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Abstract

We study the existence and uniqueness of the solution of a non-linear coupled
system constituted of a degenerate diffusion-growth-fragmentation equation and
a differential equation, resulting from the modeling of bacterial growth in a
chemostat. This system is derived, in a large population approximation, from
a stochastic individual-based model where each individual is characterized by a
non-negative real valued trait described by a diffusion. Two uniqueness results
are highlighted. They differ in their hypotheses related to the influence of the
resource on individual trait dynamics, the main difficulty being the non-linearity
due to this dependence and the degeneracy of the diffusion coefficient. Further
we show that the semi-group of the stochastic trait dynamics admits a density
by probabilistic arguments, that allows the measure solution of the diffusion-
growth-fragmentation equation to be a function with a certain Besov regularity.

Keywords Diffusion-growth-fragmentation equation coupled with resource - Stochas-
tic Feller-type diffusion - Mild formulation - Large population approximation - Exis-
tence of density

Mathematics subject classification (2020) Primary 35K65 - 60K35 ; Secondary
35K61

1 Introduction

Developped by Novick and Szilard [25], and Monod [24], the chemostat is a labora-
tory device used by biologists to raise the microorganisms and study their interactions
while at the same time regulating the population size and the experimental medium.
It consists in a culture in a container of constant volume in which a substrate is con-
tinuously injected and extracted at the same rate. In the literature, it is extensively
used to study the population dynamics, their interactions and the adaptative behavior
of microorganisms [10, 12, 18]. In this vein, we are interested in the dynamics of a
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structured asexual population (typically bacteria) coupled with a resource in chemo-
stat. Each individual is characterized by a quantitative trait x € Ry which models a
protein density and evolves according to a diffusion of which coefficients depend on
the resource. The goal of this work is to show the existence and uniqueness of the
solution of the large population dynamics described by the coupled system

Oyuy = 02 (2Q(z, Re)ur) — 95 (C(w, Re)ur) + G [b(-, Re)uy] — d(x)ue, for (z,t) € R x (0,T]
Ry = D(riyn — Ry) — /\/OO b(z, Ry)uy(x)dz, vt € (0,T]
0

C(O, Rt)ut(O) — 396 (ZZ?Q(CE, Rt)ut) =0 = O, Vit € (0, T]

(1.1)
with a given initial condition (ug, Rp). The first two terms on the right side of the
parabolic equation in this system are linked to the trait dynamics. The third one mod-
elizes cellular division which is accompanied by a fragmentation of the trait according
to the operator .

G'(fl(x) = ~f(@)+ [ 27 (%) mlda)
0 o \«
where m(da) is a symetric probability measure on ]0,1[, and the last term represents
death. The second equation describes the resource supply and its extraction at the
same rate D > 0. The last term corresponds to its consumption by the population.
The third equation is a no-flux boundary condition which ensures the quantitative
variable to remain non negative.

This model extends the well known growth-fragmentation model that has been
extensively studied in the literature (see Bertoin et al. [4, 5, 6, 7], or Doumic et
al. [13, 14, 20] who investigated the asymptotic properties of the equation without
resource, or Campillo and Fritsch [9] for its well posedness and stochastic derivation in
a chemostat). Here, we also include the resource dynamics, and introduce a diffusion
term that can be seen as an intrinsic noise resulting from very fast synthesis and
degradations of the quantitative trait (see [3] for a similar framework). The main
difficulty to get a uniqueness result lies in the degeneracy and the dependence in
resource of this term. In order to deal with it, we will develop an approach based
on the regularity of the individual trait dynamics Markovian semi-group. As it will
also depend on the solution, it will be necessary to show some regularity according
to this dependence and the state variable. Such an approach has been developed in
[15] for a model without resource with Lipschitz continuous diffusion coefficient in the
stochastic trait dynamics. Although this coefficient is less regular in our case, we show
that it is possible to adapt their method when it does not depend on the resource
dynamics. The general situation is more complicated because we are unable to get
the Lipschitz dependence of the semi-group according to the solution, that holds in
the previous case. We will then require more regularity and bounds on the coefficients
in order to deal with this dependence thanks to the regularity of its generator.

Further, another major point consists in showing that the weak solution of the
diffusion-growth-fragmentation equation is a function, even if the initial condition is a
measure. Classically, it is directly linked to the quantitative trait stochastic dynamics.
Then we will first show that at any time, the distribution of the trait admits a density
with respect to the Lebesgue measure on R, and extend the existence of the density
to the solution thanks to a mild formulation of the equation. Again, the main difficulty
lies in the degeneracy of the diffusion coefficient, but also its weaker regularity (locally



Holder continuous). We refer to Sato-Ueno [29] (Theorem 2.1 and Appendix) when
the diffusion term is uniformly elliptic, and Bouleau-Hirsch [8] (Theorem 2.1.3, p162)
when it is Lipschitz continuous. Here, we adapt the method developed by Romito [28]
for time dependent and locally Holder continuous diffusion coefficients, to show that
the density exists outside the degeneracy point 0. It remains to justify that the law
of the trait at any time does not charge this very point, to conclude that the density
exists on the entire non-negative real half-line.

The paper is then organized as follows : in Section 2, we show that (1.1) can be
derived from an individual based model that describes each intrinsic dynamics and the
resource. For that purpose, we propose a Markovian stochastic process that models
the trait distribution within the population coupled to the resource dynamics, given
a parameter that scales the initial number of individuals. We show that when this
scale parameter goes to infinity, the sequence of laws of the processes admits some
limiting values which satisfies a weak formulation of (1.1). In Section 3, we show that
the solution of this weak formulation is unique in a certain set of continuous measure
valued processes and under suitable assumptions. We highlight two cases which only
differs in the dependence or not of the diffusion term in the resource dynamics. As
described here above, the method we use in those cases are based on the regularity of
the semi-group of the stochastic process that describes the trait dynamics, according
to the state variable and the way it depends on the solution. Finally, in Section 4,
we show that this solution admits a density at any time with a Besov regularity. To
summarize and including the resource dynamics, we prove that the only weak solution
of (1) belongs to L>°((0,T],L* (R4, (1 + x)dz) x R).

Notations For later use, we introduce the following notations :

e Mp(R,) is the space of finite measures on R;. It can be endowed with
its vague (respectively weak) topology and denoted (Mp(R,),v) (respectively
(Mp(Ry),w)), that is the weakest topology making all maps Mgr(Ry) > u—
fR+ f(x)pu(dx) continuous for any f € C.(R%,R) (respectively f € Cy(R4,R)).

e M is the subspace of Mp(R,) constituted of the finite sums of Dirac masses,

thus
M= {de :neN,z,...,x, € R+}
i=1

e P(&) denotes the space of probability measures on a given measurable space £.

o LB(R,,R) denotes the space of functions from R, to R that are bounded and

Lipschitz continuous. It is endowed with the norm ||¢]|z8 = ||¢|lLip + ||¢]l
where
6llua = inf{c> R AT #y}.

e 7 denotes an abstract countable set.

e The constant C' > 0 (or C,,) can change one line to an other.



2 The individual-based model and stochastic deriva-
tion

In this section, we propose a stochastic individual-based model describing the pop-
ulation dynamics in the chemostat at the individual level with a carrying capacity
K > 1. Our goal is to derive a weak solution of (1.1) from this stochastic model when
K goes to infinity.

2.1 Description

Let us first introduce a scaling parameter K > 1 that represents the carrying capacity
of the environment. We assume that it is roughtly proportional to the initial number
of individuals. The bacterial population is described by a stochastic measure valued
process (vX);>o with values in %M given at any time by the sum of the Dirac masses
at the trait of each living cell so that each individual has the same mass 1/K, and the
resource is described by a positive continuous process (Rf);>¢ that corresponds to its
mass concentration. Let us denote by V, C J the collection of the living cells at any
time ¢ > 0. Each individual is characterized by a positive trait that evolves during
its life-time, and may give birth or die depending on its trait and the availability of
the resource as described as follows :

Between jumps, the trait dynamics of an individual i € V;X is described by a
non negative diffusion process X** that modelizes its random evolution with a drift
coefficient ((z,r) and a degenerate diffusion coefficient /22Q(x,r) during its life-
time. We assume that for all z > 0 and locally in 7 > 0,

0<Q(z,r) <Q;¢(0,r)>0. (2.1)

Furthermore, an individual i € VX with trait 2 > 0 divides at rate b(z, RE ) and its
trait is split at the same time so that the mother cell stays with a random proportion
a €]0, 1] chosen according to the probability distribution m(da), and the daughter
starts its life with the remaining proportion 1 — «. We assume that the birth rate is
bounded and there is no division without resource, thus for all x > 0 and locally in
r =0,

b(z,0) =0; 0 < b(z,r) <b. (2.2)

That individual dies at rate d(x) either by extraction at rate D > 0 or by natural
death. Let us assume that this rate is bounded so that for all z > 0,

D < d(z) < d. (2.3)

Finally, the mechanisms of the resource dynamics are well known for a culture in
chemostat and consist in a continuous supply of concentration r;, and extraction of
the resource at rate D > 0, and its consumption by the micro-organisms during their
life-time with a small conversion rate A/K from each individual to resource. Then,

t
A .
RE = R, +/ D(ryn — RE) — = > b(XPR RE) bds, vt >0, (2.4)
0

ieVE

Remark 2.1. The condition ((0,r) > 0 in (2.1) ensures that the trait is positive,
since its diffusion coefficient vanishes and its drift is non-negative when it reaches



0. Similarly, the condition b(x,0) = 0 in (2.2) ensures that the process (RE)i>o is
positive, since its drift is positive when it reaches 0. Moreover, it follows from the
comparison principle that

RE <74+ (Ro — 1in)e Pt <ripy V Ry for all t > 0. (2.5)
Then, one has a uniform bound on the resource dynamics, that is
R =7Tin V Ro. (26)

In order to describe the coupled dynamics of the population and the resource,
we introduce a probability space (2, F,P) so that the initial condition (1<, Ry) is
almost surely %M x R-valued for each K > 1. Let us also introduce a family W =
{Wi,i ceJ } of independant Brownian motions that is independent of the sequence
of initial conditions {(v{, Ryg), K > 1}, and independent Poisson point measures
M (de, dz, di, ds), Na(dz,di,ds) on [0,1] x [0,1] x J x Ry and [0,1] x J x Ry with
intensities bm(da)n(dz,di,ds) and dn(dz, di, ds) respectively, where

n(dz, di,ds) = dz | > 6;(di) | ds. (2.7)
JET

Those Poisson point measures are independent of the families W and {v{, K > 1}.
We finally introduce the canonical filtration (F;);>o generated by the sequence of
initial conditions {v{, K > 1}, the familly of Brownian motions ¥ and the Poisson
point measures N7, N3. This filtration is assumed to be complete and right continuous.

We are interested in the dynamics of a coupled stochastic process composed of the
%M—Valued process defined by

1
v = e > Oy, VE >0 (2.8)
ieVK

where X' corresponds to the trait of the individual i € V;X at time ¢ > 0, and the
continuous real valued process (RX);>¢. The trait of the i-th individual satisfies the
stochastic differential equation

XIS = (X RI Yt +/2X0 K QX RI) aw (2.9)

during its life-time. The trajectories of this coupled stochastic process can be repre-



sented by the following system

for all f € C;(Ry,R),

Wy = (W 1) + /Z\/M’KQ (XK RE) f/(X5) s

ieVE

// {¢(@, RE) f' () + 2Q(z, RE) f(x) } vE(

/A T—
K [0,¢]x T x[0,1]2 fievit st 2RO/}

[P 4 Fax ) + 7((1 - a)X;'f)} N (da, dz, di, ds)

///[0 t]xTx[0,1] 1{Z€VK pr{z<ax i /d}f( VN, (dz, di, ds),

RtK_ROJr/ {D(rm RE) — )\/0 b(z, RE)! (dx)}ds.

0

(2.10)
The first and the second integrals in the first equations correspond to the trait dy-
namics and follows from the Itd formula applied on (2.9), and the jumps correspond
to births and deaths respectively. We refer to [11, 16] for the construction of a such
process. Let us first make the following assumptions.

Assumption 2.1.

(A.1) The coefficients ((z,7), Q(x,r),b(z,7),d(x) are Lipschitz continuous for x >
0 and r € [0, R].

(A.2) Hypotheses (2.1), (2.2), (2.3) hold for r € [0, R].
Then we have the following result.

Lemma 2.1. If there exist p,q > 1 such that supKE(<vé(,xp> + <1/é(,1>q) < o0,
then under Assumption 2.1 the following bound holds

supIE{ sup [<1/tK,xp> + <l/tK, 1>q] } < 00 for all T > 0. (2.11)
K 0<t<T

In addition, the process (VtK)tZO admits the Doob-Meyer decomposition
Wi 1) = )+ Vi + M ez 0vf e GRR). (212)

where V7 is the process with finite variation defined by

// {¢(@, RE) f'(2) + 2Q(z, RE) £/ (x) } v (

/ / { b(, RY) { f(@) + / 1 [f(ax)+f<<1—a>x)]m<da>] —d(z)f(x)}uf(dx)ds

’ (2.13)



and M1 a square integrable martingale of quadratic variation
2 t o0 1 t oo
ey, = 2 [ [ aqe RO P s+ [ [ dte) sl s
K Jo Jo K Jo Jo

i t o) - K 1 . - — )z 2m O[I/K 2)ds
+K/0/0 b(,Rs)/O{ f(@) + flaz) + f((1 — a)z)} (d)s(;il;d'

The proof is relatively classical and similar to the one obtained in [11, 15, 21, 30]. It
is left to the reader.

