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Long time behavior of an age and leaky memory-structured
neuronal population equation

Claudia Fonte, Valentin Schmutz

Abstract

We study the asymptotic stability of a two-dimensional mean-field neuronal population equa-
tion, which is explicitly linked to spiking neuron models, and generalizes the time-elapsed neuron
network model by the inclusion of a leaky memory variable. This additional variable can repre-
sent a slow fatigue mechanism, like spike frequency adaptation or short-term synaptic depression.
Even though two-dimensional models are known to have emergent behaviors, like population
bursts, which are not observed in one-dimensional models, we show that in the weak connectivity
regime, two-dimensional models behave like one-dimensional models, i.e. they relax to a unique
stationary state.

The proof is based on a version of Harris’ ergodic theorem and a perturbation argument.
The multidimensionality of the model and delay effects require careful consideration.
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1 Introduction

Multidimensional mean-field models in theoretical neuroscience are notoriously challenging to anal-
yse [34, 40} [I, 26] but their study is a necessary step towards understanding how the multiple



timescales present at the single neuron level [33] [37] affect the dynamics of large networks of neu-
rons.

One-dimensional mean-field population equations for spiking neurons with ‘escape noise’ [10],
Ch. 9] have been a subject of mathematical study since the seminal papers of Pakdaman, Perthame
and Salort 28] 29, [30], providing rigorous foundations to earlier works in theoretical neuroscience
[42] 17, 141 [15]. The fact that these population equations correspond to the mean-field limit of large
networks of interacting neurons has been proved in [8, 12] [4]. All these population equations are
derived from spiking neuron models that are of the ‘renewal’ type (with the exception of the model
with fatigue of [30]), which means that they can capture the effect of neuronal refractoriness but
neglect slower neuronal timescales, like that of spike frequency adaptation and short-term synaptic
plasticity.

To take into account slow neuronal timescales, state-of-the-art phenomenological spiking neuron
models are multidimensional [22] 37] or kernel-based [38 B1] B2] (and see [16, Ch. 6.4]). Recently,
one of the author showed that, for a large class of multidimensional spiking neuron models, the
mean-field limit can be characterized by an ‘age and leaky memory’-structured evolution PDE in
1 + d spatial dimensions, d being the number of ‘leaky memory’ variables [36].

The aim of this work is to study the long time behavior of the 1+ 1 dimensional case (i.e. one
age and one leaky memory variable) of the equation proposed in [36].

1.1 The age- and leaky memory-structured model

The population model we consider describes the evolution of a density p; over the state-space
(a,m) € Ry x R%, where a and m are the ‘age’ and ‘leaky memory’ variables of the neuron, and
pi(a, m) represents the density of neurons in state (a, m) at time ¢.

The nonlinear evolution problem for the density p;, for the initial datum ug, writes

Opr + V- (bpt) = —f(a,m,exy)py, (1a)

pt(07m) :p(t77_1(m))7 (1b)
t 00 00

== h - s)Ps\U, d d d 5 C

Tt /0 /0 ; (t —s,a,m)f(a,m,exs)ps(a, m)dadmds (1c)

PO = UQ. (1d)

The dynamics of the model can be decomposed in three elements: the behavior of neurons between
spikes, the spike-triggered jumps and the interaction between neurons.

Between spikes, neurons are transported along the vector field b(a,m) = (1, —Am), with A > 0
(V- denotes the divergence operator over the state-space).

Neurons spike at a rate f(a,m,ex;), where f: Ry x R% x R — Ry is the ‘firing rate function’.
When a neuron spikes, its age a is reset to 0 and its leaky memory variable m jumps to v(m), where
v : Ry — R% is the ‘jump mapping’ and is assumed to be a strictly increasing C 1 _diffeomorphism.
As a consequence, the border condition (D) has a simple interpretation: the density of neurons in
state (0,m) at time ¢ is equal to the the marginal density of neurons which have their leaky memory
variable in state y~!(m) and spike at time ¢. This quantity is denoted p(t,7~!(m)) and has the
explicit expression

677 ) = Lo [ )] [ @y ) zplan T da. (1o

The indicator function 1,,-,(0) reflects the fact that m is always strictly positive and the term



!(’y_l)’ (m)‘ is necessary to guarantee the conservation of the total mass of neurons. Indeed, formally,

0 [ o= [Lio [07 Y| [ 0 om, et om)dad [ fam.zon)p
=0,

by a change of variable.

Lastly, neurons interact through the ‘total postsynaptic potential’ x;, which integrates the past
spiking activity of the population, filtered by the ‘interaction function’ h: Ry x Ry x R} — R. 4,
weighted by the connection strength e € R, influences the firing rate f. If we write N(¢) the mean
firing rate

N(t) = /000 /000 f(a,m,exy)pi(a, m)dadm,

and if we take h independent of a and m, then x; takes the form

xp = /t h(t — s)N(s)ds,
0

and h is simply a delay kernel, as in the age-structured model of [28]. In our formulation, A in
Eq. (Id) allows to model more general interactions. For example, in Sec. [[2.2] we show that by

choosing h(t,a,m) = h(t)(1 — m), we can include the effects of a classical short-term synaptic
plasticity model [39].

1.2 Motivation

The model () extends the age-structured model of Pakdaman, Perthame and Salort [28] by the
addition of a leaky memory variable which can accumulate over spikes (as opposed to the age variable
which is reset to 0 at each spike) and hence introduces a slow timescale in the population dynamics.
Such a slow timescale is typically used to account for some form of fatigue mechanism, which can act
on the spiking activity (spike frequency adaptation) or on synaptic transmission (short-term synaptic
depression). Slow fatigue at the single neuron level can lead to nontrivial emergent behaviors at
the population level, like population bursts [41] [I8] 13] (see Fig. 1), which are not observed in the
age- or voltage-structured models of [28] and [8]. Even though some population equations have
been successfully used in the computational neuroscience literature to study emergent behaviors in
networks of neurons with fatigue [I8| [13], these population equations were obtained at the cost of
a timescale separation approximation, making them inexact. In contrast, the model (I]) is an exact
mean-field limit [36].

This model is also directly related to standard models of spike frequency adaptation and short-
term synaptic depression.



1.2.1 Spike frequency adaptation

The recent spike history of a neuron can modulate its firing rate f, leading to spike frequency
adaptation [2]. If & is independent of a and m and if v(m) = m + T, for a fixed I'>0, (@) becomes

8tpt + V . (bpt) - —f(CL, m, Ext)ﬂh (23“)

pe(0,m) = Lo p / fla,m— f‘, exy)pt(a,m —T')da, (2Db)

Ty = / h(t —s / / fla,m,exs)ps(a, m)dadmds, (2¢)
PO = UQ- (Qd)

If n: Ry — R is a bounded function such that lim, . n(a) = 0 (n is the ‘refractory kernel’ [10,
Sec. 9.3|), we can define f more explicitly:

f(avmvj) = JE(W(@) —m+ j)v (26)

where f : R — R, is typically a non-decreasing function. Since m makes jumps of size I' >0 at
each spike and decays at exponential speed —\ between spikes, m accumulates over spikes, which
decreases the firing rate f (Eq. (2€)), leading to spike frequency adaptation [2]. More specifically,
Eq. @) is a population equation for adaptive SRMy (Spike Response Model) neurons [21] [16].

Populations of spiking neurons with spike frequency adaptation exhibit self-sustained population
bursts when the connectivity strength is sufficiently strong [41] [18,13]. In Fig. 1, we show simulations
of (@) for two different connectivity strengths €. For large £, we observe self-sustained bursts, whereas
for small €, we observe relaxation to a stationary state.

1.2.2 Short-term synaptic depression

The recent spike history of a presynaptic neuron can modulate the synaptic transmission, leading
to short-term synaptic plasticity [43]. We will consider here the case of depressive synapses and
use the model of [39] (with a change of variable for convenience). In this case, the state-space is
(a,m) € Ryx]0,1[. Taking f independent of m, h of the the form h(t,a,m) := h(t)(1 — m) and
v(m) :=1— v+ vm for a fixed v €]0,1[, (Il) becomes

8tpt +V. (bpt) = _f(a7 m, E‘Tt)ptu (3&)

pr(0,m) = 1o ) / " farex)pilary (m))da, (3b)

xp = / h(t—s / / (1— (a,exs)ps(a, m)dadmds, (3¢)

Lo = UQ-. (3d)

Note that the term 1 on the RHS of Eq. (BL) simply comes from the fact that [(y~')(m)|= 1,

for all m €]0,1[. Here, at each spike, m makes strictly positive jumps which size tends to 0 as

m tends to 1 (y(1) = 1) and decays at exponential speed —\ between spikes. If m is close to 1,

synaptic transmission is weak because of the factor (1 —m) in Eq. (8d). This is an implementation

of the purely depressive Tsodyks-Markram model [39], a standard model of short-term synaptic

depression.

