds

// GIPY: (e ){[ Yo, 002 5) 2 (s
(3.19)

Furthermore, the operator G is consistent with the linear space LB(R;,R). Indeed, for any test
function f € LB(R4,R) we have

1
GL@)] < ()] +2 /0 [F(az)|M(da) < 3] flluc, Ve > 0

and for all x,y > 0,
1
6L )(2) — GlA)| = ‘f(w) ) +2 [ 1f(a) = o) M(da)

< |f() \+2/ F(az) — f(ay)| M(da)

< 2[|flluiplz — yl-

Hence, we can deduce from Lemma 3.3 that for each s <t the function

Ry 5@ b (w,5)G[PY,_@)(x) — d(2) Py ()
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is in LB(R4,R) so that

1

Hb[u1 )Q[P:t sl = d(-) Py

= e et o - ey

..
+ Hb[ul )Q[Psut sPl — d(')PSIﬁ*S(ﬁ ‘Lip

< (3[blloo + llloo) 6 oo + 2l1blloo || P2e—sbl1Lip + 3l oo 1BllLip
< (3blloo + [ldllo + 3blILip)l|@lloc + 2[[blloc Cll¢lLip

and then

1 1
bl )G1P2 0] = d() Py
With equation (3.19) and Lemmas 3.5, 3.4, that implies that

<C Vs < t.
|, < Cliélles,vs <

(i =v(,0) < Cléles <1+ Sup >/ llvs = villlep ds.

It follows that for all ¢ € [0,7]

Il = villles = sup <V§—Vf,¢>SC<1+ sup ( )/ Ilvs = villles ds
PELB(R4 R);||gllc5<1 0<8<T
and by Gronwall’s lemma we deduce that v} = v? for all t € [0, T]. We conclude that (v!, R!) =
(v?, R?). O
We saw that for this method, the control on the difference Pst s — Py i_s given in Lemma

3.5 is very important. However, in the general situation where the diffusion coefficient of the
individual trait dynamics depends on the resource we are not able to get such an inequality.
In the following section, we suggest another method for this general case that requires more
regularity on the coefficients.

3.3 The general case of uniqueness

In this section, we show a more complicated uniqueness result for (2.16) in the general case
where the diffusion coefficient depends on the resource dynamics. As in the previous section, the
method consists in building a solution of an underlying parabolic partial differential equation in
order to remove the derivatives of the test function. We need this function to be regular enough.
Let us then introduce the new distance on Mp(R;) defined by

et = el = sup (' = p?,6) ,Vu', p* € Mp(Ry) (320)
¢€CP (R4 R)s[|o]|<1

where
191l = [1¢lloc + 1900 + 1¢”[loo, V6 € C§ (R, R). (3.21)

We consider the additional assumptions.

Assumption 3.1.
(A1) ¢ €C*(Ry x [0,R],R) is such that | 0xClloc + [10rClloc + [[02¢]loc < +00,
(A.2) D€ C?*(Ry x [0, R],R) is such that ||0:D| s + |0+ D|oo + |02D]|0e < +00,
(A.3) be C> (Ry x [0, R],R) is such that ||0:b|so + ||0rb]|oo + [|02b]|c0 < +00,
(A.4) x € CP1 Ry x [0, R],R) is such that |0z Xloo + [10rX]loe + |02X]l00 < 400,
(A.5) d € C?(Ry,R) is such that ||d'||eo + ||d”|leo < +00,

12



(A.6) D(z,7) >0 for all (z,7) € (0,00) x (0, R].

Let us start with an important result that states the regularity and some bounds of the semigroup
of the stochastic individual trait dynamics.

Theorem 3.2. Under (A.1), (A.2), (A.6) in Assumption 3.1, for given t € (0,T] and a test
function ¢ € CI?(R+7R), the parabolic problem

Dsfs(x) + C[V)(x, 8)0p fs(x) + D[V)(, 8)02 fs(x) = 0,2 > 0,5 € [0,1)

f|s:t 6 onR, (3.22)

admits a unique solution in the subspace of C([0,t] x Ry, R) NCL2([0,t) x (0,00),R) constituted
of functions f that satisfy

3C,p > 0,]0, fs()| + |02 fs(z)| < C(1+2P),Vs < t,Va > 0. (3.23)
In addition, this solution belongs to C11([0,t) x Ry, R), is given by
fE@) =E[6(X))] V(s,2) € [0,1] x Ry (3.24)
and satisfies the property
|12 (@)] + 18022 (2)| + 192f2(2)] < Crlléll, ¥s < t,Yz > 0. (3.25)

Proof. We split this proof into the following steps :

Step 1: Uniqueness and characterization of the solution. Let us consider that the
system (3.22) admits a solution (s,z) + fs(x) in C([0,1] x Ry, R) N CH2([0,t) x (0,00),R) that
satisfies the polynomial bound (3.23). Since this solution is not necessarily differentiable on the
straight line = 0, we consider the regularising sequence defined for each integer n > 1 by

pn(x) = np(nzx),VYo >0

with p such that
p € CERLR).p =0, Supp(p) € [1.2] and [ ply)y =1
and we introduce the sequence of functions defined by
@) = [ e )i Vs € 0.0 Ve € R (3.26)

Then for each n > 1 we have f* € C([0,¢] x R, R)NCH*°([0,¢) x R, ,R) that converges pointwise
towards f on [0,¢] x Ry as n — oo. In addition, it satisfies on [0,¢) x (0, c0)

105 £ () + L £ ()| =

/0°° [ans(x +9) + L (fo( +v) (96)} pn(y)dy'
= | [Tt~ clta + o)t +)

(D@ s) — DIz + v, )82 (x + yﬂ pn(y)dy‘

IN

¢ [ o(jctte + )] + 228t + ) oo
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and then,
n v n ¢ * Y 2 Y
.2+ 2521 < S [Ty louto+ D418+ D )otrtn G20
In particular, it follows from the bound (3.23) that
Y C
|0s fi(x) + LY f2 ()| §E(1+xp),Vs<t,Vx20. (3.28)

Further, the It6 formula gives with (3.9)

t
E [f/(X%)] = /7(x) + En.s / [aufmxziu) LX) | du

that implies with (3.27) that

Bl - f@] <5 [ (B[] du

The Feynman-Kac characterization (3.24) follows as n — 0o. Such a solution f is then unique
and it only suffices now to show that it exists.

Step 2: Construction of a regular solution. A bound property for the second derivative in
x of a solution is difficult to obtain directly from the characterization in equation (3.24) because
the diffusion coefficient of the stochastic differential equation (3.8) is not differentiable. Here
we suggest another method. We start with the equation that would be satisfied by the first
derivative in x of the solution we are aiming to construct. Let us then introduce the new system

0s9s(x) + h(z, $)0,gs(x) + Dv](z, s)@%gs(x) = —0.C[v](z, 8)gs(x), x > 0,5 € [0, )

o= # on R, (3.29)

where

h(z,s) = ([v](x,s) + 0. D[v](x,s), Y(s,z) € [0,t] x Ry (3.30)

is differentiable, Lipschitz continuous in z uniformly in s thanks to (A.1), (A.2) in Assumption
3.1, and satisfies h(0,s) > 0 for all s € [0,¢]. We also introduce the function defined by

92(x) =E, [qﬁ’(Y})efst B’CC[V}(Y‘““)d“} Vo >0,Vs <t (3.31)

where
dY, = h(Y,,u)du + \/2D[v] (Y, u) dW, , Vu < t. (3.32)

Equation (3.32) admits a unique weak solution for any deterministic non-negative initial condition
and initial time (see Lemma B.1 in Appendix B). It is shown in the same appendix that there
is strong existence, and then we can use the right continuous and completed canonical filtration
of the given Brownian motion W that we will denote (F}V )tefo,r]- The notation E, s refers to
the expectation conditionned by the initial time s < ¢ and the initial condition Y; = =z > 0.
The function (z,s) — g2 (z) is well defined because ¢ and 9,¢ are bounded thanks to (A.1) in
Assumption 3.1. In addition, it is continuous on [0,¢] x Ry and satisfies for all z,y > 0 and
81,82 < t,

62,@) = 40| < Cr (19/loe + 16" loe) {J& =yl + (L 2) 2051 = 522+ (1 2)ls1 — sl }
(3.33)
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(see Lemma B.2 in Appendix B). We construct a classical solution for (3.29) by restricting
the problem on increasingly greater intervals over which it is uniformly parabolic. Let us then
introduce two monotonous sequences (&, ), (Mmy, )y, of positive real numbers that converge towards
0 and oo respectively, and satisfy 9 < mg. It follows from the property (3.4) and (A.6) in
Assumption 3.1 that

Vn e N, Jap > 0, DY](z,8) > an, Y(,5) € [en,ma] % [0,1].
For each n, we consider the restricted system
Dsgs () + h(x,5)0s9(x) + DV(x, )29 () = ~0uC[V) (2, )95 (), (5,2) € [0,1) X (£0,)
gs(x) = g2(x), (s,2) € [0,1) X {en, mn}

g‘s:t = ¢/ on [5namn]a

(3.34)
that has Lipschitz continuous coefficients (see Lemma 3.1), and compatible continuous boundary
and final values. It then admits a unique classical solution in C([0,t] x [g,,, m,],R) NC2([0,t) x
(€n, my,), R) thanks to [18], Theorem 3.6 p138, that is characterized by the Feynman-Kac formula

t ™
92 (@) = Eq { @/ (Y)els 0rcti0umitny AL, {2 (¥, el oxcbienduy - (3.35)

