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Abstract. A family of linear and quadratic assumed-strain based solid‒shell elements (SHB) is presented in this paper to 

simulate 3D thin structural problems including both quasi-static and dynamic analyses. The SHB solid‒shell elements are 

based on a three-dimensional formulation, with only displacements as degrees of freedom, and a reduced integration 

technique with an arbitrary number of integration points along the thickness direction, which enables them to model 3D 

thin structures with only one layer of elements through the thickness. All SHB elements have been successfully 

implemented into ABAQUS dynamic/explicit and static/implicit codes. Several static and dynamic benchmark tests as well 

as sheet metal forming process simulations, involving large strain, material nonlinearity and contact, have been conducted 

to assess the performance of the SHB elements. 

INTRODUCTION 

In nowadays manufacturing industry, thin structures are indispensably designed and employed to reduce weight 

of products, while improving their mechanical performances (strength, crashworthiness …). The simulation of these 

thin structures using the finite element method has become more and more important in the design and manufacture 

processes. However, due to the large length/thickness ratio, which characterizes thin structures, the traditional solid 

and shell elements suffer from various locking phenomena. Thus, new types of finite elements are necessary to be 

established to guarantee a reliable description of nonlinear phenomena through the thickness. In the past two decades, 

the concept of “solid‒shell elements” attracted much attention due to their advantages compared to traditional solid 

and shell elements. Generally, solid‒shell elements are based on a fully three-dimensional formulation, using only 

displacements as degrees of freedom, and a reduced integration scheme combined with enhanced assumed strain 

(EAS) methods (see, e.g., [1-5]). In this contribution, a family of assumed-strain based solid‒shell (SHB) elements is 

briefly introduced. It consists of two linear eight-node hexahedral (SHB8PS) and six-node prismatic (SHB6) elements, 

and their quadratic counterparts (SHB20 and SHB15, respectively). All SHB elements are implemented into ABAQUS 

dynamic/explicit and static/implicit software packages in order to simulate 3D thin structural problems. In this paper, 

the general formulation of the SHB solid‒shell elements is first briefly introduced. Then, several nonlinear benchmark 

problems, including impact problem and sheet metal forming process simulations are conducted to assess the 

performance of the SHB elements when large strain, material nonlinearity and contact are considered. 

SHB ELEMENT FORMULATION 

In this section, the basic formulation of the SHB elements is summarized. The detailed formulation of each element 

can be found in the previous works [3,4,6-8]. 



Geometry and Integration Points 

Figure 1 shows the geometry and location of integration points for the SHB elements. In the latter, the special 

direction ζ is chosen as the thickness direction, along which an arbitrary number of integration points are distributed. 

In general, only two integration points through the thickness are sufficient to model most elastic problems, while five 

integration points are recommended [4] to obtain accurate solutions for nonlinear problems involving material 

nonlinearities (e.g., plasticity). 

 

    
(a)  (b) (c) (d) 

FIGURE 1. Reference geometry of the SHB elements and location of their integration points:(a) 6-node prismatic SHB6, (b) 

8-node hexahedral SHB8PS, (c) 15-node prismatic SHB15, and (d) 20-node hexahedral SHB20 

General Formulation of the Dynamic Versions 

The SHB solid‒shell elements are based on a fully 3D formulation, as used for traditional solid elements. 

Accordingly, their isoparametric shape functions are the same as those of standard linear and quadratic solid elements. 

The coordinates ix  and velocities iv  inside each SHB element are interpolated using the corresponding nodal 

variables as follows: 

 ==
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where iI
x  and iIdɺ  represent the nodal coordinates and the nodal velocities, respectively. The lowercase subscript i 

varies from 1 to 3 and represents the spatial coordinate directions; the uppercase subscript I represents the number of 

element nodes. 