Remark 2.2. It follows from (2.1/) that the quadratic variation of the martingale
part of the above Doob-Meyer decomposition satisfies the property

K.f IF12% + 17112 K
(M%), < Cp 22222 sup (v, 1+z),Vt€[0,T]. (2.15)
t K 0<u<T

2.2 Large population approximation and existence theorem

In this section, we are interested in a large population approximation of the above
stochastic model. The main result consists in showing that under suitable assump-
tions, the sequence of laws of the coupled stochastic dynamics of the population and re-
source is tight in the set of probability distributions P (D([0, T], (Mp(R4) X R,w ® |.])),
and the processes in its limiting values are the solutions of (1.1) in the weak sense.
Let us make the following assumptions.

Assumption 2.2.
(A.1) There exists o > 0 such that the initial conditions v{* € =M satisfy

supE [<1/é(, 1>1+@ n <yé(’$>} < +o0.
K

(A.2) The sequence {v§*, K > 1} converges in law in (Mp(R..),w) towards a mesure
valued initial condition vy € Mp(R4).

We introduce the symetric probability distribution
_ 1 1
m(da) = §m(da) + gm(l —da) (2.16)

where m(1 — da) is the image measure of m(da) by the function & — 1 — «a, and
consider the operator

Olf)(x) = —f(x) + 2/0 Flaz)m(da),Vf € Co(R,, R), Yz > 0. (2.17)

The main result of this section follows.

Theorem 2.1. Under Assumptions 2.1 and 2.2, the sequence of laws {ZK =L(WE RE) K > 1}
is tight in the space of probability measures P(D([0,T], ( Mp(Ry) X R,w & |.|))) for



all T > 0. In addition, each process (v, R) in the support of its limiting values is
continuous, satisfies the bound supy<,<r (Vi, 1 +x) < 00 and the system

vt € [0,T],Vf € CZ(R.,R),
) =)+ [ [ (o R @) + 0@ RS @

+b(z, R)G[f](z) — d(z) f(z) }vs(dz)ds
R, = Ry +/O {D(rm — R,) — )\/0 b(m7Rs)u5(dx)} ds

(2.18)

that is a weak formulation of (1.1) with the initial condition (v, Ro).
Remark 2.3. FEquation (1.1) has therefore at least one weak solution.

The proof of Theorem 2.1 is relatively classical and uses the techniques developed in
[1, 11, 15, 16, 21, 27] or [2], Theorem 7.4. It consists in three main steps : a uniform
control of trait distribution tails in the population, the tightness of the sequence of
laws {Z% K > 1} and identification of the limit. It is detailed in Appendix A.

3 Uniqueness of the solution

In this section, we show that there exists a unique solution of the system (2.18). The
main difficulties are the degeneracy of the diffusion coefficient and the non linearity
of the drift and diffusion coefficients. Then we will first of all proceed by a decoupling
of this system in order to get only one non-linear equation on the measure-valued
process and establish some important properties of that decoupling. Secondly, we
will write a mild formulation of this equation with continuous test functions thanks
to the semigroup of the individual trait. Finally, we will use the properties of this
semigroup to show in two different cases that the system (2.18) admits a unique
solution.

3.1 Decoupling and mild formulation of the limit system

Let us start with the following results that ensure us that the decoupling makes sense,
so that the limit system (2.18) could be resumed in only one equation that describes
the process (1¢)¢cjo, 7] for the given initial condition (vo, Ro).

Proposition 3.1. If (v,R) € C([0,T], ( Mpr(R1) x R,w®|.])) is a solution of (2.18),
then the process (Ry)¢cjo,) is completely defined by the measure valued process (Vt)iefo,1)
in the sense that if (v¢)iejo,1) 15 given, then (Rt)iepo,) exists and is unique. More pre-
cisely, at any time t > 0 the quantity Ry is characterized by the history of the measure
valued process v until the time t.

Proof. Given the process (v¢):[o,1], the resource dynamics is described by the equa-
tion

Ry = Ro+ /t F(s,Rs)ds, Vt € [0,T] (3.1)
0
with -
FY(t,7) = D(rin — 1) — )\/0 b, rw(de), (1) €[0,T] xR (3.2)



Since F¥(t,0) = Dr;y, > 0, each solution of (3.1) is non-negative. In addition,
b(z,r) = |b(z,r) — b(z,0)] < r|[b]|Lip-

Then if we set

pr = AbllLip sup (v, 1), (3.3)
0<t<T
we obtain the inequality
(D + p7) { Drin_ _ r} =D(ry —1) — ppr < FY(t,r) < D(ry, —1).
D+ pfy

Thanks to the comparison theorem for ordinary differential equations, that implies
that each solution of (3.1) satisfies the bound

Drin Drin
0— ————

> 67(D+p;)t < Ri <riyp+ (Ro - T‘ineiDt).

D+ pf D+ p
We deduce the bound property
Roe~PH+ro)T < R, <y V Ry < R,V € [0,T). (3.4)

Moreover, for all t € [0, 7] and 71,79 € [0, R],
[F¥(t,r1) = F¥(t,r2)| = [D(r2 —r1) + /\/ [b(z,r2) = b(z,r1)] 1 (de)]
0

< Dlr1 —ra| + /\/ 1b(, 1) — b, 72) v (d)
0

< (D + pf)[r1 — 72|

It then follows from the Cauchy-Lipschitz Theorem that the equation (3.1) admits a
unique solution. O

The limit system (2.18) is then decoupled by introducing the new notation
glVl(z,t) = g(x, Ry),V(x,t) € Ry x [0,T] (3.5)

for each continuous function g(z,r). This notation is consistent with the regularity
according to the first variable. Indeed, if g(z,r) is of class C¥ in its first variable
with continuous derivatives, then the function g[v](x,t) will be as well. Moreover, the
function F” given in (3.2) being continuous, the trajectory ¢ — R; is differentiable
and then for each g(z,r) of class C! in its second variable, the function g[v](z,t) will
be as well. We then introduce the following lemma whose proof is left to the reader.

Lemma 3.1. Let (z,7) — g(z,7) be a function of class C* on Ry x [0, R], then for
each M > 0, the local Lipschitz property holds

|9lV](z. 5) = glWl(y, t)| < Carr (lx =yl + [t —s) . Vs, t <T, Yo,y € [0, M]. (3.6)
We can now rewrite equation (2.18) in the equivalent form

vt € [OaT] ) Vf € Cl?(R+7R)a

iy =ty + [ [ (W @)+ Qi) ) Jostarnds 37

v t | (o0 9615160) = dr 1) (e,



In order to get the mild formulation of this system, let us consider for a given solution
(Vt)tefo,r) of (3.7) the stochastic differential equation

dXy = (V](Xy, t)dt + /22X, Q[v](Xe, t) Wy (3.8)

that admits for every > 0 and s € [0,7] a unique weak solution that starts at x
at time s > 0 (see Lemma B.1 in Appendix B). This solution is almost surely non
negative at any time and satisfies the control of moments

w05 { sup (4.} < 1 +) (39)
s<u<T

(see Lemma B.1). Let us denote by (X} )ic[s, 1] its trajectory, (PY;)s >0 its semi-
group defined by

Pyy(x) =E[¢(X01)], Vo € G (R4, R) (3.10)
and (LY)se[o,r) its infinitesimal generator that satisfies
L f(x) = (i@, 8)f (z) + 2Q(2) f"(2), Vf € C} (R4, R). (3.11)

We then have the following result.
Lemma 3.2. Equation (3.7) admits the mild formulation
Vt > 0,Y6 € Cy(Ro, R)
o) = s B+ [ [ (01 01PE01(0) — AP 90} (s
oo (3.12)
Proof. Tt classically follows from equation (3.7), that for each test function fs(x) =

f(s,x) € CY2([0,T] x Ry, R) and t € [0, 77,

o) = s+ [ [ ) {8sfs(x)+LZfs(w)+b[V](%S)g[fs](w)—d(w)fs(x)}Vs(dw)d&

(3.13)
In addition, for each test function ¢ € CZ(Ry,R), the function

fs(w) = PYy_¢(x),¥(s,x) € [0, 1] x Ry
is a solution of the problem

Osfs(w) + L fs(x) = 0, (s,2) € [0, 1] x Ry

f’s:t = ¢ sur R;.
We then use this function in (3.13) and obtain (3.12) for ¢ € CZ(R4,R). It is easily
extended by a density argument to continuous and bounded test functions. O

We also have the following property on the semi-group, which means that it is con-
sistent with the linear space LB(R4,R) :

Lemma 3.3. The operator Py, satisfies the uniform property

S |P21o(@) = Pyo(y)| < Clldllriple — yl, Vo € LB(R+,R). (3.14)

10



Proof. For all s,t > 0 such that s +¢ < T and z,y > 0, we have

|Psy,t¢(x) - Psl/,t(b(y ’ = |E [ Xsyf—i-s - S t-‘rs ]
<E(|¢ st+s - st+s |
< ”d)”Llp (}X:,tz—&-s s t+s|

|
)
)

where (X337 )ue(s,r) and (XY¥)ue(s,7) satisfy the stochastic differential equation (3.8)
with the same Brownian motion. It then follows from Lemma B.1 in Appendix B
that

|Pyio(x) = Pyyo(y)| < Clldlluiple -yl Vs +t < T

3.2 A simpler case of uniqueness

In this section, we show a uniqueness result when the diffusion coefficient does not
depend on the resource dynamics. The method is adapted from that of [15] with a local
Holder continuous diffusion coefficient for the stochastic differential equation that
describes the individual trait dynamics. Let us introduce the distance on Mg (R4 )
defined by

[l — p2llles = sup (1 — p2, @), Vpa, p2 € Mp(Ry). (3.15)
PELB(R4 R); |||l cs<1

We start with the following results that highlight the consistence of the decoupling
and the semigroup according to the solution considered.

Lemma 3.4. Let (z,7) + g(x,7) be a Lipschitz continuous fonction from R x [0, R
to R and v',v? € C([0,T], Mp(R4),w)) be two solutions of (3.7), then

i
sup ('] (x, 5) — g[v*](z, 5)| < C||9||Lz‘p/ v = villles du, Vt € 0, T].
(z,s) R4 x[0,t] 0
(3.16)

Proof. Let us denote by R”' and R”" the processes that are solutions of (3.1) for v
and v? respectively, for the same initial condition Ry. Then thanks to the decoupling
formula (3.5) we have for all t € [0,T] and (z,s) € Ry x [0, 1],
1 2 vt V2 vt V2
’g[V ](37,8) - g[y ]({E7S)‘ = ‘g(vas ) - g(l’,RS )| < HgHLip‘Rs - Rs | (317>

In addition, it follows from (3.1) that

/ {D(R;z—Rzl)—/\/ b(x,Rgl)u;(dx)M/ b(x,R;"‘)ug(dx)}du
0 0 0
g/‘ {D‘Rf - R” +)\/ ‘b(x,Rf)—b(x,Rgl)
0 0
}d

s t
< <D+IlbllmpA sup <V§71>>/ IRi*Rildu%\(z’HlbllLip)/ llve = villles du
0<z<T 0 0

1 2
v v _
R, —RY | =

v, (d)

+ A

/OO b(z, Ry, )(V —v )(dx)
0

11



and by the Gronwall lemma, for all s < ¢,
1| < AGHb) exp { (D + 01ur swp (02.1)) 7} [ o2l cnan

We introduce this inequality in (3.17) to obtain (3.16). O

Lemma 3.5. For each test function ¢ € LB(R,,R) and vt,v? € C([0,T], (Mp(R,),w))
two solutions of (3.7), one has

(Pre =P oL < Cllolln [ 1= 2licsan. 319

sup
s<t

Proof. For all 0 < s <t >T and z > 0, we have
|Pr (@) - P2 o(@)| = [E [o(x2") - o(x27)|
I/l x 1/2 x
<E (Joxzm) - o(x27)) (3.19)
vix u2,m
< ||¢HLIPE ()Xs,t’ - Xs,t )

where (X;’;""”)ue[s,T] and (Xs”;'"”)ue[s’T] satisfy (3.8) with the same Brownian motion.
In addition for all s <t <t and e > 0,

1 2
/t/ d <X:ﬁ - X:,.*”>
u
0< Xy X% <e vl x v2,x
(<o Y OX3S - X
2

2|\ XL QUXLT) — XL QUL

t/
= / 1{0<X”1'“"—X"2””<5} vl x v,z
s s o= )(s,u7 - )(s,u7

du
1 1 2 2

, v,x vo,ry _ v,T vz

Q/t 1 Xs,u (Xs,u ) Xsau (stu )

e 2 1 2.z

L H0<XYT X <e) X3u" — X3u0"

1 2 1 2 1 2
v (X2 = XEPQUXEL) + XL (QUXE) - QX))
2£ 1{0<X.Z,1u?m*X:‘2ufm§5} vliz _XI/2,QZ

5,U ERN

du

IA

du

IN

t/
< 2/S 1{0<X§,ZI—X§i’I§s}(Q + CX” L )du < 4o00.