(see [18], Theorem 5.2, p147). The stopping time 7,, represents the minimum between the final
time ¢ and the hitting time of the boundary {e,,m,} by the stochastic process (Y;,). Further, it
follows from (3.31) that

Ep,s { 98, (¥, Jeli" l0umiduy 4
—E,, {Eymm [¢/(mef:n azc[uuyu,u)du] el 0eCV] (Viuyduyg {w}}
and thanks to the strong Markov property,
Ero {68, (Vn, el 200ty )
=By, {Em [(b'(Y})ef:n BxC[V}(m,U)duw:fﬂ o azC[V](Yu,u)dul{Tn<t}}
= By {0/ (Vy)els ety L,

As 7, < t a.s, that implies with (3.35) that g® = g® on [0,t] X [,, my]. As n becomes larger and
larger, we deduce that g® € C([0,t] x R, ,R) N C"2([0,%) x (0,00),R) and is a classical solution
of (3.29). Furthermore, it follows from its definition that

192 @)] < (1 llooe!PClI=0=2) (s, 2) € [0,¢] x Ry, (3.36)
and the inequality (3.33) implies that for all > 0 and s € [0,1),

9S(y) — g (x)

9,92 (x)| = lim -

< Or ([[¢llsc + 16" ll0) - (3.37)

Then let us introduce for a given 6 > 0 the function defined for all (s,z) € [0,t) x Ry by
t T
f20(x) = ¢(6) + / {<V1(0,u) g2 (0) + D[)(0,1)Drgu(0) }du + /e 92 (y)dy, (3.38)
that is in C%1([0,#] x Ry, R) NCH3([0,t) x (0,00),R) and satisfies

s=t

0, 1% = g% and f‘e’q5 = ¢.
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Then thanks to (3.36), (3.37) we have the bound
1020 (@)] + 102 £24(2)] < Cr ([[¢'lloo + 16" l0) , V2 > 0,¥s <t (3.39)

that corresponds to the condition (3.23) with some p > 0. The parameter 6 is chosen positive
to ensure that it is possible to swap the integral and time derivative symbols in the last term
of (3.38), given that we know nothing about 8sgff in the neighbourhood of 0. Hence for all

(s,z) € [0,t) x (0,00),

0.129(a) = ~{<1(0.9)52(6) + D)0, 9)0,.(0)} + [ 0uat )y
= _{C 1(0,s gs 0) + Dv|( 029s(0 }_
| {ne s)aygf@) + DW)(w. )82 W) + < (w, )98 )} dy

=~ {6, 5)920) + DIr)6.5)0.9.(0)} ~ [0, {clle” + DIvIoy?} (v )y
= —{ClW(w, )92 (@) + DIl(z, )02 )}

That implies that the function (s, ) — 9, f2*?(z) is a solution of (3.22) and can be continuously
extended on the straight line z = 0 by setting

05109(0) = —¢[v)(0,5)g2(0), Vs < t. (3.40)

In addition, (s,z) — f?(z) belongs to C([0, ] xR, R)NCL1(]0, t) xRy, R)NCH2([0, ) % (0, 00), R)
and satisfies the bound (3.23). Hence the Step 1 here above holds and the Feynman-Kac
characterization (3.24) follows so that the solution is independent of the choice of #. Let us now
denote it by ff(ac), then

f2@)] < 0lloo, ¥(s,2) € [0,8] x Ry (3.41)
and the bound (3.25) follows thanks to the inequality (3.39). O
We now state the following result whose proof is similar to the one of Lemma 3.4.
Lemma 3.6. Let (z,7) — g(x,7) be a function from Ry x [0, R] to R that is Lipschitz continuous,

and v1,v? € C([0,T], (Mp(Ry),w)) be two solutions of (3.7), then

t
sup gl )(z, s) — g[?)(z, 5)| < CHQllLip/0 [llva = vallldu, vt € [0, T). (3.42)
0<s<t

The uniqueness result can then be stated.

Theorem 3.3. Under Assumptions 2.1, 2.2 and 3.1, the system (2.16) admits a unique solution
in C([0,7], Mr(Ry) x R,w® |.|)) that satisfies supg<;<p (v, 1) < +00.

Proof. The existence and the bound follow from Theorem 2.1. It then suffices to show that the
solution is unique. Let ¢ € CZ(R4,R) and (v!, RY), (%, R?) € C([0,T), (Mp(R4) xR,w®].|)) be
two solutions of (2.16) such that supge,<q (v} + v2,1) < +00. We denote by f(z) the solution
of (3.22) in the previous theorem for v = v'! and the final condition ¢. As in (3.26), we regularize
this solution by setting

%) / 9@+ v)oa(y)dy , ¥(s,2) € [0,1) x Ry
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That allows us to approximate ff (z) and its derivatives by a sequence of functions that are
smooth enough. Let us recall that f™® € C([0,1] x Ry, R) N CH°([0,t) x Ry, R) for all n > 1.
We deduce from (3.25) and (3.27) that
n,¢ vl pn,é CT
0 f0(w) + 12" f20(@)| < =Ll Vo > 0,5 <t (3.43)
It follows with Lemma 3.6 that for any > 0 and s < t,

2 2 1 C
Oufr0@) + LY o) < | (227 - 22 f2(@) | + =gl
el [ 11— 2lldu+ 121
< Cr (12 [ Mok = wAllau+ 11

and thanks to (3.25),
0u50%(0) + 119w < Crlol [ =2l + ). (3.44
We deduce from (3.43) and (3.44) here above that for each j = 1,2, we have
Wi 1) = @@fwb+AV%¢%&¢+L?&¢+MwMﬁWU?ﬂ—W?%%

That implies that

t A t 2
<#—ﬁﬁ%:1ﬂ¢@ﬁ¢+@ﬂﬁm—/<%@ﬁ“ﬂgﬁ%w

0

t
+/K¢—ﬁwwwﬁaﬁﬂ—ﬁwws
0

#6240 = 671} g1

and by considering the bound [|G[f7?]|| < ||¢|lcc, Lemma 3.6, (3.43) and (3.44),

Wl ><CT(V1,V2)H¢H<%/;<V +v2,1) d8+/ lllvs —v2|||d5) (3.45)

+ /t <Vsl — Vg,b[yl](.,g)g[fsn@] _ dfg’¢>d8
0

Since G is an endomorphism of (CZ(R,R),||.||), we obviously verify that given s <t and n > 1,
the function b['](-, s)G[f1"?] — df® belongs to C2(R4,R) and satisfies

o160 = arz | < crl g,
Since || /|| < ||¢|, that implies with (3.45) that
n e
W= <ol (5 [ oaznas s [l - o2llas)
0

As n — oo, this inequality becomes thanks to the dominated convergence theorem for the left
term,

t
<4ﬂa@g@wwwwéuw—@W&

We conclude by taking at first the supremum for ||¢|| < 1 and applying the Gronwall lemma,
that v} = v2. O
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4 Existence of a function solution

In this section, we use the mild formulation (3.11) to show that under suitable assumptions the
solution of the decoupled equation (3.7) admits a density with respect to the Lebesgue measure.
This density will then be the solution of (1.1) in the weak sense given by (2.16). We first make
the following general assumptions.

Assumption 4.1.
(A.1) There exists ¢ > 0 such that for all (x,7) € Ry, x (0, R],

¢(xz,r) > c and D(x,r) > cx.

(A.2) D(z,r) is null for x = 0 and positive for all (z,r) € (0,00) x (0, R]. In addition, there
exist Cyk > 0 and 8 € (0,1] such that

|D(x,7) — D(z,r")| < C(1+ xk)|7“ — r'|B,V:U >0,vr,r’ € (0, R].

(A.3) ((x,7),D(z,7) € C(Ry x (0,R],R) are Lipschitz continuous in x € Ry, uniformly in
r € (0,R].

We easily verify that the above assumption (A.2) implies that the decoupled function DIv]
satisfies the same Holder property in its time variable. Indeed, it follows from (3.1) that for all
x>0 and s,t €[0,7],

D) (@,1) — Dv(,5)| = |D(, Re) — D(w, R,)| < C(1+ )[R, — R < C(1+ bt — ).
We have the preliminary result

Proposition 4.1. Under Assumption 4.1, there exists a unique non negative function p;t(x,y)
defined for all (t,z,y) € [0, T| xRy xRy and s < t, such that for all test functions ¢ € Cp(R4+,R),

In addition, if we set
(k—1)4+ 1 m-—3a
_ —BA- 4.2
Ca,k aV 2 and Na,B,m 5 A 2 A Qm/a ( )

forany 0 < a <1, m > 3a and m > 1, then the function
y — D™2[](y, t)p% (2, y)

2m
is, for any (x,t) € Ry x (0,T] and s < t, in the Besov space Bfggana’ﬁ’m(Ri) (defined in
Appendiz C) and satisfies the bound

sup (t — s)m/2 HDm/Q[V]('7 t)p 4(

<C <1 + xca’”m/z) , Ve >0. (4.3)
s<t<T

Z, - 2m
)HBE’;”“ T Ry)
Proof. The left term in (4.1) is defined by

PI/

s,t—s

p(x) =K [¢p(XZ,)] Ve > 0,V0 < s <t <T.