As observed in [35], the stationary state of populations of neurons with short-term synaptic

plasticity can be described by a simple formula, which we prove in Sec. E3l
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Figure 1: Simulations of Eq. (2) showing self-sustained bursts for strong connectivity
strength (¢ > 0) and relaxation to a stationary state for weak connectivity strength
(small €). Simulations of a network of 5-10° adaptive SRM( neurons approximating Eq. (2)) with
identical parameters (except for ) and identical initial conditions. The raster plots below the plots
for the time-evolution of the total postsynaptic potential z; represent the spikes of 100 randomly
selected neurons.



1.3 Assumptions and main results

The main result of this work is the exponential stability of the age and leaky memory-structured
equation (II) in the weak connectivity regime (Theorem [3]). Before proving the exponential stability,
we first establish the well-posedness of () in the appropriate function space (Theorem [I) and show
that stationary solutions exist and are unique for sufficiently weak connectivity (Theorem [2]).

Here, we study the weak solutions to () for an initial datum in L! := L}(Ry x R%,R;) and
write LY (R%) := LY (R* ,R}).

Definition (Solutions). (p,z) € C(Ry,L}) x C(R4) is a solution to (), for the initial datum
ug € L! ) if

t o] 00
e / / / h(t - $,a, m)f(a, m, €$s),05((1, m)dadmds’ Vt 2 0’ (4&)
0 JO 0

and if for all ¢ € C°(Ry x Ry x R%),

O:/ / ug(a, m)e(0, a,m)dadm
o Jo

+ /000 /000 /000 Pt(a,m){[at + 00 — AmOn ] + (¢(t,0,7(m)) — cp(t,a,m))f(a,m,gggt)}dadmdt_
(4b)

To prove the well-posedness of (I), we need some simple assumptions of the firing rate function
f and the interaction function h:

Assumption 1. f is bounded and Ly-Lipschitz, i.e.
|fla,m,x) — f(a*,m",2%)|< Ly(Ja — a®[+[m — m"[+[z — z7),
and h is bounded and continuous.

Since our goal is the use Harris’ theorem to study the long time behavior of (dI), the well-
posedness in L' (which is treated in [36]) is not enough and we need the well-posedness in a weighted
L' space (where the weight satisfies a Lyapunov condition [23]) with a global-in-time estimate in
the weighted L' norm.

Using the weight function

w:Ry xRy — [1,00), (a,m)—1+m,

we define the function space

Li<w>:z{geLl<R+xR*,R+> ol = [ | g(a,m>w<a,m>dadm<oo}.

To obtain a global-in-time estimate in the L}F(w) norm, we further need that the jump mapping ~
grows at most linearly. For convenience, we formulate this assumption in terms of the jump size
function I':

Assumption 2. There exists I' € CL(RT,R%) such that v(m) = m + I'(m),¥m € R

Theorem 1 (Well-posedness). Grant Assumption[l. For any initial datum uy € Lfr, there exists a
unique weak solution (p,x) to ([dl). This solution satisfies



(i) (L'-stability) |ptll ;1 =lluollp:, V¢ >0,

1 obal bound in w)) if, in addition, Assumption olds and ug € w), then
Global bound Lfr f, dd A 2 hold d L}1r h

—a b —a
V>0, ol <ol e + 21— ), (5)

for some constants o > 0 and b € R.

In contrast to [36], the well-posedness proof presented here does not involve any probabilistic
argument. The proof consists of two consecutive applications of Banach’s fixed-point theorem, where
a first fixed-point gives the unique solution to a linearized version of (Il) which is then used in a
second fixed-point treating the nonlinearity of (IJ).

The second step towards the exponential stability proof is the study of the existence and unique-
ness of the stationary solutions to (). For this step, we require:

Assumption 3.

(i) There exists Agps > 0 and o > 0 such that

fla,m,z) > o, V(a,m,x) € [Agps, +0o[xRY x R.

(ii) There exists Cy €)0,1] such that Cy, <~ < 1.
(iii) h(a,m) fo (t,a,m)dt is bounded.

The first point of Assumption Blsets a lower bound on the firing rate function f for any a > A s
and hence allows for an absolute refractory period A,ps > 0, i.e. a period of time following a spike
during which f = 0 (which is an important neurodynamical feature [16, Sec. 1.1]). This assumption
is also used in [3].

In the second point of Assumption 3] the lower bound 0 < C., <+’ guarantees that + is strictly
increasing, which reflects the idea that m is a ‘leaky memory’ variable of the past neuronal activity.
On the other hand, the upper bound 4 < 1, which can be rewritten in terms of the jump size
function T" as TV < 0, prevents the variable m from growing too fast and allows for a potential
saturation of the memory, as in the example with short-term synaptic plasticity (B). The third
point of Assumption [3]is purely technical.

We emphasize that the two examples shown above, spike frequency adaptation (2 and short-
term synaptic depression (3], satisfy Assumption B

Theorem 2 (Stationary solutions). Grant Assumptions[d and[3.
(i) There ezists a stationary solution to ().
(ii) There exists €* > 0 such that for all € €] — £*,4+€*[, the stationary solution to (dl) is unique.

Over the course of this work, we obtained the existence of the stationary solution by two different
approaches. The first approach is based on the Doeblin-Harris technique [19] and is similar to that
of [3]. First, we show that when x; is fixed and time-invariant in (Il (neurons are non-interacting),
the system satisfies a Harris condition — this constitutes a key result of this work —, and we can use
Harris’ theorem to get the stationary solution. Then, we use the Lipschitz continuity the stationary
solutions with respect to the fixed = to prove the existence of a stationary solution for arbitrary
connectivity strengths €. Finally, for € small enough, we also get the uniqueness of the stationary
solution, by Banach’s fixed-point theorem.



The second approach relies on the fact that the stationary solutions solve an integral equation,
for which we can show that a solution exists by the Schauder’s fixed-point theorem. In the process,
we get several estimates on the stationary solutions, namely that they are continuous, bounded, and
exponentially decaying in m. However, this approach does give uniqueness.

As mentioned above, the application of Harris’ Theorem requires us to consider solutions in the
weighted space L'(w). However, in the case where the state-space of the leaky memory variable m
is bounded, the situation is simpler: we can use Doeblin’s theorem in L'. The following assumption
guarantees that m stays in a bounded state-space:

Assumption 4. There exists G > 0 such that for allm € Ry, v(m) < G.

Note that this assumption is satisfied in the example with short-term synaptic plasticity (3,
with G = 1.
Finally, to study the exponential stability of (II), we need on exponential decay on h:

Assumption 5. There exists b, Cy, > 0 such that h(t,a,m) < Cre ™, VY(t,a,m).
By a perturbative argument similarly as in [24], we obtain our main result:

Theorem 3 (Exponential stability in the weak connectivity regime). Grant Assumptions[d, [3 and
[B For any W > 0, there exists ey > 0 such that for € €] — ey, +eyy[, there exists C > 1 and
ew > 0 such that for all initial data ug € LY (w) with |jug|| 1 =1 and [[uo|[ 1 () < W, the solution

(p,x) to A satisfies
1ot = pool iy + 21 = Toc < C™ (g = pocllpnuy +1) 5 W20, (6)

where (Poo, Too) 18 the unique stationary solution given by Theorem [2 (it).
If, in addition, we grant Assumption[d), then there exists €** > 0 such that for all e €]—e**, 4™,
there exists C' > 1 and ¢ > 0 such that for all initial data ug € LY with ||uol|;. = 1,

ot = poollpr + [t — 2| < Cle™ (HUO — poollpr + 1) ) vt > 0. (7)

From the neuronal modeling point of view, this result is not surprising: when the connection
strength is weak enough, neurons do not synchronize and the population activity converges to a
stationary state. This was already proved for simpler one-dimensional models (see below) and the
addition of a leaky memory variable carrying the effect of spike frequency adaptation or short-term
synaptic plasticity does not change this behavior.

1.4 Methodology discussion

The asymptotic stability of the age-structured model of [28] in the weak connectivity regime has
been studied by the same authors in [28] 29] using entropy methods and assuming that f is a
step-function, in |25 24] using spectral analysis of semigroups in Banach spaces and in [3] using
Doeblin’s theorem. For the treatment of the strong connectivity regime, we refer to 28] 24].