We deduce thanks to [26], Ch. IX, lemma 3.3 that the process Xsulx - Xsyzx has a
zero local time at 0 and the Tanaka formula gives for all s <t <t

t/
1 2 1 2 1 2
vo,r Vo) : vi,xr ve,x vi,x ve,x
x0T - X0 = / sign(XY5" — XVm)d(X2T — XU,
S

12



Thanks to the control of moments (B.2) in Lemma B.1, that implies

B (|xus - xu

)=E< /:'signmzr—xzzw) X2 w) = (XL )] du)
gE(/f\q XL ) = X )\du)

</:E(|<[vw— 1] (E2 ) dua+ G0 /:'E(’X;;@_X;Zw

Thanks to Lemma 3.4 and Gronwall’s Lemma, it follows that

) du.

B (|xe - x2) < 0t - 00 [t - 2lcw
We inject this inequality for ¢ = ¢ in (3.19) to obtain (3.18). O

The main result for this part follows :

Theorem 3.1. Under Assumptions 2.1 and 2.2, the system (2.18) admits a unique
solution in C([0,T],  Mp(Ry) x Ryw @ |.])). In addition, it satisfies the bound

sup (v, 1+ x) < oo.
0<t<T

Proof. The existence of the solution and the bound comes from Theorem 2.1 here
above. It then suffices to show that the solution is unique. For that purpose, let us as-
sume that there exist two solutions denoted (¢!, R') and (v2, R?) in C([0, T], (M r (R ) x
R,w ® |.|)). Then it follows from (3.12) that for all test function ¢ € LB(R4,R),

<Vt Vt ) ¢>> <V07 (Pél,js - P(ii) ¢>
[ o 16 1) — ) P00} 0 o2 s

2

[ o i(Pr - L) ) dte) (P - P o) )i

o [ [Caw, >{[11<x,s>—b[uﬂ(x,s)}uf(dx)ds.
(3.20)

Furthermore, the operator G is consistent with the linear space LB(R,R). Indeed,
for all test function f € LB(Ry,R) we have

GLf1(@)| < [f ()] + 2/0 |f(az)|m(da) < 3| flloo, Yz = 0

and for all z,y > 0,
1
1G1/1(2) - S1/1w)| = ‘f(x) f) +2 / [f(az) — f(ay)] m(da)
< 1f(@) — F)] +2 / (o) — floy)|m(da)
< 2| fllipl — vl

13



Hence, we can deduce from Lemma 3.5 that for each s < ¢ the function

Ry>zm b[Vl]( )g[Pth s0l(x) —d(z )Psut s0()

is in LB(R4,R) so that

HW] )GIPYy_ o] — d(-)PYy_ 0

‘w: Hb[Vl] )g[Pth s —d(- )Ps”t qu‘oo

o A [OTe M R G

‘Lip
< (3b+ d) | ¢lloo + 2811 P, b lLip + 3l Blloo 1Bl i
< (30 +d + 3|[bllLip) [ ¢l + 26C 6]l Lip

and then
Hbm( $)GIPY,_ @] — d()PYy_ ¢

With equation (3.20) and Lemmas 3.5, 3.4, that implies that

<C Vs < t.
‘EB < C9llcn, Vs <

(o = #.6) < Clollen (1+ sup (20 [ 11t = Zlleads.

It follows that for all ¢ € [0, T

Ivi—stllea= s =gy <o (14 s 020 [ l-kilesds
PELB(RL R);|[ollc5<1 0<s<

and by Gronwall’s lemma, we deduce that v} = v} for all ¢ € [0, T]. We conclude that
(v', RY) = (v2, RY). O

s,t—s s
Lemma 3.5 is very important. However, in the general situation where the diffusion

coeflicient of the individual trait dynamics depends on the resource, we are not able
to get such an inequality. In the following section, we suggest another method for
this general case that requires more regularity on the coefficients.

We saw that for this method, the control on the difference PY, o i_ s given in

3.3 The general case of uniqueness

In this section, we show a more complicated uniqueness result for (2.18) in the general
case where the diffusion coefficient depends on the resource dynamics. As in the
previous section, the method consists in building a solution of an underlying parabolic
partial differential equation in order to remove the derivatives of the test function.
We need this function to be regular enough. Let us then introduce the new distance
on Mp(Ry) defined by

et = w?ll] = sup (u' =, 0) ,Vu', 1u* € Mp(Ry) (3.21)
$€C? (R R);[l9]<1

where

161l = 1lloc + 19 llc + 16" lloc, Vo € Ci (R4, R). (3.22)

We consider the additional assumptions.

14



Assumption 3.1.

A1) ¢ €C?(Ry x [0, R],R) is such that ||0,C]|leo + [|0rClloe + [102¢]|c0 < +00,

Q € C*(R+ x [0, R],R) is such that [|0:Ql|oc +110:Qlloc + [|07 (2Q)[|oc < +00,
beC*Y Ry x [0, R],R) is such that ||0:b]|oo + ||0rb]|oo + [|02b]|0e < +00,

d € C2(R4,R) is such that ||d'||oc + ||d"||ee < +o0,

(
(
(
(
( Q(z,7) > 0 for all (x,7) € (0,00) x (0, R].

A.2)
A.3)
A4)
A.5)
Let us start with an important result that states the regularity and some bounds of

the semigroup of the stochastic individual trait dynamics.

Theorem 3.2. Under (A.1), (A.2), (A.5) in Assumption 3.1, for givent € (0,T] and
a test function ¢ € C2(Ry,R), the parabolic problem

Osfs(@) + C[V)(x, 5)0 fs(2) + 2Q[V](x, )07 fo(x) = 0,2 > 0,5 € [0, 1)

f|s:t b onR,s (3.23)

admits a unique solution in the subspace of C([0,t] x Ry, R) NCH2([0,t) x (0,00),R)
constituted of functions f that satisfy

3C,p > 0,10, fs ()| + |02 fs ()| < C(1+ 2P),Vs < t,Vz > 0. (3.24)
In addition, this solution belongs to C1'1([0,t) x Ry, R), is given by
f(2) =E[o(X[))] V(s 2) € [0,8] x Ry (3.25)
and satisfies the property
|2 (@) + 1022 (2)] + [02F (2)] < Crl|6]|, Vs <tV > 0. (3.26)

Proof. We split this proof into the following steps :

Step 1 : Uniqueness and characterization of the solution. Let us consider
that the system (3.23) admits a solution (s, z) — fs(x) in C([0, t] x R4, R)NCH2([0, t) x
(0,00),R) that satisfies the polynomial bound (3.24). Then its time derivative satisfies
the property

105 fs(z)| < C(1 + 2'FP), Vs < t,Vx > 0. (3.27)

Since this solution is not differentiable on the straight line = 0, we consider the
regularising sequence defined for each integer n > 1 by

pn(z) = np(nz),Ye >0

such that
p€CF(Ry,R),p>0, Supp(p) C [1,2] et / p(y)dy =1,
0

and we introduce the sequence of functions defined by

fr() = / " f(e + paly)dy, Vs € (0,1, Ve € Ry (3.28)

15



Then for each n > 1 we have f™ € C([0,t] xR, R)NCH>°([0,#) xRy, R) that converges
pointwise towards f on [0,¢] X Ry as n — oco. In addition, it satisfies on [0,t) x (0, 00)

Buf™(x /8fex+y)pn()dy—~>8fs()
0,7 (x /afé T+ pul)dy —— 0.fulx),

217w) = [ Rl oy s B (),
and the following uniform bound holds
1013 ()] + 102 £3 ()| + 102 £ ()] < C(1+2'FP), Vs < t, Y > 0. (3.29)
It follows from the Itd formula that

FOEL) = 200+ [ {00 XL+ X QUAKE SO D Yt [ 0,518 )X,

(3.30)
of which the local martingale part in the last term is a true martingale thanks to (3.9)
and (3.29). Then for all 0 < e <1,

E [f7(X2,)] = f7(a)
+B [ {0uFL 0K + VK 00X + X, QU 02X )
- )
B ([ {0uFE 008 + IO LX) + X2, QU (X 2T (XE)} <y

In

=

# 8 ([ {006+ CWIOXE 0000 £ X0 + X, QUK )2 (XE)} 3z )

J'n.

€

It follows from the bound (3.29) that

t t
|2 < CE U {1+ (X277} 1{X:,u§a}d“} < CE{/ 1{X§,u§e}d“} =50
and by the dominated convergence theorem,

t
i i 72 = | [ {0, (XE0) + CDIXE w000 (X2

+ XTQWXE w2 fu(XE) Mpxs >O}du] _o.

Hence, by the dominated convergence theorem again, we have
E[p(XJ7)] = lim E[f'(X)] = lim fi(z) = fo(2),¥s <t,Vz >0

that is the Feynman-Kac characterization (3.25). The uniqueness follows and it only
suffices now to show that a such solution exists.
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Step 2 : Construction of a regular solution. A bound property for the second
derivative in x of a solution is difficult to obtain directly from the characterization in
equation (3.25) because the diffusion coefficient of the stochastic differential equation
(3.8) is not differentiable. Here we suggest another method. We start with the
equation that would be satisfied by the first derivative in x of the solution we are
aiming to construct. Let us then introduce the new system

595(x) + h(w, $)029(x) + 2Q[V)(z, 5)07gs () = ~0uC[V] (2, 5)gs(2), z > 0,5 € [0,1)

9)ums = ¢ sur Ry

s=t
(3.31)
where

h(z,s) = (v](x, s) + 0 (xQV])(z, ), V(s,z) € [0,¢] x Ry (3.32)

that is differentiable, Lipschitz continuous in z uniformly in s thanks to (A.1), (A.2)
in Assumption 3.1, and satisfies

h(0,s) = ¢[v](0, s) + Q[v](0,s) > 0,Vs € [0, t].
We also introduce the function defined by

62 (1) = Eay [¢/ (Vi)elt -0t iy > 0,5 < ¢ (3.33)

where
dY, = h(Yy,w)du + /2Y,Q[v] (Yu,u) dW,, , Yu < t. (3.34)

Equation (3.34) admits a unique weak solution for any deterministic non-negative
initial condition and initial time (see Lemma B.1 in Appendix B). It is shown in
the same appendix that there is strong existence, and then we can choose the right
continuous and completed canonical filtration of the given Brownian motion W that
we will denote (F}V )telo,7]- The notation E,  refers to the expectation conditionned
by the initial time s < ¢t and the initial condition Yy = = > 0. The function (x,s) —
g% (z) is well defined because ¢’ and 9,¢ are bounded thanks to (A.1) in Assumption
3.1. In addition, it is continuous on [0,t] x Ry and satisfies for all z,y > 0 and
s1,82 <1,

192, @) = 6%, < Cr (16'lloc + 16" loo) {Iz =yl + (1 +2) /2|51 = 522 + (1 + @)1 — 521 }
(3.35)

(see Lemma B.1 in Appendix B). We construct a classical solution for (3.31) by

restricting the problem on increasingly greater intervals over which it is uniformly

parabolic. Let us then introduce two monotonous sequences (€, )n, (M), of positive

real numbers that converge towards 0 and oo respectively, and satisfy g < mq. It

follows from the property (3.4) and (A.5) in Assumption 3.1 that

Vn €N, Ja, >0, Q[V](x,s) > an, Y(z,s) € [en, my] x [0,1].
For each n, we consider the restricted system
0s95(x) + (i, 8)0.9, (x) + 2Q[V])(x, $)9294 () = —0uC[V)(, 8)94(), (5,2) € [0,8) X (£ 11)
gs(x) = g2(x), (s,2) € 10,1) x {£n, M0}

g|s:t =¢' sur [en, M),

(3.36)
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that has Lipschitz continuous coefficients (see Lemma 3.1), and compatible con-
tinuous boundary and final values. It then admits a unique classical solution in
C([0,] X [en, my], R)YNCH2([0, 1) X (€, My ), R) thanks to [17], Theorem 3.6 p138, that
is characterized by the Feynman-Kac formula

g;‘(x) _ Ex,s {(b/(y;)efsf BEC[U](Ymu)dul{TTL:t}}"‘Em,s {gfn (Y‘rn)ef;n BEC[U](Yu,u)du1{7n<t}}

(3.37)
(see [17], Theorem 10, p147). The stopping time 7,, represents the minimum between
the final time ¢ and the hitting time of the boundary {e,,m,} by the stochastic
process (Y,,). Further, it follows from (3.33) that

E; s {gfn (YTn,)ef;n 61C[V]<Yu7u>dul{‘rn<t} }

=E,., {Ey . [gy(yt)ef:n 0o ¢ (Yuwydu] [T amc[uuyu,u)dul{%d}}

™

and thanks to the strong Markov property,
R vy
—E,., {Ew,s [(b'(yt)ef:n 0: ¢V (Yau)du| fm T 0u V] (Yu u)dug {TN}}
=E,, {(b'(Yt)ef: 6’”4[”](Y“’“)du1{m<t}} :