The proof then consists in showing that the random variable X ;E,t for fixed x > 0 and 0 < s <
t < T admits a density with respect to the Lebesgue measure. As the diffusion coefficient in
equation (3.8) is degenerate at x = 0, we will first verify that there is no atom at this point and
secondly show that there is a density on the open set RY.
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Step 1: No atom on the boundary {0}. Let us first notice that forallz > 0and 0 < s < T,
it follows from the comparison theorem that Xg,t < X7, as for all t € (s,T]. It then suffices to
show that X7, does not have an atom at {0}.

Let us introduce for h > 0 the convex continuous and non increasing function

X

) =(1-3),

Then as h — 0, the sequence (x1)r>0 converges toward l{z=0}- In addition, we have

%1[0,h/2] < xn < 1l on Ry (4.4)
and the function defined for fixed ¢ € (0,7] by
up(z,s) =Ez 6 [Xh(Xit)] ,V(x,s) € RY x [0,1] (4.5)
is a classical solution of the partial differential equation
dsup, + C[v](x, 8)0pup + D) (z, $)02up = 0 on RY. x [0,1). (4.6)

Our aim is to show that P(X?, = 0) = limj_oup(0,s) = 0 for all s € [0,¢]. For that purpose,
let us first notice that the function wy is convex since its initial condition xy, is also convex (see
[23]). It follows thanks to (A.1l) in Assumption 4.1 that

Osup, + C[V](x, 8)0pup, + cxd2up, < 0 on R x [0,¢). (4.7)
It follows from the Maximum principle that u, < uj; where
an(z,8) = E [xn(Ys)]

with
dY; = ([V)(Ys, t)dt + /2¢Y; W,

The function uy, is, indeed, a classical solution of the partial differential equation
Ostp, + C(x, 8)0pup + gw@iﬂh =0, on R} x[0,%)

with the same terminal condition xp. Further, thanks to (A.1) in Assumption 4.1, it follows
from the comparison theorem for stochastic differential equations that Y%, > Z7, a.s, where

dZ; = cdt + /2¢ Z; dW,. (4.8)
Since yj, is decreasing we obtain
un(w, s) < n(z,s) =B [xn(Z3,)]
and thanks to (4.4),
SEE(h/2) < un(e,s) < (. ) < FEy(h) (4.9)

where Fy; and F, st = E? , are the cumulative distribution functions of the random variables
X3y and Z7, respectively. Further it directly follows from the autosimilarity property of the
Brownian motion and the uniqueness in law of the solution of (4.8) given the initial condition,
that

cZL[S = ZF in law, Yo > 0,z € Ry
We deduce that specifically for x = 0,

FP(y) = FY).(y/c),Vt,y > 0,¥c > 0
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and then there exists a function G : Ry — Ry such that
F(y) = Gly/t),Yy > 0,¥t > 0. (4.10)

Since FO is a weak solution of

O FY — O, (y0, FP) + c0,F° = 0
{ t4't —y(yyt) COy L'y (4.11)

(FP (y))jmo = 1,Vy > 0,
we consider the time change Fy(y) = Ft/g(y) and G(y) = G(cy), then we have
O F; — 0y (yo, Fy) + 0, F, = 0
with the same initial condition as (4.11). One deduces with (4.10), that
—yG'(y) + G (y) - (WG () =0
whose general solution is given by
G(y) = a1 +aze ¥, Yy > 0

with a1,as € R. Coming back to the cumulative distribution function of Z?, we get

Fy)=d <%> —>y_>0 a + as. (4.12)

Since (Z?)te[s,T] is a non-negative semi-martingale with a zero local time at 0 (see Lemma B.1,
Appendix B), it follows from the Tanaka formula that

t t t 1
/0 1 z0-01dZ,) :/0 Lizo—oyd(Zy)* :/O L{z0—0} <1{zg>o}d23 + §dL2(ZO)> =0,

and then

t t
0= / 1{23:0} [gdu + v 2c Zg qu} = g/ 1{22:0}(1“-
0 0

We deduce by taking the expectation, that
t
/ P(Z) = 0)du =0, Vt € (s,T).
0

Noticing that P(Z% = 0) = F°(0), we conclude that a; + ap = 0 in (4.12). It follows thanks to
(4.9) that .
P(X], =0) = lim F,(h/2) < 2lim F} (h) =0, Vt € (s,T].
’ h—0 7 h—0

Then for any test function ¢ € Cy(R4,R),
E[6(XZ,)] = 6(O)P [XZ, = 0] +E [$(X2 )1 (xz 50 |

———
=0

and then it suffices to show that the random variable X7, has a density with respect to the
Lebesgue measure on R* , to conclude that it has a density on R..
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Step 2: Existence of a density on R’. We adapt the proof developed by Romito [29],
Proposition 3.1 in the case of non homogeneous and non bounded coefficients. It consists in
showing the sufficient condition given in Lemma C.4 (see Appendix C) with a suitable function.
For that purpose, we introduce for a given initial time s € [0,7), a fixed time ¢t € (s,7T] and
0 < e <t — s, the non negative function

Ot—et(y) = \/% . D[v|(y,u) du, Vy = 0 (4.13)

that satisfy with DY2[v](-,t) the two following properties :

(Pl) : D1/2 [V](y7t) + Ut—a,t(y) S Cy1/27vy Z 07 (4 14)
(P2) : |DYV2[)(x,t) — DYV2[)(y, )| + |or—rci(2) — o1-c ()| < Clz —y|Y2 Yo,y > 0.

Let m>1,0<a<1and h € [—1,1], our aim is to show that the inequality (C.7) holds for the
random variable X7, with the function y — D™2[V)(y,t). Indeed, for any ¢ € €2 (R),

E | D"2[)(X2,, ) AR 6(XE,)| = E [{ D2 (XE0 1) — ot (X2 } Ae(XE))]
+E [0 (X5 ARO(XE,)] -

(4.15)

Thanks to (A.2) in Assumption 4.1, we obtain

DRI = o (XE)| < C DY) — cal(X)|

< (1 T lor e XE)I™ 4 [DY2(XE,, >rm1)

c<\/§ t: V(X2 1) — DIV)(XZ, \du> <1+<X;”t)l>
T )

C(l %)55/2.

IN

IN
Q
m | =

It follows from the moment property (3.9) and the property 1. of Lemma C.1 (see Appendix C)
that the first term in the right side of (4.15) satisfies

m T m T m T m+tk—1 «
E[{ D2 W)(X2,,t) - of . (X2 } ARa(X2)| < C(U+2™ 5 ) B 6llgeme™? (4.16)

In order to get a good control on the second term of the same equation, we introduce the following
new process

Xeu ifu<t—e,

Yu € [s,t], YO8 =
.11, Yo D G / \/QD X3 ou)dWy, fu>t—e

This process is continuous and Gaussian on the interval (¢ — ¢, ¢] when it is conditioned by X7 ..
Then,

E [O-;ris,t(Xsm,t) Zn¢(Xsm,t)] =K [{Uﬁet(th) - UZﬁnet st € }A ¢ X;Bt ]
+ E [Uﬁet st 5 {A (ZS X;Bt) m }] (417)
+ E [0';715 t( s,t— 5)Am¢(yft$)] .
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It now suffices to show that each term of this decomposition can be well controlled. For the first
one, it follows from (4.14) and the property 1. of Lemma C.1 (see Appendix C) that

E [{Uﬁs,t(X;B,t) - Uﬁst st e }A o( th)]
< Cla(pllga@E [0 1 (X5e) = ot e o(X5—2)|]

< CIH | éllp mE [ (01 o(X%0) — 01en(X%, )|
x (1 o (XTI \at_avxxzte)\ml)}

1
< Ol o [Jor-or(X2) = 01-co Xz} s (14 (45077 )

a T 1/2 r \m=1
< C’h‘ H(b”%”ba(R)E |:|Xs Xst €| / sup <1 + (Xs,u) 2 ):| .
0<u<t

The Cauchy-Schwarz inequality and the moment property (3.9) imply that
E [{Uﬁe,t(X;B,t) - O-;rist st e }A ¢ th)]
12 1/2
< I lopmyE 12 - X2 l) B | sup (14 Czm )

< (142" ) B 6llop B [| X2, - X2

s,t—e

‘]1/2.