On the closely related voltage-structured model [8], [7] also proved asymptotic stability in the
weak connectivity regime using Laplace transform techniques. For this model, the nonlinear stability
of the stationary solutions has been recently studied in [5] (see also [9]) and can identify Hopf
bifurcations [6]. This type of analysis would be challenging in the case of (1) in general, as there is
no representation formula for the stationary solutions when € = 0.

Finally, Doeblin’s theorem has also been used in [II] in the case of the ‘threshold crossing’
neuronal population equation of [27]. Note also that closely related methods have been used by
probabilists to study the ergodicity of single neuron models |20, [10].



Our approach combines strategies from [25] and [3]. On the one hand, our proof is based on
the application of Harris’ theorem for the linear problem, like in [3], which simplifies the proof of
[25]. On the other hand, we use an argument from in [25] to deal with delay effects, which are not
considered in [3]. Note that our model is two-dimensional (by the addition of the leaky memory
variable), whereas the aforementioned works only considered one-dimensional models.

1.5 Plan of the paper

The proof of Theorem [I (Well-posedness) is presented in Section 2 In Section [B] we prove the
exponential stability of (Il) in the non-interacting case ¢ = 0 using Harris’ and Doeblin’s theorems.
The proof of Theorem [2 (Stationary solutions) is presented in Section [ which is divided in three
parts: in the first part, we present a proof which uses the exponential stability of the non-interacting
case; in the second part, we present an alternative proof for the existence of stationary solutions
which does not involve the Doeblin-Harris method; and in the last part, we present proof for the
formula of [35] in the case of short-term synaptic plasticity ([B). Finally, Section [Blis dedicated to
the proof of Theorem [3] (Exponential stability in the weak connectivity regime).

2 Well-posedness

This section is dedicated to the proof of Theorem [II, which we decompose is several Lemmas. First,
we verify the a priori L'-stability of the solutions to (), an important technical result we use later
in the proof. Then, we introduce a linearized version of (Il) and show that it is well-posed by an
application of Banach’s fixed-point theorem. Another Banach’s fixed-point argument is used to
treat the nonlinearity of () and concludes the proof of the well-posedness of () in L'. Finally, we
prove the global bound in L} (w) of the solutions (point (ii) of Theorem [I), which we will need in
order to apply Harris’ theorem in the next Sections.

Lemma 1 (A priori L'-stability). Grant Assumption[d. If (p, ) is a weak solution to () for the
wniatial datum ug € L}i_, then
lpell e = lluoll gy s ¥ > 0.

Proof. By a standard cut-off in time argument, we have that for all 7' > 0 and for all ¢ € C2°(R4 x
Ry x R%),

/ / pT(a,m)cp(T,a,m)dadm—/ / ug(a, m)p(0, a,m)dadm =
o Jo o Jo

T proo poo
[ otam {0+ 00— xmdnlio + (o(t.0.9m)) — (t..m)) 0., 01) } dadmat.
0 0 0

Let x be a function in C°(R4 x R%, R, ) such that
x(a,m) =1, forall a?+m?<1.
For all n € N*, we write " € C*°(Ry x Ry x R% ) the classical solution to the transport equation

8t&n(t7 a, m) + 8(1@”@7 a, m) - )\mam(ﬁ"(t, a, m) = 07 (8&)
¢"(0,a,m) = x(a/n,m/n). (8b)

1To be precise, they use Doeblin’s theorem.




Because of the finite speed of propagation of the transport equation, for all n, there exists a
function ¢" € C°(Ry x Ry x R%) such that ¢"(t,a,m) = ¢"(t,a,m), for all (t,a,m) € [0,T] x
R4 x R*. Hence, for all n € N*,

/ / "(T,a,m)pr(a, m)dadm — / / "(0,a, m)ug(a, m)dadm =

// / {8t90"+8a<,0”—)\m8m90"+(90"(t,O,W(m))—gp"(t,a,m)) f(a,m,sxt)}pt(a,m)dadmdt.
o Jo Jo

As ¢, is a solution to Eq. (8al) on time [0,7], we get

/ / "(T,a,m)pr(a,m)dadm — / / "0, a,m)ug(a, m)dadm =
/ L7 {0 - ra.m) sa.mz b, mydadma.

For all (t,a,m) € [0, T] xRy xR% | ©"(t,a,m) — 1, since the initial datum tends to 1 as n — oo

(Eq. (Bh) and by finite speed of propagation. Thus by dominated convergence, we get

/000 /000 pr(a,m)dadm — /000 /000 up(a, m)dadm = 0. 9)

Since p is nonnegative, this concludes the proof. O

Lemma [Tl will allow us to prove the well-posedness of (1) by the means of fixed-point arguments.
Let us first introduce a linearized version of Eq. ([Il): for all x € C(R4), we consider the linear
evolution problem

Opr + V- (bpy) = f(a m, €T¢) Pt (10a)
p01) = 1z [ (7 )] [ F(ay )zl ), (10b)
Po = Ug. (10c)

We can see Eq. ([I0) as the Kolmogorov forward equation of a time-dependent Makrov process.

Indeed, we can rewrite Eqs. (I0a) and (I0D) as

Opt = Lipy (11)

where, for all suitable test function ¢ : Ry x R} — R,

Lig(a,m) = b(a,m)V - ¢(a,m) + [6(0,7(m)) = ¢(a, m)f(a, m,ex;). (12)

L} is the time-dependent generator of a piecewise deterministic Markov process with degenerate
jumps.

The linearized equation (I0) will play a special role in the following Sections and it therefore
deserves its own Proposition:

Proposition 1 (Well-posedness of the linearized equation (I0)). Grant Assumption[d For any
initial datum ug € LY and any x € C(Ry.), there exists a unique weak solution p® € C(R4, L1) to
Eq. (IO). Furthermore, p* satisfies

10



(i) For allt >0 and for all m € R% |

pE0.) = Loy (7Y )| [ @y ). )t (0,7 om)ea

o ) ug(a — t, eMm) exp ()\t - fo fla—t+s,eNt=9m, Em)ds> if a>t,
pi(a,m) =
! pF_,(0,e*m) exp <)\a - ftt_a fla—t+s,eM=9m, Em)ds> if 0<a<t.

(1t) For allt >0 and for all ¢ € C*(Ry x RY),
t
(o2 &) = (w0, @) + /O (ot L6 ds. (14)

Proof. Fix z € C(Ry). For all p € C(Ry, L1 (R%)) and up € L, we know, from the standard theory
of transport equations, that there is a unique weak solution to

Oipt +V - (bpt) = —f(a, m,ext)py,
pt(oa m) = pt(m)7
Lo = U,

which we denote p™P and is given by the representation formula,
—t,eM — " f(a— A(t—s) :
ug(a — t,em)exp (Mt fo t+s,e m,exg)ds) if a>t,

pEP (a,m) = rnyesp

Pi—a(€”*m) exp ft JSla—t+s, eA(t_s)m,Ea;s)ds> if 0<acx<t.

p*P is in C(Ry, LY), since

t
wteRe |l <luolys + [ Il ds
We have
<1m>7<o> oty [ f(a,7‘1(m),w)pf’p(a,7‘1(m))da> € C(Ry, LL(RY))
0 (t,;m)ER L xR
since

ek [ ey em] [ s om ey m)dodm

t
<Ifllooll Pl 2 <Nl (HUOHLl +/0 [[ps[ 1 d8> :

Hence, we can define, for any 7" > 0, the operator ®7:
c([0,T], L% (R%)) — €([0,T], L1 (RY))
P (oo [0 0] [ a0 (0 )

(t,m)€[0,T]xR%. .

11



For any p,q € C([0,T], L} (R})),

[95@) = 25 @) o1, <I7 e 50 ll087 =07

T
<l /0 1ps — gsll,2 ds
< T”f”ooHp - QHC([QT}’Ll) .

Therefore, if 0 < T < ||f ||;ol, 7. is a contraction. By Banach’s fixed-point theorem, there exists a

unique p® € C([0,T], L) solving Eq. (I0). Since the choice of the contracting T' does not depend
on the initial datum, we can iterate the above argument on successive time intervals of length T
and conclude that there exists a unique p” € C(R, L)) solving Eq. (I0) for which the formula (4)
is satisfied. Then, (i7) follows from a standard cut-off in time argument. O

Now, we can prove the existence and uniqueness of a solution to the nonlinear problem ([II) by
the means of a second application of Banach’s fixed-point theorem.

