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ON EXISTENCE AND UNIQUENESS OF ASYMPTOTIC N-SOLITON-LIKE
SOLUTIONS OF THE NONLINEAR KLEIN-GORDON EQUATION

XAVIER FRIEDERICH

ABsTRACT. We are interested in solutions of the nonlinear Klein-Gordon equation (NLKG) in R+,
d > 1, which behave as a soliton or a sum of solitons in large time. In the spirit of other articles
focusing on the supercritical generalized Korteweg-de Vries equations and on the nonlinear Schrodinger
equations, we obtain an N -parameter family of solutions of (NLKG) which converges exponentially fast
to asum of NV given (unstable) solitons. For N = 1, this family completely describes the set of solutions
converging to the soliton considered; for N > 2, we prove uniqueness in a class with explicit algebraic
rate of convergence.

1. INTRODUCTION
1.1. Setting of the problem. We consider the following nonlinear Klein-Gordon equation
(NLKG) = Au—u+ f(u),

where u is a real-valued function of (,x) € R x R? and f is a €' real-valued function on R. This
equation classically rewrites as the following first order system in time:

’ ~ 0 Id 0
(NLKG) 5tU—( A-Id 0 )U+(f(u))’

u
where U is the two-vector ( )
U

Let us denote by F the unique primitive of f on R which vanishes in 0. We make the following
assumptions:
o ifd=1,
(H1) fisoddand f/(0) =0.

(H2) There exists r > 0 such that F(r) > %rz.

o ifd>2,
(H’1) fis a pure H'-subcritical nonlinearity r + A|r|”~'r, with A > 0 and p > 1 if

d=2andpe(1,45)ifd23.

Assumption (H1) for d = 1 or assumption (H’1) for d > 2 on the nonlinearity f ensures that
the Cauchy problem is locally well-posed in the energy space H!(R?) x L*>(R9) [12, 23]. It is even
globally well-posed if one assumes further sufficient smallness on the initial condition.

Recall also that the following quantities are conserved for H' x L?-solutions (u, d;u) of (NLKG’):

e the energy %fRd {(é’tu)2 + | Vul> +u? - 2F(u)} (t,x) dx
e the momentum /Rd {0;uVu} (t,x) dx.
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Moreover, the structure of the equation is left invariant under the action of R x R? by (time and
space) translation, and under the action of the Lorentz group O(1,d) which consists of the linear
automorphisms of R'* that preserve the quadratic form (z,x1,...,xq) +— 1> — Zl‘il xl.z. In other
words, precising this latter action, for all 8 € R with R?-euclidean norm |B| < 1 and y := —

Vi-IBP’
u is a solution of (NLKG) if and only if
(t,x) > u (Aﬁ(t, x))

is still a solution to (NLKG), where Ag is the linear transformation with matrix

Y —7@
-yB" Iq+ TIW,BTﬂ

Rl+d

in the canonical basis of . We observe in particular that

Ap(1,x) = (y(t = Bx),y(x = B1))

if d = 1. We refer to [8] for further details concerning the Lorentz transformations in all dimensions.

It is well-known that (NLKG) admits a family of solitons indexed by two parameters: the velocity
parameter 8 € R¢ with |8] < 1 and the translation parameter xo € R?. Let Q denote the unique
(up to translation) positive H' solution of the following stationary elliptic problem, associated with
(NLKG):

(1.1) AQ-Q+f(Q)=0

which we take as radial; for the record, existence of Q follows from a standard result of Berestycki
and Lions [1] due to (H2) or (H’1) and uniqueness has been proved in Kwong [16] (in the case where
f(u) = |u|P~u is the particular power nonlinearity) and in Serrin and Tang [26]. We recall that Q
and its partial derivatives up to order 3 decay exponentially. Then for all 8 € R such that |8| < 1,
for all xg € R4, the boosted ground state

Op.x, : (t,x) = O (pro Ag(t,x —xp)),

1 . . . . 1+d d . .
and pr is the canonical projection R — R“ on the last d coordinates, is a
Vi-182 ProJ
solution of (NLKG) known as soliton. In the one-dimensional case, this soliton rewrites

Op.xy + (1,%) = O (x = Bt = x0) .

Soliton theory concerning (NLKG) has extensively been studied in many articles. One major result
is linked to the classification of the solutions with energy near that of the ground state. Dynamics of
the solutions u of (NLKG) on the threshold energy E (1) = E(Q) has been investigated in Duyckaerts
and Merle [9]. More generally, classification of the solutions with energy less than a quantity slightly
larger than the energy of the ground state has been done by Nakanishi and Schlag [24] and by Krieger,
Nakanishi and Schlag [15].

Let us also mention that solitons of (NLKG) are known to be orbitally unstable in H'(R?) by a
general property by Grillakis, Shatah and Strauss [13].

where y :=

We further develop soliton analysis by exploring solutions which behave as a soliton or a sum of
solitons as time goes to infinity.
For all 8 € R? such that |8| < 1 and x € R<, let us denote

Q,B,X()(t»x) ) — ( Q,B,xo(t’ x) )
010p.x (1. X)) \=B-VOp.x (1. %)
When xo = 0, we will write Rg instead of Rg ¢ for the sake of simplification.

R,B,xo(t’ x) = (

Drawing on the work by Grillakis, Shatah and Strauss [13, 14], C6te and Mufioz [8] have developed
and proved spectral results adapted to the unstable dynamic around the (vector) soliton Rg. Essential
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properties which are needed in this paper, as well as the introduction of useful notations, are presented
in the next subsection. Note that a similar spectral theory was firstly considered by Pego and Weinstein
[25] in the context of the generalized Korteweg-de Vries equations.

Starting from this point of view, we are interested in solutions which converge to a soliton or a
sum of solitons for large values of #; these solutions are classically known as multi-solitons.

Let us consider an integer N > 1| and 2N parameters
Xi,...,xy €R? and Bi,...,By €R?

such that
Vi=1,...,N, |Bi] <1 and Vi#j, Bi#pj.
We recall the following theorem by Coéte and Mufioz which states the existence of at least one
multi-soliton.

Theorem 1.1 ([8]). There exist oy, tg € R and Cy > 0, only depending on the sets (B;)i, (x;)i, and

a solution U = (au ) € € ([to, +0), H' (R?) x L>(R?)) of (NLKG) such that for all t > to,
U

< Cpe 707,

N
U = ) Rpywi ()
i=1

H'xL?

We notice that this theorem has been extended to solutions describing multi-bound states by Cote
and Martel [6], that is to multi-traveling waves made of any number N of decoupled general (excited)
bound states. In the present paper, we will however only focus on multi-solitary waves in the above
sense.

Since solitons are unstable, a solution of (NLKG) which behaves as a soliton in large time is not
expected to be necessarily a soliton. One of our goals is thus to precise the dynamic of the flow of
(NLKG) near a soliton. Similarly, the dynamic near a sum of solitons is also supposed to be more
complex as time goes to infinity.

1.2. Main results. Given N distinct velocity parameters, we aim at proving the existence of a
whole family of multi-solitons which turns out to be the unique family of multi-solitons in a certain
class of solutions. Our first result reads as follows.

Theorem 1.2. Assume that f is of class €> and 0 < |Bn| < --- < |B1| < 1. There exist ¢ >
0,0 < ep < -+ < epy Yo; € €RH(RY) x L2(RY)) N L*®(R, H'(RY) x L*(RY)) for i =
1,...,N and a N-parameter family (pa, ... .An)(A,,... An)erN Of solutions of (NLKG) such that, for
all (A1, ..., AN) € RV, there exist ty € R and C > 0 such that
N N

Dayan (1) = D Rpy (1) = DA™Y (1)

i=1 i=1

(1.2) Vit =, < Ce—(eﬁN‘FO')t’

H!xIL?
PA;L,...,AN

.....

where @p, Ay = (
PAy,..., AN -

Remark 1.3. The parameters eg, and the functions Y, ; (i = 1,..., N) are defined in Proposition 2.1
and in subsection 2.2.
One can moreover precise the value of o in Theorem 1.2; for this, we refer to (2.1).

Our next result is concerned with the classification of multi-solitons. We aim at proving that any
multi-soliton should belong to the family constructed in Theorem 1.2 above. This is indeed the case,
if one knows that the multi-soliton converges sufficiently fast to its profile. As it is stated below, a
decay in a power of ¢ of degree larger than 3 is a sufficient rate.

Let us emphasize that this is a much weaker assumption than exponential decay, which is natural
in view of the convergence (1.2). We also underline that we obtain for (NLKG) an effective rate. As



4 XAVIER FRIEDERICH

a comparison, in the context of the nonlinear Schrédinger equations, uniqueness of a multi-soliton
(in the stable case) was shown in a class of solutions with convergence faster than any power of %,
see [5]: this is still much weaker than the exponential convergence, but not well behaved as what is
proven here for (NLKG). We nevertheless conjecture that the classification should hold in the most
general case when no decay rate is assumed.

Here is the precise statement.

Theorem 1.4. Under the assumptions of Theorem 1.2 and keeping the same notations, if u is a
solution of (NLKG) such that

(1.3)

N
U(t) = ) Ry (1)
i=1

H'xL2

tU
t 219, U(t) = ®y,y,.. Ay (D).

where U = (; ) and where a > 3, then there exist Ay,...,Any € R and ty € R such that for all

Remark 1.5. Notice that Theorem 1.2 and Theorem 1.4 apply in dimension d < 5 only. Indeed,
assuming (H’1) and f of class % forces to have p > 2, hence 2 < % ifd > 3.

In the case where only one soliton is considered, one can moreover improve the preceding Theorem
by completely characterizing solutions which converge to a soliton in large time.

Theorem 1.6. Let 8 € R4, |B| < 1 and assume that f is of class €>.
Thereexisteg > 0,Y, g € €(R, H'(RY)xL*(RY)), and a one-parameter family (u™) acr of solutions
of (NLKG) such that for all A € R, there exists tg = to(A) € R such that for all t > tg

(]4) ||UA(t) a R'B(t) B 146_6'Btyv"",8(t)||H]><L2 = Ce—zeﬁtv

A

u ,
where UA = ouAl In addition, if A # A’, then u? # u?.
U

Moreover, if u is a solution of (NLKG) such that
(1.5) NU(t) = Rg()lgixze = 0 ast — +oo,

u
here U =
where (a,u

Remark 1.7. The parameter eg (which depends on £8) and the function Y, g are defined in Proposition
2.1; they are intimately related to the spectral theory dealing with the flow around Rg.

), then there exist A € R and ty € R such that for all t > to, U(t) = UA(2).

It is interesting to remark that there are only three special solutions among the elements of the
preceding family (U*) scg, up to translations in time and in space. This is the object of the following

Corollary 1.8. Consider the family of solutions (U*) , _, defined in Theorem 1.6.

(1) If A > 0, there exists ts € R such that for all possible t, UA(t) = U (t + t4, - + Bt ).
(2) If A < 0, there exists t5 € R such that for all possible t, UA(t) = U™\ (t + ta, - + Bt a).
(3) Forallt € R, U%(t) = Rg(1).

Remark 1.9. Let us observe that Remark 1.5 is valid for Theorem 1.6 and Corollary 1.8 too.

Theorem 1.6 provides the behavior of the solutions converging to solitons at the order O (e‘zeﬂ’ )
in H' (R?) x L>(R?). The instability direction due to the existence of one negative eigenvalue (related
to eg) for the linearized operator around Qg yields infinitely many possibilities (described by the real
line) to perturb the soliton Qg and to retrieve another solution of (NLKG) which however remains
exponentially close in time (with decay rate eg) to Qg. Let us emphasize that this phenomenon
appears quite naturally in the study of unstable solitons. In a stable mode such as for the L>-subcritical
generalized Korteweg-de Vries (gKdV) equation, a solution which converges to a soliton as time goes
to infinity is pretty well-known to be exactly the corresponding soliton.
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What is more, Theorem 1.6 is built exactly as in [2]. It reminds us of similar classification results,
previously obtained for the L>-supercritical gKdV equations by Combet [2, Theorem 1.1] and for the
three-dimensional cubic Schrodinger equation by Duyckaerts and Roudenko [11, Proposition 3.1],
both inspired from pioneering works of Duyckaerts and Merle [9, 10].