In addition, for all s <t —¢e <7r <,

/t_ \2DI(Xz,, ) dW,

Then, using the Burkholder-Davis-Gundy inequality and the moment property (3.9),

([ 200z, wia) /]}

X, - m\</t CWI(XE 0 w)ldu+  sup
—E&

t—e<r'<r

s<u<t

E HXS - X7 EH < C{aE [ sup (1+X§u)} +E

4.18
gC{eE[sup (1+X§,u)} +61/2E[sup (Xiu)l/Q]} (4.18)
s<u<t s<u<t
< C(l + a:)sl/Q.
That implies for the first term in the right side of (4.17) that
E [{ofco(XE0) — o cf(XE o)} ARS(XE)] < C(1+22) B[ Blleome"/*. (4.19)

The second one satisfies with (P1) in (4.14), the property 2. of Lemma C.1 (see Appendix C),
the Holder inequality and the moment property (3.9),

E[Uﬁet st 5 {A )_ hm¢(Y:z,€x)}]
< ol || X2~ Y[ sup (X2
s<u<t

e
< ClolepmE [| X5, = Yo" E [ sup (X;”,u)mﬂ(la)}

s<u<t

< O(1+ ™) | pllge ) E [| X2, — Y| )°
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On the other hand,

t
X =¥ < [ 10wl

/ [\/QD X2 u \/QD Xz, )] aw,

and thanks to the Burkholder-Davis-Gundy, the Holder inequalities and (3.9),

+ sup
t—e<t'<t

9

E [\X;ﬁt—yjf\] < CeE [ sup (1+X§u)]
s<u<t
9 1/2
su’ N/Ql) st e’u)‘ du) ]

=l
([ s |

< CeE [ sup (1 —i—X;”,u)} +CE
. 1/2
ngE[sup (1+X§,u)}+CE [/ |Xsmu Xoio €|du:|
t—e

s<u<t
s<u<t
t 1/2
§C{(1+x)s+ﬂ£[/ ‘Xfu Xot E‘du] }
t—e

The last term in the right side is well controlled with (4.18), so that

t t
EU | X7, — X2, a{du] :/ E[|XZ, - X2, .|]du<C(1+2)e%?,
t—e ’ t—e
that implies for the second term in the decomposition (4.17) that
E [of" o(XZ-0) {ARO(XE,) — ATV} < O(1+a%7™2) 8]l )™/, (4.20)

Finally, by conditioning by X}" _, the third and last term of that decomposition satisfies

E[Uﬁe,t(Xf,t—a) hm¢(ys€tx)]
TN T Ay UVE e |
oo e (v+ [ vommaa)] )

The expression inside the second expectation is zero if y = 0, and for y > 0 it satisfies

5 V2D[v)(y, w)dW,, ~ N (0, 250:52—5,15(3/))-

Using the function
2

1 T
————exp | ————
201 1(y)\/me [ 45035,15(9)]

9t U(z) =
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and the properties 3. and 4. of Lemma C.1 (see Appendix C), that implies that

t —+o00

B oo wago (v+ [ VEDRTmaan, )| = ot [ Arew+ 2 g
+oo

=oitesly) | Oy +2) Al (2)dz

< oW lloo AT g7 Il
< oI 1Dl ) 10297l 1

Further,

Cm
1029 ||t < ———m—
z 9t 6m/20’?i€7t(y)

(see Lemma D.1 in Appendix D), and then

E [al’?e,t(y) ho <y+ /: V2D[v](y,u)qu>} < Con W™D llcg @ye™™>.
The following control on the third term of the decomposition (4.17) follows :
E [o]". (X2, ) AT oY) < Clhl™ [ dlleg e ™. (4.21)
Mixing (4.19), (4.20) and (4.21), it follows from the decomposition (4.17) that
B (o7 (2T O(XE)] < O (142472 llpmy [/ 4+ 5 4 o).
and then with (4.16), we obtain

+

t) hm(b(X;B,t)} §C(1+$a+m/2+xm 2kil)”¢H%§‘(R) [‘h’agé(ﬁf\%)+€3a/4+‘h’m€fm/2 _

st

We choose for h # 0

‘h’#n;m

e=(t—ys) €10,t — s[.

2m
1 + |h|m+3a/2
Then since |h| < 1, we get with (4.2)

E (D" (X2, AT (X,

‘hyimf:?&/z 3(673)
—
14+ Wm)

’h‘ 2:7’:1/2 Sa/4 ‘h’ 2?/2 —m/2
m+3a m+3a
(oY e o BB )

1 + |h| m+3a/2 1 + |h| m+3a/2

< O(1 4 2 t™2) 1§l gy |11 <(t —5)

< C(1+ a4 2) 8] gp e [@ - e Dt 3D i

o m m/2 m m
+ (t _ S)sa/4|h|3T_mf3a/2 + <ti) |h|m7_mf3a/2]
— 5

<O (L (= 8)7/2) (14 2908 T2) gy [ 2N DTETE | T |y |
a 1 2m 3am
<C (1 +(t—s) m/2) (1 +xca,k+m/2)”¢‘|%ﬁ(R) [|h| +(BA3) smtaa + |h|2m+3ai|

< O (1 (E = )72 (14 2% 2) Bl oy BTN s o oo disi]
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It follows with (4.2) that for m > 3a,

E[D™W)(XEn AT G(XE)] < C (L (= )72 (L ekt 02) g g [
(4.22)
and for m > 3a, we have

<at_2m <
a<ot+ — m.
2m + 3« v B,m

We deduce from Lemma C.4 (see Appendix C) and hypothesis (A.2) in Assumption 4.1 that the
random variable X', admits a density with respect to the Lebesgue measure on R’ . In addition,

if we denote by y — py(z,y) its density, then the function y D™2[v](y, t)py 1(x,y) is in the

2m
2m+3a N, B,m * :
Besov space By (R%) and satisfies

| D 2w tpt ()|

<C <1 + (t— s)_m/2> (1+ xc‘%’”'m/z)

2m n
812’7;’;+3a aﬁym(Ri)

that implies the uniform bound (4.3).
O

This result shows that despite the degeneracy of the diffusion coefficient in (3.8), the law of the
solution of this equation is regularized. This property is very important because it induces a
regularization of the measure v, as we will show in the following result.

Theorem 4.1. Under the assumptions of Theorems 3.1 or 3.3, and Assumption /.1, the measure
vy admits a density x — w(x) with respect to the Lebesque measure for each t > 0. In addition,
if we use the notation p* to denote the density p” defined in Proposition /.1, then the couple
(u, R) is characterized by the mild system

(vt € (0,T],Vz >0,

wi (@) = (v, )) + /0 /0 b, RIGIY (L 2))(@') — d(e Yol (o 2)] e o) ds

t 00
Rt = RO + / {rin — RS — / X(x,, Rs)us(x’)dx,} ds
0 0
(4.23)
and is the unique solution of (1.1) in L°((0,T],L}(Ry) x R), in the sense given by (2.16) for
the initial condition (vo, Rp).
Furthermore, if the initial condition satisfies

/ (1+ z)vp(dz) < oo, (4.24)
0
then we have u € L= ((0,T],L* (R4, (1 + z)dz)) and for any X € (0, 5’3\/6]
sup t'/? HDl/2 - Ry)u ‘ < 4o00. 4.25
O<t£T (- ReJue B} (R%) ( )

Proof. For a given non negative function ¢ € Cy(R4, R4 ) it follows from the mild formulation
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that

(vi, ¢ / / o(y)po. (. y)dyvo(de)

+/0 /0 {b[y](x’s) [_/0 (Zg(y)p;t(;g’y)dy—FQ/ol /OOO ¢(y)p5,t(ax,y)dyM(da)}

0 [ ottila, y)dy}uswx)ds

< [T([ hatmtan + 2l [ [ [ st araar s ) oty

HY (y)

In addition, the function y — HY(y) is non negative and belongs to L}(R). Indeed,

/ HY (y)dy = / / 2% (2, y)dy vo(da)
0 0 0
t [e'e) 1 [e'e)
20l / / / / P (e, y)dy M(da)vs(dz)ds
0 0 0 0

¢
= {v0.1) + 20bloc [ (1 < o0,
0
We deduce that for all ¢ > 0, the measure 14 is absolutely continuous with respect to the
Lebesgue measure. We denote by w; its density, then Theorems 3.1 and 3.3 imply that u €

L>((0,T],L*(R;)). The mild system (4.23) directly follows from the mild formulation (3.11)
and the representation (4.1). Indeed, for all non negative functions ¢ € Cy(R4,R) and ¢ > 0,

/ dx—/ / o (y)ps(x, y)dyvo(dz)
/ / { R;) [— /0 P(y)p (z, y)dy + 2 /0 1 /0 m¢(y)pg,t(ax,y)dyM(da)]

0 [~ otwntite y)dy}usmdmds
- ( / wpg,m,y)uo(dw)) o)y

(] t [ ot |pten 2 | lpz,tmx,y)M(da)]
—d<x>pz,t<x,y>}us<x>dxds)¢<y>dy.

We obtain the mild system (4.23), that implies for any (x,t) € R x (0,7 and any integer m > 1,
that

D™2([)(z, t)uy () = = (10, 07" (2)pg (@)

/ / )GID™ (W) (x, )pl (-, 2)) (') — d(=') D™ (. t)p (2!, 7) | us(a')da' ds.
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Then, it follows from Lemma C.2 that for any 0 < a < 1 such that m > 3a,

D72 00 < [ oo ()

2m 23?3_" B 2m 211_3 Mo, B
m o o, b,m m o la,B,m
Bl,oo (Rjﬁ Bl,oo (Ri)

[ [ e ra] [preicamt o)

2 o e |

BQW%-TSa Mo, Bym (o
1,00 ( +)

M)

B 273T3a Mo, B,m R*
1,00 ( +)

+ d(z') }us(x’)dx'ds.