Proof of the well-posedness of (@) in L'. For any x € C(R,), we take the p* given by Proposition [II

We have
t
</ / h(t — s)f(exs)ps dadmds) € C(Ry)
0 JRyxRY

teRy

since

vVt € Ry,

t t
/ / Bt — 5)f(exs)p? dadmds| < b |l Fll / 162ll . ds.
0 JRyxRY 0

Hence, for any T' > 0, we can define the operator

Ur:C([0,T]) — C([0,T])

x (/Ot /R+XR*+ h(t — s)f(exs)p? dadmds)

For any x,y € C([0,T]), we have

te[0,7

[¥r(@) = Pr@llegom) < Tl sup /R | (ez)f = fey)ot| dadm
€0, + X i

)

< Tl sup (<L slor = ullf s+ 1ol = o011 )
By Gronwall’s lemma, ||pf || 1 <|Juol| 1 exp(| f]l t), since

t
Ve 0,T), ol < luollp 171 /0 10l ds.
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On the other hand, we have, for all ¢ € [0,T7],

t ) ) t
ot = ¥l <I1f 1l /0 /0 /0 o7 (a,m) exp (— / f(u—s,e-Mu-%(m),sxu)du)

t
pY(a,m)exp (—/ flu— s,e_)‘(“_s)’y(m),syu)du) dadmds

t t
<l / 16 = P12 ds + tellf e L ll% = 9leqorm, / 16211 ds.

Hence, by Gronwall’s lemma, for all ¢ € [0, 7],

2

" exp(| flloot) — 1
6 = 2 < =Lylluollyn (“|,'Jl|,) L e = vllego -

Gathering the bounds, we get

127 (2) = W) |o o7 < TelPlloo Lt lluollpr exp(l flloe T) [1 + expllf oo T) ]z = ylle o, -
((0,71) ((0,1])

For T small enough, ¥ is a contraction and, by Banach fixed-point theorem, has a unique fixed-
point. Thus, there exists a unique solution (p,z) € C([0,T], L% ). Since by Lemma [l ||pr|;: =
lluol| 1, we can iterate this argument on successive time intervals of length 7' and conclude that
there exists a unique solution in C(Ry, LL). O

To conclude the proof of Theorem [I] it remains to show the estimate Eq. ({). Under Assump-
tion [2] the weight function

w:Ry xRy — [1,00), (a,m)—1+m
defined above, satisfies w(a, m) — oo when m — oo and the Lyapunov condition on m:
Ja >0,b>0 such that Ljw < —aw+b. (16)
Indeed, for all (t,a,m) € Ry x Ry x RY,
Liw(a,m) = —=Im~+T(m)f(a,m,ex;) < =Iw(a,m) + X +||T|| || fll -
Importantly, the constants a and b do not depend on .

Lemma 2 (Global bound in L (w)). Grant Assumptionsd and [ If the initial datum ug is in
L (w), then p; € LY (w) for all t > 0. Moreover,

—o b —a
V>0, ol < ol e + 21— ™), (17)

where the constants o and b are taken from the Lyapunov condition (1G)).

Proof. We divide the proof in two steps: first, we prove that the solution is stable in L}F(w) with a
weaker and time dependent bound; then, we use this first bound to apply the dominated convergence
theorem and obtain Eq. (IT7) by Gronwall’s lemma.

13



Step 1. Fix any 7' > 0. Let x € C2°(R4,Ry) be a non-increasing function such that y(z) =1
if 0 <z <1and x(x) =0if z > 2. For all n € N*, let us write pg(a)xn(m) := x(a/k)x(m/n). For
all n, k, wxnpr € C°(Ry x Ry, Ry). Hence,

T
Vn € N¥, (o1, WXnPE) = (U0, WXNPE) +/ (pt, Ly (wxnpr))dt,
0
where

Li(wxner) = Oa(wxner) — AmOpm(wxner) + (w(y(m))xa(v(m))er(0) — wxner) f

WX X' (/) + wpe () — Mg + (03 (m) (3 )2k — ) -

From the L'-stability and the fact that both wd,,x,, and wy, are bounded, we take the limit & — oo
with the dominated convergence theorem to obtain

T
1
(pr, wxn) = (uo, wXn) +/0 <pt,wg></(m/n) = Amwxy + (w(y(m))xn(y(m)) — an)f> dt. (18)
From the properties of x and ~, we get

w(0,7(m))xn(v(m)) < w(0,m +[T| . )xn(v(m)) < (1 +|T'f)wla, m)xn(m),
14+ 2n

1
—w(m ) £ =

Then, since f is bounded, there exists a constant C, which does not depend on n, such that

T
(pr,wxn) < <uO,wxn>+/0 {pt, C(wxn(m) 4+ 1))dt.

We can now apply Gronwall’s lemma to obtain
(pr,wxn) < max({ug, wy,)Ce,C).
It follows from Fatou’s lemma that p; = S%ug € L1 (w).

Step 2. To improve the previous estimate, we come back to (I8) and use dominated convergence
in n (domination being guaranteed by the bound above) to get

T
{pr,w) = (ug,w) +/ (pt, Lrw)dt.
0
By the Lyapunov condition ([I6]),

T
lorlssey Tl =a [ olzg + 5

Finally, Eq. (I7) is obtained by Gronwall’s lemma. O

Remark. Following the same steps as in the proof above, we can show that the bound Eq. (I7)
also holds for the linearized equation (I0) and does not depend on x nor the constants o and b.
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3 Exponential stability in the non-interacting case

If x € C(Ry) in the linearized equation (I0) is time-invariant, i.e. = = Z for some Z € R, then
Eq. (I0) can be seen as the dynamics of a non-interacting population of neurons. In this section,
we prove the exponential stability in the non-interacting case using Harris’ and Doeblin’s theorems.
This is the key result of this work and will allow us to prove the existence and uniqueness of the
stationary solution to () (Section []) and the exponential convergence to it (Section [).

For & € R, up € L', we denote p? the unique solution to Eq. ([0) for the initial datum ug and
x = Z, given by Proposition [l We write, using the semigroup notation,

Stug == pf, vt > 0. (19)

To show that the Eq. (I9) is exponentially stable we will use Harris’ theorem in the general
case or Doeblin’s theorem if Assumption Ml is granted. In both cases, the main technical difficulty
is to verify the Doeblin minoration condition (Lemma [3]) as the jumps of the process described by
Eq. (I2) are degenerate and the model is two-dimensional.

Lemma 3 (Doeblin minoration condition). Grant Assumptions[dl and[3 Fiz any x € R. For all
R > 0, there exists T > 0 and a positive non-zero measure v such that

Yug € L}H S%uo > l// ug dadm. (20)
R, x]0,R]

Proof. We proceed in two steps. First (Step 1), we choose a time 7' > 0 and a rectangle [0, a] x
[m,m] C Ry xR% (with nonzero Lebesgue measure) and show that the density SZuy € L' has alower
bound on [0, @] x [m,m] which depends on a Lebesgue integral in R? involving ug. Then (Step 2),
we perform a change of variable to express this lower bound in terms of fR+X}07 ] U0 dadm. The proof
only relies on the expression of SFug given by the method of characteristics (see Proposition [I]) and
this allows treating a typically probabilistic question — the Doeblin minoration condition — from a
transport point of view. This is possible because S is the stochastic (mass-conservative) semigroup
of a piecewise deterministic Markov process.