 

Using the above interpolation, the velocity gradient )(vs∇
 
is related to the nodal velocity field dɺ  by the following 

relationship: 

 ( ) dBv ɺ⋅=∇s  (3) 

where B  is the discrete gradient operator. Then, the so-called assumed-strain method is used in the formulation of the 

SHB solid‒shell elements, which is based on the simplified form of the Hu‒Washizu principle [9] 

 ( )  0
e

T T ext
dπ δ δ

Ω
= ⋅ Ω − ⋅ =ε ε σ d fɺɺ ɺ  (4) 

where δ  represents a variation, εɺ  the assumed-strain rate, σ  the stress field, dɺ  the nodal velocities, and 
extf  the 

external nodal forces. The assumed-strain rate εɺ  is expressed in terms of a new matrix B , which is projected from 

the classic discrete gradient operator defined in Eq. 3 
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Substituting the above equation into the simplified form of the Hu‒Washizu principle, the internal force 
int

f  can 

be derived as 

 int  
e

T
d

Ω
= ⋅ Ωf B σ  (6) 

Additionally, for dynamic analysis, an initial mass matrix is required in the formulation of the SHB elements. In 

the latter, the same lumped mass matrices as those used for standard three-dimensional elements are adopted for the 

SHB elements. 

General Formulation of the Static Versions 

The general formulation of the static versions of the SHB elements is similar to the above dynamic one, and will 

not be repeated here. Instead of the mass matrix in dynamic analysis, the stiffness matrix eK  is required in static 

analysis, which is also derived from the simplified form of the Hu‒Washizu principle as follows: 

 GEOM
epT

e
e

d KBCBK +Ω⋅⋅= Ω  (7) 

where the geometric stiffness matrix GEOMK  is due to the nonlinear (quadratic) part of the strain [4]. 

 

In addition, special treatments, such as the stabilization technique for the linear SHB8PS element and the projection 

technique for the linear SHB6 and SHB8PS elements, are applied in order to avoid all locking phenomena and to 

guarantee the accuracy of the solution (the full details on these techniques can be found in [3,4,6-8]). 

NUMERICAL EXAMPLES AND DISCUSSIONS 

In this section, several numerical examples are presented to assess the performance of the SHB solid‒shell 

elements in both quasi-static and dynamic analysis. As mentioned in the above sections, an arbitrary number of 

integration points can be used with the SHB solid‒shell elements. In the following benchmark tests, only two 

integration points through the thickness are used, which is sufficient to obtain accurate solutions, while five integration 

points are required to obtain accurate predictions in the simulation of the deep drawing test. 

Static Analysis of a Cantilever Plate 
 

 

 
(a)  (b) 

FIGURE 2. Simulation of rectangular cantilever plate: (a) Geometry and material parameters; (b) Load‒displacement results 
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An elastic cantilever plate with a concentrated force at one corner, as proposed by Hsiao [10], is selected here to 

evaluate the SHB solid‒shell elements in large displacements and rotations. The corresponding geometric parameters 

as well as the elastic properties are summarized in Fig. 2 (a). The load‒displacement curves at the corner points A and 

B (as depicted in Fig. 2 (a)), are shown in Fig. 2 (b). Compared with the reference results given by Hsiao [10] and 

Barut et al. [11], the predicted results using the SHB elements are in good agreement, except for the linear prismatic 

SHB6 element, for which a finer mesh is required to obtain an accurate solution. 

Dynamic Analysis of a Simply Supported Square Plate 

Figure 3 illustrates a popular dynamic benchmark test for finite element analysis, which was studied by many 

researchers [12-14]. As shown in Fig. 3 (a), a simply supported elastic‒plastic square plate is subjected to a uniform 

pressure. Owing to the symmetry of the problem, only one quarter of the plate is modeled using SHB elements. The 

predicted central vertical displacement history is chosen to evaluate the respective performance of the SHB elements. 

All predicted results with the SHB elements are reported in Fig. 3 (b) along with the reference solutions obtained from 

[12-14]. It can be seen that both the maximum displacement and the time period obtained with the SHB elements are 

well predicted with respect to the reference solutions. 

 

 

 
(a)  (b) 

FIGURE 3. Simply supported square plate subjected to a uniform pressure: (a) Geometry and material parameters; (b) Central 

displacement history results 

Low Velocity Impact Problem 

The dynamic response of a clamped circular plate subjected to an impact by a projectile, as studied by Chen and 

Yang [15], is considered here to assess the capabilities of the SHB elements in handling elastic‒perfectly‒plastic 

impact‒contact problems. The geometric dimensions and boundary conditions of the plate and the impactor are 

depicted in Fig. 4. The impactor is modeled as a rigid body with an assigned mass, while the circular plate is made of 

6061-T6 aluminum alloy with the following material properties: Young’s modulus 69 GPaE = , Poisson’s ratio

0.3ν = , yield stress 
0 290 MPaσ =  and density 32600 Kg / mρ = . The frictionless hard-contact is defined between 

the plate and the impactor. Two typical cases with different initial mass and velocity of the impactor are considered: 

Case 1: M = 23.5 g, V0 = 49.1 m/s and Case 2: M = 54.4 g, V0 = 29.9 m/s. 