DR Rt ()|

2m n
812’7;’;+3a a’B’m(Ri)
Using (4.3), this implies that

< C{t_m/z/ (1+ xca~k+m/2)u0(dx)
) 0

t 00
+ / (t—s)"™/? / (1+ xcav”m/?)us(x)dxds}.
0 0

We take m = 1 in order to ensure that fg(t — 5)"™2ds < co. Then we have the condition
0 < a < 1/3. Let us also notice that under the assumptions of Theorems 3.1 and 3.3, we have
k=0, 8=1and then cho = @, Na,1,1 = 12710‘. It follows that

a(1-3a) < C{t1/2 / (1+ xa+1/2)1/0(dx)

B, 3 (Ry) 0

+ /Ot(t_ )12 /OOO (1 +xa+1/z)us(x)dxds}

< C{t1/2/ (1 +ﬂ:°‘+1/2)1/0(d3:)
0

| D21 |

+ 1172 sup/ (1+xa+1/2)u5(m)dx}
0<s<T JO

gCt—l/Q{/ooo (14 x)vo(dr) +t sup /OOO (1+x)u5(x)dx}.

0<s<T

Since 0 < a < 1/3, one can replace ag;?;{a) in the left term of this inequality by A chosen

arbitrarily in the image set of ]0,1/3[ by the function a agg?;a) that is (0, 5*?)—‘/6] It suffices
now to show that the supremum in the right term of the last inequality here above is finite in order
to conclude that the bound (4.25) holds. For that purpose, one can assume that sup, E [(V§< 1+
)] < oo, it suffices to take the initial condition 1 = 7 ZieVOK 84 with #V& = | (1, 1)K | and

z!, ...,x#VOK i.i.d with law ﬁyo(dx). From Lemma 2.1, we deduce that

supE[ sup <1/tK,1+x>} < 00.
K 0<t<T

That implies thanks to the Fatou Lemma that if ¢(x) is an increasing function with a compact
support such that ¢» =1 on [0,1/2] and ¢» = 0 on [1,00), then for any n > 1

/000(1 - x)¢<%>us(x)dx < liminf E [/000(1 - x)¢<%>y§<(d@}

< supE[ sup <V25K,1+1'>:| < o0.
K 0<t<T
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We conclude by taking the supremum on s € (0,7] after applying the monotone convergence
theorem as n — oo, that

oo
sup / (1 + 2)ug(x)dx < oo
0<s<T JO

which ends the proof. O
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Appendix
A  Proof of Theorem 2.1

A.1 Step 1 : Control of tails

Since the individual trait is unbounded, we need to get a control on the measure valued process
tails. We then have the following lemma that is adapted from [22].

Lemma A.1. LetT > 0, if a subsequence of { (utK)t>0 K > 1} converges in law in the Skorohod
space D([0, T, (Mp(Ry),v)) then its limit (vy)e0,m satisfies

E{ sup [(yt, 1>1+9]} < 0. (A1)

0<t<T

In addition, there exists a decreasing sequence of inscreasing functions (fn)n>1 C Cg(RJr, R) such
that f, =0 on [0,n/2] and f, =1 on [n,o0), which satisfies

lim limsupE{ sup <VtK,fn>} =0. (A.2)

n=00 K 00 0<t<T

Proof of Lemma A.1. In order to show (A.1), we approximate the functions = — 1 by an in-
creasing sequence of continuous and compact supported functions in order to use the conver-
gence assumption for the vague topology. We then introduce the uniformly bounded sequence of
continuous functions defined for n € N* by

1 if0<z<n-—L,
On(x) =4 n—z ifn—-1<z<n,
0 if z > n.

that converges increasingly pointwise towards the constant function x +— 1. It follows from the
Fatou lemma that holds thanks to the convergence of the sequence of measure valued process for
the vague topology, that we have for all n € N

IE{ sup (l/t,gbn>1+9} < limianE{ sup <th<’¢n>1+9} < limianE{ sup <VtK, 1>1+g}.

0<t<T K—oo 0<t<T K—o0 0<t<T

As n — oo in this inequality, we obtain by monotony

E{ sup <yt,1>1+g} < supE{ sup <th<’1>1+9} < 0.

0<t<T K 0<t<T
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In order to show (A.2), we approximate the indicator of the outside of the compacts by a non-
increasing and uniformly bounded sequence of regular fonctions. This allows us to control the tails
of the distributions {Z%, K > 1}. Let us then introduce an increasing function f € C?(R,,R)
such that f =0 on [0,1/2] and f =1 on [1,00). We set

x

falz)=f(Z), Vn>1 (A.3)

n

which are indeed in C?(R,R) with uniformly bounded derivatives. It then follows that for all
s<t<T

W ) < (S, f) + M 1 /0 S /0 (¢l RE) F () + Dla, RE) f(2)} v (der)du

+2/Os /OOO {b(x,Rff)/ol fn(am)M(da)} vE (dz)du

S
< <Vé(7fn> + Ajlf’f” + 2|]b|]oo/0 <V5(,fn> du+0§u<pT‘Mf,fn
<u<

where -
AK ;:c/o WE (L + o)+ | 7)) du.

The sequence (A:,[f )

the random variable CfOT (v, L+ 2)(f} + |f1])) du as K — oo because the function z — (1 +
z)(fl 4+ |f/])(x) is continuous with compact support. We have

¢
}+2||b||oo/ IE{ sup <1/£(,fn>}d5
0 0<u<s

} (2blloot.

As K — o0, it follows from (2.15) and the Doob inequality that the right term with the martingale
converges towards 0. In addition the remaining terms in the expectation are uniformly integrable
and converge in law, then

K>1 is uniformly integrable according to K and converges in law towards

E{ sup <1/3K,fn>} < E{<Vé(,fn> _|_A11fvfn + sup ‘Mfyfn
0<s<t 0<u<lT

that induces thanks to Gronwall’s lemma that

E{ sup <I/§(,fn>} < E{<V0K,fn> _|_A§f7fn + sup ‘Mfd%

0<s<t 0<u<lT

lim limsupE{ sup <l/§(,fn>

=0 K 00 0<s<T
< 2PlloT Jipy E{(W},fn) N C/T /OO (1;il—$) <f’(%) i %‘f”{(%))yu(dx)du} 0.
n—oo 0 0

O

A.2 Step 2 : Tightness

Given the above Lemma A.1, the tightness of the sequence of laws {ZK = L(WE RK) K > 1}
follows. It is adapted from [2], Theorem 7.4.

Proposition A.1. The sequence of laws {ZK =LK, RE), K > 1} is tight in the space of
probability measures P(D([0,T], (Mp(Ry) x R,w ® [.]))) for all T > 0.
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Proof. Let us first endow the measure space Mp(Ry) with its vague topology and prove the
tightness property for the sequence {ZK =L (I/K, RK) S K > 1}. By noticing that C?(R,,R) is
a dense subspace of Co(R, R) for the topology of uniform convergence on compact sets, it suffices
according to [28] to show that for each test function f € C3(R.,R) the sequence of processes

{(<ytK, f) ,Rf()t>0 JK > 1} is tight in the Skorohod space D([0, 7], R?). First, remember that
we have the decomposition

Wi 1)y = (5 ) + Vi

and thanks to (2.15),
lim E(MST) —0, v >0
K—oo t

It then directly follows from Doob’s inequality that the sequence of martingales {M KfK > 1}
converges in L2 toward 0 locally uniformly in time. This sequence is then tight in the Skorohod
space D([0, T], R), and all we need to prove now is the tightness of the other sequences {V 5/, K >
1} and {R¥ K > 1}. For that purpose, we use the Aldous criterion (see [1]), that consists in
showing the uniform controls

(a) supE [ sup ‘VtK’f‘ < 00

K 0<t<T

< oo, (b) supE [ sup ‘RtK{
K 0<t<T

and showing that the Aldous condition holds for (R, V;K’f )e>0. The assertions (a) and (b) are
immediate. Indeed, RX < rV Ry = R for any ¢ > 0 and thanks to the boundedness of the test
function,

sup ‘VtK’f( < Cy sup [<Vf<,1> + ‘Mf(’fu-
0<t<T 0<t<T

Let us now consider € > 0 and a stopping time 7 that satisfies 7 + ¢ < T, then

e (rs. - r) <e( [ is)

Tin + R+ || x|l E < sup (vf*, 1>>] :
0<t<T

ron — R — / (@, RE ) (dx)
0

<e¢

By a similar computation, we obtain

B(

that implies the Aldous condition thanks to Lemma 2.1. The sequence of law (Z%)f is then
tight and by the Prokhorov’s theorem one can extract from each sub-sequence, a sub-sub-sequence
that converges in P(D([0,T], (Mp(R4) x R,o ® |.|))). Let us denote by Z a limit value of this
sequence, and for simplicity of the notation, (Z%)x a sub-sequence that converges towards Z.
For each K > 1 we have

st vl < s o)
0<t<T

sup sup ‘<1/tK,f>—<utIi,f>| <1/K. (A.4)
0<s<T feL>®(R4),[Ifllc<1

We then deduce from the continuity of the mapping p — supg<i<rp |{tit, f) — (pe—, f)| for f €
Ce(€ x Ry, R), that the limiting law Z only charges the set C([0,T], (Mp(Ry) x R0 ®1.])). We
are aiming to prove the same result for the weak topology on Mp(R,) and this is where the
sequence of functions introduced in Lemma A.1 is usefull.
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Let us denote by (v, R) a process of law Z, then according to the above argument its tra-
jectories are in the space C([0,7],( Mpr(R4+) x Ryv ® |.|)). As in [22], it follows from the Fatou
lemma that for n,l € N,

E | sup (v, (1= fi)fn)| <liminfE | sup <VtK,(1 — fl)fn> <limsupE
0<t<T K—o0 0<t<T K—oc0

sup <1/tK,fn>] .