The constants Aps, 0 and C are taken from Assumption [3

Step 1:

Fix R > 0. Since y(e™*2abs7(0)) > ~(0) and y(e ™ y(e~*2abs R)) — 4(0) as t — oo, there exists
a>0and T > a+ Aups such that

m = (e T )y (A R)) < eV (e u0n(0) =: 7. (21)

Eq. (1) has the following heuristic interpretation: if we see S¥ as the stochastic semigroup of
the piecewise deterministic Markov process defined by the generator Eq. (I2), for any initial point
(ap,mo) € Ry x]0, R] and any landing point (a,m) € [0,a] x [m,m] at time T', there is a ‘possible’
trajectory going from (ag,mg) to (a,m), with exactly two jumps (spikes). Since the trajectories
of the process are determined by the jump times, we will exploit the fact that these ‘possible’
trajectories correspond to jump times with strictly positive probability density. Below, we take a
transport point of view on this probabilistic argument.
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For all (a,m) € [0,a] x [m,m],

T

(S%UO)(aa m) > ]-{a<T} (S%—(LUO)(Oa e)\am) exp ()\CL - (CL —T +s, e)\(T_S)ma ‘%)d8>

T—a

> Laerye =X (SF_qu0)(0,eXm)

> gy IT0e |71 (@m)] [ (SFauw)(@'or 7 (e )
abs
d o .
_ — T -1/ a z -1/, Xa
= aerye W= |00 om)| [ (Sh )77 em)) da

(%)

Above, we went back in time to the last jump time 7' — a. Let us notice that y~!(e’m) >
7~ Herm) > 0. We can therefore define

* L 1 -1/ Xa
Qg = A(log’v(o) logy™ (e m))-

Note that aj ,, satisfies v (erMamy~(erm)) = 0. In other words, ay 18 the minimal time
between the last and second last jumps for a trajectory landing at (a,m) at time 7. We can easily
verify that, by our choice of {T,a, m,m}, Aaps < a,,, < T —a — Aaps. This guarantees that it
is possible to make two jumps in [0,7] and land at (a,m) at time T while respecting the absolute
refractoriness of the neuron (i.e. there needs to be a time interval > A,ps between jumps). This
allows us to go further back in time to the second last jump.

For all @’ € | T —a — Aabs),

@
() 2 L cr—aye 1T (1) (57 (Ao e

/A (5%_a_a/uo)(a”,7_1(6’)‘“,7_1(6)‘“771))) da”.
abs
(%)

Then, we can go further back to time 0 to get ug:

() = Yarsrqaye =TT Dug(@” — (T — a — d), 2T ( Ay (Hm))).
Putting all the lower bounds together, we get

(SFuo)(a,m) > Lgepye MlTo?

/T_G_Aabs /Oo
a T—a—a'

up(a” — (T —a —d), eA(T_“_“l)’y_l(e)‘“l’y_l(eA“m)))da”da’.

d / ’
%ek(T—a—a ),Y—l (e)\a ,Y—l (e)\am))

Since 7' < 1 (Assumption [3]),

d MNT—a—a') ,—1/ Xd’ ., —1/,)a AT
> .
' e 7T (e m))| = e
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Thus,

~ —a—A,ps 0o , ,
(SFuo)(a,m) = Lggery e W) o? / / up(ag, Ty (T (e m)))dagda.
a 0

(22)
We have obtained that on [0,a] x [m, ], the density (SZug) is lower bounded by a constant de-
pending on a Lebesgue integral on Ri involving uyg.
Step 2:
Now, we want express the lower bound Eq. (22) in terms of fﬁhx]o, ] 0 dadm by a change of

variable. Let us define the function Q/J(Cf,m:
w tagm, T — a — Dabs] = Ry, a' eA(T_a_al)’Y_l(eM/’Y_l(emm))-

We verify that (¢7,,)" > 0:
For all d’ € [a} ,,,, T — al,

(ngm)/(a/) _ )\e)\(T—a—a’){(,Y—l)/(e)\a’,y—l(e)\am))e)\a’,y—l(e)\am) _ ,Y—l(e)\a
AsT >0 and ' <1 (Assumption B]), we have

(ngm)/(a/) > )\e)\(T—a—a’){(,Y—l)/(e)\a’,y—l(e)\am))e)\a’,y—l(e)\am) _ e)\a’,y—l(e)\am)}

i

— )\e)\(T—a),y—l(e)\am){ (,7—1)/(6)«1 ,7—1(6)\am)) _1} > 0.

Therefore, ¢, is a strictly increasing C'-diffeomorphism from [a}; ,,,, T—a—Aaps] to WL, (ak ), VL (T—

a — Aabs)]. We can now rewrite Eq. (22):

(SEug)(a,m) > P72 /

T—a—AabS

/Ooouo(ao,w m(a"))dagda’

N wim(T_a_Aabs) 0
—canlare | | wolao.mo) (T, o) daadim
wgm(aa,m) 0
Going back to Eq (23)), and using the fact that there exists C., such that C, <~" <1 (Assumption[3)),
we have, for all a’ € [a} ,,, T —a — Aapg],

(wa’m) (a/) < )\e)\(T—a—a’)C;le)\a’,y—l(e)\am) < )\GATC,Y_lm.

Hence,

~ _3Hf||ooT 2 wgm(T_a_Aabs)
(Shug)(a,m) > T /

o0
p— U()(ao mo)daodmo.
AT VT (a5 1) /0 ’

In addition, by our choice of {T',a,m,m}, we have
¢£m(a2,m) =0,
¢tjz—:m(T —a— Aabs) _ EAAabS'Y_l(eA(T_a_Aabs)’y_l(eAam)) > R.
Therefore,
N el 2C
(Stug)(a,m) > ———L / / up(ag, mo)dagdmy.

Since we have supposed that (a,m) € [0, a] [m, ], this concludes the proof. O
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With the Lyapunov condition (@) and the Doeblin minoration condition (20), we can apply a
version of Harris’ theorem:
Theorem 4 (Harris). Grant Assumptionsdl and[3. For all & € R, there exists a unique pZ, € L} (w)
o= 1 such that SEpZ, = pZ,, for allt >0, and there exists K > 1 and a > 0 such that
for all initial data ug € L} (w) with |luol|;1 = 1,

. V>0 (24)

€T
ug — =
Lt (w)

HSZEUO B ngHLl(w) < Ker®

iw) < a, where the constants o and b are taken from

the Lyapunov condition (IG).

Proof. This is a classic result which proof can be found in the work of Hairer and Mattingly [19]. O
If, in addition, Assumption M holds, we can simply apply Doeblin’s theorem:

Theorem 5 (Doeblin). Grant Assumptions(, [3 and[f For allZ € R, there exists a unique p%, € L}
o= 1 such that SEpZ, = pZ,, for allt >0, and there exists K > 1 and a > 0 such that

for all initial data ug € LY with|jug| 2 =1,

|

Proof. See, for example, Theorem 2.3 in [3]. O

. Vt>0. (25)

We say that pZ, is the invariant probability measure of the semigroup (S¥ )tcr. - Note that both
theorems imply the next corollary.

Corollary 1. Grant Assumptions[d and[3. For all & € R, there exists a unique p~, € Lﬂ_(w) with

L= 1 solving
dup®(a,m) — A0y, (mpoo(a m)) = —f(a,m,)pZ (a,m), (26a)
P 0,m) = L) 1 | ra )2t ), (26b)
in the weak sense. Furthermore, we have that p%, € C(Ry, LY (R%)) N L (Ry, L1 (RY)).

4 Stationary solutions for arbitrary connectivity strength

In this section, we study the stationary solutions to (II), namely the solution to

Oapoo(@,m) — A0 (mpoc(a,m)) = —f(a,m, exo0) poc(a, m), (27a)

pOO(Ovm) = 1m>'y(0) ‘(’7_1)/(771,)‘ /0 f(av7_1(m)7€$00)1000(a77_1(m))dav (27b)

Too = /OO /OO h(a,m)f(a,m,eTo)poo(a, m)dadm. (27¢)
o Jo

Definition. (peo, o) € Lt (w) NC(R4, LY (R%)) N L®(Ry, L (R%)) x Ry is a stationary solution
o (@) if||peol| 2 = 1 and if it solves Eq. ([27) in the weak sense.
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4.1 Existence and uniqueness using the Doeblin-Harris method.

We present two important Lipschitz continuity results, which will allow us to prove the existence
(and the uniqueness when ¢ is small) of stationary solutions. The following lemma plays the same
role as Theorem 4.5 in [3]:

Lemma 4 (Lipschitz continuity at finite T'). Grant Assumptions [ and [3.  For all initial data
ug € LY (w) and for all T > 0, there exists a constant CT,||uo||L1(w) > 0 such that

Vi, z2 € R, (

ST ug — S%ZUOHLl(w) < Crjfuoll i,y 171 — 721 (28)

Proof. For all t > 0,

|

SFun — 570

I

Lt (w)

t
uo(a — t,eNm) exp ()\t — / fla—t+s,em, ﬁ)ds)
0

t
—ug(a —t,eMm) exp <)\t - / fla—t+setm, E)ds) ‘w(a, m)dadm
0

t

p;?Ea(o, e m) exp <)\a - fla—t+s,etm, ﬁ)ds)

s

t—a

t

— %2 (0, m) exp ()\a - fla—t+set5m, E)ds) ‘w(a, m)dadm

t—a

=: Q1 + Q2.