As far as the multi-soliton case is concerned, Theorem 1.2 provides an N-parameter family of
solutions to (NLKG) which behave as a sum of N (differently boosted) solitons in large time. Here
again, the existence result looks like that of Combet [3, 4] and reinforces the idea that, in general,
non-uniqueness holds for multi-solitons in an unstable context. Furthermore, Theorem 1.4 opens the
way to treat the question of the classification of multi-solitons for other models, at least in the restraint
class of solutions with algebraic convergence in the sense of (1.3).

Regarding the global approach developed in this article, we shed new light on the construction of
the one-parameter family (U”) 4cr by a compactness procedure. Note that the special solution U~!
in [2] has also been obtained in a first rigorous way by a compactness method (the starting point was
the proof of instability of the soliton), but the question of obtaining U (as well as the other solutions
UA for A > 0) by such method was raised (see Remark 4.15 in [2]) and, to our knowledge, remained
unanswered. Obviously, our process can be thought and used as an alternative to prove similar results
in the context of other partial differential equations which involve unstable solitons, and for which
the spectral theory around the ground states is well understood (and actually analogous to the present
case). This is a nice feature of our paper.

A second interesting point to be discussed is about proving uniqueness of multi-solitary waves.
Exploring the possibility of obtaining a "weak" monotonicity property like (4.18) in Corollary 4.8
would be a promising direction of research in order to classify multi-solitons of other models.

Besides, a significant issue would be to know to what extent the classification obtained in Theorem
1.6 could be transcribed to the multi-soliton topic. Indeed, contrary to the gKdV setting [2] and
especially as for the NLS case [4, 5], proving general uniqueness in the sense of (1.5), where Rg is
replaced by a sum of several solitons Rpg, y;, still remains unclear.

Another question to be addressed could be related to the potential generalizations of the previous
theorems to multi-bound states.

1.3. Outline and organization of the article. In the spirit of [18] (dealing with the construction
of multi-soliton solutions), our approach to constructing the families in Theorem 1.2 and Theorem
1.6 is based on backward uniform H' x L*-estimates satisfied by well-chosen sequences of solutions
of (NLKG) which aim to approximate the desired solutions. We entirely exploit a coercivity property
available in the present matter (see Proposition 2.2 stated below) in order to establish those estimates
and, in fact, to obtain the expected exponential convergences to zero in time. We finally use continuity
of the flow of (NLKG) for the weak H' x L2-topology to obtain special solutions which fulfill (1.2)
or (1.4).

Based on compactness and energy methods, the proof of Theorem 1.2 follows more precisely the
strategy of [3, 4]. The construction of @4, 4, is done by iteration, by means of Proposition 3.1
which roughly asserts that each multi-soliton can be perturbed slightly at the order e %" around
the soliton Rp; «;. In order to establish this key proposition, we particularly rely on the topological
ingredient set up originally by Cote, Martel and Merle [7] for the construction of one given multi-
soliton in unstable situations.

For the construction of U4 in the one-soliton case (Theorem 1.6), we also substantially rely on the
spectral theory available for (NLKG), built on the linearized operator of the flow around the boosted
ground state. In particular, we point out that our approach differs from previous articles [9, 10, 11, 2]
where the construction centers around the contraction principle.

Regarding the question of classification, from (1.4) and orthogonality properties exposed in the
next section, we notice that A corresponds to the limit of es' (U4, Z_ ) ast — +ooin Theorem 1.6.
This is precisely useful for the uniqueness part of this theorem, where the goal is to identify U with
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an element of the one-parameter family (U A) Aer. Actually, to prove the second part of Theorem
1.6, we follow [2] in the first instance (up to the obtainment of an exponential control of U — Rg).
Then, a refined version of the coercivity argument considered in [2], and indeed an elementary but
careful analysis of the available estimates, allows us to reach the conclusion, that is to show that U
equals some U* (already constructed in the first part of the theorem), and that without making use
of any supplementary tool. We underline once again that we do not need any fixed point argument to
conclude.

Yet, we do not exclude the possibility to prove Theorem 1.6 via the contraction principle; if the
nonlinearity f is sufficiently regular (4”**! for instance), one could precise by this means the behavior
of U4 in large time, and indeed expand the solution at the order O (e‘(”l)eﬁ’ ) in the Sobolev space
H?, in line with [9]. For clarity purposes, we will not explore this path further and anyway, our
description of the family (U“)scr is sufficient to characterize solutions verifying (1.5).

Concerning Theorem 1.4, the identification of the solution satisfying (1.3) is done step by step as
in [3]. The core of the proof is the obtainment of an almost monotonicity property, inspired by Martel
and Merle [19]. By means of a technical lemma of analysis (we refer to Lemma 7.1 in Appendix), this
monotonicity property allows us to see that any multi-soliton in the class with polynomial conver-
gence to zero converges in fact exponentially (see subsection 4.1.4), provided one assumes suitable
integrability conditions in the neighborhood of +co (and indeed @ > 3). Such a "weak" monotonicity
property has a priori been used so far only for the construction of multi-solitons or multi-bound states
of the energy-critical wave equation [19, 28, 29]. We also underline that, by Lemma 7.1, we directly
obtain the adequate exponential convergence rate which allows us to identify Aj; this is in contrast
with [3]. The monotonicity property is also used as a key ingredient to identify the other parameters
Aor,. .., AN.

This paper is organized as follows. In Section 2, we introduce essential notations and tools which
are used throughout our article. In the following sections, we establish the proofs of our main results;
for ease of writing, each proof will be made in dimension 1. Section 3 is devoted to the construction
of the family of multi-solitons described in Theorem 1.2. Section 4 deals with the classification
of multi-solitons, which is the object of Theorem 1.4. In Section 5, we study the existence part of
Theorem 1.6 focusing on one soliton. Section 6 aims at proving the second part of this latter theorem,
that is general uniqueness of the one-parameter family previously constructed. In the appendix, we
explain how to adapt the proof to all dimensions, we justify Corollary 1.8, and we state and prove the
lemma of analytic theory of differential equations used in Section 4.

As usual, C denotes a positive constant which may depend on the soliton parameters and change
from one line to the other, but which is always independent of 7 and x.

1.4. Acknowledgments. The author would like to thank his supervisor Raphaél Cote for his con-
stant encouragements and for fruitful discussions. The author is also grateful to Rémi Carles for his
comments which improved the quality of this paper.

2. NOTATIONS, REVIEW OF SPECTRAL THEORY, AND MULTI-SOLITONS

2.1. Elements of spectral theory concerning (NLKG). ForallU = (“1), V= (Vl) e H'(R%) x
un Vo

L*(R%), we define the scalar product:

(U,V) = / (u1vy + upvy) dx
R4

and the energy norm
1

3
WUl = (ol + Dall2.)
Under assumption (H’1) (or (H1) and (H2) in the particular one-dimensional case), the operator
L := -A+1d — f'(Q) admits a unique simple negative eigenvalue, which we denote by —1y. The
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kernel of L is spanned by (9x,Q)i=1,....a [17, 22].
Note that for a general nonlinearity f and for d > 2, the operator L possibly counts several and
multiple negative eigenvalues. We refer to Cote and Martel [6] for the detail of the spectral properties
in this case.
With a slight abuse of notation, we still denote by Qg the function defined on R4 by 0p(x) =
L__ 50 that for all 7, 0p(x) = Qp(t,x). In the sequel, we sometimes omit the

x), where y =
variables x and ¢ when there is no ambiguity (we work with functions which either depend on time
or not).

For all 8 € R? with |B] < 1, we consider the matrix operator
_ [ A+Id-f(Qp) -B-V
Hp = ( B-V d |’

0

the matrix J := ( -1

(]) ) and the operator

BV A—Id+f
%::—Hg]:( [id [:é(gﬁ')).

We define forall j =1,...,d
BV (04,00)
Z]’B = 6 .
X Qﬁ
Proposition 2.1 (Cote and Mufioz [8]). We have 543Z; g = 0 forall j € {1,...,d} and there exist
two functions Z. g whose components decrease exponentially in space and such that
%Zi,ﬁ = iEﬁZiﬂg

2
where eg 1= L.

Moreover there exist unique functions Y. g (whose components are exponentially decreasing in space)
such that
ngyi"g € Span{Zi,ﬁ}, <JZJ"’3,YJL"3> = O, and <Yi”3,Z¢"3> =1.
In addition, the following orthogonality properties hold:
(Yi,’g, Zi,’g> =0 and <JZO”3, Zi,’g> =0.
The following coercivity property turns out to be a crucial tool in our paper.

Proposition 2.2 (Almost coercivity of Hg; Cote and Mufioz [8]). There exists p > O such that for
allV e H'(RY) x L>(RY),

d
1
(HpV. V) = VI 0o — = V. Zop)? + (V. Zg)? + D (V,JZj )|
Jj=1

2.2. Multi-soliton results. Let us consider a set of 2N parameters as given in Theorem 1.2 and
Qi
0:Qi

the associated (vector) solitons R; = ( ) = Rg, x;»1 = 1,...,N. We introduce moreover the
vectors:

o V. i(t,x) =Ysp, (pr oAg, (t,x — xi))

o Z,i(t.x):=Zsp, (pr o Ag, (t,x — xi)),

where y; := \/I—I\W We denote e; = eg, = ‘{/—/l[—" =+/A0(1 = |B:]?).

In particular, let us observe that for alli = 1,..., N, Y., belongs to € (R, H'(RY) x L*(R%)) n
L®(R, H'(RY) x L2(RY)).
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There exists ¢ € R such that
Vi#tj, €-Bi#C-B; and Vi, [€-Bi<]1;

we postpone the argument in the appendix. (If d = 1, one can take obviously ¢ = 1.) Let us consider
the permutation 5 of {1, ..., N} such that

-1 <€'ﬂ,7(]) <"'<f'ﬂ,7(N) <1.

‘We denote also

1
(21) o ]6 min {el, YN mln{f (,8,7(2) ﬂ’](l))’ e ,f . (IBU(N) _IBU(N—I))}} > 0.

We can quantify the interactions between the solitons R; and the functions Y, ; and Z, ;, fori =
1,..., N in terms of the parameter o-. This is the object of the following

Proposition 2.3. We have for all i # j, for all k.1 € {0,1,2}, and for all t 2 0,
(95 R0, LR} () = O (e*) .
(Yo (1), Y () = O (7).
(Z.i(0), 2., (0) = O (e
(Yei(1),0LR (1)) = o(
(240, 0R; (1) = O (7*7)
(Vi) 22, () = O (7).

What is more, due to Theorem 1.1, there exist 7o € R and C > 0, only depending on the sets (8;);,

a‘po ) € €([tg, +0), H'(RY) x L*(R¥)) of (NLKG) such that for all
190

|
)

(xi)i, and a solution @y = (

t > to,

N
(2.2) @ (1) - Z Ri(t) < Ce™ot,

i=1

H'xL?

When dealing with the multi-soliton case, we will need to consider in the present article the eu-
clidean space (Rk, | - |) and euclidean balls and spheres of radius r > 0 in R, k =1,...,N;in
particular we define:

Bpi(r) = {x e R¥| |x| < r}
Ser(r) = {x e R¥[ |x| = r}.