0<t<T

As | — oo it follows from Beppo-Levi’s theorem applied to the left term, that

E [ sup (yt,fn>] <limsupE [ sup <ytK,fn>]

0<t<T K—00 0<t<T

and then by the Lemma A.1,

lim E

sup (v, fn)| < lim limsupE
0<t<T N=00 Koo

sup <VtK,fn>] = 0.

0<t<T

One can therefore extract a sub-sequence (supOStST(Vt, fnk>) ., that converges almost surely to-
wards 0, and then the limit law Z only charges the set C([0, T], (M p(R4) xR, w®].|)). We deduce
that the convergence of {ZX, K > 1} towards Z for the weak topology on Mg (R, ) holds if the
sequence of total masses {<VK , 1> K > 1} converges in law towards (v, 1) in the Skorohod space
D([0,T],R) (see [24]). So let us consider a Lipschitz continuous function ® : D([0,T],R) — R,
and n € N.

[E[2 (1) =@ ()] <E[@ (5, 1)) =@ (" 1= fa))]|
+ [E[@ (1= f)) = @ (w1 = fu))]]
+E[® ({1, 1= fa)) — 2 ((v, 1))

0<t<T

< CE {OiltlET <V15K7fn> -+ sup <Vt7fn>}
+ [E[@ (v, 1= fn)) = @ ({1, 1= fu))]]

The function 1 — f,, being continuous with a compact support and the sequence {v*, K > 1}
converging in law toward the limit process v in D([0, 7], (Mpr(R4) x R, ® |.])), we have

lim [E[@((v",1—fa)) —@((v,1— fu))]| = 0.

K—o0

It follows that for all n € N,

limsup |E [ (5, 1)) = & (1, 1))]|

K—o0
limsupE{ sup <1/tK,fn>} —|—IE{ sup <1/t,fn>}] .

<Cs
K—00 0<t<T 0<t<T

Thanks to Lemma A.1, that implies that as n — oo in the right term,

lim sup ‘E (@ (<1/K, 1)) — @ ((v,1))] ‘ = 0.
K—oo
The sub-sequence {((}*, 1))e[0,77, KK > 1} then converges in law towards the process ((v, 1))sejo.17,
and then the subsequence (Z%)x converges towards Z in the space of probability distributions
PD([0,T], Mp(R4) xR, w®].]))). That is enough to conclude that our initial sequence of laws
is tight. O
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A.3 Step 3 : Identification of a limiting process

We are here interested in the characterization of a process (v4, Rt)te[O,T] whose law is a limiting
value of the sequence {Z% K > 1}. Given the operator defined in (2.9), we have the following
result

Proposition A.2. Let us denote by Z a limiting value of the sequence of distributions {ZK, K > 1}.
Then a process (v, R) of law Z satisfies (2.10).

Proof. Let f € C3(R4,R) be a test function and ¢ € [0,7] a fixed time. We introduce the
following real-valued functions defined for (u, ) in the subset of C([0,T], (Mp(Ry) x R,w®]|.|))
constitued of processes that satisfy |r| < R

&/ (u.r) = G )~ oo ) - | T (¢ ) () + Di.r) (@)} pa(da)ds
0 0
- /0 /0 (b, r)G1f)(x) — d(2) () bpa(d)ds
(I)t(:U”T) =Tt —To— / {Tin —Ts— /OOO X(xars)ﬂs(dx)} ds.

0

We are aiming to show that
2
E “@{(y, R)‘ + @y (v, R)@ ~ 0. (A.5)

For this purpose, we first note that the function ®; defined as above is continuous and
@, (v*,R") = 0.
It then follows by the Fatou lemma that
E|®¢ (v, R)| < liminf E |, (v, RF)| = 0.
K—o00
Futhermore, the terms in the integrals in the expression of the function <I>{ are continuous and
bounded, then this function is continuous. In addition, it follows from the decomposition (2.12)

that
of (v R = M

and then thanks to the Fatou lemma and Doob’s inequality,

E [(@{ (v, R)ﬂ < liminf & [(@{ (VK,RK)>2]

K—o0

2
<liminfE [ sup ‘MSK’f‘ } < Climinf E [<MK,f> ] )
K—o00 0<s<t K—o00 t

We now deduce from (2.15) that

E [(@{ (v, R)>2] < %gigofgla L?t%@fi >] = 0. (A.6)
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B Some properties of a specific SDE

Let us introduce two continuous functions h(z,s),q(z,s) € C(Ry x [0,T],R) that satisfy the
following assumption.

Assumption B.1.
(A.1) Boundary condition : for all s < [0,T],

q(0,s) =0 and h(0,s) > 0.
(A.2) Lipschitz condition : for all x,y >0 and s € [0,T],
[, 5) = h(y, s)| + la(, 5) = q(y, s)| < Clz —y].
(A.3) The function q(x,s) is non negative.
Then we have the following results

Lemma B.1. There is weak existence and uniqueness, and strong existence for the stochastic
differential equation

dZ, = WM Zy,w)du + /q(Zy, w)dW,,Yu < T. (B.1)
The solution (Z5,,)uec(s,m that starts at time s < T at the position x > 0, has a zero local time

at 0, is almost surely non negative at any time and satifies the moment estimate

E{ sup (Z;u)p} < Cpr(l+2P), ¥p>0. (B.2)

s<u<T

In addition, for all z1,29 > 0 and s1,s5 < T, we have for all u <T

E( Y A Zf;,u‘) < Cr {’1‘1 — .%'2’ + (1 + 1 —i—.%'z)‘sl — 82’ + ’1 + a1 +.%'2’1/2‘81 — 82‘1/2},

S1,U
(B.3)

where (Z51 ) uels:,T)> (Z520 )uefso, 1) are assumed to be built with the same Brownian motion, and

satisfies Z;C]{u =x; for all u < s; with j =1,2.

Lemma B.2. Let p(z) € C}(R+,R) and a(x,s) € Cp(Ry x [0,T],R) such that

la(z,s) —aly, s)| < ale —y|, Y,y 2 0,Vs < T,
then for a given t < T, the function defined by
w(z) = E [p(Z2,)els 2 @Ewe] v(s,z) € [0, x Ry (B.4)
satisfy for all s1,s9 <t and x1,x9 > 0 the following inequality
|ws, (21) = sy (22)] < C (IIpllo + 1P llo0) {!961 — xa| 4+ (1 +21)" |51 — sof /2

(B.5)

+(1 —|—£l71)|81 — 82|}.

B.1 Proof of Lemma B.1

We split this proof into the several steps.
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Existence and uniqueness : According to [20], Theorem 1.1 it suffices to show that we have
weak existence and pathwise uniqueness to conclude that there is weak existence and uniqueness,
and strong existence. In addition it follows from the previous paragraph that this solution will
be well defined at any time. The stochastic differential equation (B.1) is non homogeneous with
continuous coefficients, then the coupled process (Z,, u),>0 satisfies an homogeneous stochastic
differential equation with continuous coefficients. We then have weak existence for each initial
condition x > 0 and initial time s € [0,7] thanks to [20], Theorem 2.3, p173. Furthermore, for
x,y > 0 and s < u < T we have by hypothesis

|hxu ‘—l—h/qwu \/q(y,u)‘QSC\x—y\7

thanks to the inequality |\/a — \/5| < +/la—"0|,Va,b > 0. We deduce from ([34]) that there is
pathwise uniqueness.

Moment estimate and positiveness : Notice that the solution that we constructed in the
previous paragraph is well defined until it becomes negative or explodes. In order to get well
defined terms for all times, we introduce the new equation

dZy = h(| Zu), u)du + \/ q(| Za, w) AWy, Yu < T (B.6)

for which there is weak existence and pathwise uniqueness by an argument similar to the one
in the previous paragraph, but only until explosion time. It follows from the continuity of the
function h(zx,s) and hypothesis (A.2) of Assumption B.1 that

|h(z,s)| < C(1+x),Vx >0,Vs <T.
For given x > 0 and s < t, we consider the sequence of stopping times defined by
Ay =inf{v > s: |Z§U| >N}ANT, N>1

that converges increasingly. Then for p > 2 and v € [s,T] we have

VAN _ VAAN —
127 ol < Cp d a? + / (|22, ) Pdu + / G(1Z2 |, ) AWV,
S S

)

that implies that

VAN B u/\)\N p
s |z < Cfars [T 0zl sw (| [T Vazzwan )|
sSuvAAN s s<u<v
VAN N u/\)\N
ng{mp—i—/ [1+]Z§u]p} du + sup <‘/ ] Su\ w) )}
s s<u<v

It follows from the Doob inequality that

UAAN —
B sw (| alZgl o aw,
s<u<wv s
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and then