_ oo o0 B t Y - - B ; N N
Ql—/o /0 uo(a, m) exp< /Of(a+s,e m,z1)ds | — exp /Of(a+s,e m,73)ds

w(a +t, e m)dadm
[oe} 00 t

< / / uo(a, m) (/ ‘f(a +s,em,z7) — fla+s, e_)‘sm,fg)‘ ds) w(a +t, e~ m)dadm
o Jo 0

o o
< tLylxy — /3?5\/ / uo(a, m)w(a + t,e " m)dadm
0 0
< tLglluoll pr(wy l21 — 221,
where in the last inequality we used

w(a+t,e Mm) <w(a,m), Ya>0,m>0. (29)

_ t
pit,(0,m)exp <— fla—t+s,eM5"m, ﬁ)ds)

t—a

Q2=/O°°/Ot

t

t—a

- pﬁa(o, m) exp <— fla—t+s ey, Eg)ds) ‘w(a, e m)dadm.
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By changes of variables,

0mexp< Otsf( mml)d>

t—s

Q2 =

_ps (O m)exp (
0

m)| exp (— . sf( “m xl)du> — exp (— . sf( “m xg)du> ‘
0 0

w(t — s,e N m)dsdm

f(u, e_’\“m,fig)du> ‘w(t — 5, ) m)dsdm

oo prt
é//pl
0o Jo

— p2(0, m)‘ w(t — s, =) m)dsdm

=: Q2,1+ Q22

Qa1 < HIf Lf\xl—xzw// /

<t flloo Lrlar — 332\/ / / w(t,m +|T'| . )dadmds

)| o2 (a, ™ (m))w(t, m)dadmds

S AT oo Lrlx i 45
(w)
where in the last inequality we used
wt,m+|T) =1+m+|T, < Q+]|T])w(a,m), VYa>0,m>0. (30)

By Lemma 2]

b
Qo < 2L +IT1)I fll Ly <HUOHL1<w )m—xz\

Q22 <If ///
<IIfl ///

<1 +HPHOO)HfHoo/0 ‘

where again, in the last inequality, we used Eq. (80). Fix 7" > 0. Gathering the bounds for Q1, Q2,1
and Q22 we see that there exists constants C' > 0 and C, > 0 such that, for all ¢ € [0,T],

By Gronwall’s lemma, for all ¢ € [0, 77,

[[oT (@2 m)) = 2 (a7 ()| w(t, m)dadms

— pP%(a, m)‘ w(t,m +||T| o, )dadmds

ds
LY (w)

)

STy — 5;%0‘

7||u0||L1 (w)

§7u0 - 57, <0 [

T, QT2 / oo
SS () SS UOHLl(w) dS+tCT,||Uo|IL1(w)’x1 I’Q‘.

= = C’iﬂlluollm(w) |z — 22
‘ STy — S 2u0( o S o (exp(Ct) — 1) (31)
Since Eq. (1) holds for all ¢ € [0, 77, this achieves the proof. O
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Lemma 5 (Lipschitz continuity at T = 00). Grant Assumptionsdl and[3. Writing pZ, € L} (w) the
invariant probability measure given by Theorem [§] for any & € R, the function

T:Ry - Ry, T(z) = / / h(a,m)f(a,m,ex)pE (a, m)dadm
0o Jo
1s Lipschitz and there exists C' > 0 such that
V$1,$2 S R+, |T($1) — T(ZE2)|§ |€|C|l‘1 — X9|.
Proof. Since f is lipschitz in z, we have, for any x1,22 € R4,

Y (1) = T(w2)| <||Rf| o {1 sl = 57N + Lylellan — @2l }
<Nl {1 ool o2t = P22l gy + Lilellr — ]}

from where we only need to bound the first term on the right hand side. We can use Theorem [4]
and Lemma [& for any T € R,

e p°E geT et eT1 P ET1 £T EZ‘Q P
P = 0wy = 1977 PSS = ST PR + S pest = S7 R

105
< Ke™ “THP‘E“’“ Pl Lty FCrlellz1 — 2],

where K and a are the exponential stability constants of Theoremll Choosing T such that Ke™ %7 =
1/2, we get

5t = Pac? Ly < 2C7[e]|z1 — 2.
Gathering the bounds concludes the proof. O

Theorem 6 (Stationary solutions). Grant Assumptions[d and[3. We have
(i) There exists a stationary solution to ().
(ii) There exists €* > 0 such that for all € €] — £*,4+€*[, the stationary solution to (dl) is unique.

Proof. For all ¥ € R, let us write pZ, € L}F(w) the unique invariant measure given by Theorem [ and
let us also take the function Y from Lemma[l By Corollary [l (pso, Zoo) € L (w)NC(R4, LL (R%))N
L>®(Ry, Lt (RY)) x Ry is a weak solution to Eq. (27) if and only if ps = pE2= and z is a fixed-
point of Y. Hence, the study of the existence and the uniqueness of stationary solutions is reduced
to the study of the existence and the uniqueness of the fixed-point of Y.

Since for all 2 € Ry, [|p5%]|;1 = 1, we have that for all z € Ry, T(x) <||||_||fll.. Therefore,
the set [O,HI_zHooﬂ fllo) (which is compact ant convex) is stable by Y. Then, the continuity of T
guarantees the existence of a fixed-point, which proves (7).

To obtain (i), we observe that the Lipschitz constant of Y is |¢|C: if we take |e|< e* := C~1, T
is a contraction and we can apply Banach’s fixed-point theorem to conclude. O

4.2 Alternative proof for the existence using Schauder’s fixed-point theorem

We include here an alternative proof for the existence of a stationary solution, which is interesting
for two reasons: on the one hand, it does not rely on the Harris-Doeblin method, and on the other
hand, it provides some estimates on the stationary solutions.
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For any (@, %) € LY (]7(0),+00[) x R, consider the transport equation

aa@(av m) - Aam(mg(av m)) = _f(av m, :ﬁ)g(a, m)7
0(0,m) = a(m).

It has a unique weak solution p%’ € C(R., LY (R%)) N L®(R4, L (R%)) given by the method of
characteristics: for all (a,m) € Ry x R%,

i
P5

(a,m) = @(em) exp <)\a - /Oa f(s, e’\(“_s)m,i)ds> . (32)

We can now define the operator ® := (®1,®3) on L! (]7(0), +00[) x R where, for all (i,%) €
LL(11(0), +oo]) X .

10 3)m) = Lo [ ()| [ 0™ o), 2)ED a0 e, (330
Dy(u, ) = /000 /000 h(a,m)f(a,m,%)p%%(a, m)dadm. (33b)

(Poo, Too) s a stationary solution if and only if it is a fixed-point of ®. Whence, we get the a priori
estimates:

Lemma 6. Grant Assumptions[ll and[3 There exists 0 €]0,1[ such that for all (i, %) € L1 (]7(0), +o0[) x
R,

(Z') H(I)I(a’ j)HLl = H'ELHL1 :

(i) For all m € RY., |®1(a, 2)(m)|< 1p5q(0) )\lllﬂlh(,om) @l ;-
(iii)

" @y, ) (mmm < max ([ amymam, 2, ).
J ( =

(iv) For all B €]0, %(f)[,

> &y (i1, 1) (m) [/l (min() =
/y@ 7~ (m)? dmgww( X 5)” o

(v) @2(a, %) <||Rf| ]l

Proof. (i) By changes of variables on m,
H@l(ﬂ,aE)HLl :/ / f(a,m, &)a(e*m) exp <)\a —/ f(s,e’\(“_s)m,i*)ds> dadm
o Jo 0

= /000 a(m) /000 f(a,e*m, &) exp <— /Oa f(s,e_)‘sm,i)d.S) da dm.