As 7, < t a.s, that implies with (3.37) that g" = g% on [0,t] X [e,,, m,]. As n becomes
larger and larger, we deduce that g® € C([0,t] x R, R) N CY2([0,¢) x (0,00),R) and
is a classical solution of (3.31). Furthermore, it follows from its definition that

192(@)] < [[¢' ool =120 (s, 2) € [0, 4] x Ry, (3.38)
and the inequality (3.35) implies that for all z > 0 and s € [0, t),

S (o) — g (a
st = g =20

y—x

< Cr (19l + 116" ll0) - (3.39)

Then let us introduce for a given 6 > 0 the function defined for all (s, z) € [0,t) x Ry
by

ey = o) + [ {10, 0)g2(0) + 0QU) (0,0, 9,(0) Y + / " g2(y)dy, (3.40)
that is in C%1([0,¢] x R, R) N C13([0,¢) x (0,00),R) and satisfies
0,f* = g* and f2, = ¢.
Then thanks to (3.38), (3.39) we have the bound
10220 ()| + 10222 ()] < Cr (16| + 16 [l00) . Vo > 0, Vs <t (3.41)

that corresponds to the condition (3.24) with some p > 0. The parameter 6 is chosen
positive to ensure that it is possible to swap the integral and time derivative symbols in

18



the last term of (3.40), given that we know nothing about ds¢¢ in the neighbourhood
of 0. Hence for all (s,z) € [0,¢) x (0,00),

0, 2% (@) = —{CV](0, )92 (6) + 0QI)(0, 5)019:(0)} + /asgs )dy
= _{C 959s 0) +0Q[v](0,5)0:g,(0 }_
/9 {h(y, $)0,92 (y) + yQV](y, $)02g2 (y) + 0,C[V](y, 5)92 (y) } dy

= —{C[V](0,5)g2(0) + 0Q[v](0, 5)Dugs(0) } — /; 9y {CVg? +yQyg”} (y, 5)dy
= —{(W(x,9)9¢ (x) + 2QV](x, 5)Dug? (x) } -

That implies that the function (s,z) — 9sf%?(z) can be continuously extended on
the straight line = 0 by setting

0sf7(0) = =C[V)(0,5)g2(0), Vs <, (3.42)
and then satisfies the bound
1010 (@)] < C (10 lloe + 19" l00) (1 + ), Y(s,2) € [0,8) x Ry (3.43)
thanks to (3.38), (3.39). In addition,

0o (@) + () (@, )00 £ (2) + 2QV)(w, )07 £ (@)L a0y = 0, Vs € [0,8), Vo 2 0

(3.44)
with the final condition fli’it = ¢ on R;. The function (s,z) — f%%(z) is then in
C([0,4] x Ry,R)NCH([0,¢) x Ry, R)NCL2([0,%) x (0,00),R) and is a solution of the
problem (3.23) that satisfies the bound (3.24). Hence the Step 1 here above holds and
the Feynman-Kac characterization (3.25) follows so that the solution is independant
of the choice of #. Let us now denote it by f¢(z), then

[f(@)] < [l » Y(s,2) € [0,] x Ry (3.45)
and the bound (3.26) follows thanks to the inequality (3.41). O
We now state the following result whose proof is similar to the one of Lemma 3.4.

Lemma 3.6. Let (z,7) — g(z,7) be afonctwn from R, x [0, R] to R that is Lipschitz

continuous in x uniformly in v, and v*,v* € C([0,T], (Mpr(R),w)) be two solutions
of (3.7), then

t
sup |g[v'](z,s) - g[v*](z, )| < C||9||Lz‘p/ [llva—villldu, vt € [0,T]. (3.46)
(z,8)ER4 x[0,t] 0

The uniqueness result can then be stated.

Theorem 3.3. Under Assumptions 2.1, 2.2 and 3.1, the system (2.18) admits a
unique solution in C([0,T], Mp(R4) x R,w ® |.|)) that satisfies

sup (v, 1+ ) < +00.
0<t<T
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Proof. The existence and the bound follow from Theorem 2.1. It then suffices to show
that the solution is unique. Let ¢ € CZ(R4,R) and (v, R'), (1%, R%) € C([0, T, (Mp(Ry)x
R,w ® |.|)) be two solutions of (2.18) such that supg<;<p (v} + 2,1+ ) < +00. We
denote by f(z) the solution of (3.23) in the previous theorem for v = v and the
final condition ¢. As in (3.28), we regularize this solution by setting

£ro@) = [ 52+ palwhdy, Vs, o) € 0.0) < Re
That allows us to approximate f?(x) and its derivatives by a sequence of functions

that are smooth enough. Let us recall that f™% € C([0,¢]xR4, R)NCH>°([0,¢) xRy, R)
for all n > 1. Tt follows from the bounds (3.26), (3.43) that for all z > 0, s < ¢,

|0 f2¢ ()| < /O 105 £ (x + y)lpa(y)dy < C (¢ + 1¢"]) (1 + ) (3.47)
and

|20 () |40 f200 () |[4+]02 17 ()] < /O {112+ 9+ 0.1z + 9)| + 102 £ (@ +y)|} puly)dy.
We deduce that
[f20 (@) + |0a 10 ()| + 102 £ ()] < Crl |8l (3.48)

Hence for each j = 1,2, we have
Wi 10 = (. fy ’¢>+/ / {0,120 (2) + ([ )(w, 8)0u £ () + 2 Qv )(w, )03 f1¢ () } v] (dar)ds
o Jo

tooyjms P (x) — d(z) f? ()Y v (dx)ds
s [T 1w — ) 5100} i,

which implies that

Wl - o 1) = // [0,124(@) + (1) (e, 9)02 £9(2) + 2QI ()02 12 (@)} (v} — v2)(de)ds
# [T A 9054w + QU QAN o))} w2
# [ b e G - s ) (o )i
[ - 1) gt s

In addition, the operator G is an endomorphism of (CZ(R4,R),| - ||). Indeed, it is
obviously linear and satisfies for all f € CZ(Ry,R)

—|—2/fax

f()+2/0 of (ax)in(da)

[GLf1lloc = sup |— )| <3l Moo
x>0

102G f]lloc = sup <2/ |,
x>0

1
182G f]loe = sup | — () + 2 / o2 1" (axym(der)| < Al f]loor
x>0 0
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with .
k=1+ 2/ o*m(da).
0

Then

IGIIIN < B+ w)II£Il, VF € CF (R4, R). (3.49)
We deduce that for each s < t and n > 1, the function Ry > =+ b[v?](x, 8)G[f™?](z)—
d(z)f™%(z) is in CZ(R4,R) and satisfies

16[%](-, )1 = d() f2 Nl = D] )G = dC) f2% oo
+ 110 (0], )G L] = d() 1) oo
+ 103 (b[v2)(, $)GLf4) = d() f9) oo
< Blloo IG1F2 Moo + lldlloo [Lf2 oo + 102bll0 IGLf2]lloo
+[1blloc 102G £ Nlloo + 10wl o 1 3 lloo + ldlloollOz £l
+[020ll0 IGLf2Vlloo + 201020110 102G 1 lloc + 1Blloo 105G LF2 o
02l oc Il oo + 20102blloc 10237 lloo + lldllc 1023 oo
< Ol 2.
Thanks to the uniform bound (3.48), we obtain
16[?)(-, )G f9] — d(@) f-¢|| < Crl|], Vs € [0,2).
It follows that

i // (0L24(0) + Gl )02 (0) +0QI ()22 0)} (0} — 2 ) ds
# [T - A 904w + QU] — QU)o w2

T Crllel / It — v2|[|ds + / / T 0] = B} ()L ()2 () ds.

By the dominated convergence theorem that can be applied because of the uniform
bounds (3.47), (3.48), and thanks to the equation (3.44), we obtain as n — oo

_2.4) < / / [« D, )00 12 (x) + Q] - QW])(w, 8)202 2 (2)1 ooy } 12 (d)ds

+ Crllel / It — v2|llds + / / () — b2} (2 5)G 1) () (da)ds.

(3.50)
We deduce from this inequality, the bound (3.26) and Lemma 3.6, that

t
W =20} < Caloll |1+ sup h 4021 40)] [ I = 2illas vt e 0,71
0<s<T 0
and then
t
vt =21 < Cr |14 sup (uh+o2140)] [k =2l

By the Gronwall lemma, we finally obtain v} = v? for all ¢ € [0, T]. We conclude that
(', RY) = (12, R?). O
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4 Existence of a function solution

In this section, we use the mild formulation (3.12) to show that under suitable as-
sumptions the solution of the decoupled equation (3.7) admits a density with respect
to the Lebesgue measure. This density will then be the solution of (1.1) in the weak
sense given by (2.18). We first make the following general assumptions.

Assumption 4.1.
(A.1) There exists ¢ > 0 such that Q(x,r),¢(z,r) > ¢ for all (x,r) € Ry x (0, R].
(A.2) Q(z,r) is bounded, positive for all (z,r) € (0,00) x (0, R] and
1Q(x,7) — Q(z,r")| < C(1 4 z*)|r — |, Yz > 0,Vr, " € (0, R]
with C,k >0 and 8 € (0,1].

(A.3) ((z,7),Q(x,7) € C(Ry x (0, R],R) are Lipschitz continuous in x € Ry, uni-
formly in r € (0, R].

We easily verify that the above assumption (A.2) implies that the decoupled function
Q|v] satisfies the same Holder property in its time variable. Indeed, it follows from
(3.1) that for all z > 0 and s,t € [0, T],

QW)(z,1)=Q](z, 5)] = |Q(, R))=Q(x, Rs)| < C(1+a*)|R,—R;|” < C(1+a")[t—s".
For the sake of simplicity, we introduce the function

Gi(y) = VyQl(y,t), V(y,t) € Ry x 0,77 (4.1)
that will be important in the sequel. We have the preliminary result

Proposition 4.1. Under Assumption 4.1, there exists a unique non negative function
py(w,y) defined for all (t,z,y) € [0,T] x Ry x Ry and s < t, such that for all test
functions ¢ € Cp(R4,R),

PV, blx) = / T (wy)oly)dy. (4.2)

In addition, if we set
m — 3a
2m/a

Cak =V (4-3)

(k V1)
2

1
and Ne,gm =B A 3 A

for any 0 < a <1 and m > 3a, then the function
y = 67" (Y)ps (. y)

2m
is, for any (x,t) € Ry x (0,7] and s < t, in the Besov space Bngana’B’m(Rj)
(defined in Appendiz C) and satisfies the bound

sup ||67"p% (.|| <C (1 + acc‘"’“+m/2> , Va > 0. (4.4)

2m n
s<t<T BT EIa A (R
Proof. Basically, the left term in (4.2) is defined by
P!, p(x) =E[p(XZ,)] V& >0,Y0<s <t <T.

s,t—s
The proof then consists in showing that the random variable X7, for fixed z > 0
and 0 < s < t < T admits a density with respect to the Lebesgue measure. As the
diffusion coeflicient in equation (3.8) is degenerate at x = 0, we will first verify that
there is no atom at this point and secondly show that there is a density on the open
set R .
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Step 1 : No atom on the boundary {0}. Let us first notice that for all x > 0

and 0 < s < T, it follows from the comparison theorem that X?, < X7, a.s for all

t € (s,T]. It then suffices to show that X7, does not have an atom at {0}.
Let us introduce for h > 0 the convex continuous and decreasing function

wio=(1-3)..

Then as h — 0, the sequence (xn)n>0 converges toward 1¢,—¢y. In addition, we have

1
SLo.n/21 < Xh < pon on Ry (4.5)

and the function defined for fixed ¢ € (0, 7] by
up(z,5) = Eo s [xn(XZ,)] V(z,5) € RY % [0,1] (4.6)
is a classical solution of the partial differential equation
dsup, + C[V](x, 8)Opun + 2Q[V)(z, 8)02up, = 0 on R x [0,1). (4.7
Our aim is to show that P(X?, = 0) = limj, o up(0,s) = 0 for all s € [0,¢]. For that
purpose, let us first notice that the function uy, is convex since its initial condition yp
is also convex (see [22]). It follows thanks to (A.1) in Assumption 4.1 that
dsup, + C[V](x, 8)Opup + cxd2iup < 0 on RY x [0,1). (4.8)
It follows from the Maximum principle that u, < 4, where
n(w,s) = E [xn (Y]

with
dY: = ([v](Yy, t)dt + \/2c Yy dWs.