3. CONSTRUCTION OF A FAMILY OF MULTI-SOLITONS FOR N > 2

In this section, we give a detailed proof of Theorem 1.2 in the one-dimensional case.
LetN > 2and xy,...,xN, B1,...,8n be 2N parameters as in Theorem 1.2. Denote by ¢ a multi-
soliton solution associated with these parameters, satisfying (2.2) and consider ® := ( ¢ )

(9[(,0
As it was firstly observed in [3], the existence of (pa,....Ax)(a,,....an)ern Verifying (1.2) in The-

orem 1.2 is a consequence of the following crucial

Proposition 3.1. Let j € {1,...,N} and A; € R. Then there exist to > 0, C > 0, and a solution u
of (NLKG), defined on [tg,+o0) such that
Vit UG = ®) = Aje 'Y, (1)l gise < Ce™@ ),

where U = ((':u)
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By (2.2), assuming that the preceding proposition holds, and considering Ay,..., Ay € R, we
indeed obtain a solution ¢4, of (NLKG) and #; > O such that

Vit>t, |Da, (t) — Do(z) — Ale_e"Y+,](t)||H1><Lz < Ce(lertot

with obvious notations. We notice that ¢4, is a multi-soliton. Now, assume that we have constructed,
forsome j € {1,..., N—1}, afamily of multi-solitons ¢ 4,, ..., P4, A; such that there exists 7; > 0
such that forall k = 1,..., ],

.....

Vixty, | ®ay, a4 () = D@ay o, (1) = Ake™ Yy (1)l g1y < Cem (o)

where @4,
and there exist @4,

Ar = Pp if k = 1. Hence we can apply Proposition 3.1 with @4,
Ajo and zj; > 0 such that

A; instead of ®

.....

,,,,,

Vit @ (1) = @y, () = Ajre™ Yy g (Dl g2 < Cem@n¥o)l,

Thus, by induction on j, we obtain a family of multi-solitons ¢4,,..., ¢4,
t> 1ty :=max{t;[j=1,...,N},

A; such that for all

,,,,,

N
Da,ay (1) = @o(1) = Y Aje™"Y, (1)

J=1 H'xL?

N
< Y N@a, a1 = @a,ay (1) = Are™ Y, ()i

Z e (eito)t

=1

IA
)

At this stage, we conclude to (1.2) in Theorem 1.2, using once more (2.2) and the triangular inequality.

Let us already justify also that for all (Ay,...,AN) # (A’,...,A;v), we have g4, Ay #

Assume for the sake of contradictionthat pa,, . Ay = AL A for some N-uples (Ay,...,AnN) #
(A],...,Ay). Then, we denote

io :=min{i € {1,...,N}| A] # A;}.

Ay » there exists C > 0 such that for ¢ large

,,,,,

N N
3.1 Dp, iy (1) = iy ay (D) = Y Aje™" Y, (1) <C Y enlera,
J=lo HxL? J=lo
Similarly there exists C” > 0 such that for 7 large
N N
(B2) | Oxny ()= ap oy ()= D AGe Y, (1) < ¢y erler o,
J=lo HxL>? J=lo

USiIlg that mA] ..... AN (t) — IA'l ,,,,, A'N (t) and mA] ..... A"O’l (t) - IA'l ,,,,, A’ l(t)’ we deduce fIOIn (31)
ig=—
and (32) that for all ¢ sufﬁciently large

e | Ay, — A} | < Ce™ (),

Hence, letting 7 — +oco, we obtain A;, — A} = 0, which leads to a contradiction.
This ends the proof of Theorem 1.2.
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3.1. Compactness argument assuming uniform estimate. The goal of this subsection is to
explain how to prove Proposition 3.1; for this, we follow the strategy of Combet [3] and Cote and
Muiioz [8], both inspired from pioneering work by Martel [18] and Cote, Martel and Merle [7]. One
key ingredient in the construction is the obtainment of uniform estimates satisfied by a sequence of
approximating solutions of (NLKG).

We fix j € {I,...,N}and A; € R. Let (S,), be an increasing sequence of time such that
Sp — +oo. Let us consider b,, = (b, k) j<k<N € RNJ the generic term of a sequence of parameters
to be determined, and let u,, be the maximal solution of (NLKG) such that

3.3) Un(Sn) = ®(Su) + Aje™ Y, j(S0) + > bui¥ek(Sn),
k>j

Up
here U,, := .
where (3tun)

Concerning u,,, we claim:

Proposition 3.2. There exist ng > 0 and to > 0 (independent of n) such that for each n > ny, there
exists b, € RN with |b,| < 2¢~¢*29) and such that U, is defined on 1y, S, and satisfies

34 Vi€l Sl U0 = D) = Aze Yo j (D)l risz < Ce TN,

The b,, take the role of modulation parameters and are to be determined (if indeed possible) so that
U, fulfills (3.4), thus is a natural candidate in order to "approximate" the desired solution U which is
the object of Proposition 3.2.

‘We postpone the proof of the previous statement at the next subsection; for the time being, let us
assume that Proposition 3.2 is satisfied and let us show how it implies Proposition 3.1. In fact, the
existence of U is due to the continuity of the flow of (NLKG) for the weak H' x L? topology. We
explicit the construction of U below, following the same strategy as [7, paragraph 2.2, step 2] or [8,
section 4].

Proof of Proposition 3.1. We observe that the sequence (||U,, (f0)|| gg1xz2)nen is bounded; thus there
exist a subsequence of (Uy, (10))nen, say (Un, (10))ken, and Uy € H' (R)xL?(R) such that (U, (t0))kex
converges to Uy in the sense of the weak topology in H' (R) x L?(R). Let us consider U, defined as
the maximal solution of (NLKG) such that U(zy) = Up.
Lett > ty. For k sufficiently large, S,, > ¢ and thus U, is defined on [#o,t]. By a standard result
(we refer to [8, Lemma 10] and [27, Theorem 1.2]), U is defined on [fy, t] and (U, (¢))r converges
weakly to U(f) in H'(R) x L*>(R).
Moreover, by property of the weak limit,

NU(1) = @(1) = Aje 'Yy j(D)llgixs2 < lim inf U, (1) = @ (1) = Aje™ Y, j (D) s>

< Coe—(ej+(1')t.

Now, the remainder of Section 3 is devoted to the proof of Proposition 3.2.

3.2. Proof of Proposition 3.2. For ease of reading, we will drop the index n for the rest of this
subsection (except for S;,), that is, we will write U for U,,, b for b,,, etc.
Let us introduce the following variable (which depends on n)

W(t) :==U(t) — (1) — Aje” 'Y, (1)
and forall k € {1,...,N},
ai,k(t) =(W(1), Zi,k(t)>

(which depends on b in particular by definition of U = U,, (3.3)).
We denote also a—(f) = (a- k(1)) j<k<n-
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3.2.1. Modulated final data and strategy of the proof of Proposition 3.2. We make the first
step in order to determine the appropriate modulation parameter b. We obtain b as the solution of a
well-chosen equation; this is the object of the following

Lemma 3.3. There exists ny > 0 such that for all n > ny and for all a € RN~/ there exists a unique
b € RN/ such that ||b|| < 2||a|| and a_(S,) = a.

Proof. Let us consider the linear application
v RN-J — RN-J

b=y (S bl<Y+,z(Sn),Z—,I(Sn)))KkSN .
Its matrix in the canonical basis of R¥ =/ has generic entry g ; := Yi,jr1(Sn), Z_ j4x(Sp)) where
(k,1) e {1,...,N}>.

Since 5 ; = 1if k = [ and |y | < Coe7S» for k # I, with Cy > 0 independent of n, we have
Y =Id+ M with |M]|| < % for large values of n. Thus ¥ is invertible (for n large) and ||¥~!|| < 2.
We deduce the content of Lemma 3.3 by taking ng large enough and by considering, for a given
a € RN/ the element b := ¥~ (a). 0

Roughly speaking, Lemma 3.3 reflects that estimate (3.4) is to be proven by choosing a relevant
vector a = a_(S,).
The reason why we determine b according to the value of a_(S,) essentially comes from the direc-
tions Z_ i, which yield "instability" in some sense (given Claim 3.7 below), and also from definition
(3.5) below.

At this stage, we notice that we already have:

Claim 3.4. We have:
(D) Vke{l,....N},  lawi(Sa)| < Clble 275,
Q) Vke{l,....j}, la_i(Sy)] < Clble7275n,
B) WS llaixr2 < ClbL.

Let fo > 0 independent of 1 to be chosen later and a € Bgn-; (e~ (€*29)5) to be determined. We
consider the associated data b given by Lemma 3.3 and U defined in (3.3).
Let us define
3.5)
T(a) :==inf{T > 10 |V t € [T, Snl, W)l g1xz2 < e+ and e 27 q_(1) € Bpn-i (1)}.

We observe that Proposition 3.2 holds if for all n, we can find a such that T'(a) = #y. In the rest of
the proof, our goal is thus to prove the existence of such an element a.

To this end, we will first of all improve the estimate on ||W ()| 12 which falls within the defi-
nition of 7'(a). This is the object of the following subsection. Then, we will only need to care about
the second condition, which implies a control of @_(¢); this is done in subsection 3.2.3.

3.2.2. Improvement of the estimate on ||W||z1,;2. For notation purposes and ease of reading,
we sometimes omit the index n and also write O (G(¢)) in order to refer to a function g which a
priori depends on n and such that there exists C > 0 such that for all n large and for all 7 € [z}, S, ],
lg(D] < CIG()].

Lemma 3.5. There exists Ko > 0 such that for all t € [T(a), S,],

K
WO gixr2 < —loe_(ej‘*'(f)t'
ts

The whole subsection consists of the proof of this lemma.
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Step 1: Estimates on a. k. Letus begin with the computation of the time derivative of W.

Claim 3.6. We have forall k € {1,...,N},

0 Id
9r—1d+f'(p) 0

0
rAe ( @10 0 )Y”' * (g)
where g := f(u) — f(¢) = f'(¢)(u — @) satisfies
lg@llze =0 (llu - el ).
Proof. Claim 3.6 follows from the fact that both U and ® satisfy (NLKG”) and is also a consequence
of the following Taylor inequality (f is )
1f () = £(9) = £/ (@) (u = 9)|(1) < Cllu(r) = p(D)I7
and the Sobolev embedding H' (R) < L*(R). O

ﬂjax 1d . ' '
( P —1d+f(Qr) Bjoy )it et

(%W:( )W+Aj€_e-ft

(3.6)

Now, we are in a position to prove the following estimate on a4 k.

Claim 3.7. Forallk € {1,...,N} and forallt € [T(a), S,], we have

< C (e IW W llgrige + WD) 21,0+ e H1).

d
(3.7 'Ea+,k(t) Feras (1)
Proof. Letk € {1,...,N}. By means of (3.6) and since 0;Z+ x = —Br0xZ+ r, We compute
d
_a't,k(t) = <6tW, Zi,k) + <W, 6IZi,k>

dt
_ ~Brdx 07 —1d+ f'(¢)
- <W( 1d ~Bids )Z*”‘>

e |y [ —Bidx 0I—1Id+f(Q)
+Aje <Y+,‘/7( Id _ﬂ]ax Zi,k

+Aje—ejt [<Y+,j7 ( 8 f’(Qk)O_ f’(‘p) )Z+,k> +€j<Y+,j,Z+,k>}

+O(||U—d>||2 )

HlxL?
Let us notice first that

— 2 _ ’ / _ £
<W7 ( Bl Bi-1d+ (9 ) Zi’k>=<w, %kzi,k>+<w,(8 1)~ /@0 ) Zi,k>.

‘We have
W, H0Zs 1) =W, kerZy i) = eraq i

' <W( 0 f9)- 100 )Zk>‘

0

< IWlasezll (F/(9) = £/(Q0)) Ze il
N

0= 2,01 IWlgieze + ClWllgize D10 Zekll e

i=1 L® i#k

< Ce Wl yixg2.

and

<C

Similarly, we have

< Ce—40'l

‘<Y+,j,( 8 f/(Qk)O_ (9 ) zi,k>
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and

<Y+,j,( i af_l_dﬁfaf (00 )Zi,k> = (Ve jo H0Zes) + (B = BV, OrZe 1)
jO0x
=+(Y,j,exZsx)+0 (6_4‘”) .
Indeed, we notice that
0 ifk =
(Bk = Bj)(Ys,js OxZu ) = {O(e““”) .