=1 (by Assumption 3 (7))
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@)

918, 8)(00)] < Lo Il [ 69 ) explda)da

0
Pl [ ot
L g [ (e )y ) exp(ra)da
IML
=1
m>y(0) Ny 17\ A’}/_l( ) 1 (m) (y)dy7
———
Slall 1

where for the last equality we used the change of variable y = e*®y~1(m).
(7i7) Performlng the same change of variable as for (i) and using the fact that v(m) <
Vm € Ry (since 7/ < 1), we have

/0 " @, (i, ) (mymdm

= /000 a(m) /000 ~(e=m) f(a,e” Z)exp < / f(s,e™m a;)ds) dadm

7(0) +m,

< [Catmm [t exp< [ st mx)ds)daderW(O)HﬂHLl-
0

There exists § €]0, 1] such that for all m € RY, 19(m) <1

Fix € > 0.
m) < / f(a, e m, &) exp (—/ f(s, e_’\sm,i*)ds> da
0 0

> —Xe —Aa ~ o “ — s #d d
—I—/6 e “fla,e”"*"m, T) exp< /0 f(s,e¥m, ) s> a
—1—(1— —Xe OO ’—)\a ,~ _ ¢ ,—)\s ,~d>d
(1—e )/ fla,e™*m, %) exp /0 f(s,e”¥*m,2)ds | da
=1-(1-e? exp( / f(s ,Z)d >

<1—(1—e ) exp(—|flloe) =0 <1
Whence,
/ By (i1, &) (m)mdm <9/ m)ymdm +~(0)||l] . -
0

" @1, 7) mymdm < max ([ amymam, 22 . ).,
/ (/ o

To see that

we can distinguish three cases: if fooo a(m)mdm = oo, the inequality is trivial; if %H’QH o <

fo m)mdm < 400, then
/0 By (@, ) (m)mdm < /0 d(m)mdm — (1 — 9)/0 i(m)mdm +~(0) i,
< /0 a(m)mdm;
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and finally if [J° @(m)mdm < ﬁ’( 1@l 71, then

7(0)
1-0

) s ~y 0 } R R
/0 i, 2)mymam < 07 il 4l = 2l

(iv)
/ (I)l(ux dm / / —famgi Ya(e m)exp()\a—/ f(s, e as)mx)>dadm
7(0)

<N flloo / / @(em) exp (Aa — min(f)a) dadm,

and the change of variable y = e*m,

. 1
Moo [ [ 5 eXP(-IﬂlH(f))\ln(m))dydm
:”fﬂoo/ / mmin(f)/)\—l—ﬁﬂ(y)y—min(f)/)\dydm’
0 m

using Fubini’s theorem and since min(f)/\ — 8 > 0,

_ ”floo /OO i)y~ /A /y i (/A=1=8 g d
0 0

_ ymin(H)/A-8
= (/A8

e (25 5) [Tt an

Finally, it is easy to check that [;° @(y)yPdy < v(0)~?||a/ .-
(v) Use Eq. (33L) and see the proof of (7). O

By these estimates, we see that there exists 3,4y, Cs,C3,Cy > 0 such that the set € x B €
LY (Jy(0), +00]) x R, where

C
¢ ={ue Ly +ocl) [l < 1w s S e
w(m)mdm < Co; / dm < C }
/o (m) 2 Ly 71 (m)P ’
and B := [-Cy,+Cy), is stable by the operator ®.

In order to apply Schauder’s fixed-point theorem, we will need

Lemma 7. Grant Assumptionsdl and[3. € is convex, closed and compact for the weak topology
o(LY, L>).

Proof. Tt is easy to verify that € is convex. Since ¥ is convex, if suffices to show that it is
strongly closed to show that it is weakly closed. Let u, be a sequence of elements of 4 which
converge strongly to u € L'(]y(0),4+00[). By the strong convergence, |lul|;1 < 1. We can extract
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a subsequence Up, such that wu,, converges to u a.e. Taking the pointwise limit, we have that
u < 1() a.e. Furthermore, by Fatou’s lemma,

/ u(m)mdm < lim inf/ Up, (Mm)mdm < Cy
7(0) h=rteo Jy(0)

and

/ _ul(im)gdm <lim inf/ %dm < Cs.
~(0) 7~ H(m) h—-+oo Jy0) 771 (m)

Hence, € is strongly closed.
To show that ¥ is weakly compact, we will show that

o subyeglull 1 < o
b. Ve > 0, EIR>OSuchthatfR m)dm < e for all u € €,

c. € is equi- integrale i.e. Ve > 0, 30 > 0 such that for all Borel set A C Ry with |A|< ¢ and for
all u € €, [, u(m)dm <e,

and use Dunford Pettis theorem. (a.) is clearly verified. (b.) is also verified since for all R > 0,
[ u(m)dm < & [ u(m)mdm < < £2. To show (c.), let us first observe that for all §; > 0,

@+ L 5 [ ulm) L .
[,@ mdm <57 00) +0)7 [ s dm <7 0(0)+ )7y

For any € > 0, let us choose §; > 0 such that y~(v(0)+61)°Cs < §. Then, for all Borel set A C R
with |A|< 4,

[ i /V( " umya (m)dm < £ +5——1
u(m)dm < u(m)dm +/ um)dm < —-4+0—————.
A ~(0) A\[0,7(0)+61] 2 7 Hy(0) + 1)

Hence, we can choose § = min (51, W) and (c.) is verified. By Dunford-Pettis theorem,

% is weakly relatively compact. Finally, since € is weakly closed, € is weakly compact. O

We can now give an alternative proof of the existence of stationary solutions to (Il for arbitrary
connectivity strength e:

Proof of Theorem[2 (i). We verify that the operator ® is weakly continuous: For any sequence
(Un,xpn) = (u,z) in € x R and for any ¢ € L*(R;),

' [ @1Gn0) = @10, )myim | < Q1 + Q5 + @

where
Q= (n(€¥m) — u(em))p(y(m))e f(a, m, z)e f”’e““)m""’)”d“dm‘,
Q3 32”90”00/ / Un (M) f(a,m, ) — fla,m,zy)|e” Jo f(T’eMkT)m’m)deadm,

o Jo

o0 o0
Q3 3:\|90||oo/ / Un (M) f (a,m, 3) | S0 T T maa)dr _ o= [ freX T man)dr | g i,
o Jo
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Making the change of variable, ydy = e*mdm in Q; we get

Q1 =

/0 (un(y)—U(y))/O P(Y(ye ™) f(a, ye ™, w)e™ i 1 00 dad

Since u,, converges to u in o(L', L) and

00
/ 90(’7(ye_)\a))f(a, ye‘A“, x)e” lo f(T767ATy,m)d7—da
| = A a —AT d
0

Q7 converges to 0. On the other hand, since f is bounded and Lipschitz, Q%, Q% < |lup|| 1 Cla,—z|<
C|z, — z|. Whence, ®; is a continuous operator with to respect the weak topology o (L', L>).
The continuity of ®5 is shown analogously, taking ¢ = h (h is a bounded).
Since % is stable by ®, convex and weakly compact (Lemma [7]), we can apply Schauder’s fixed-
point theorem to obtain the existence of a fixed-point, which gives the existence of a stationary
solution. O

Corollary 2. Grant Assumptionsd and[3. If f is of class C*, then u(m) is a function of class C*
for all m > ~(0). Consequently, the stationary solutions of (d)) are of class C*.

Proof. If (u,Z) is a fixed-point of ®, then

) = 1z [ (7 )] [ e ). (e )
exp <)\a — /Oa f(s, e’\(“_s)’y_l(m),:i)ds> da. (34)

Making the change of variable y = e**y~1(m) in a, as in the estimate (ii) of Lemma [6] we obtain

‘ g(y,m) .
U(m)=1m>~,(o /\7_1 /1(m g(y,m),y, Z)u(y) exp —/0 f(s,e’y,T)ds | dy, (35)

where g(y,m) = In W We conclude with a bootstrap argument: if u is L', then the right

hand side of Eq. ([B0) is a continuous function of m, meaning that u is continuous. But if u is
continuous, then the right hand side is of class C!, etc. O

Corollary 3. Grant Assumptions[dl and[3. There exist a constant C > 0, such that the stationary

solution pso satisfies,
C’e_g(a_Aabs)
poolam) < S (36)

Proof. From the previous theorem it follows that there is C' such that u(m) < C'/m, which together
with (32]) implies
e Jo Fls, MmOy (m) &) ds

poo(a,m) < C - : (37)

The estimate follows from Assumption [3 (7). O
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4.3 Formula in the case of short-term synaptic depression

In general, there is no explicit formula for the invariant probability measure solving Eq. (28). How-
ever, in the case of short-term synaptic depression Eq. (B]), we can derive an explicit expression for
the total postsynaptic potential

oo 1 poo s
xcm::ué h@)A Z;(l—nﬂf0u$ﬂ&jmnwwMWML (38)

for any € R. This fact has been reported in the theoretical neuroscience literature [35]; we provide
here a rigorous and analytic justification for it.
For all € R, let us introduce the quantities

I% .= /OOO af(a,Z)exp (— /Oaf(s,fc)ds> da = /OOO exp (— /Oaf(s,fc)ds> da
PﬂA):iéme_mf@u@ema(—Aﬁf@j&k)dm

I? can be interpreted as the mean inter-spike interval of a neuron receiving a constant input .
P*(X) can be seen as the Laplace transform of the inter-spike interval distribution of that neuron,
evaluated in A.