The function @y, is, indeed, a classical solution of the partial differential equation
Dstip, + C(z,8)0pup + cxdruy, = 0, on R x [0,1)

with the same terminal condition y. Further, thanks to (A.1) in Assumption 4.1, it
follows from the comparison theorem for stochastic differential equations that Y7, >
Z3 4 a.s, where

dZt = th + vV 22 Zt th (49)

Since xj, is decreasing we obtain
ap(z,s) < ap(z,s) :=E [xh(th)] ,

and thanks to (4.5),
1 -
iFft(h/Q) <up(z,s) < ap(z,s) < S””t(h) (4.10)

where FY, and Fgft = F? , are the cumulative distribution functions of the random
variables X7, and Z7, respectively. Further it directly follows from the autosimilarity
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property of the Brownian motion and the uniqueness in law of the solution of (4.9)
given the initial condition, that

ch/cc = Z} in law, Ve > 0,Vt,z € Ry.
We deduce that specifically for z = 0,
F(y) = F})(y/e), ¥,y > 0,¥c > 0
and then there exists a function G : Ry — R such that
F2(y) = G(y/t),Yy > 0,Vt > 0. (4.11)
Since F° is a weak solution of
{ Y — 0y (Yo, FY) + cOy FY =0
(F2(y))je=0 = 1,Vy > 0,
we consider the time changing Fy(y) = F}/.(y) and G(y) = G(cy), then we have
8tFt - 8y(y8yF’t) + 3yFt =0
with the same initial condition as (4.12). One deduce with (4.11), that
—yG'(y) + G'(y) — (¥G'(y)) =0

whose general solution is given by

(4.12)

G(y) = a1 +aze ¥,Yy > 0

with a1, az € R. Coming back to the cumulative distribution function of Z, we get

F(y)=G (cyt) oo + az. (4.13)

Since (Z9)ie[s,r] is a non-negative semi-martingale with a zero local time at 0 (see
Lemma B.1, Appendix B), it follows from the Tanaka formula that

t t t
1
/ 1{23:0}d23 = / 1{22:0}d(22)+ = / 1{23:0} (1{Z3>0}d23 + ZdLg(ZO)) =0,
0 0 0
and then . .
0 :/ 1(z9-0) {gdu+ V2c 20 qu} :g/ 1(z9—0ydu.
0 0

We deduce by taking the expectation, that
t
/ P(Z) =0)du =0, Vt € (s,T].
0

Noticing that P(Z% = 0) = F2(0), we conclude that a; + ay = 0 in (4.13). It follows
thanks to (4.10) that
P(X?, =0) = lim F?,(h/2) <2lim F_ (k) =0, Vt € (s,T).
’ h—0 7’ h—0
Then for all test function ¢ € Cp(R4,R),
E[6(X2,)] = 6(0) P[XE, = 0] +E [6(XZ)1(xz 50y
=0

and then it suffices to show that the random variable X, has a density with respect
to the Lebesgue measure on R* , to conclude that it has a density on R .
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Step 2 : Existence of a density on R}. We adapt the proof developed by Romito
[28], Proposition 3.1 in the case of non homogeneous and non bounded coefficients.
It consists in showing the sufficient condition given in Lemma C.4 (see Appendix
C) with a suitable function. For that purpose, we introduce for a given initial time
s €[0,T), a fixed time t € (s,T] and 0 < € < ¢t — s, the non negative function

Ut—e,t(y) = \/Z /t— Q[V](yvu) du,Vy >0 (4.14)

that satisfy with &; defined in (4.1) the two following properties :

(P1) : &4(y) + or—ce(y) < Cy'/?, ¥y > 0,
(P2) : [54(2) = Gu(y)| + |or—cp(2) = Tr—ca(y)] < C(L+2'2) |z — y|'/* Var,y > 0.
(4.15)
Let m > 1,0 < a < 1 and h € [—1,1], our aim is to show that the inequality (C.7)

holds for the random variable X7, with the function y — &;"(y). Indeed, for any
(b € (gba (R)7

E[5;n(X§,t) ¢X§t]: Hat st — O0y— stX;Et }A ¢X§t)]

i ) (4.16)
+E [Utfs,t(Xs,t) h (b(Xs,t)} .
Thanks to (A.2) in Assumption 4.1, we obtain
07" (X50) = 0t (XS )| S 100(X3 1) — 01—t (X54)| Z |0t et (X5 )P0 (X5 )"

IA

C(\/X:t/t XSt t) — QV)(X st U ’du) X:,t)%
‘ (\/ S “)ﬂd“> (14 (x50 (x50 %

< C (14 (X2)"2) (x2,) %502,

IN

It follows from the moment property (3.9) and the property 1. of Lemma C.1 (see
Appendix C) that the first term in the right side of (4.16) satisfies

m+k:

E[{67"(X7,) — o ((XI)}ARS(XE)] < C(1+ 277 ) |1 || 6llgp@e™?. (4.17)

In order to get a good control on the second term of the same equation, we introduce
the following new process

Xeu ifu<t—e,

Yu € [s, 1], Yol = N u _
Xei E+/ \/2th sQ[V](X;”,t_s,u)dVVu ifu>t—e.
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This process is continuous and Gaussian on the interval (t—¢, t] when it is conditioned
by X7 .. Then,

E [Uﬁa,t(xzt) ZIQS(X:,Q] =E [{Uﬁe t(th) - Uﬁe t(Xft 5)} AR (Xft)}
+ E [Uﬁa t(Xezt :) {Améb(Xft) - ;ln(b(yf,tz)}]

+ E [Uﬁs t( s t E)Am¢(ysstx)] .
(4.18)
It now suffices to show that each term of this decomposition can be well controled. For
the first one, it follows from (4.15) and the property 1. of Lemma C.1 (see Appendix
C) that

E [{O—yie,t(X;E,t) - Jﬁs (X5 t s }A é( X;Ct)}
< C|h‘a||¢||<€f(R)E Haﬁa,t(‘x;t) - Uﬁa,t(Xit—s)H

< O ¢llge®E | |ot—et(XE,) = 01— a(XZ,_0)] Z |0t t (X )P [or—e (X5, )™ 71

I m—1
< Ol llge @B ||ot—ct(XE,) — 01— t(XE,0)| sup (X;E,u)2:|

0<u<t

< Clh|* |19l ¢ ®)E

X2, = X2V sup (14 (X2, )"‘)}

0<u<t

Thanks to the Cauchy-Schwartz inequality and the moment property (3.9),
E [{Uﬁs,t(Xg,t) - O-t"ia t( s,t—e }Am¢ X;ct)]

1/2
< Ol 8llrmE [| X7, — X7, J]“"’E[sup (1+<X§,u>m)}

0<u<t

< C(1+2™) B¢ ]lwp @) E [| X2, — X7, ]2

s,t—e

In addition, for all s <t —¢ <r <t,

/ QX w Y,

Then, thanks to the Burkholder-Davis-Gundy inequality and the moment property

(39).
([ 2xomixe., )du)WH

< C{eE [ sup (1 +X§7u)} +e/2R { sup (X;M)I/Z]}

s<u<t s<u<t

Xz -z < [ KO0l su
t—e

t—e<r'<r

s<u<t

E[|XZ, — X2, .|] gc{aE [ sup (1+X§7u)} +E

<C(1+ w)sl/z.
(4.19)
That implies for the first term in the right side of (4.18) that

E [{o7. (XZ,) = o (X2 )} ARd(XE)] < C(1+ ") %]l ™.

(4.20)
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The second one satisfies, thanks to (P1) in (4.15), the property 2. of Lemma C.1 (see
Appendix C), the Holder inequality and the moment property (3.9),

E o7 (X5, ) {AT (X)) — ATo(YS) ]

< CllollepmE || X2, - V7| sup (X:,m/ﬂ

s<u<t
11—«
< Clolz e 165, V25|18 [ sup (65,020
C(1+xm/2)||¢H<ga(R)E[|X YsEtIH
On the other hand,

t
X2, - Ve < / (KT )| du
—€

/ttls [\/QX‘ZE”‘Q[ Su’ \/2Xst € smt € )} dw,

and thanks to the Burkholder-Davis-Gundy, the Holder inequalities and (3.9),

+  sup
t—e<t'<t

9

B (|2 - Vi) < 0o | sup (14 X,)]

s<u<t
(/t
€

2 1/2
\/2X5E,uQ[ su’ \/QXst € et s’u)‘ du) ‘|

r " 1/2
SC’eE{sup (1+X§7u)]+C’E sup (1+X§7U)1/2 (/t |X§u Xoio E|du> ]

s<u<t s<u<t

- 1/2 ¢ 1/2
< CeE [ sup (1 +X§,u)] +CE | sup (1 —&—X&)} E [/ | X7, — X2, E’du}
t—e

s<u<t Ls<u<t

ot 1/2
SC’(1+:U1/2){(1+$1/2)5+E / | X7, — X2, E’du} }
L/t—e

The last term in the right side is well controled thanks to (4.19), so that

t t
E [/ | X2, — X2, E‘du} :/ E[|XZ, - X% _.|]du < C(1+2)e%?,
t—e ' t—e '
that implies for the second term in the decomposition (4.18) that

E[of". (XS, ) {ATo(XE,) — Afo(Yo) ] < C(1+ $a+m/2)||¢|<gy(m)€3a(/4- |

4.21

Finally, by conditioning by Xj _, the third and last term of that decomposition
satisfies

E [0 (X7, ATV )]
[ oz aape (xi+ [ X Qi aw)|
_E {E oty (v+ [ va@uuaan.)| |_X}
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The expression inside the second expectation is zero if y = 0, and for y > 0 it satisfies

| VEQbT i, ~ N (0.220% . (0).

Thanks to properties 3. and 4. of Lemma C.1 (see Appendix C), that implies

t —+oo

ot oars (v [ VERUGan. )| = et [ apet ) gt
+oo

=oiteiy) [ oyt 2) ATyg Y (2)dz

<o WAl g 10795 | 1
where )
P S -
204 1(y)/me 450t—s,t(y)
Further,
C
am g,y < m
|| z Ot ||L1 = Em/ga_?ia’t(y)
(see Lemma D.1 in Appendix D), and then
¢
E |:017tns,t(y) ho <y+/ \/2yQ[V](y,u)qu)] < Conl W™l g mye ™™
The following control on the third term of the decomposition (4.18) follows :
E o] o (X2 )AL < Clh™ [ lleg mye™™ 2. (4.22)

Mixing (4.20), (4.21) and (4.22), it follows from the decomposition (4.18) that
E [Utnia,t(X:,t) zn(ﬁ(X;t)} < C||¢chu(R) |:|h|0‘51/4 + 5304/4 + ‘h|m€—m/2j| 7
and then with (4.17), we obtain

E [67" (X1 )AT$(X1,)]

m—+41 m+k
2

<SCA4at 2 42" +277 ) |gller @ [|h|a8%(’8/\%) 4 gle/4 4 |h\m€_m/2} .

We choose for h # 0

2m
m+3a/2

|h
1+|h|#nclx/2

€10,t — s|.

28



Then since |h| < 1, we get with (4.3)
E o7 (X7 )AR (X))

e 2O
< O(1 4%+ ™2) |1 gl g ry |1° ((t - S)2>
1+ |h mt30/2

_2m _ 3a/4 2m —m/2
|h|m+3a/2 m |h|m+3a/2
+ | (t—s)———=— +IA™ = 8)
1+ |h|m+3a/2 1+ ‘h|m+3a/2

< C(L+ 2% ") |9l p gy [<t — 5)30ND) ||t BR DT

3 /4 3o 2m 2 m/2 m—m 2m
Jr(t . 3) o |h| 4 mt3a/2 4 ; ‘h| 2 m+3a/2
— S

< O+ 2%t | dllgpay || HOND TS 4 b g e

< O(1+ zoxtm/2)||p

2o (R {|h|0‘+(5/\ )27n+301 + |h|2m+3a:|
< C(1+ 2o+ H2) | pllgo my [[B*H O T o ||+ Fi |
It follows with (4.3) that for m > 3a,

~m T m z c m at 5210 8m
E[67 (X2 )ARNG(XZ,)] < C(1+ 2+ +2)||§|logp gy | p|*F 7t5aTers. (4.23)

and for m > 3a, we have

a< o+ < m.

2m
2m + 3« lex,,m.

We deduce from Lemma C.4 (see Appendix C) and hypothesis (A.2) in Assumption
4.1 that the random variable X7, admits a density with respect to the Lebesgue
measure on R} . In addition, if we denote by y — p t(a? y) its density, then the

function y + &;"(y)ps,(x,y) is in the Besov space BQ’””“% 7™ (R%) and, as the
right term in (4.23) is uniform in time and ¢, > 0, it satlsﬁes the bound (4.4). O

This result shows that despite the degenerescence of the diffusion coefficient in (3.8),
the law of the solution of this equation is regularized. This property is very important
because it induces a regularization of the measure 1, as we will show in the following
result.

Theorem 4.1. Under the assumptions of Theorems 3.1 or 3.3, and Assumption /.1,
the measure vy admits a density x — us(x) with respect to the Lebesgue measure for
each t > 0. In addition, the couple (u, R) is characterized by the mild system

vt € (0,T],Vz > 0,

s () = (o, Pl (- / / Ol (- ) (&) — d(a Yot (o )] sl da'ds

Ry =Ry + /Ot {D(rm - Ry) — )\/O b(z’ ,Rs)us(x')dx’} ds
(4.24)
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and is the unique solution of (1.1) in L>°((0,T],LY(Ry, (1 +z)dz) x R), in the sense
given by (2.18) for the initial condition (vo, Rp).
Furthermore, if k € [0,2) and there exist 0 < a < 1 and m > 3« such that

Cak +m/2 <1, (4.25)

2m
~m o0 mt3a o, B,m *
then we have 6™u € 1L ((O7T]7nyoo+3 7 (R+)).