Hence, we obtain

%ai,k(t) =terask+0 (€_4m||W||H1xL2)
(3.8)
+Aﬁ*ﬂFa;ﬁqawwwﬂn¢zw+o@4m+uu-@@wmﬂ.
Now, we observe that
ter (Ve j, Zag) +e; (Y jy Zo k) = O(e™477).
This is clear if k # j and for k = j, we have
0+0=0 if+=+
e (Yo, Zojy+eiYej, Zs i) = {—ej fe;=0 ift=-
indeed, we recall from Proposition 2.1
Yy Zij)=0 and (Y,;,Z_;)=1.
In addition, we have by the well-known inequality (a + b)? < 2(a* + b?),

2 2 —2e;
U = @110 < C (W12, 0+ e7257).

Considering that 2¢; > e; + 40, we have thus finished the proof of the claim. O
Step 2: Control of the stable directions.

Claim 3.8. We have forall k € {1,...,N}, forallt € [T(a), S,],
(3.9) s 1 (1)] < Ce™(eitda)t,
Proof. Due to Claim 3.7 and (3.5), we obtain

d
Ea'tk(l‘) - eka’+,k(l‘) < Ce—(ej+4a')z’

that is, for all t € [T (a), S,],
|(e_e"’cy+,k(t))/‘ < Ce~lejrer+ot
Integrating, we deduce that for all r € [T'(a), S,],
ey 1 (Sp) = €M @y k(1)) < Cem (et

Thus,
|Cl’+,k(t)| < |cy+,k(Sn)| + Ce—(€j+4a't).

From Claim 3.4 and Lemma 3.3, we have

vk (Sn)| < Ce 275 |p|
< Ce—ZO'S,, e—(ej+20')Sn

< Ce_(ej+4o—)t.

Consequently, Claim 3.8 indeed holds. O
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Step 3: Control of the unstable directions for k < j.
Claim 3.9. We have forall k € {1,...,j}, forallt € [T(a), S,],

(3.10) la_ i (1)] < Ce(erto)t,

Proof. As in the preceding step, we have forall k € {1,..., N} andr € [T(a), S,],
d

(3.11) Ea_,k(t) +era_ i (1) < Cem ettt

which writes also
|(ee"ta_,k(t))/| < Celek—ej+dot,
For k < j, we have e < ¢}, and so by integration, we obtain
|-k (D] < e Djar o (Su)| + Ce™ (TN,
But again from Claim 3.4 and Lemma 3.3, we infer
ek (Sn=1) la_ 1 (Sp)| < Ce®k (Sn=1) p=2YSn ,=(ej+20)Sn
< Ce(Sn—t)(Ek—ej')e—ej'te—4(1'Sn
< Ce ettt

Thus
Vke{l,...,j}, Yie[T(a),S,], la_ i (1)| < Ce(ertdo)t,

Step 4: Control of a Lyapunov functional satisfying a coercivity property. Let us consider
v: R — R
x - %Arctan (e7™).
We define forall k =1,...,N — 1,
1

Yr(t,x) =y (@ (X

Bk + Bk , Tt + Xtk ))
2 2 ’

and then

#1(t) =y (1)
Or(t) =¥i(t) —yp-1(t) forallk =2,...,N — 1,
on () =1—=Yn-1(1).

Recall that the permutation 77 has been chosen so that =1 < 8, (1) < -+ < B,v) < 1.

Now, let us introduce forall k € {1,...,N}
Fw k(1) = / (W% +(0xw1)? + w3 — f/(Q )W + 2,3;7(k)3xW1W2) ¢ dx,
R
and

N
Fv (1) = > Fw (1),
k=1

By means of Proposition 2.2 and a usual localization argument [20, 21], we obtain that Fy is
coercive on a subspace of H' x L? of finite codimension. More precisely, there exists u > 0 such that

1 N
(3.12) Tov (1) 2 kWO 1= (W, 00RO + (W, Ze i) + (W, Z- 1)%)
k=1

We state the following control about the derivative of Fyy:
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Claim 3.10. For ty large and for all t € [T(a), S,],

C
NALI

Proof. Let us rewrite Fy i differently, using the notations developed in the introduction. Relying on
integrations by parts, our computations lead to:

1
(HyyW)pr, W) = Fw k(1) — E/W%@%(bk dx + B (k) /W1W25x¢k dx.
R R

(3.13) <

d
ETWU)

Thus

1
(3.14) Fw (1) = ((Hy ) W), W) + O (Wlwni,w) :
We immediately have

d
Z((HW)W)% W) = ((Hy(yW) bk, 0:W) + (0; (H,y (i) W) i, W) + ((H () W) 0 b, W).
Besides

(0 (Hyy(iyW) b1, W) + ((H yy (i) W) 01 b, W)
1
= ((Hy)0:W)pi, W) + By (k) AaxQ;y(k)f"(Q;y(k))W%¢k dx+0 ($||W||12L,1xLz)

144 1
= (Hy 1) (0 W), Wor) + Bk ‘/Raqu(k)f (Qy(0))Widk dx +0 ($||W||i,lez) .

Since H,, (k) is a self-adjoint operator, we have
(Hyie) (0 W), Wic) = (0: W, Hyy (1) (W)

By a straightforward calculation, we have moreover

1
—IWII; )

(Hyy()y Woi), 0:W) = ((Hy )W) die, ;W) + O (\/; k2

At this stage, we thus obtain

d
E((Hn(k)W)(pk’ W) =2((H,;(iy W) dx, 0:W)
144 1
+ B (o /R 0xQ i f" (D)) Wi bk dx+0($||wni,lxm).

Now, by (3.6), we write
<(H7](k)W)¢k,(9tW> = [] + 12 +I3

[ Thay O 0 Id
4 ‘<( N Id)W¢k’(a§—1d+f'(<p) 0 )W>

by denoting 7; = —6)%+Id—f'(Qi) foralli=1,...,N,

3 0 -o, 0 Id
12'_ﬁ"(k)<( d 0 )W¢k’(—Tn<k>+f’(so)—f’(Qn<k>) 0 )W>

where

and

—e:t 'ax 1d
I3 :=Aje™ <(H,7(k)W)¢k,( 6§—I§j+ Q) Bjox )Y+,j>

0 0
{moneter () Yoy o)1)
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Let us deal with 7;: we observe that

% Tl e s 61
h ( 0 Id Wéi. Ty + (@) = f(Qpwy) O v

_ Ty O 0 I —hort |12
—<W,( R | Bl L B G T AN

0 Ty (x) —dot |y )2
W’( Ty k) 0 )W +O(6 7 ”W”H‘W)

92 d 92 dr+0 (L wip
- M Wady dx + w2 Wik dx + 72” [P

1 2
= O ($||W”H1XL2) .

‘We have

_ 0 -0 0 Id —(ej+do)t
12 —:877(k) <( 6)( O )W¢k’( _Tn(k) 0 )W>+O(€ J ||W||H1XL2)

== Bk /3xW2W2¢k dx + By k) /3xW1(3§W1 —wi+ f(Qyr)w1) bk dx
R R

+0 (e Wl 12

ﬂ] (k) ’” 1 —lej
- ]T ‘/ij%6XQﬁl7(k)f (Qﬁn(k))¢k dx +0 \_/Z”WH;{leZ te (e"+4(r)t||W||H'><L2 :

In addition, we have

I3 = Aje_ejt <(H,7(k)W)¢k,JZ+,j + er_,_,j) +0 (e_(4a-+ej)t||W||Hle2)
=Aje " ((Wor, -0 Zr,j) + € {Wor, Hpy) Yak))

1 2 —(4o+ej)t
+0(7;I|W|IH1XL2+E T Wl 12
1 2 —(4o+ej)t
=0($IIW||HIXL2+E TN Wl gsr2 | -

Note that the last line of the previous equality is a consequence of the following observation: if
n(k) =j, wehave J¢;Z, j =e;Z, jand H;Y, j = Z, ; so that

Aje It ((Woi, =) Zoj) + ;Wi Hy (1 Ys ) = 0.
If (k) # j, we have
Ajeeit (W, = Hopa Zoj) + €Wk, Hyiig Yo, ) = O 30 Wil g1y ).

Gathering the preceding computations yields

d
ETW,k(t)

1 2 —(ej+40)t
< C(\—/;IIWIIHIXLZH PRONW ez | »

hence the expected claim, by summing on k. O

Step 5: Control of the directions 0xRy. To obtain a control of the scalar products (W, 0xRy)

which is more precise than the a priori control by ||W|| ;17 2, let us introduce the following modulated
variable W:

N
(3.15) W(r) = W(R) + ) ax()dxRi (),
k=1
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where ar (1) € R, k = 1,...,N are chosen so that forall [ = 1,..., N, (W(1),0«R;(¢)) = 0.
Existence and uniqueness of the family (ax (f))req1,..., N are justified by the fact that the (interaction)
N x N-matrix with generic entry (9 Ry (), 0xR;(t)) is invertible for ¢ large enough.

Notice that

(3.16) lax (D] < CIW D)1z < Cem@+"

The functional Fyy, (¢), defined as F (7) by changing W in W, satisfies the following coercivity
property:

(3.17) W1 <C

HlxL?

N
Fw (1) + Z ((W, Zoi )+ (W, Z—,k>2)) .
=
‘We have

T (1) < Fv (1) + O (T IWIE,, o)

and we have moreover by Proposition 2.3 and (3.15).

<W’ Zi,k>2 < a’i’k +€_2(ej+50-)t.
Claim 3.11 (Estimate on W). We have

- 1
Vie[T(a),Snl, W31, < —e” G20,
Vi
Proof. Lettbelongto [T (a), S, ]. We obtain by (3.17) and by integration of (3.13) on [#, +o0) (which
is indeed possible by definition of 7'(a)) that

7 C
||W(f)||zlez < —e2eirot ¢ Z ai,k 4+ Ce2lej+do)t
Vi L

Using the estimate on @ x provided by the definition of 7'(a) and Claim 3.8, we then infer:

5 C
IW @131, < $e_2(ef+‘7)’ + Ce~(ej+4o)t

This concludes the proof of the claim. O

Claim 3.12 (Control of the modulation parameters). We have forallk =1,...,N,
C
Vte [T(O),Sn], |(1k(t)| < _le—(ej+o-)[.
ta

Proof. By definition of the modulation parameters ay, we have (W, d,Rx) = 0. Thus, we have by
differentiation with respect to t:

(0:W, 0xRi) + (W, 8,0xR) = 0.
By Proposition 2.3, we have for [ # k,
(OxR1, 0:Ri) = O (747 )
and for all /,
(D10<R1, OxRiy = O (7).
We deduce that
@} (D03 R ORi) + O W, OxRE) + (W, 0,0.Re) = O (T W (D)l 7112 -

‘We have in addition

<W7( 0 02-1Id+f'()

1d 0 )aka>+<W,5szk> =0 (Wl gixr2) -
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‘What is more,
|Aje " e (Y ;, 0xRi)| < Ce ittt
again by Proposition 2.3.
Hence,

lal (t)] < CIIW (1) || g1xp2 + Ce ¥t

IA

£le—(ej+0')l +€_(ej+30-)t.
13

IA

O

Now, gathering (3.15), Claim 3.11, and Claim 3.12, we immediately deduce the expected estimate
of ||W||g1xz2, which ends the proof of Lemma 3.5.