Proposition 2. Grant Assumptions[dl and[3 For all T € R,

1— P*(\)
/ e dt_{l—va(A)}‘

Proof. Using the method of characteristics (i.e. combining Eqs. (26D) and (32)), we have

1 poo 1 poo ~ a
1= / / pY (a,m)dadm = / / Lorame1 0% (0, €2m) exp </\a —/ f(s,i)ds) dadm
0o Jo 0o Jo 0
1 poo a . 1
= / / p= (0, m) exp (—/ f(s,:i)ds) dadm = Ix/ pE (0, m)dm
o Jo 0 0

Whence,
1 00 ~ 1
|| tasamydadn = [ g 0mn =
0 0 0

1 00 ~
|| mita )i ta,mydadm
0o Jo
1 [e'9) a
:// Torame1mf(a, #)pZ (0, e*m) exp <)\a—/ f(s,:i)ds) dadm

/ / f(a,#)p (0,m) exp< / f(s, @ ds> dadm
") /0 mpl, (0, m)dm

On the other hand,
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and

1-— .
= FEU +oP*(\) [ mpZ (0,m)dm
0
Whence,
1—-v
(0, m)dm =
/ mpie(0,m)dm = 73 (1 - vP(\)
and

_ P(1-v)
/ / mf(a, %)pL (a, m)dadm = 0= 0P )

Finally, we have

x@ = [ it { [ st mydaim— [ [ mf(a,:apio(a,m)dadm}

(i L) PP | 1 1-P))
_/O h(t)dtﬁ{l (1—UP5C(/\))}_/O h()dtlx{i_vpj(/\)}.

5 Exponential stability in the weak connectivity regime

To study the long time behavior of Eq. () in the weak connectivity regime, we proceed by a
perturbation of the non-interacting case (I9), taking & = ex,, where x4 is given by the unique
stationary solution to Eq. (Il) when e €] —&*, 4+¢*[ (¢* is taken from Theorem 2] (7)). In this section,
we keep the small € fixed and we work under Assumptions [Il Bl and Bl We roughly follow the same
line of argument as [24], Sec. 5].

For convenience, we first rewrite (Il) in a more formal and compact form:

Opr = —0apr + XOm(mpy) — f(exy)pyr + 86 (v o I)s (f(e)pr) (39a)
Ty = /Ot / h(t — s)f(exs)ps dadm ds, (39Db)
Po = U, (39c¢)

where 0§ indicates that (singular) mass enters in a = (ﬂ, IT : (a,m) — m is the projection on m
and , denotes the pushforward measure. To write Eq. (89) as an evolution equation, we introduce
an auxiliary transport equation on Ry x Ry x R

O0¢Ct = —0sCt + 65 f (ex¢) py,
Go =0,

258 should not be confused with the Dirac distribution do—,. Using do—a, by integration by parts of weak solutions,
Eq. (39al) should write

Oupr = —0api+ M (mpe) — [z + doma { (v o D). (F(ew)pr) = pu(0,)}
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which solution is given by the method of characteristics:

Ct(S) = lsgtf(El‘t_s),Ot_s, V(t,s) S Rj_ X R+.

Using the auxiliary equation, Eq. ([89)) is equivalent to

O(pt, Gt) = (_aapt + A0 (mpr) — f(exe)pe + 05 (v o )u (f(ex)pr) , —0sCr + 58f(5$t)/)t) , (40a)
(P05 Go) = (u0,0), (40D)

where z; := [* [ h(s)C(s) dadm ds.
By Theorem 2] for all € €] — &*, +¢*[, there exists a unique stationary solution (peo, o) and we
have

—0apoc + A0m(mpec) — f(€Toc)poo + 05 (7 0 1), (f(ngO)pOO) =0. (41)

Now, we write Eq. (40) as the sum of a linear equation and a perturbation:

0y (pi, ) = Mpi, &) + (29, 22, (42a)
(p07 <0) = (Uo, 0) B (42b)

where

A(pts ) 1= (=0ups + N0 (mpr) = f (e )pe + 83y 0 T (F(e)pr) s —0sGo + 65 (czoc)or)

2 = [f(ewos) — flexe)lps + 65(y o D)L ([f () — f(200)]pt),
22 = 831 (ex) — flexo)lpr.

Let us put (o(s) := f(eToo)poo; Vs € Ry. Then, using Eq. (@I, by the linearity of the operator A
and writing py := pr — pPoo and § := (¢ — (0, We get

0(p1, G) = Mpy, C) + (2, 2, (43a)
(ﬁ07 60) = (UO — Poos _Coo) . (43b)

Writing (S{‘)teR . the semigroup associated with the operator A, we have, by Duhamel’s formula,

t
(pt,Ct) = SMpo, o) + / St (zW,zds,  vt>o. (44)
0

Let us define the weighted space
L (n) = {g € L'(Ry x Ry x RY,Ry) ( /OOOHC(S)HLl“hHme_hSdS < oo} .
Note that, for all ¢ > 0,
|zt — Too| = ‘/000 /h(s)g(s) dadmds — /Ooo/h(s)goo(s) dadm ds
< [ Al r(5) = G2 5 =[Gl
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Also, we have, for all ¢t > 0,

|22, < tel2Lillodl o loe = wocl< lel2Zs Gl 1 (452)
122,10y < 1E2E 50l 21 b = o< Tel2E g (Juollpaguy s Gl (450)
|22, < Vel Eellonlon b = ocl< lelloe LGl 1 - (450)

where we have used Theorem [I] (4¢) in the first line and Lemma [Ilin the second.

Lemma 8. Grant Assumptions [, [3 and [A and take (po, (o) as in Eq. [@3). There exists K; > 1
and a; > 0 such that, for all initial data ug € L1 (w) with |Ju|| = 1,

HSt Po,Co)‘

—ayt P
ez S FE M@0 ) pryapagny - VEZ O (46)

If in addition, we grant Assumption[4) then there exists Ko > 1 and ag > 0 such that, for all initial
data ug € LY with|jug 1 =1,

Hsf\(ﬁo,fo)‘

—aot —- T
LYxLY(p) < Kae * H(pO’CO)HleLl(u)’ vt > 0. (47)

Proof. We write (S (5o, o)™, SM(po, (o) P) := SM(po, Co) the first and second component of S (7o, (o).
By Theorem Ml there exists K > 0 and a > 0 such that,

|st@0. 0| | < KM polp. 0.

L (w)
Then,

HStA(ﬁo,C_o)@

/Hf £200) i o (P0, o) H  Che™"ds
+ /t 160()||,2 Chebds

<O i [+l b

Gathering the bounds on the two components and observing that the function ¢ — f e ot=s)g=bs g
decays exponentially, we can conclude that there exists K7 > 1 and a; > 0 such that Eq. (46]) holds.
For Eq. ([@7) we use Theorem [ and follow the same argument. O

L' (p)

We can now prove our main result:

Proof of Theorem[3. By Duhamel’s formula ([#4)), Eq. {#6]) in Lemma [§ and the bounds Eqs. (@5,

for all £ > 0,
t
N § CANCAND]
L (w)x L (p) 0

t
< Kjem Mt H 0, o) HLl Y L1 () -|—K1/ e~ (t—5)
0

H(ﬂ_’ta C_t)HLl(w)XLl(“) < HStA(ﬁOy C_O)‘

ds
LY (w)x LY ()

s

(20, 22)|

L} (w)x L1 (1)
— ~ t —

< Kle_altH(ﬁm CO)HLl(w)XLl(M) + IE‘CW /0 e_al(t_s) H(ﬁm CS)HLl(w)XLl(M) ds

=: Q(b),
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where C is a constant depending on W. We have, for all t > 0,

d - I
2120 =~ Q(1) + [E1Cw ([ (Pt SOl 11 1) 21 (0
< (—Cll + ‘EléW> Q(t).

Whence, by Gronwall’s lemma,

vt >0, Q(t) < KlH(ﬁm&])HLl(w)xLl(“) exXp <<—01 + |€|GW> t> .
For all t > 0, we have

Hpt - pOO”Ll(w) + "Tt - xoo’é H(ﬁt’é")HLl(w)XLl(u) S Q(t)

" ~ [Fie
olosgy < [ 17 Erape] s et <
0 b

Whence, choosing e} = Cf,‘—l A €*, we easily see that there exists C' > 1 and ¢y > 0 such that
w

Eq. (@) holds.
For Eq. () we use Eq. (@) instead of Eq. (46]) and follow the same argument. O
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