The notation p* in the above mild system (4.24) refers to the density p” defined in
Proposition 4.1.

Proof of Theorem 4.1. For a given non negative function ¢ € Cp(R4,Ry) it follows
from the mild formulation that

(s ) = / h / " o)ty y)dyvo(de)

+ /O t /0 h {b[y](:c,S) { /O " S (o, y)dy + 2 /01 /Ooo ¢(y)p5¢(w’y)dm(da)}

—d) [ ¢<y>p:,t<x,y>dy}us<dx>ds

0
</ h ( / " e ywolde) + 26 / t / N / o, y)m(da)uswx)ds) o(y)dy
)

HY (y

In addition, the function y + HY(y) is non negative and belongs to IL'(R, ). Indeed,

/ HY (y)dy = / / 25 (. y)dy vo(da)
0 0 0

t e’} 1 [e%s)
—|—21_)// // py (o, y)dy m(da)v,(dz)ds
o Jo Jo Jo ’
t

= (vp, 1) + 26/ (vs, 1)ds < +00.
0

We deduce that for all ¢ > 0, the measure v, is absolutely continuous with respect

to the Lebesgue measure. We denote by w; its density, then Theorems 3.1 and 3.3

imply that u € L>=°((0, T],L*(Ry, (14 a)dz)). The notation p* therefore makes sense.

The mild system (4.24) directly follows from the mild formulation (3.12) and the
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representation (4.2). Indeed, for all non negative functions ¢ € C,(R4,R) and ¢ > 0,

/O°° u(z)g(z)dv = /O ) /O ) o(y)po.« (2, y)dyvo(dz)
+/Ot/ooo {b(x,Rs) { /OOO o(y)ps (2, y)dy + 2/01 /Ooo ¢(y)pi‘,t(a:z:,y)dym(da)]

0 [ oty puu ) dads
[ ([ shetemtan)) oma

e[ ot ra [atem 2 [t e gimao)]
~det (o) s )dods ) o).
We obtain the mild system (4.24), that implies for all (x,t) € R% x (0,T], that
77" (@)ue(@) = (vo, 67" (2)pg. (- 7))
i /0 /0 [b(a", Rs)G[o7" (2)ps o (-, 2))(2') — d(2")o7" (2)ps o (2, 2)] ws(2)da' ds.

Then, it follows from Lemma C.2 that
o0
. } / /
IIJ?utIIBQg%W,m(Ri) < /0 |67 ps (x ,.)HB%WM(RD vo(da)
t o]
! ~m,u !
+ /0 /0 {b(x 7Rs) |: HUt ps,t(x ) )Hgmf%naﬁym (®%)
= ’
+ 2/ HUtmpqstt 'z, HB%W“BV’"(Ri) m(da )]
! / !/

+ d(z HJt paq(z )HB#‘%“%’&’"(RQ }us(x Yda'ds.

Thanks to (4.4), this implies that for o €]0, 1] and m > 3«

e}
</ (1—|—xc“”“+m/2)1/0(dm)
0

E?ET ”5?%”32,3%0 e, B,m (R*) —
S +
T 00
+ C'/ / (1+ xC“»’ﬂ+m/2)us(a:)da:ds.
o Jo

The right term in this inequality is finite if (4.25) holds. Furthermore it suffices to
replace v; by us(z)dz for all t > 0 in the limiting problem (2.18) to get u as the unique
weak function solution of (1.1). O
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Appendix
A  Proof of Theorem 2.1

A.1 Step 1 : Control of tails

Since the individual trait is unbounded, we need to get a control on the measure
valued process tails. We then have the following lemma that is adapted from [21].

Lemma A.1. Let T > 0, if a subsequence of { (VtK)t>0 K > 1} converges in law in
the Skorohod space D([0, T, (Mp(Ry),v)) then its limit (v¢)ieo,1) Satisfies

E{ sup [<ut,1>”9+ <yt,x>” < . (A1)

0<t<T

In addition, there exists a decreasing sequence of inscreasing functions (fn)n>1 C
CZ(R4,R) such that f, =0 on [0,n — 1] and f, =1 on [n,00), which satisfies

lim limsupE{ sup <utK7fn>} =0. (A.2)

N0 Koyoo 0<t<T

Proof of Lemma A.1. In order to show (A.l), we approximate the functions z +— 1
and x — x by an increasing sequence of continuous and compact supported functions
in order to use the convergence assumption for the vague topology. We then introduce
the uniformly bounded sequence of continuous functions defined for n € N* by

1 fo<z<n-—1,
pn(x)=¢ n—ax ifn—-1<z<n,
0 if x > n.

that converges increasingly pointwise towards the constant function z +— 1. It follows
from the Fatou lemma that holds thanks to the convergence of the sequence of measure
valued process for the vague topology, that we have for all n € N

B{ sup 0000+ o) | < tmintE{ sup [0, + (v 00)] |

0<t<T —00 0<t<T

o 1+
< I}ggofE {ozltlgT |:<VtK’ 1> ¢4 <1/tK,x>} } .
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As n — oo in this inequality, we obtain by monotony

E {02% [l 1) + <yt,m>]} < supE {0% [ 1) @5,@]} < c0.

In order to show (A.2), we approximate the indicator of the outside of the integers
limited compacts by a non-increasing and uniformly bounded sequence of regular
fonctions, in order to control the tails of the distributions {Z¥, K > 1}. Let us
introduce the sequence (f,), such that fo = 1, and for each n > 1 the function f,
is null on the interval [0,n — 1] and identically equal to 1 on [n,00). The restriction
of f, on [n — 1,n] is constructed so that the function f,, is non-decreasing and twice
differentiable with its derivatives uniformly bounded. One can for exemple consider
the polynomial w(zr) = x3(62% — 15z + 10) and set

fal@)=w(OV(z—n+1)Al), Vn>1 (A.3)

which are indeed in C?(Ry,R) with uniformly bounded derivatives. It then follows
that for all s <t < T

WL 1) < (S, f) + MKM// [C(, RI) £ () + 2Qar, RE) £/ ()} v (

// { b(x, RE) / [fn(Oéx)—|—fn((1—o¢)x)]m(da)}V{L((dx)du

S
§<u§<,fn>+A¥’f”+B/o e dUJrogup | M T

where

AKfn . C/ 1 +x (8 fn+ |a7mfn|)>

The sequence (AT’f ")k>1 is uniformly integrable according to K and converges in

law towards the random variable CfOT Wy, 1+ )0z fr, + |Oxz fn])) du as K — oo
because the function = +— (1 4+ 2)(0yfr + |Oszfnl|)(z) is continuous with compact
support. We have

IE{ sup <I/§,fn>}<E{<l/o ,fn>+A I 4 sup |MKf"|}+b/ { sup <V5,fn>}d8
0<s<t 0<u<T 0<u<s
that induces thanks to Gronwall’s lemma that

E{ sup <V§,fn>} g]E{(ué(,fn>+A¥*f"+ sup |M§’f"|}ebt

0<s<t 0<u<T

As K — o0, it follows from (2.15) and the Doob inequality that the right term with the
martingale converges towards 0. In addition the remaining terms in the expectation
are uniformly integrable and converge in law, then

lim limsupE{ sup <I/5K,fn>}
n—=X K 00 0<s<T
_ T
< lim E {%,fn) + C/ (Vu, (1 + 2) (0. fn + 02z ful)) dU} =0.
0

n—roo

O
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A.2 Step 2 : Tightness

Given the above Lemma A.1, the tightness of the sequence of laws {ZK = L(WE RF), K > 1}
follows. It is adapted from [2], Theorem 7.4.

Proposition A.1. The sequence of laws {ZK =L(WE RE) K > 1} is tight in the
space of probability measures P(D([0,T], Mp(Ry) x Ryw®|.]))) for all T > 0.

Proof. Let us first endow the measure space Mp(Ry) with its vague topology and
prove the tightness property for the sequence {ZK =L (Z/K, RK) K > 1}. By notic-
ing that C2(R;,R) is a dense subspace of Co(R4,R) for the topology of uniform
convergence on compact sets, it suffices according to [27] to show that for each test

function f € C2(R,R) the sequence of processes {(<VtK, Y RE) oy K > 1} is tight
in the Skorohod space D([0, T], R?). First, remember that we have the decomposition

W fy = W ) + VS M

and thanks to (2.15),

K—oo

It then directly follows from Doob’s inequality that the sequence of martingales
{M KIK > 1} converges in L2 toward 0 locally uniformly in time. This sequence
is then tight in the Skorohod space D([0,T],R), and all we need to prove now is the
tightness of the other sequences {V*/ K > 1} and {R¥, K > 1}. For that purpose,
we use the Aldous criterion (see [1]), that consists in showing the uniform controls

(a) supE { sup VtK’f” < 00,

K 0<t<T

(b) sup]E{ sup |RtK|} < 00
K lo<i<T

and showing that the Aldous condition holds for (RX, V7 )t>0. The assertions (a)
and (b) are immediate. Indeed,

RE<rVRy=R,¥t>0
and thanks to the boundedness of the test function,

sup V4] < 0y sup [(f,1) + 1<)
0<t<T 0<t<T

Let us now consider € > 0 and a stopping time 7 that satisfies 7 + ¢ < T, then

B(rE. - RED <k ([ as)

<e {D(rm + R) + \bE ( sup (v, 1>>} )

0<t<T

T+€

D(rim — RX) — A / bz, RE )W (dz)
0

By a similar computation, we obtain

B(

Vfi’sf - VTK’fD < CeE [ sup (v, 1+ x>} ,
0<t<T
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that implies the Aldous condition thanks to Lemma 2.1. The sequence of law (Z%)  is
then tight and by the Prokhorov’s theorem one can extract from each sub-sequence,
a sub-sub-sequence that converges in P(D([0,7T], ( Mp(Ry) x R,v ® |.]))). Let us
denote by Z a limit value of this sequence, and for simplicity of the notation, (Z%)x
a sub-sequence that converges towards Z. For each K > 1 we have

sup sup ’<VtK,f> - <ytli,f>’ <1/K. (A.4)
0<s<T fEL®(Ry), | flleo <1

We then deduce from the continuity of the mapping p — supg<,<q [{te, f) — {(pe—, )|
for f € C.(€ xRy, R), that the limiting law Z only charges the set C([0, T, (M (R)x
R,v®].|)). We are aiming to prove the same result for the weak topology on Mp(R.)
and this is where the sequence of functions introduced in Lemma A.1 is usefull.

Let us denote by (v, R) a process of law Z, then according to the above argument
its trajectories are in the space C([0,T], (Mp(Ry) x R,v®|.])). As in [21], it follows
from the Fatou lemma that for n,l € N,

E| sup (w,(1— fl)fn)] <liminfE [ sup <VtK,(1 — fl)fn>} <limsupE { sup <ytK,fn>} .

0<t<T K—oo 0<t<T K—o00 0<t<T

As | — oo it follows from Beppo-Levi’s theorem applied to the left term, that

E [ sup <l/t,fn>:| <limsupE { sup <1/tK,fn>]
0<t<T K—o00 0<t<T

and then by the Lemma A.1,

lim E { sup <1/t,fn>} < lim limsupE { sup <1/tK,fn>} =0
n—=oo | 0<t<T n—oo [0 0<t<T

One can therefore extract a sub-sequence (SUP0§t§T<Vta fre)) ,, that converges almost
surely towards 0, and then the limit law Z only charges the set C([0, T], (M p(R4) x
R,w ® |.|)). We deduce that the convergence of {Z¥ K > 1} towards Z for the
weak topology on Mpg(Ry) holds if the sequence of total masses {<1/K, 1> K > 1}
converges in law towards (v, 1) in the Skorohod space D([0, T], R) (see [23]). So let us
consider a Lipschitz continuous function ® : D([0,T],R) — R, and n € N.

E[2 (1) =@ ()] < E[@ (5, 1)) =@ (( 1= fa))]
+ B[ (1= fu) =@ (1 = fu)]]
+E® (1= fn)) — 2 (v, 1))l

§C¢E{ sup (i, fn) + sup <Vtafn>}
0<t<T 0<t<T

+E[@ (R 1= fa)) = @ (11— fu))]]

The function 1 — f, being continuous with a compact support and the sequence
{vE,K > 1} converging in law toward the limit process v in D([0, 7], (Mp(R,) x
R,v®[.])), we have

lim [E[®((v", 1= fu)) =@ ((v,1— fu))]|=0.

K—oo
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It follows that for all n € N,
limsup |E [® (W™, 1)) =@ ((r,1))] |

K—oo
< Cs {limsupE{ sup <VtK,fn>} +E{ sup <Vt7fn>}] .

K00 0<t<T 0<t<T

Thanks to Lemma A.1, that implies that as n — oo in the right term,

liiznjllop |E [® (WS, 1)) — @ ((v, )] =o.