3.2.3. Control of the unstable directions for k > ;j and end of the proof. To control a_ =
(a-, k)j <k<n and eventually obtain the following statement, we resort to a classical topological ar-
gument, already set up in [3] and initially developed by Cdte, Martel and Merle [7].

Lemma 3.13. For ty large enough, there exists a € Bgn-; (e~ €i*2)Sn) such that T (a) = to.
The proof follows that of Combet [3]. We write it below for the sake of completeness.

Proof. We first choose #( sufficiently large such that \I/{—t% < % Then, we have by Lemma 3.5

1
Ve T(@,Sul, WO lgie < 5¢7 9.
Assume, for the sake of contradiction, that for all @ € Bgn-j(e”(¢i*2@)Sn) T(a) > 19. As
IW(T ()| g1z < %e‘(ef"“)”“), by definition of 7 (a) and continuity of the flow, we have:
la—(T(a))| = 1.
(We recall that @_(f) = (@« (?)) j<k<n.) In other words, the map

M : BRNﬁ- (e—(ej+2(r)S,,) N Swa,-(e‘(eJ'*z”)S")
a — e (@20 ST g (T(a))

is well-defined. Now, we aim at showing that M is continuous and that its restriction to Sp~-; (e_(“’f +2“/)S")
is the identity.
Let T € [Ty, T(a)] be such that W is defined on [T, S, ] and, by continuity,
VielT, Sl WOl gixe2 < 1.
We consider, forall 7 € [T, S,]:

N(1) = N(a_(1)) = e(ef+2")’a_(t)“2.

Claim 3.14. For to large enough, and for all t € [T, S,] such that N (t) = 1, we have:
N'(1) < —(ej41—€j — 20).
Proof of Claim 3.14. Let us start from estimate (3.11): forallk € {j+1,...,N}, forallr € [T, S,],

< Ce_(ej+4o—)t.

—a +era
It -k k- k
Thus we obtain for all k € {] + 1, . ,N},

d d (e
a/_,kaa_,k + ej+1aik < a_’kEa_’k + ekaik < Ce (e-’+4(r)’|a/_,k|.
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Then, summingon k € {j +1,..., N} leads to
(|a_(t)|2)' +2ela(n)? < Ce™ @ a_(7).
Therefore we can estimate:
N'(0) = 22 [2(e; 420 - (0 + (o~ () |
< 2200 (e +20) |- () = 2e il () + Ce™ M a_(n)]|
Hence we have for all r € |T, S,],
N'(t) < —ON(t) + Ce'|a_(1)|,

where § = 2(ej41 — ej — 207) > 0 by definition of o-. In particular, for all T € [T, S, ] satisfying
N(1) =1, we have:

N'(T) < =0+ Ce®T|a_(1)| < =0+ Ce®Te™ (20T < _g 4 Ce™2M0,

Now, we fix 7o large enough such that Ce™27% < g. Thus forall 7 € [T, S,] such that N(7) = 1, we
have
N'(r) < -2
7)< ——.
-2

O

Finally, we claim that a +— T'(a) is continuous. Indeed, let & > 0. By definition of 7'(a) and by
Claim 3.14, there exists 6 > 0 such that for all ¢t € [T(a) + &,S,], N(t) < 1 — 6§, and such that
N(T(a) — &) > 1+6. But from continuity of the flow, there exists 7 > 0 such that for all & satisfying
[la—al| <75, we have

Vtie[T(a)—¢&,Sul, IN(@) — N(a)| <

NSRS

We finally deduce that
T(a)—e <T(a) <T(a)+e.

Hence, a — T'(a) is continuous.

We then obtain that the map M is continuous. What is more, for a € Spn-;(e™(€*29)Sn), as
N'(S,) £ =(ejs1 —ej —20) < 0, we then deduce by definition of 7'(a) that T'(a) = S, and thus,
M(a) = a.

The existence of such a map M contradicts Brouwer’s fixed point theorem. Thus, we have finished
proving Lemma 3.13.
O

4. CLASSIFICATION UNDER CONDITION OF THE MULTI-SOLITONS OF (NLKG)

LetN > 2and xy,...,xn, B1,...,0n be 2N parameters as in Theorem 1.2. Let U be a solution
of (NLKG) such that

N
1
“4.1) U(t)—ZRﬁi(t) :O(tj) as [ — +oo
i=1 H'xL?
for some a > 3.
The goal of this section is to prove the existence of A, ..., Ay € R such that
U=®4,. Ay

Here again, we make the proof for d = 1.
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We denote by ¢ a multi-soliton solution associated with these parameters, satisfying (2.2) and

®:= %) Letusconsiderz:=U-@=["|. Obviously,
6[§0 5,1

1
1ZOlliagz = O (r) 25t oo

Our first objective is to improve this comparison, and namely to pass from the polynomial decay
to an exponential one.

4.1. Exponential convergence to 0 at speed ¢; of ||Z(?)|| 1 z2-

4.1.1. Introduction of a new variable by modulation. In a standard way, we modulate the vari-
able Z in order to obtain suitable orthogonality properties, making it possible to obtain crucial esti-
mates when we apply the spectral theory available for (NLKG).

Lemma 4.1. There exists tg > 0 and € functions a; : [to, +00) — R and b; : [ty, +o0) — R for all
i=1,...,N suchthat, defining

N N
E=7Z- Z: a,ﬁxRi - Z: biY+,i,
i= i=

we have foralli=1,...,N and forall t > ty:
4.2) (E(1), 0xR;i(2)) =0
(4.3) (E(1),Z-;(1)) = 0.
Moreover, we have foralli =1,...,N:
1 _
4.4) a;(t) = m(z(t)»axRi(t» +0 (e 4(rt”Z”H‘xL2)

“5) bil0) = (Z(1), Z-,1(1)) + O (™| Zl 112

Proof. This lemma follows from the consideration of the system with unknown variables a; and
b; which is obtained by replacing E by its definition in (4.2) and (4.3). See also [5] for similar
considerations in the case of modulation for the nonlinear Schrodinger equations. O

4.1.2. Control of the Z, ; and Z_ ; directions. Define @, ; :=(Z,Z. ;) foralli=1,...,N. We
claim:

Lemma 4.2. The following bounds hold: foralli=1,...,N, forallt > t,
L (1) F erei (0] < C (e N Zlgrgz + 1211y ) -
Proof. The proof is in a similar fashion as that of Claim 3.7. We note that
0 1d ) ( 0 )

) , Z+ ,
Oy —1d+f'(¢) 0 ) = f(e) = (u—-9)f'(¢)
and that | f(u) — f(¢) — (u— @) f'(¢)| < Clu — ¢|* < C||Z||ille2. Thus fori = 1,..., N, we have

a-/_i-’i = <atZ9 Zi,i> + <Z7 6tzir,i>

0 Id
= <( 32—1d+f’((p) 0 )ZaZi,i> _18i<Z, 6xZi,i>+O(”Z”i[1><L2)

g [ B B-1d+ 0 0 10 - 110
e (T T e (5 T )

+0 (1211,

HlxL?

6{22(

= (Z %eiZ2) + O (™7 Zl sz + 1711 2)
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4.1.3. Control of the remaining modulation parameters.
Lemma 4.3. Foralli=1,...,N, we have

“.6) a1 < € (IENmisez +1Z1251,2)-

Proof. We do not detail the proof of this lemma which is similar to Claim 3.12. It suffices to start by
differentiating the orthogonality relation (E, (R;),) = 0 with respect to ¢ and then to control terms
by means of ||E|| gix2- O

4.1.4. Study of a Lyapunov functional. Taking some inspiration in [19, 28, 29], we consider
forall r > ¢y:

Fo(t) = / {0:22 + 0,2 + 22— f(@)2*} dx+ Z/XBXZG,Z dx,
R R

where y is defined as follows.
To begin with, recall that the parameters are ordered in such a way: —1 < 8,1y <+ < By(n) <
1; let us denote, for some small 6 > 0 which will be determined later:

li := By + 6 By = Bn(i)
L; = By = 6 (Bya+1) = By -
We then define for all ¢ > 1o and for all x € R:

Bay if x e (—00,l1]
ﬂ]](i) if xe [L-l‘, l_it]

X 9 (
(1=26) 1-26
For all t > 19, x(¢) is a piecewise ' function.
Set Q(¢) := Ufll (I;t, 1., 1). It follows from the definition of y that

=i+l

ﬂn(i)"‘ﬂn(iﬂ)) if x€[l_[l,LHll],l'E{l,...,N—]}.

6[){(t’x) = ax/\/(t,-x) = O lfx S Q([)C

Orx(t,x) =— if x € Q(1).

_ X
1-26)¢t (1-26)12

Lemma 4.4. There exists y > 0 such that

Oxx(t,x) = (

@7 F()=2 / 020,20, x dx — / {(8i2)* + (0x2)* — 2 + f/(9) 2%} Dxx dx
Q1) Q(r)

+0/(eNZIZ 10 + 12031y )
Proof. We essentially have to use the identity 92z = 2z—z+ f(u) — f (¢) in the expression of F(1).
We compute

! ’ 1 144
Feo (1) = 2/ :szzx + 22 + 22— [ @)z — E"O’f (¢)zz; dx
R

+2/)(,zxz, dx+2/Xsz,, dx+2/XZx,z, dx
(48) R R R
=2/Zt (—zxx + 2 +2— f'(9)z2) dx+2/XthZt dx
R

R
2 fR ox (aw = 24 F(0) = () dix - /R 2w di - /R o0 f" (@) d
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Notice that
“.9) /R G (~zec+z +2 - f1(9)2) dx = fR @ (f) = (@) = £/(9)2) dr=0(I1ZI}1,,.)
and

(4.10) [t =so) ax= [ xes @z dve0 (121, ,p0).
Hence, collecting (4.8), (4.9), and (4.10),

F (1) = Z/XthZz dx — /Xx(zi +22 - 7%) dx
R R

—/z2 et (@) + xexf” (9)) dx—/<pzf”(90)z2 dx+0(||Z||ZI><L2)
4.11) . R

= Z/ZthXz dx — / {zi +zf -7 +f’(<p)zz})(x dx
R R

- 257 @ xen) dv+ O (12, 0)-
Lastly, observe that
N
z ©)(@r + xpx) dx = z ¢ ki + x(Ri)x) dx HxL?
X 2F7 (@) (o1 + xpx) d i 2£7(0) ((Ri)s + x(Ri)x) dx+O (|12}
i=1
_ 3
_I+J+O(||Z|| )

H!xL2

where

N
1 =; /Q " 2£7(9) ((Re): + x(Ri)y) dx

N N Zit
J = Z Z/ 27 (@) (Ri): + x(Ri)x) dx.
k=1 =1 L)

On the one hand,

N N it
1= 3[R (R xR
k=1 YLt

i=1 )

(4'12) _ o Lt 2 —4ot 2
=2 [ S Ryl +x(Rya)s) e+ O (e NZI o)

i=1 YL ()

=0 (e ZIR, )

Indeed, for all x € [1,(¢), I;t], we have (Ryi))e (1, x) + x (£, x)(Rpy(i))x (1, x) = 0.
On the other, for x € Q(¢), there exists k’ € {1,...,N} such that [t < x < Lt
Then

(I = Br)t < x = Bt < (Lyy — Br)t
and thus
As a consequence, we have for all x € Q(z)
Ri)x(1,x)| < Ce™ X Prtl
@13) |(Ric)x (1, x)]
< Ce™,

where 0 < Y < 0'5minj=1 _____ N—l{ﬂr](j+l) —,8,7(]')}.
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Hence
—yt 2
(4.14) ] < Ce™ N Z 31410
Finally we gather (4.11), (4.12), and (4.14) in order to obtain (4.7). ]

Let us introduce the components € and &, of the vector
£ ( g:=z- 2 {ai0:Qi + bi(Yei)} )
& 1= 0,z — X {ai(—i0xx Qi) + bi(Yii)2})
Corollary 4.5. We have

4.15) F/(1) = 2/ Ex&rx dx — {s% +si P +f'(<p)82}/\(x dx
) Q1) Q1)
+0/(eNZIZ 1 + 12031y ) -

Proof. The corollary immediately follows from (4.7) and bounds for the derivatives of Ry and Y, i
which are analogous to (4.13). O

In the spirit of [19, Proposition 4.2], we will state an almost monotonicity property satisfied by
. Let us define

Fe.oa) (1) 2=/ {2 + &5 +2yecen} dnr.
Q(r)

Let A € (1, —1). The choice of A is linked with the integrability of particular quantities and will
appear naturally later.