E

sup |23, 1P

s<u<vAAN

cp{prrE(/ [1+|ZSWN| ]du>}
§Cp{xp—|—/ 1—{—E{ sup | sz|p}] u}
s s<z<UNAAN

Hence, we obtain for all v € [s,T]
v ~
<C, 1+mp+/ 1+E sup \ZszN]p du
s s<z<uAAN ’
< Cp (14 aP) P09,

1+E| sup \Zﬁu]p

s<uvAAN

and thanks to the Gronwall lemma,

s<u<vAAN

E[ sup |27, 1P

If we assume that there exists Ty < T such that P {limy Ay < Tp} > 0, then for all v € [Ty, T7,
we will have

NPP {hj{anN < TO} <E < Cp (14 2P) eCr(v—s)

sup | Z7,[P
s<u<vAAN

That is impossible because the left side term tends towards infinity as N — oo. It follows that
An =% T and by the monotone convergence theorem,

E [ sup |Z% |p} < Cp(1+2P) =9 wy e [s,T).
s<u<v

It then suffices to take v = T. The case 0 < p < 2 is obviously solved thanks to the Holder

inequality
(E[ sup |Z“” 2
s<u<T

The process (st,u)ue[s,T} is then well defined at any time and satisfies a moment estimate similar

o (B.2). We will now show that this process is almost surely non negative, and then by unique-
ness this will imply that it is a modification of the process (Z5,)ue[s,r)- Indeed, the following
decomposition holds

p/2
E [ sup | |p ) < Cpr(l+2P).

s<u<T

Z~sm,t = (Z;B,t)-‘r - (Z;”’t)_,Vt € [s,T] (B.7)
and it follows from the Tanaka formula that
- t - 1 -
(Z%,)- = —/S Lize,<0pdZes+ §L?(Z§_). (B.8)

For € > 0,

! dZs)u _ [ a(Ziuwv) |
Yo<zz <) Ze, Jy 0<ZasaT gz U< 00 Dps,
S

S,u

since (,u) — ¢(x,u)/z is bounded. Then the local time LY(Z* ) is zero almost surely (see [27],
Ch. IX, Lemma 3.3). Equation (B.8) becomes

t
(Z;B,t)— / {Zﬂc <0}h( su? / {Zx <0} su? )dWU
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where the second term in the right side of the equality is a true martingale thanks to the
moment estimate that we previously stated. It then follows from the hypothesis (A.1) and (A.2)
in Assumption B.1 that

B[(Z20-] = ([ 1, cnh-Zi >du>

([ 1 [M-Ziu) — 0.0
§CE</ {Z1<0}‘Z )
< c/ | du

and hence by the Gronwall lemma, E [(Zf,t),] =0 for any ¢ € [s, T}, thus (Z;t), =0 p.s. We

deduce that the stochastic process (st,t)te[s,T} is almost surely non negative at any time, and it
is possible to remove the absolute values in (B.6) to conclude by a uniqueness argument that

/\

vt € s, T], Z, = Z%, ps.

The stochastic process (Z;t)te[s,;p] is then almost surely non negative at any time, satisfies the
moment estimate (B.2) and has a zero local time at 0.

Dependence on initial conditions : Thanks to the strong existence, it is possible to con-
struct two solutions (Z7!,)ye[s,,m) and (Z32,
with the same Brownian motion, for all z1,29 > 0 and 0 < s7 < s9 < T'. Those solutions are

)’UE[SQ,T] on the same filtered probability space and

well extended on [0, 7] if we set
Zg s =z, Vv € [0,s5],5 =1,2.

Hence, it follows from the Tanaka formula that for all s < v < T,

81,V S92,V S1,82 S1,U S9,U S1,U S2,U

v
|z3r, — z22,| = |28, — @2| + / sign(Z21, — 222 )d(ZE, — Z22,) + 1(Z8 — ZE2 ) (B.9)

52

where [0 (Z51. — Z32.) is the local time of the process Zg! — Z32. at 0 up to time v. Furthermore,
thanks to the inequality |\/a — vb| < \/|a — b],Va,b > 0 again, we have for £ > 0,

2
v d(Z3 - 225 v ‘\/Q(Zé?,u,U)—\/q(Zé?,u,U)(
/S 1{0<Zslu Zs, - / {0<zlu—2Z:2 u<c} du
2

52 u<5} Z;Bllu Z‘ST;,U Zgll,u - Z;BQQ,U
< C/ 1{0<281 u—ng,uge}du < 0.

We deduce thanks to [27], Ch. IX, lemma 3.3 that the local time ZS(ZQ, — Z32.) is zero almost
surely for all v € [s9, T, and it follows from (B.9) that

S1,V 52,V 81,82 S1,U S2,u S1,U? S2,u?

E|z%, —Z2,| <E(|z2 x2|)+E/ sign(Z31, — 232, [W(Z3] 4 u) — h(Z22,,,u)] du
(|22~ 22]) 44 | E(22, - 222, du
which implies by the Gronwall lemma that

E|Z5, — 232, SE(|Z5), —22]) "7 Yo € [, T, (B.10)

81,V S$2,V 51,52
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We are now interested in what happens for s;1 < v < s9. Indeed,
1 —i—/ h( Zsmllu, u)du —|—/ \/ @(Z5tu, u) AW, — xo
S1

/ stllﬂm
so 1/2
| ezt
S1
52
E </ Zgll,udu>
S1
< CJ |s1 — so|E ( sup Z;”ll,u>.
s1<u<T

52
(0 = 222 <'”“_m2'+c/ [1+E(Z),)] du+C |sl—52lE< sup Z)
S1

s1<u<T

81,V S92,V

E(|z2, — Z2,|) —IE{

|

xr1
ZSL’LH

v
<B{lo—aal+ [ Il +
S1

82
< ]wl—xg\—i—C/ [1+E(Z:,)] du—i—E{ sup
S1

s1<v<s2

)

and thanks to the Doob inequality,

1
/ Zsl,u,

Jf<E

{ sup
s1<v<s2

IN
Q

Hence, we have for all v € [s1, s9],

which implies that

E (‘Zfll — 7" D < ‘.%'1—.%'2‘—i—Cl(l—i-.%'l)‘Sl—82‘—i—Cz‘l—i—.%'l’l/Q‘Sl—82‘1/2,V1} S [81,82]. (B.ll)

82,V
We finally obtain without any order on s1, sy € [0,T], 21,22 > 0 that for all v € [s1 A s9, T
E(|Z51, — Z32,|) < Or {|351 — | + (L+ @1 + @) |s1 — so| + |1+ 1 + 2| ?[s1 — 52|1/2}

that is easily extended for v € [0, 7.

B.2 Proof of Lemma B.2

Let us first introduce the decomposition

|ws (1) = ws, (22)] < fws; (21) = sy (21)] + |wsy (21) — Wy (22)] (B.12)
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thanks to the triangular inequality. Furthermore, by considering that s; < sg, we have

)

t x
wy, (21) — Wy (21)] < E (‘p(Z:it)efsl a(Zs usu)du — p(Z% e fSQ a(Zs3 uyu)du

s2,t

< B (|p(252) — plz22,)] el o Zit i

Sl7

+E <‘p Z;Cllt “ fsl Zglwu)du efstg a(Zg ) u)du

)

< e”a”w(t—Sl)Hp/HOO (‘Zl‘l _gn D

817 827

oo {I (Jefon Pt _ o Joy o

)

IR <‘ef;1 U ZFuw)du _ 1, (25} w)du

))

< clate=on 1o (1235, - 223)

s1,t

t x x s x
+ ”pHoo{E (‘e‘fsl [G(Zsllyuqu)_a(zsgl’u7U)]du _ 1‘) + E <‘€_ ‘f312 a(ngl,uﬂA)du - 1‘) }:| )

Let usset for all s1 <ov <t

Vo () = fsvl[ L) —a(Zif wu)]du 1,

51,52

then

Vi@ = [ [a(Z2 ) a2 0]) Vi du+ [ 02800 - a(Z2,00)] du

s1
that implies that,
Vo0 < 2l [ [Vl duta [ 122, 222,
S1

and thanks to the Gronwall lemma,

51,52 S1,U

VL < g e2lallo(v=s1) le — 7% L du, Yo € [s1,1].
51 2,

We show by a similar argument that

_ [S52
¢ Jo oV wowdu 1‘ < ellallsclsi=sal g |s1 — so.
Hence, one can write for all x1 > 0,51 < s9 <t
b )

[t (1) — sy (21)] < e”“”““‘“’{up’umﬁ (1251, = z71))

t
ol a0 [ (1253, = Z52,]) du oy ||
S1
and thanks to Lemma B.1, we have for all 51,50 <t

ey (1) = wes (21)] < Cr (Illoo + 19'lloc) {1+ 1)1 = s3]/ + (1 + 1)1 — 5o |
(B.13)
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In addition, for z1,x9 > 0 and sy < t,

ey (1) = i (w0)| < B (|p(233 el Fbe 0 (2ol o i

327

)

82t s2,t

<E <|p (ZE1)) — p(Z*2 )‘ J2, alZ33 )du)

+ B (|p(222 el o i

S a2 ) —a(Z3 ] du 1‘)

s2,t

< e||a||oo(t—sz){”p'”OOE (|z2, - — 7z )

o lpllookE (o o258 oz ] 1‘) }

Let us now set for all s < v <t

v &3 D)
a1z /. [a(YSQ,u,u)fa(Z”m,u)]du
S2,U0 T €2 17

then
v v
vz = [z - a2, 0] Ugirdus [ (a2 - 0250 0)] du
ED) 52
that implies that
|U§21;j’32‘ <2Ha|]oo/ |U§21;f2|du+a/ |Z§21u Z32 | du
S 82
and thanks to the Gronwall lemma,

S2,U S9,U

Uz132| < g ePlolle(v-s2) / 1221, — 222 | du, Yo € [s2,1].
S
Hence for all 1,29 > 0,55 <t we have
(s, (21) — wsy (22)] < ellalloo<tsa){”pf|yooﬂ«: (|1z51, — Z32,))

—i—aeQ”a””(t_S)HpHoo/ E (‘Z;Cglu Zf;,u‘) du}
52

and thanks to Lemma B.1,
Wy (1) — wsy (22)] < Cr (Il + 10'l0) |21 — 22|, Va1, 22 > 0,Vs9 < 2. (B.14)

Finally, the inequality (B.5) follows from (B.12), (B.13) and (B.14).