The sub-sequence {((vf<,1))se(0.7], K > 1} then converges in law towards the process
((v¢:1))sejo,), and then the subsequence (Z5)g converges towards Z in the space
of probability distributions P(D([0,T], ( Mp(R+) x R,w & |.|))). That is enough to
conclude that our initial sequence of laws is tight. O

A.3 Step 3 : Identification of a limiting process

We are here interested in the characterization of a process (v¢, Ry)¢cjo,7) whose law is
a limiting value of the sequence {Z%, K > 1}. Given the operator defined in (2.17),
we have the following result

Proposition A.2. Let us denote by Z a limiting value of the sequence of distributions
{ZK K > 1}. Then a process (v, R) of law Z satisfies (2.18).

Proof. First and foremost, let f € C2(R4,R) be a test function and ¢ € [0, 7] a fixed
time. We introduce the following real-valued functions defined for (p,7) in the subset
of C([0,T], Mp(R4) x R,w ® |.|)) constitued of processes that satisfy |r| < R

& () = (s, £) — (pos f) — / /°° {C(, ) [ () + 2Q(z,m5) f" ()} ps (dz)ds
0 Jo
~ /0 /0 [b(z, r)G11(@) — d(x) () }us(dr)ds

Sy (p,r) =1 — 10 — / {D(rm —Ts) — )\/OOO b(aars),us(dx)} ds.

0

We are aiming to show that
2
E Ucp{(y, R)‘ + (@, (v, R)@ —0. (A.5)

For this purpose, we first note that the function ®; defined as above is continuous
and
o, (v, RF) =0.
It then follows by the Fatou lemma that
E|®; (v, R)| < liminf E |®, (v, R¥)| =0.
K—oo
Futhermore, the terms in the integrals in the expression of the function q){ are con-

tinuous and bounded, then this function is continuous. In addition, it follows from
the decomposition (2.12) that

of (v, R¥) = M/
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and then thanks to the Fatou lemma and Doob’s inequality,
2 2
E {((I)t (V,R)) ] < lgn_glofE [(@t (1/ R )) ]

o 2 o
<tmint % | sup (V| < Clmint 8 (7))

0<s<t
We now deduce from (2.15) that
2 C
E {(cptf (v, R)) ] < liminf —E { sup (v, 1 +x>] —0. (A.6)
K—o0 0<t<T

Let us now consider f € CZ(R4,R) and the (f,), defined in (A.3) that is, with the
sequence of its derivatives of first and second order, uniformly bounded. We deduce
from (A.6) and (A.1) that a.s,

&/ (v,R) = lim & " (, R)=0.

n— oo

B Some properties of a specific SDE
Let us introduce two continuous functions h(z,s),q(z,s) € C(Ry x [0,T],R) that
satisfy the following assumption.
Assumption B.1.

(A.1) Boundary condition : for all s < [0,T],

h(0,s) > 0.
(A.2) Lipschitz condition : for all x,y > 0 and s € [0,T),
\h(x,5) = h(y, s)| + la(z, ) — q(y, s)| < Clz —yl.
(A.3) Bound property : for all x > 0 and s € [0,T],
0 <g(z,s)<q.

Then we have the following results

Lemma B.1. There is weak existence and uniqueness, and strong existence for the
stochastic differential equation

dZy, = W Zy,w)du + \/22,q(Zy, w)dWy,Yu < T. (B.1)

The solution (Z7 ,)ue(s,T) that starts at time s < T at the position x > 0, has a zero
local time at 0, is almost surely non negative at any time and satifies the moment
estimate

]E{ sup (Z;ﬁu)”} < Cpr(1+2P), Vp > 0. (B.2)

s<u<T
In addition, for all x1,z5 > 0 and s1,s2 < T, we have for allu <T

E (|25, — Zi2.]) < Cr {|x1 — wo| + (14 @1+ @) |s1 — s2| + [1+ 21 + 22|51 — 52|1/2} ’
(B.3)

where (ZF} ) uels,,1)> (Z52 4 )uelss, 1) 0T€ assumed to be built with the same Brownian

motion, and satisfies ijjm =ux; for all u < s; with j =1,2.
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Lemma B.2. Let p(z) € C}(R4,R) and a(z,s) € Cp(R4 x [0,T],R) such that
la(z, s) — aly, s)| < alz —yl|, Yo,y > 0,Vs < T,
then for a given t < T, the function defined by
w&ﬂzEp@@W&MLMWLW&QENﬂXR+ (B.4)

satisfy for all s1,s92 <t and x1,x9 > 0 the following inequality
|ws, (1) — ws, (22)] < Cr ([Pllos + [1Pllo0) {Im — zo| + (14 21) |51 — so|'/?

+(1+a1)|s1 — 82|}-
(B.5)

B.1 Proof of Lemma B.1
We split this proof into the several steps.

Existence and uniqueness : According to [19], Theorem 1.1 it suffices to show
that we have weak existence and pathwise uniqueness to conclude that there is weak
existence and uniqueness, and strong existence. In addition it follows from the pre-
vious paragraph that this solution will be well defined at any time. The stochastic
differential equation (B.1) is non homogeneous with continuous coefficients, then the
coupled process (Z,,u),>0 satisfies an homogeneous stochastic differential equation
with continuous coefficients. We then have weak existence for each initial condition
x > 0 and initial time s € [0, 7] thanks to [19], Theorem 2.3, p173. Furthermore, for
z,y > 0 and s < u < T we have by hypothesis

h(x,u) = h(y,u)| < Clz —yl,

and thanks to the inequality |/a — vb| < \/|a — b|, Ya,b > 0,

‘\/xq(x,u) — \/yq(y,U)‘ < |zq(z,u) — yqly, u)|*/?

= [(z —y)q(z,u) +ylq(z,u) — q(y,u))
< @+Cy) e -y

|1/2

It follows that for all N >0 and s <u < T,

Vel w) = Vyaly,w)| < @+ N fo = y[2, Va,y € [0, N]
that implies pathwise uniqueness by a localisation argument (see [33]).

Moment estimate and positiveness : Notice that the solution that we con-
structed in the previous paragraph is well defined until it becomes negative or ex-
plodes. In order to get well defined terms for all times, we introduce the new equation

dZy, = h(|Zy), u)du +\/2|Zu)q(| Za), u) AWy, Vu < T (B.6)
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for which there is weak existence and pathwise uniqueness by an argument similar to
the one in the previous paragraph, but only until explosion time. It follows from the
continuity of the function h(zx, s) and hypothesis (A.2) of Assumption B.1 that

|h(z,s)] < C(+z),Vr>0,Vs <T.
For given x > 0 and s < ¢, we consider the sequence of stopping times defined by
Ay =inf{v>s:|Z2,|>N}AT, N >1

that converges increasingly. Then for p > 2 and v € [s,T] we have

VAN VAN P
Zroni P <G+ [ Zz e | [ iz a2 W

that implies that

——

VAN _
swp 1280 < Gt [ 0z ol
s<uvAAN s
UAAN — — p
cw (| [0 izl zzLwan,) )|
s<u<wv s

VAN
< C’p{xp +/ [1 + \Z%V’} du

UAAN
csw (| [0 VzzdaZz 0 am,
It follows from the Doob inequality that

s<u<v
UAAN p
E{ sup / V2122 Ja(1Z2 ) w) aw, }
s<u<v s
VAAN B _ p/2
<CE (/ 2|Z:,u|q<|zzu|,u>du>

VAN p/2
< 20,G"°E ( / Z;u|du>

)}

2
§2p/2CpQP/2E{ / |ZguA/\N|du> }
—p/2
S 2p/20pr/ E { s u/\)\N |p/2du}

S QP/QCPQP/QE 1 + | S, UNAN |p:| du}

and then

IE[ sup |ZI ] Cp {xp—HE(/ [1+|ZSHA/\N|}du)}
s<SuvAAN s
SCp{m”—&—/ [1+E{ sup | 5Z|pH }
s s<z<uAAn
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Hence, we obtain for all v € [s,T]
1+E[ sup |Z§u|p] <Cp{1+x”+/ [1—1—1}3{ sup ZSI1Z/\AN|Z)}:| du},
s<u<vAAN s s<z<uAAN

and thanks to the Gronwall lemma,

B| s |22 <Gy e,

s<u<vAAN

If we assume that there exists Ty < T such that
P{h]rvnAN < TO} >0,

then for all v € [Ty, T, we will have

NP}P’{Iim)\N < To} <E |: sup |Z§u|p:| < Cp (1 _|_mp) eCp(’UfS).
N s<u<vAAN

That is impossible because the left side term tends towards infinity as N — oco. It
follows that Ay —> T and by the monotone convergence theorem,

E [ sup |qup} < Cp (14 2P) e =% vy € [s,T].

s<u<v

It then suffices to take v = T". The case 0 < p < 2 is obviously solved thanks to the
Hoélder inequality

p/2
B sw (Z5,0| < (B sw 122,2]) < Gurli+an),
s<u<T s<u<T

The process (Z;{u)ue[s’T] is then well defined at any time and satisfies a moment
estimate similar to (B.2). We will now show that this process is almost surely non
negative, and then by uniqueness this will imply that it is a modification of the process
(Z5 W)uels,r)- Indeed, the following decomposition holds

23y = (Z31)+ — (Z3,)-, Wt € [5,T) (B.7)

and it follows from the Tanaka formula that
- t - 1 o, 5
(Z20- == [ Vg copdZee + 3INZE ). (®5)

For ¢ > 0,
f A5y _, [ -
/ 1{0<Z§,u§e} I = 2/ 1{0<Z§7u§a}q(zs,u)u)du < 00 Pps,
and the the local time L{(Y") is zero almost surely (see [26], Ch. IX, Lemma 3.3).
Equation (B.8) becomes

t

t
(Z30)- = _/ 1{25“50}h(—2f,u,u)du—/ 1{2’;u§0}\/_QZg,uQ(_Zg,mu) AW,
S S
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where the second term in the right side of the equality is a true martingale thanks to
the moment estimate that we previously stated. It then follows from the hypothesis
(A.1) and (A.2) in Assumption B.1 that

t
B[(Z20-] =2 ([ 12,z ZEuw)
t ~
< E (/ 120 <o) [h(—Z;{u,u) - h(O,u)} du)

t
< CE (/ 12s. <0} ‘Z;ﬁu du)

< O/:IE [(Z2,)-] du

and hence by the Gronwall lemma,
E [(Z;t),} =0,V € [s,T]

thus, ~
vt e [s,T], (Z5;)- =0 p.s.

We deduce that the stochastic process (Z¢,)ic(s,r) is almost surely non negative at
any time, and it is possible to remove the absolute values in (B.6) to conclude by a
uniqueness argument that

Vi€ [s,T), Z5, = Z5; pes.

The stochastic process (Zf7t)te[s,T] is then almost surely non negative at any time,

satisfies the moment estimate (B.2) and has a zero local time at 0.

Dependence on initial conditions : Thanks to the strong existence, it is pos-
sible to construct two solutions (ZZ!,)vefs,, 7] and (Z22,)ve[s,,r) On the same fil-
tered probability space and with the same Brownian motion, for all 1,22 > 0 and

0 < s1 < 89 < T. Those solutions are well extended on [0, 7] if we set
Zf]?’v =z;,Yv € 0,s;],j =1,2.

Hence, it follows from the Tanaka formula that for all so < v < T,

\z2r, — 222, | = |22 —x2\+/ sign(Z7},— 222 )d(Z2  — 222 ) HINZE5 —Z22)

51,V 52,V 51,52 S1,U $2,U S1,U S2,U

where 19(Z%1 — ZZ%2 ) is the local time of the process ZZ! — ZZ> at 0 up to time v.
Furthermore, thanks to the inequality |v/a—v/b| < v/]a — b|,Va,b > 0 again, we have

s2
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for e > 0,
T T
JRTLC i )
0<Zz2,—7z22 ,.< T T
so { 1, g‘ufe} Zsll,u _ Z8227u

2
2 ‘\/Z;l,uQ(Z;cf,u»u) - \/Z§22,UQ(Z§227U7U)’

v
= 1 d
/S2 {0<2Z5) w— 252 w<e} Zstu — Z5tu ¢
. 1250 k028 s 1) = 282,4(Z3 0 0)]
<2/ 1 o s s, s2,uf e 71 g
< /52 {0<2J u—2Z32 u<e} Zstu — Z5tu !
<2 ’ 1 |(Zs$11u Z;D;u) (Z;E11u7 ) Z;C;u( (ngllu7 ) (Z;D;m ))|du
T2
> . {0<Zgl w—Zs5u<e} Z;Ell, Zggz,u
<

2/ 1{0<Z51 u*ng,uSﬂ(a—i_ CZ?QQJL)du'

S2

That implies that for all v € [sq, T

v d(zm - 7z o
/ Lo<zzt — 222 <e) o T, S2/ (@+C252,) du< oo as.
s2

x T
Zsllvu - ZSQZ;'U/ S2

We then deduce thanks to [26], Ch. IX, lemma 3.3 that the local time I9(Z2} —Z22 )
is zero almost surely, and it follows from (B.9) that

IE!Z"‘cl -7 |<IE(}Z"”1 —:cg‘)

81,V S2,V S1,82

—HE/ sign(Z‘”’j1 - Zf;u) [h(Zfllu, u) — h(Zf227u,u)] du

B(125 —nal) + 4 [ B(25, - 222,)) o
which implies by the Gronwall lemma that
E|zZ, — Z22,| <E (|22, — 22]) 27 Yo € [s0,T). (B.10)

We are now interested in what happens for s; < v < s5. Indeed,

S1,V 52,V

E(|z2, —22,]) :]E{

m1+/ h(Z3! . u )du+/ V275 uq(Z5 uu) AWy, — 2o
S1

/ \/2Z51,uq ZS11,u,U) u }

\/2Zgll7u‘J(Zgll7uv u)
s1<v<s2
=x{

1/2}
S2
< (/2qE ( / Z?ll,udu>
s1
< \/2q|sl — s2|E ( sup Z§117u).
s1<u<T

|

gIE{|x1:c2|+/ \hZ‘fllu, u)|du +
s1

s2
§\x1—x2\+0/ [1—|—E(Zfllu)}du+E{ sup
s1

)

S1

and thanks to the Doob inequality,

{ sup / V Z;cll,uq 51:“’ dW
s1<v<s2

s2
/ 270 (200 ) du
s1
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Hence, we have for all v € [s1, s9],

s2
E(|z&, —22,]) < |x1—x2|+0/ [1+E(Z,)] du+\/2q|31 - 32|E( sup Zglu >

s1<u<T
which implies that

E (|75, — Z22,|) < lei—wa|+Cy (14a1)|s1—s2|+Co|1+a1 [V/2[s1—85| /%, Vv € [s51, 0]

(B.11)

We finally obtain without any order on s1,s2 € [0,7T],21,22 > 0 that for all v €
[81 AN SQ,T]

E(|z&, —22,]) <Cr {|331 — 2| + (14 a1 + 22)[51 — 82| + |1 + 21 + 22]"/?[51 — 52|1/2}

that is easily extended for v € [0, 7.