Proposition 4.6. There exists 6 > 0 and to > 0 such that for all t > t,
HlxL?

o A ]
(4.16) ~FL(0) < S Fean ) +0 (€ 1ZI 0 + 121510 -

Proof. Since f’(0) = 0 and f’ is continuous, there exists ro > 0 such that for all r € [0, rg],
|f’(r)| < 1. There exists K > 0 (independent of ¢) such that for all ¢ > ¢y and for all x € Q(¢),
lp(7,x)| < Ke™ . Even if it means increasing 7o, we can assume that Ke™”" < rg for all 1 > 1.

In addition y, > 0. Thus, for ¢ > 1y,

—2/ ExEr Xy dx+/ {Si+8%—82+f’(90)82})(x dx
Q1) Q)

< —2/ ExEXt dx+/ {8i +3§}Xx dx.
Q1) Q(1)

Moreover,

1 X
—2/ ExE2X, dx+/ 8i+82 Xx dx = 7‘/ {28x82—+8§c+82} dx
Q@) t szm{ d (1=26)t Jau) t :

1 X
= Feow+2 [ (5 -x)ewe dx).
(1 =26)t (7: 20 -/Q(t) t X)exe2 )C)

Now, for x € Q(7), we have

X X 1 o
‘? (0] < i (1 B 1—25)‘+ =20 2 max|fil
X
325((;(+c)
< Cs.

Thus,
2

X
_ X ) erer dx = ( E|? )
(1—26);/9(,)(t )()8 £2dx = O (G|El} 1,2
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Noticing moreover that

Fe,0(t) 2/ {si+e%} dx—2||)((t)||w/ £x& dx
Q(1)

Q1)

2 / {eX +a2} dr =l / {2 +63) dx
Q(1) Q1)

> (1= Ol EIE 1200

we obtain
2 X

—_— - - & dx =0 (6T .

(1—26)t/g(,)(¢ x)exe2 dx =0 (0T0)
Finally,

’ 1 —yt 2 3
T < 355,01+ OO T + O (e 121210+ 12012
A -
< SFein +O (7211 pa + 1200

provided ¢ is chosen small enough. O

‘We now introduce the functional
Fe(t) = / {si +el+e’ - f’(tp)sz} dx + 2/X8x82 dx
R R

and compare it with 7.

Lemma 4.7. We have

N
Folt) = F2(1) =2 ) ai(Daei (1) + (1),
i=1

where G(t) = O (e_7’||Z||2 ) and G'(1) = O (e_7’||Z||2 )

H!xL? H!xL?

~-02+1d-f'(¢) O

Proof. Let M be the matrix ( 0 1d

). Foralli = 1,..., N, we have the decom-

position

(4.17) M=H,~+( 0 ﬂiﬁx)Jr(f’(Qi)—f’(go) 0)

_18i6x 0 0 0
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Then we infer
Fe(t) =(ME,E) +2/X€x82 dx
R

N
Z {ai(R)x+biYii}|,

=(MZ,Z) -2 <M
=1

N Z>
ol

N
Z {ai(Ri)x + biY+,i}) ,Z {(lj(Rj)x +ij+’j}>
i=1 Jj=1

N N
2 xtd 2 i i)xx biY+i X / /) xt bY+ d
+ /R)(z z dx + /RX;{G (Qi)xx + bi (Y1, };{GJ(Q,) +bj(Ye )2} dx
N N
-2 /R XZx zl] {@i(Qi)xt +bi(Ye)2} dx =2 /R X2 21] {@i(Qi)xx + bi(Ye)1.x} dx
N
= Fo(1) =23 biZi, 2) + G (1)
i=1

N
=F(1) =2 a (D (1) + G (1),
i=1

with
MYei— 7o ﬂ[_( (Yy)2x ) . ((f’(Qi) - f’(so))(Y+,i)1)
’ ’ —(Ysi)ix 0
o [BI(Qi)xxx (f'(Qi)—fw)(Qi)x)
M(R:)x = ( ~Bi(Q1)xx ) " ( 0 '
and
Y ol B (1) R N ¢ A ERR | R
G =- ;{al(ﬂi(g)” )+ iﬂi(_(ml’x)}, +0(eNZI%,)

+

N
,8 (Q )xxx (Y+,i)2,x
Z a[( Bi(Qi)xx ) bifi (_(Y+,i)1,x) +biZii,a;(R)x+ b,-Y+,,->

i=1
N

#2) [ X @000+ b1 (i Q1)+ Bi(Yei)) d

—_

z

ZZ/XZX —Biai(Qi)xx + b; (Y+t)2 dx ZZ/XZt a;(Q; )xx+b(y+t)lx) dx.
i-1 /R
Integrating by parts, we obtain

/RXZx (=Biai(Qi)xx + bi(Ys)2) dx
= —/XZ (=Biai(Qi)xxx + bi(Yei)2,x) dx — /sz (—=Biai(Qi)xx + bi(Ys,i)2) dx.
R R
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Consequently,

N
G(t) = —ZZai/(X — Bi) (—Biz(0i)xxx + 2 (Qi)xx) dx
i=1 R
N
_ngi/R()(—,Bi) (~z(Ye0)2x + 20 (Yai)1.x) dx
S N
2 5 )
+2;Cliﬁi /R(,Bi = X)(Qi)5x dx+2;bi /R([gi AN e A
N
2 xZ (=Biai(Qi)xx + bi(Yy
* ;/Q(Z)X 2 (=Biai(Qi)xx + bi(Ys)2) dx

N
+2 3 aib; /R O = B0) (Bi(Ve)1.x (@) x + (@0 a (Ve )2) dx 40 (7 NZI%, )
i=1
=0 (e 1ZI1,0) -

We deduce from Proposition 4.6 and Lemma 4.7 the following "weak" monotonicity property.

Corollary 4.8. We have for all t > to,

N
, A C _
(4.18) ~FU) < ST + = >a2,+0 (e MZIZ, .+ ||Z||§I,xL2) .
i=1
Proof. From Lemma 4.2, we obtain: foralli=1,...,N, forall ¢ > 1y,
4.19) (@ iani)| < € (e 12100+ 1Z1351,2)-

Thus, we have

N
T = =T (1) +2 ) (a-iar) + O (7|1Z))

i=1
A —yt 2 3
< S F e + O (N2 g0 + 12130

We now make use of the following property satisfied by #. which is a consequence of a localized
version of Proposition 2.1 (we refer to [19, proof of (4.12) and (4.21)] for similar considerations in
the case of the energy-critical wave equation):

N
(4.20) Feoi < Felh) +C Y (e, Z0i),

i=1

to deduce that

N
) 2 c )
~FU0) < SFe(0) + Zai[ +0 (e YNZIP, g + ||Z||3Hlez) .
i=1

We are now in a position to prove

Proposition 4.9. Even if it means taking a larger to, we have for all t > t

N
.21 1Z()llr1xzz < Csup Y i (7).
>t 55
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Proof. Multiplying the estimate obtained in Corollary 4.8 by #*, we have for all # > 1,

2 12 g

~('FE) (1) < C (Zt e ZIR, IIZIIHlez)
i=1

Since, 1*~'aZ ., Y| Z|]3,, ,, are integrable functions of 7 on [1g, +00) and t*FE (1) — 0 as 1 — +oo,

we infer that

4.22)

Fe(t) < C

>t

Z/ rlad (1) dr’ +—/ Ao sup||Z<t)||)

By the coercivity property satisfied by ¥, we thus obtain

/\

IE@11,p2 <

N
C |7z + Z o2 (1) + e-27’||2<t)||§,lxm)

Z/ //l 1 2 (t)dt +—/ ’/l”Z(t)”Hlez

N
+Ce sup | Z() 31,02+ C D a2, (0).

t'>t

In other words, there exists C > 0 such that for all ¢ > 1,

1 1
0 N 2 N 2
C - -1 2 ’ ’ ’ 2 ’
1E@ sz < Y el ar | +C| ek i)
2 \Jt i=1 i=1

C oo A%
+— (/ PUNZE) 12 l) +Ce™ 2 sup | Z(1) | -
r

12 t'>t

(4.23)

From Lemma 4.2 we recall the estimate
@ (1) = eia i (D] < C (e NZWO ez +1ZDIE )

which is equivalent to

(e ) (O] < Ce (e NZ W grr + 12O 1,) -

Integrating the preceding inequality (which is indeed possible), we deduce:

4.24) ()] < c( ' Sup V2010 + sup 2 >||,Mz)

t'>t
Now,
N
1ZO)lrixzz < NE@lgpixgz +C D lawi(@)]+C Y lai(@®)] + Ce ™ |1 Z() |z
i,+ i=1

By Lemma 4.3, it follows that
(4.25)

IZOlg1x2 < C

IE@llpia + ) lavs ()] + / (IEG 1z + 102G 1,0 dr’) .

+,0

Observing that the quantity f:w 1Z(#")|| gixr2 dt’ makes sense and tends to 0 as r — +oo (because
a > 1) and that

—+00 —+00
/ 1Z(E, s de’ < Sup I Z() e / NZ() g1z .
t t

t'>t
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we deduce that for ¢ sufficiently large

(426)  NIZDllgix2 = C

+00
suan(t)nHle/ HEG)1xzz dr +supZ|a+l<r>|)

t'>t t'>t

Now, we replace (4.24) in (4.23) and use (4.26). We notice that the following well-defined quan-
tities tend to 0 as ¢t — +oo (because @ > 3 and by the choice of 4 < @ — 1):

+00 +oo
/ A sup |12, . / sup 12" sz di”
t t

t" >t t" >t
1

+00 1 +00 ] +00 e 2
f CUNZE g1z f L ( / A sup 1267V 1R t’) du
t t u2 u >t

+00 1 +00 %
/ - (/ t//l“Z(t’)HHlez dt') du.
t w2 \Ju

We then obtain for ¢ sufficiently large

N
IZlgr1rz < Csup Y i ().
=

Proposition 4.10. We have for all t > ty, foralli =1,...,N,

4.27) la— (1) < Ce™ .
Proof. From Lemma 4.2 and Proposition 4.9, it results that for alli = 1, ..., N, for all ¢ > 1o,
2
N N

(4.28) o (1) + e i(1)] < C|e™ sup Y lae ; ()| +|sup > la ;(1")]

’ S 215
Then, foralli=1,...,N,
(4.29)

2
ol (- i(1) + e (1] < C|e” supZ o= ()i ()] + sup Z o j (1| lo (0] |
t'> t
Let us denote A = Zj-v:l a/f,j. Summingoni =1,..., N, we have in particular:
2

N

| A (1) + 21 A(1)] < Ce™ supZm_ ()] Zw_ (0] +C supZm SO Y a0l

i=1
N 2
Noticing that (ijl la I) < CA, we obtain the existence of ¢ > 0 such that for all ¢ > 1,

|A' (1) + 2e1A(1)] < C (e_‘” + ﬂ(t)%) sup A(r).

t'>t

1
Lastly we observe that & : t +— ¢~7" + A(r)? is integrable on |7, +o0) since

1 1 1
A(t)2 =0 (IIZ(t)IIi,lez) =0 (t—%) :
By Lemma 7.1 in Appendix, we obtain A(t) < Ce 29" fort > 1. Consequently, foralli =1,..., N,
la— (1) < Ce™ .
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Gathering Propositions 4.9 and 4.10, we deduce
Proposition 4.11. There exists C > 0 such that for t sufficiently large,
IZ(Ollpg1xp2 < Ce™'

4.2. Identification of the solution. Recall that we have constructed in Section 3 a family of
multi-solitons (¢4,,....a,) suchthatforall j =1,...,N, forall ¢t > 1,

(4.30) [®ay..oa, (1) = Da,a,, (1) = Aje 7Yy j(1)]] g1 yn < Ce™HN

(We can always assume that o < min {e1 ,minj—>  n{ej —ej }}).
Following the strategy of Combet [3], our goal is to establish

Proposition 4.12. Forall j = 1,...,N, there exist C > 0, to > 0, and Ay, ...,A; € R such that,
defining

we have:

@31) IE, ()llpg1p2 < Ce™"

Moreover, denoting ax j i '={Ej,Z+ ) forallk =1,...,N, we have

(4.32) Yke{l,...,j}, e“a_ ;i (t) >0, ast— +oo.