C Difference operator and Besov spaces Bj (R)

For o €]0,1[, we denote by ¢(R) the Holder-Zygmund space that is the set of real valued
functions on R such that

X)) —
gy = Ifloo+ sup LD ZIWI oo
z,y€R,z#y ’1’ - y‘

We also introduce the difference operator defined for all f: R — R, for given m > 1 integer and
h R as

Vo € R, AL f(x) = fz +h) = f(x); Af'f(z) = Ay (AFT f)(2), pour m > 1.
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that is, by a recurrence argument,

m

_i(m .

AR ta) = Yt () st i) ©1)
j=0 J

with the following properties.

Lemma C.1. Let m > 1 be an integer, a« €]0,1[, h € R and f : R — R, then :

1 If f € €A(R),

IAR fllso < Crnlhl*|| fllg (r)- (C.2)
2. If f € 62(R),
AR f (@) = AR W) < Cull fllgpmle — y|*, Yo,y € R. (C.3)
3. If f € C™(R,R),
IAR fllLe < Conl A[™]|0F" flIL1 (C.4)

4. If f € G(R,R) and g : R — R is an integrable function, then for all a € R,
[ av s+ agta)ds = [ fa+ ATy (©5)

Proof. For 0 < @ <1, h € R and an integer m > 1,

1. If f € €¥(R), we proceed by a recurrence argument on m > 1. Indeed,
1AL Flloo = sup [ f (@ + k) = f(2)] < ][]l @)
z€R
and if we assume that the property holds at range m, we get

IAR flloo = sup AR f(@ 4+ h) = AR f(2)] < 2Cm[h]%(| fllgpm)

that corresponds to the property with C,,+1 = 2C,,. We deduce that it holds for each
integer m > 1.

2. If f € €*(R), then thanks to (C.1) we get for all z,y € R,
AT (@) - ATF) <3 () 156 +.0) = 7o+ ] < 2" gl — ol
j=0
3. We proceed by a recurrence argument to show firstly that
(P): Ym>1, Ay f(x)=h" /Om Hp,(t)0) f(x + th)dt, if f e C™(R,R)
where H,, is bounded and does not depend on f. Indeed for f € C!'(R,R), then

z+h 1
AP f(z) = f(z+h) — f(z) = / f'(t)dt = h/o f'(x +th)dt
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and hence Hi(t) = 1. We now assume that the property holds at range m, then if f €
C™ (R, R),

ApFHf(z) = AfHf(x + h) — A f(x)

—hm/ Hon(8) (07 F (2 + (1 + £)h) — O f(x + th)] dt

z+(1+t)h
= p" / H,(t) / O f (u)dudt
0 T

+th

m 1+t
— pmtl / H,,(t) / 8;”+1f(x + uh)dudt
0 t
m m+1
_ pmAl /0 Hp(t) /0 a;n-i—l flx+ uh)l{ue[ul-i-t}}dudt

m+1 m
Ll A R T Ly e

= Hpmt1(u)

where the function H,,4+1 is bounded and does not depend on f. We deduce that the
property (P) holds, and then for all f € C"™(R,R),

HMWWéMWWMMAA\%WwHMWM:MWM@WW@MU

4. Let f € Cp(R,R), and g : R — R an integrable function and a € R, then by changing
variables in the integral

f: (T’;) /Rf(:s + a+ jh)g(z)dx

=0

f: <TJ”> /R f(+a)g(e — jh)dz

=0

/Ahfx+a

.

<.

f(z +a)Alyg(z)dx

I
=

O

The difference operator allows to define the Besov spaces Bioo(R) as the set of function f : R - R
that satisfy for m > s

1£lls5 ., = Il ) +‘Sl|1p (A IAR I @y < oo

(see Triebel [32] Theorem 2.5.12, or [33] Theorem 2.6.1). The following result follows

Lemma C.2. Let (E,Fg,u) be a measured space where i is a positive measure. Let (z,y)
f(x,y) an integrable function on R x E, then if we denote by

z) = /Ef(%y)u(dy),\m >0

we have for all s > 0,

251l /w v)lls; _myiu(dy). (C.6)
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Proof. Let s > 0, then it follows from Fubini theorem that

ol = /| / Foyutdy)| o < [ 176 wntan)

Similarly, for any m > s and h € [—1,1],

A7 @l = | \ [ @ )u(dy)‘dxé L1871 )les ayntan)

The result directly follows by taking the supremum in A and summing the above inequalities. [

Furthermore, the above definition of Besov spaces allows a sufficient condition for the exis-
tence of a density for random variables given by the following result

Lemma C.3 (|29], Lemma A.1). Let X be a real valued random variable. If there are an integer
m > 1, a real number 0 > 0, a real a > 0, with a < 6 < m, and a constant K > 0 such that for
every ¢ € 6¥(R) and h € R with |h| <1,

E[AR¢(X)] < K| |6]le @),

then X has a density fx with respect to the Lebesque measure on R. Moreover fx € Bf;g‘(]R)
and
fllgoe S 1+ K.

The consequence that follows gives a sufficient condition that will is used in the paper

Lemma C.4. Let X be a real valued random variable. For a given non negative real valued
Junction o(x) such that o(X) € Lt with E[o(X)] # 0, if there exists an integer m > 1, a real
number 0 > 0, a real o > 0 with o < 0 < m, and a constant K > 0 such that for every ¢ € €>*(R)
and h € R with |h| <1,

E[o(X)AT¢(X)] < K[h|’ |60 m), (C.7)

then X admits a density fx on {z : o(x) # 0}. In addition, if we denote by fx its density on
this set, then the function x — o(x)fx(x) is in the Besov space B?;‘(R) and satisfies the bound

o fxlgo—e gy S K +E[0(X)] (C.8)
Proof. Let us denote by u(dz) the law of X and set
v(dz) = o (2)u(dz)

that is a non negative finite measure by assumption. Then it follows from (C.7) that
. * )

E(0ATO()] = vl [ AFo(e)
0 [

where Y is a real valued random variable of law v(dy)/||v|L1. It follows from (C.7) that

E[ATo(Y )Lﬁ

that implies thanks to Lemma C.3 that the probability measure v(dy)/||v||L1 admits a density
gx € Bf;g‘(R) with respect to the Lebesgue measure on R that satisies the bound

K
[ n
Then p(dzr) admits a density fx on the set {x : o(x) # 0} that is defined by
_ Il
and the bound (C.8) follows. O

= [Vl E[AF¢(Y)]

171 pllge my

HQXHBf;g(R) S1+
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D L! estimates of derivatives of the Gaussian density

We are interested in the density of a centered Gaussian random variable with variance 2, that
is )
1 T
ga(:v)— 27T p< 5, 2) Vx € R.
We have the following result

Lemma D.1. For each integer m > 1,

C
070l < o
where the constant Cy, does not depend on o.

Proof. Because of its exponential factor, let us set

bh(x)

O-m

;' 9o (1) =

L ( x2>VERV > 1,
— X X m
o\ 2w P 202

Then Py (x) = —z /o and
x
1 =00, P7 — ;P,ZL

that implies that each P7 is a polynomial, thus

7 (x) = ZA?(J)JU’“
k=0

with
AgH (o) = 0 AT (o),

1
AP o) = ok + DAL (0) = — AT (0), k= 1,..,m = 1
1
A o) = == A7 _1(0)
o

m 1 m

We easily verify by a recurrence argument on m > 1 that
Cm
vm > 1, A < —F pour k=1,..

and then

g m C
10290 11s = 27 [ 1P5@)] 0ot m«—ZM o) [ lal* gola)do < S

O-m

45



	Introduction
	The individual-based model and stochastic derivation
	Description
	Large population approximation and existence theorem

	Uniqueness of the solution
	Decoupling and mild formulation of the limit system
	A simpler case of uniqueness
	The general case of uniqueness

	Existence of a function solution
	Proof of Theorem 2.1
	Step 1 : Control of tails
	Step 2 : Tightness
	Step 3 : Identification of a limiting process

	Some properties of a specific SDE
	Proof of Lemma B.1
	Proof of Lemma B.2

	Difference operator and Besov spaces Bs1,(R)
	L1 estimates of derivatives of the Gaussian density