B.2 Proof of Lemma B.2
Let us first introduce the decomposition
ws, (21) = Wy (32)] < [ws, (T1) = ws, (21)] + [ws, (21) — ws, (2)] (B.12)

thanks to the triangular inequality. Furthermore, by considering that s; < s, we
have

0y (1) = way )] < B [p(Z32 e A Eihadie (7 Tty it

T T ¢ ,u)du
<E (|p(25) — p(22) )] e et eot)

+E (‘p Zs$11t | ‘ fal a(Z71u)du f:Q a(Z3} ,,u)du

< el B (237, - 232, )
t xq " 21 WVdu
+ HpHOO {E (‘ef oz S wt)du — efﬂ a(ng,uv )d )

—&-E(‘ JE L a(Z8) wdu f; z21, u)du

)}

< ellallct=s1) [”p/nw )

ek 4 )

Let us set for all s; <v <t

VL (p) = efsvl[ (z21, w)—a(22] ,, w)]du 1,

81,52

then
Vi) = [ (2500 — a2, 0] VE L (w)dut [ (o250 - a(Z2,00] du

that implies that,

Vit @ < 2l [Vl dnsa [ f2z, - 2
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and thanks to the Gronwall lemma,

S$1,52 S1,U 52,U

t
|V, ()] < 662“’1““’(”_81)/ |22, = Z5 | du, Yo € [s1,t].
s1

We show by a similar argument that

— 22 a(vE, ,u)du

‘e - 1‘ < ellalloolsi=s2l)g|| |5y — s,

Hence, one can write for all z1 > 0,51 < so <t

s, (1) — Wy (21)] < e'“'““““){ilp’||oon<: (125, - z2)

t
+ HpHoo |:a62|a|oo(t—sl)/ E (‘Zgll,u _ ZSI;,UD du + eHaHools1—sz\||aHoo|sl _ 82|:| }
S1
and thanks to Lemma B.1, we have for all 51,50, <t

W, (1) = wes (21)] < Cr (Iplloe + 19 11o0) { (1 20) 2151 = 52l /2 4+ (14 1)1 — s/}
(B.13)
In addition, for 1,22 > 0 and sy < t,

t 1 u)d t z
|ws, (21) — W, (2)] < E (‘p(Zle7t)ef32 a(Z3} wdu p(Z:227t)€fs a(Z32 ,u)du

)

o (0022} w)—a(232 w)]du _ 1‘)

<E(|p(z22,) — pl(Z32,)] e Fide )

+ E (Ip(Zf;’mefj (222, u)du

@2
- ZSz,tD

sa2,t

< e|a|oc(t_82>{||p/||oo]E (|22
o (e ool 1))

Let us now set for all so < v <t

prrez — gl [0V w—a(Z2 )] du
S2,V

—1,

then

Ugw? :/ [a(Z5} iy u) — a(Z52,,,u)] Us””;,deU+/ [a(Z35} 0y u) — a(Z52 5 u)] du
So S2

that implies that
v t
Uzl < 2lal [ Uzldura [ |22, - 25, d
S2 §2
and thanks to the Gronwall lemma,
52,U 52,

t
|Uzr=2| < (’162”‘1”“(”_52)/ |Z21, — Z22, | du, Yo € [s2,t].
s2
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Hence for all z1, x5 > 0,55 <t we have
[, (x1) — ws, (22)] < ellolloc(t=s2 {Hp B (| 221, — Z22,])

+(—162||a||oo(tfs)|‘p”oo/ E (|Z3121u o Z:m |) du}
s2
and thanks to Lemma B.1,
[ws, (21) = ws, (22)] < O7 ([|plloc + 17 [loo) [#1 — 2], V1,29 > 0,Vs2 <t (B.14)

Finally, the inequality (B.5) follows from (B.12), (B.13) and (B.14).

C Difference operator and Besov spaces Bj , (R)

For a €]0, 1], we denote by 4,*(R) the Holder-Zygmund space that is the set of real
valued functions on R such that

f(x) = fly
[ fllze® = I fllc +  sup Li)l <o
syeRaAy [T Yl

We also introduce the difference operator defined for all f : R — R, for given m > 1
integer and h € R as

Vo € R, ALf(x) = f(z+h) — f(z); AP f(z) = AL(AP1f)(z), pour m > 1,
that is, by a recurrence argument,
m
=> (-1 ( )f(x+jh) (C.1)
7=0
with the following properties.
Lemma C.1. Let m > 1 be an integer, a €]0,1[, h € R and f : R — R, then :

1. Iff ecgba(R>7

AR flloo < Crlh|*|| fllze )- (C.2)
2. If f € G2(R),
AR f(z) = AR f(W)] < Cnll fllep@)le — y|*, Yo,y € R. (C.3)
3. If f € C™(R,R),
AR fllLe < Cm|h[™ (107" £l (C.4)

4. If f € C,(R,R) and g : R — R is an integrable function, then for all a € R,
/A flz+a)g(z)dx = / flz+a)A™, g(z)dx (C.5)
R

Proof. For 0 < o <1, h € R and an integer m > 1,
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1. If f € €~(R), we proceed by a recurrence argument on m > 1. Indeed,
1AL flloe = suplf( h) = f(@)] < A% flep )

and if we assume that the property holds at range m, we get

IAT flloo = sup AR f(z 4+ h) = AR f(@)] < 2Cm A% fllep @)

that corresponds to the property with C,,11 = 2C,,. We deduce that it holds
for each integer m > 1.

2. If f € €(R), then thanks to (C.1) we get for all z,y € R,
()~ A7 )] < Z () 100 -+ 01 <2 Wl ol

3. We proceed by a recurrence argument to show firstly that
m
(P): Vm >1, A f(z) = hm/ Ho (0™ f(z + th)dt, if f € C™(R,R)
0
where H,, is bounded and does not depend on f. Indeed for f € C!(R,R), then
APHLf(z) = f(z +h) = f(x)
x+h

- [ rwa

1
:h/o [ (x4 th)dt

and hence H;(t) = 1. We now assume that the property holds at range m, then
if f € C"THR,R),

AT f(a) = AT f(z + h) — A} f(2)

—hm/ Ho(8) [07 f(2 + (1 4+ £)h) — O™ f(x + th)] dt

x4+ (1+t)h
=pm / Hp(t) / O f (u)dudt
0 T

+th

m 1+t
=t / Hun(t) / 07 f (@ + uh)dudt
0 t
m m—+1
— pmtl / H,, (t) / a;nJrlf(;L‘ + uh)l{ue[t,1+t]}dudt
0 0

m+1 m
= hm+1/0 (/0 Hm(t)l{ue[t,lth]}dt) 8;"+1f(x + uh)du

=Hmy1(u)

where the function H,,y; is bounded and does not depend on f. We deduce
that the property (P) holds, and then for all f € C™(R,R),

IAT Fllus < (B[ Honlloc / / O f (& + th)|dtdir = | Honoo B 07 F .
0
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4. Let f € Cp(R,R), and ¢ : R — R an integrable function and a € R, then by
changing variables in the integral

m

[ A s+ aglayds = Y (-1 (’j‘) [ e ot gt

j=0
g(—l)mj (T) /R f(x+a)g(x — jh)dz

[z + a)AT g(x)dz

T

O

The difference operator allows to define the Besov spaces B . (R) as the set of function
f : R — R that satisfy for m > s

1flls; oo o= Il ey + sup. [T IAR fllLr ) < o0

(see Triebel [31] Theorem 2.5.12, or [32] Theorem 2.6.1). The following result follows

Lemma C.2. Let (E, Fg,p) be a measured space where u is a positive measure. Let
(x,y) = f(z,y) an integrable function on R x E, then if we denote by

Dy(x) = /Ef(aay)u(dy)ﬁx >0
we have for all s > 0,

125

B _(R) < /E Hf('7y)||zs;w(m)u(dy). (C.6)
Proof. Let s > 0, then it follows from Fubini theorem that

e = [ ] [ st upntay

Similarly, for any m > s and h € [—1,1],

A7 @l = [ ] [ @rsca) @)

The result directly follows by taking the supremum in A and summing the above
inequalities. O

iz < /E 179 s ey ey,

iz < /E AT £ (-, 9) s oy e(dly).

Furthermore, the above definition of Besov spaces allows a sufficient condition for
the existence of a density for random variables given by the following result

Lemma C.3 ([28], Lemma A.1). Let X be a real valued random variable. If there
are an integer m > 1, a real number § > 0, a real @ > 0, with a < 0 < m, and a
constant K > 0 such that for every ¢ € €2(R) and h € R with |h| <1,

E[AR$(X)] < KR’ |¢]l4n =),

then X has a density fx with respect to the Lebesgue measure on R. Moreover fx €
BIZ8(R) and
oo S 1+K.
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The consequence that follows gives a sufficient condition that will is used in the paper

Lemma C.4. Let X be a real valued random variable. For a given non negative real
valued function o(x) such that o(X) € L' with E[o(X)] # 0, if there exists an integer
m > 1, a real number § > 0, a real o > 0 with a < @ < m, and a constant K > 0
such that for every ¢ € € (R) and h € R with |h| <1,

E[o(X)AR¢(X)] < K[’ 6]lwp @), (C.7)

then X admits a density fx on {x : o(x) # 0}. In addition, if we denote by fx its
density on this set, then the function x — o(x)fx(x) is in the Besov space B?;OO‘(R)
and satisfies the bound

lofxllge-e @ S K +Elo(X)] (C.8)
Proof. Let us denote by p(dz) the law of X and set
v(dr) = o(z)pu(dx)

that is a non negative finite measure by assumption. Then it follows from (C.7) that

v(dx)

= VL E[AR ¢ (Y)]
[l

E [o(X)AT$(X)] = [v]|us / " AT (@)

where Y is a real valued random variable of law v(dy)/||v||L:. It follows from (C.7)
that
K

S JE—

[l
that implies thanks to Lemma C.3 that the probability measure v(dy)/||v||L: admits
a density gx € Bf:j(ﬂ%) with respect to the Lebesgue measure on R that satisies the
bound

E A7 ¢(Y)] h|%]|p

@5 (R)

K
[
Then p(dx) admits a density fx on the set {z : o(x) # 0} that is defined by

HQXHBf;:(R) S1+

fre) = Mty

o(x)

and the bound (C.8) follows. O

D L!estimates of derivatives of the Gaussian density

We are interested in the density of a centered Gaussian random variable with variance
2 .
o<, that is

2
go(z) = L xp( < ),VxGR.

o 27re 202

We have the following result

Lemma D.1. For each integer m > 1,

C
107 go 1 < =2

where the constant C,, does not depend on o.
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Proof. Because of its exponential factor, let us set

P 1 2
07" 9o () = () exp (—) Vo e R,Vm > 1.

T
o™ o2 202

Then P (x) = —z /o and

m

X
Ff1 = 00.P5, — ~ Py,

that implies that each P?, is a polynomial, thus

Pr(x) =) Af(o)a"

k=0
with
ATH(0) = 0 AP (o),
m m 1 m
AT (o) = 0k + DAL (0) — AP 4(0), k=1,
AT (o) = —Lam ()
g
ATH(0) = — L am(o)
g

We easily verify by a recurrence argument on m > 1 that
m C’m
Vm > 1, [A| < — pour k=1,..,m
o

and then

o2 0e s = = [ 1PE @ gr(@de < =237 47 (@) [ Jol* gp (o) <

om
k=0

51
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