Proof. We proceed by induction on j. First, we focus on the case where j = 1.
We have ||Z(1)|| g1xz2 < Ce™®" by Proposition 4.11. Thus, by Lemma 4.2 and given that o < e,

(e a_1)| < Ce™".
Since 7 +— e~ is integrable in +co, there exists A; € R such that
e“a_(t) — Ay, ast — +oo.
We then define E; := U — ®4,. We notice that E1 = E + (® — @4, ) so that
IE1(Dllgixe2 < NE@ g1z + [19() = Pa, (Dl 512
< Ce1 4+ [ D, (1) = D) = Are™ Yoy (Dl gr1ze + 1A1e™ Y1 (1)
< Ce™@,
Moreover
@11 =(E, Z_ 1) + (@ - Dy, —A1e™ "Y1, Zo 1) + Are I (Ya 1, Z- 1)
=—a_1+A1e " +0 (e_(el“r)t)
=ofe).

the last line resulting from the definition of A;.
Thus Proposition 4.12 is true for j = 1.

We now assume that there exist Ay,...,A;_1 € Rsuch that [|E;_1(1)||g1xz2 < Ce¢i-1* and for
all k = ],. ,] - ], eekt(l_,j_l’k(t) — 0ast — +oo.
Let us show

Claim 4.13. We have
1E o1 (Dl g1gs < o™,

e To prove this claim, we show that, if ||E;_; (¢)|| < Ce™ 7" withe;_; < 0y < ej — o, then

IEj-1 (Dl g1xp2 < Ce™(THo0),



30 XAVIER FRIEDERICH

As

— - 2
& 4 () F ere o1k (]| < C (e TNE A Ol iz +IEj A (D11 ,)

< Ce—(o-+o-o)t

(by the same calculations and arguments as those developed in the proof of Lemma 4.2), we
have forallk =1,...,j -1,

‘(eekta'—,j—l,k)/‘ < Ce—(0'+0'0—e'k)l.

Since t > e~ (7+90=¢k)? j5 integrable in the neighborhood of +co (since e < ej_1), and by
assumption, e“*"a_ ;_; 1 (f) — 0 as t — +co, we have by integration

lo— j-1,k(1)] < Ce™(T+o0)",

Forallk = j,...,N,wehave o + 0y —ex < 0+ 09 —e; <0, thus by integration on [#, ],
we obtain
|€ekta’_’j_1,k(l‘) — eektoa’_’j_l,k(l‘o)| < Ce(ek—(ro—(r)t.

Eventually, we obtain (by a "cut-and-paste" of the argument exposed in subsection 4.1)

N
HEj 1 (Dllzpixzz < Csup D lae ji i ()] < Cem (T,
21 4o
which is what was expected.
e Now, from the preceding induction, there exists & € (e j—o,e j) such that
IEj—1 (D)l ppixg2 < Ce™ 0,
from which we deduce
|(eekta,_ i k)/| < Ce—(o‘+5'o—ek)t'
Now, fork € {1,...,j—=1},ex =0 =89 < ej_1 —0 —e; <0, we thus have
la— j_1x(0)] < Ce™ @0+ < Cemeit,
For k = j, we have |(e“"a_ j_1 ;)| < Ce€i=00=9)t Thys, there exists Aj € R such that
a1 ;(1) > Aj, ast — +oo.
Fork e {j+1,...,N}, wehave o + &9 — ex < o +e¢; — e <0, thus by integration
la_ j—1k(1)] < Ce™® + Ce™ Tt
< Ce™@it,
Hence,
N
IEj—1 (Dl gixz2 < 05}52 o jo1k ()] < Ce™",
2 =1

.....

immediately have
Eij(t) =Ej1() + @a,, 4, (1) = D44, ().
Then,
NE; Ol gixe: < NEj-1 (Dl ixee + 1Pa,y 4, (1) = @a, 4, (1) = Aje ™Y j(0) || s
+11A4e” " Ye (Ol e

< Ce 97,
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What is more,
a-j k(1) =E;(1), Z_ k(1))
= a1 k(1) = Aje Yo, Zo i) + O (e_(e-"“r)t) :
Fork=1,...,j—1, we have:
e ()] < Ce™ a1 k(1) + O (7o)

< Celee=e)t — 0.

t—>+00
For k = j,
ea () = ea j1(1) = Aj+0(e”7") — 0.

—+00

This finishes the induction argument. O

Finally we obtain that U = ®4, . 4, by means of

.....

Corollary 4.14. For t sufficiently large, ||En (t)||g1xz2 = 0.

Proof. As in the preceding proofs, the following bounds hold:
N

(4.33) HEN )l ixpz < Csup Y ey i (1)
1=t =
and
@38 oLy () + e ni (0] < C (T NEN Ol + IEN D112)

We observe that ¢ — e®’ (e‘(”HEN (O llgiser2 + ||EN(t)||12LI,><L2) is integrable on [f(, +0); this is

due to the fact that ||[En ()| gixz2 < Ce™N'. Since for alli = 1,...,N, e“’a_ n(t) — 0 as
t — +o0, we obtain by integration of (4.34) on [¢, +c0):

- (D] < C (e-‘” sup | En ()| 12 + sup ||EN(t’>||§,]XL2) .
t'>t t'>t
Then, using (4.33), we obtain
sup [|En (1) | 1> < € (@“” sup [|En (1) [l 1xr +SUP||EN(t’)II§,lez) .
t'>t t'>t t'>t

This implies that ||En (¢)|| g1xz2 = O for ¢ sufficiently large. ]

5. CONSTRUCTION OF A ONE-PARAMETER FAMILY OF SOLUTIONS CONVERGING
TO A SOLITON

The goal of this section is to prove the existence part in Theorem 1.6. Once again we restrict our
focustod = 1.

5.1. Outline of the construction. Let A € R.

Let (S;),en be an increasing sequence of real numbers which tends to +co and, for all n € N,
define u,, as the maximal solution of (NLKG) such that

(5.1) Un(Sn) = Rg(Sn) + Ae™F5nY, 5(S,),

with obvious notations.
We aim at proving the following key proposition:

Proposition 5.1. There exist t) > 0 and Cy > 0 such that for n large,
(5.2) Vielto,Sal,  |[Un(r) = Re(t) = Ae™F" Y, g (0)||,y1,p> < Coe 2.
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To this end, we will set up a bootstrap argument and show

Proposition 5.2. There exist ag > 0, Cy > 0, and ty > 0 such that for n sufficiently large,
if there exists t;, € [to, Sn| such that for allt € [t;,, Sy],

(5.3) U (1) = Rg(t) = Ae™ 'Y, g (D)l s < @0
then for all t € [t,, S,],
(5.4) U () = R (t) = Ae™ 'Y, g (1) || prixes2 < Coe "

Let us show how to deduce Proposition 5.1 from Proposition 5.2.

Proof of Proposition 5.1. Assume momentarily that Proposition 5.2 holds true. Let us consider ag
and Cy as in Proposition 5.2 and suppose (even if it means enlarging 7) that Coe 25" < .
We define for all n such that §,, > fo:

ty :=inf {t € [10,Sul, ¥ 7 € [1, Sn], ||Un(7) = Rp(7) = Ae™P7Y, g ()| ;1,2 < @0} -

By (5.1) and by continuity in time of Uy, Rg, and Y, g, t;, is indeed well-defined and we necessarily
have o < t;, < Sp.
Since (5.3) implies (5.4), forall t € [}, S,],

|Un(t) = Rg(t) = Ae™ 'Y, g (1)|| ;11,2 < Coe "
< Coe—Ze"gt()
<2
2
Let us assume for the sake of contradiction that 7, > o for some n. Then, observing the preceding

inequality, we obtain (again by continuity in time of U, Rg, and Y, g) the existence of 7,, > 0 such
thatt; — 7, > to and for all t € [}, — 7, Su],

e 3ay
|Un(t) = Rg(t) = Ae™ " Yo g ()] 1, p2 < - <
This contradicts the definition of ), as an infimum. Hence ¢, = ¢y and (5.3) (and thus (5.4)) holds on
[0, S,.] for all n.
This achieves the proof of Proposition 5.1. O

The existence of u”* (and U*), as stated in Theorem 1.6 is a consequence of Proposition 5.1 and the
continuity of the flow of (NLKG) for the weak H' x L? topology. We will not detail the construction
of U4 considering that it is a sort of cut and paste of what was done in order to prove Proposition 3.1
in the context of multiple solitons.

Similarly, we do not repeat the arguments exposed at the beginning of section 3 which justify that
the map A — u? is one-to-one. We devote the next subsection to the proof of Proposition 5.2.

5.2. Proof of Proposition 5.2. We assume that U, () is defined on some interval [¢],, S, ] and
satisfies (5.3). We want to show that (5.4) holds, provided that the parameters «( and #y are well
chosen.

In this subsection again, for notation purposes and ease of reading, we sometimes omit the index
n and also write O (G (1)) in order to refer to a function g which a priori depends on n and such that
there exists C > 0 (independent of n) such that for all n large and forall ¢ € [z}, S,], |g(?)| < C|G(7)].
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5.2.1. Step 1: Set up of a modulation argument.

Lemma 5.3. For ty > O sufficiently large and ag > 0 sufficiently small, there exists a unique €’
function x : [t}, S,] — R such that if we set

Wi (1) := Un(t) = Rp(1) — Ae™ 'Y, g (1),
with Rg(t) := Rp(t,- —x(1)) and Y, g(t) := Yy g(t, - — x(1)), then for all t € [t},, Su],

(5.5) (W (1), 0xRp(1)) = 0.
Moreover there exists K| > 0 such that for all t € [t;,, S,],

(5.6) W (Ol gixr2 + 1x(0)] < Kiao,
5.7 (O] < Ky (W (1)l 12 + 7207

Remark 5.4. Notice that by uniqueness of the function x and by definition of u, (see (5.1)), we have
W, (S,) =0and x(S,) =0.
Proof. The existence of x such that (5.5) is granted and the existence of K> > 0 such that

Wi (Ol zr15c2 + (1] < Kaao

are standard consequences of the implicit function theorem.
Now, let us prove (5.7). For this, we notice that W = W,, satisfies the following equation:

SW = 0 ) Id 0
(.8 7 —1d+f"(Qp) O f(u) = £(Op) - f'(Qp)(u—0p)
+X(l)6xﬁlg — Ae B! ((’9t)7+,3 —X(l)ax?.,_ﬁ - 6'3?4_,’3) ,
where Qg(t,x) =0p(t,x —x(1)).
Since %(W, dxRg) = 0, we have:

(0, W, 0xRg) + (W, d,xRg — ¥02Rg) = 0.