 

 

FIGURE 4. Geometry and boundary conditions of the impact problem 
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Owing to the symmetry of the problem, only one quarter of the plate is modeled with a single element layer of 

2708 elements in the case of the linear prismatic SHB6 element, 934 elements with the linear hexahedral SHB8PS 

element, 926 elements with the quadratic prismatic SHB15 element, and 463 elements in the case of the quadratic 

hexahedral SHB20 element (see Fig. 5). Figures 6 (a) and 6 (b) show the predicted dynamic response for the impact 

force corresponding to cases 1 and 2, respectively, along with the reference numerical solutions provided by Chen and 

Yang [15]. It can be seen that the impact force history predicted with the SHB elements is well reproduced when 

compared to the reference solutions for both studied cases. More specifically, the double impact force peak of the 

dynamic solutions, which is typically observed in such impact problems, as well as the order of magnitude of the 

maximum impact force peak, corresponding to the end of the indentation stage, are in good agreement with the 

reference solutions. 
 

    
(a) SHB6 (b) SHB8PS (c) SHB15 (d) SHB20 

FIGURE 5. Initial mesh of the circular plate  

 

  
(a)  (b)  

FIGURE 6. Impact force history predicted by the SHB elements along with the reference solutions: (a) Case 1 and (b) 

Case 2 

Deep Drawing of a Rectangular Cup 

Deep drawing of a rectangular cup, as proposed by Choi and Huh [16], is conducted here to evaluate the 

performance of the SHB elements in the context of sheet metal forming simulation. An initial rectangular steel sheet, 

with dimensions of 120 mm × 170 mm × 0.625 mm, is modeled with the Swift isotropic hardening law and the 

anisotropic Hill’48 yield criterion. Owing to the symmetry, only one quarter of the model is discretized by the SHB 

elements. The final deformed meshes of the full cup obtained with the SHB elements are presented in Fig. 7. 

 

    
(a) SHB6 (b) SHB8PS (c) SHB15 (d) SHB20 

FIGURE 7. Final deformed mesh of the rectangular cup 

 

As shown in Fig. 7, the deep drawing of the rectangular cup involves extremly large strain in the whole sheet, and 

especially the width cup region, where severe distortions due to strong in-plane and through the thickness 
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nonlinearities could cause convergence issues. In such situations, the use of the dynamic versions of the SHB solid‒

shell elements with 5 integration points along the thickness is recommended. In Fig. 8, the final simulated flange 

contours at different drawing stages (punch stroke = 10 mm, 20 mm, and 30 mm). In the first two stages, one can note 

that, generally, the flange contours obtained with the SHB elements are better than those predicted by the reduced-

integration shell element (S4R) and solid‒shell elements (SC8R and SC6R) available in ABAQUS code compared to 

the experimental measurements reported in [16]. While when the punch moves deeper (punch stroke = 30mm), very 

large strain and rotation occur in the short-width cup region, which results in irresistible mesh distotions for solid-like 

elements. Comparing to the experimental result, the SHB8PS element predict the final flange contour more accurate 

than other SHB elements and even ABAQUS shell or solid‒shell elements, which can be viewed intuitively by the 

final deformed cup shapes shown in Figure 7. 

 

  
(a)  (b)  

FIGURE 8. Flange contours of the rectangular cup predicted with (a) linear SHB elements, and (b) quadratic SHB 

elements 

CONCLUSIONS 

In the present work, a family of linear and quadratic solid‒shell elements is proposed to model 3D thin structural 

problems. All of these elements have been successfully implemented into ABAQUS static/implicit and 

dynamic/explicit codes. Their implementation and respective performance have been validated first on two nonlinear 

numerical benchmarks and on an impact test problem. Then, the proposed elements have been used in the simulation 

of deep drawing of a rectangular cup, through which the SHB elements demonstrated their capabilities of accurately 

describing the various nonlinear through-thickness phenomena with only a single element layer. 
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