(W + Ae_eﬁt?_;_ﬁ) +

Observing moreover that
@) = £(0p) - 1'(0p) (= 0p) = O (IU = RylZ,.12) = O (IW(DI1 o+ €727
by Taylor formula (f is ©?), we have thus:

0 1d ~ 2e .
0:<( 62_1d+f/(Q~ﬁ) O )W76XRB>+O(||W(t)||%_]le2+e 2 ﬂt) +x(t)||6XRﬁ”ille2

+Ae” " <(ﬂ +fc)(9x17+,ﬁ + eﬁ&»ﬁ’ 6xRﬁ> —(B+2)(W, @%Rﬁ)

= % (10RgI 1y + AT (0uTop 0xRg) = (W, 93Rg)) + O (IW (D131 0 + €729
BOx Id ) 5 > —et<( Bo Id )~ - >
+ SR W,0xRg )+ Ae™ P A Y, 5, 0xRp ).
<( 95— 1d+ f'(Qp) Pdx e 0y —1d+ f'(Qp) Pox | T
Notice that we have used (Y, g, 0xRg) = 0 (see Proposition 2.1). We now observe that
B0y Id ) -
(N =-JH, >
( 03 —1d+ f'(Qp) PBox r
where Flﬁ is the matrix operator defined like Hg by replacing Qg by QN;;, that is
5 . —O0x+1d—[f'(Op) —Box
5.9) Hg = ( B0, 1d .
We obtain:

[o-1a%ran 5o

010Gy g | T OoBa) = (Foso HpJ0,Ry) = (T 0) =0
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Finally we can choose 7 large enough such that

et
Ae™ " [(04Ys g, 0xRp)| < Z||3xRﬁ||i,1xLz

and we can take @ > 0 sufficiently small such that

~ < 1
(W, 03Rg)| < KraollO3 Rall e < 7110xRgll;

H'xL?
and such that Kr g < 1 (then ||W(z‘)||?_lle2 < |IW(8) |l 1x12)- Consequently for ¢ large and @ small,
we have:
2 _ (A B
s —— 2 <w( pox 05— 1d+ f'(Qp) )axkﬁ> +O (W) 12 +¢7)
[ENZIA. Id Box

< Ks (WOl + €727
for some constant K3 > 0. Finally, take K| := max(K3, K3) to obtain Lemma 5.3. O
5.2.2. Step 2: Control of particular directions. Let us denote
(5.10) @z (1) = (WD), Ze (1)),
where Z. g(1) := Z. g(t,- — x(1)).
Lemma 5.5. We have forallt € [t},, S,],

da,
dt

Proof. Observe that

da
+

L (1) - epars p(1)

L)+ epap(n) = O (IWOIE,1,, + %)

d

02 (1, %) = =(B+5(1) 0 Ze (1, = x(1))
= —(ﬂ + ).C(t))axzi,ﬁ(t’ )C).

Thus

dasp . . -
(5.11) T = OW. Zap) + (W, =BOZp) + (W, =202 ).
By (5.7), we obtain
(5.12) (W, =50 Zeig) = O (IW () 1,0+ €79")

In addition, defining ./ like 7 by replacing Qg by O, we have by (5.8)
(O W, Ze ) + (W, —B0xZs ) = (W, HpZs g) +5(0xRp, Zs. g)
(5.13) + Ae~ ¥ (¥, 5. HyZ.p) + O (llW(t)llzlez + e—2eﬁf)
+ Ae B! (X<6XY+,B, Zi,ﬁ> tep (Y.'_”g, Zi’ﬁ» .

Since
1 if we take = = —

FopZep) = Yip Zep) = {0 if we take + = +,
we always obtain

(5.14) Ae™" (Vo g, 572, p) + Ae Pl eg (Y, Zug) = 0.
We have in addition

i
4] < 5 (7207 +52) = O (IW (D)3 12 + 7%

and <axzéﬁ, Z+”3) by Proposition 2.1.
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Hence, gathering (5.11), (5.12), (5.13), and (5.14), we infer:
da’i’ﬁ

= 2ep(W. Ze.p) + O (IW (D131, + €727,
which proves Lemma 5.5. O

5.2.3. Step 3: Exponential control of ||W,,||;;1,,2. Let us introduce the functional
(5.15) Fw (1) = (HgW(1), W(1)).
(We recall that A is defined in (5.9).)

Lemma 5.6 (Control of Fy ). There exists C > 0 such that for ty sufficiently large, we have for all n
such that S,, > to, forallt € [t,,S,]:

1w (0] < C (IW DI, 0+ 7% + e s p (1))
Proof. We have
(5.16) Fw (1) = (f:IB(U - Iiﬁ), U- Iif:) ~ 24" (HpYs 5, W)
= (Hg(U — Rp),U — Rg) —2Ae™ P a, .
Notice that we have used HgV g = Z1 g and (Vs g, Zy g) = 0.

Now let us focus on the quadratic term (Hg(U — Rg), U — Rg). This term rewrites

(I:Iﬁ(U - Rﬁ), U - Eﬁ) = / {s% + (6x81)2 + s% - f’(Qﬁ)s% + Zﬂszﬁxsl} (t,x) dx,
R
where £ and g, are defined as follows:
e1(t,x) == u(t,x) = Qp(t,x —x(t)) and &(t,x) = Ou(t,x) — 0,Qp(t,x — x(1)).
In a compact manner, we can write:
g1 =u-— Q~5 and & := Osu +ﬁ3xQ5

since 0;0p(1,x) = —B0,0p(t, x).
‘We observe that

/R {(6:0p(t,x = x(1)))* + (0:xQp(t,x — x(1)))* + (Qp(t,.x — x(1)))*} dx

- /R (80120 + (0:0(1,))* + (Qp(1. )%} dx
and
‘/RﬁxQﬁ(t,x - x(1))0;0p(t,x —x(1)) dx = ‘/R[)leg(t,x)ﬁtQﬁ(t,x) dx.

Considering that u, and Qg are solutions of (NLKG), the energy and the momentum of these
solutions as defined in introduction are conserved. Thus, there exists C,, € R such that

(FI,B(U - ﬁﬁ), U - ﬁﬁ)(l)
=2 [ {Fut0) - FGp(10) = 1 (@att e (1.0
R
- Z/R('i,u(t,x) (—ﬁ&xQﬁ(t,x)) dx — 2‘/R§xu(t,x)6xQ~/3(t,x) dx — 2‘/Ru(t,x)Q~'3(t,x) dx

- Zﬂ/ Oru(t,x)0x0p(t,x —x(1)) dx — Zﬂfﬁxu(t, X)0,;0p(t,x — x(1)) dx.
R R

Now, we notice that

/3xu(t,x)6xQ5(t,x) dx = —‘/u(t,x)())%QN,B(t,x) dx
R R
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and
axQﬁ(t’x) = axQﬁ(t7x —)C(t)).
Thus
(I:Iﬁ(U - Rﬁ), U - Rﬁ)(l‘)
(517) = Cn +2/R{F(u) - F(Q,B) - f(Qﬁ)gl - %f/(éﬁ)e%} (t7x) dx

#2 [[u(to0) (1= 0305 0, = Gp(1.) + £(Gp(0,) .

The last integral is zero by the equation satisfied by Q. By means of Taylor inequality, we claim

/R{F(M(M)) = F(Qp(1,x)) = f(Qp(t,x))e(t,x) - %f’(Qﬁ(t,X))&(t,X)z} dx

(5.18) =0 (IU = Rs)Il 1)

HI!xL?

= O (IWI, 10 + 7).

Hence, collecting (5.16), (5.17), and (5.18), we have:
T (1) = Co + O (WO, o + €79+ ¥ | g (1))

On the other hand, we immediately have |Fw ()| < C||W(t)||%{le2. Since W(S,) = 0 and

a4.5(Sp) = 0, we deduce that |Cp,| < Ce™3¢s5n < Ce™3¢s forall t € 1}, Sy]. O

Corollary 5.7. There exists C > 0 such that for to sufficently large, we have for all n such that
Su = to, forallt € 1, Sp]:

|Fw (1) < C (nW(t)ui,lez +en! up W0 + e-W) .
t'e(t,S,

Proof. From Lemma 5.5 we deduce that

2 (enta, p)

Vtelt),Sul, 7

< C (TP W g0 + 7).

Given that e~#5n a4.8(S,) = 0, we deduce by integration of the preceding inequality that:

Vien.Sal. | (] < Cle™ sup (W), +e7 7).
t'€(t,S,]
Now the corollary follows from the combination of this last result with Lemma 5.6. O

Lemma 5.8. There exists ¢ > 0 such that for ay > 0 sufficiently small and ty > O sufficiently large,
Sor all n such that S, > ty, for allt € [t;,, S,]:
(5.19)

d
Za+,ﬁ(t) —epas (1)

< cmin {( sup (“i,ﬁ(t') + a/%,ﬁ(t’)) ¥ e_zeﬁl) ’“er,ﬁ(t) +013,ﬁ(t) + e—eﬁt}
t'elt,Su]

d
Ea_ﬁ(t) + EBQ’_’[;(I)

< cmin {( sup (aiﬁ(ﬂ) + a/iﬁ(t’)) + e_Zeﬁt) ,a/i,,g(l‘) + az,ﬁ(t) + e—eﬁt} )

t'€lt,S, ]

Proof. Due to Proposition 2.2, we have on the one hand

1 1
(5.20) IWI2,. - < ;?’W(I) t e (af,ﬁ + ag»ﬁ) :
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On the other,

(5.21) Fw ()] < C[IWIE,1 2+ e sup IWE) 0, +e-3eﬁ’).
t'€(t,S,]
Now, inserting (5.21) into (5.20), we obtain
2C _ 2 , ,
(5.22) WP, < e st 4 = sup (aiﬁ(t )+a? 41 ))
M= rer,S,]

provided « is chosen small enough such that % supyepr.s,1 IWE) 12 < % (for all ¢) and 19 is

chosen large enough such that €e¢s% < %.
i

Then, combining (5.22) and the estimates obtained in Lemma 5.5, we deduce:
da’i’ﬁ
dt

¥ epap| < C(IWI2, 00+ e

<C

sup (aiﬁ(t’) +a? ﬁ(t’)) +e st |
t'€(1,S,] ’ ’

i st o? 5 and hence to obtain the second

way of estimating %ai,ﬁ F ega: g which is described by Lemma 5.8, we can rewrite (5.21) more
simply as follows

In order to avoid the supremum in front of the expression

|[Fw ()| < C (”W”f’qlez 4 e-eBt +e—3eﬁt) '

Then the analog of (5.22) takes the following form:

W10 < Cem' 4 (a2 50 + 02 4 (1))

the last arguments remain unchanged. However note that, in this case, the obtained estimates are at
the cost of a worse exponential term. O

Proposition 5.9. There exists C > 0 such that for all ag > 0 sufficiently small, for all ty sufficiently
large, for all n such that S,, > to, for all t € [t},, Sp], the following inequalities hold:

(5.23) la- (1) + |y g ()] < Ce 6!
and
(5.24) W ()|l 1xp2 < Ce 391,

Proof. Let us start with the system (5.19) obtained in Lemma 5.8. We have in particular

d 2 2 —ept
an,ﬁ —egapg|<c (a+ﬁ(t) + a/_’ﬁ(t) +e % )
(5.25)
2 2 —ept
e +ega_pg|<c (atﬁ(t) + a_’ﬁ(t) +e ) .

Taking some inspiration in [2, paragraph 4.4.2], we will first show the existence of M > 0 such that
for all #9 large enough, for all ¢ € [7},, S, ],

(5.26) o (1) < M (aiﬁ(t) + e_eﬁt) .
In order to prove (5.26), let us consider, for some positive constants M and M, the function
hito ap(t) - Ma? 4(t) - M™%

and show that it is always negative on [z}, S, ], provided M and M are well chosen.
We compute
h' () = a;’ﬁ(t) - 2Ma’_ﬁ(t)a_,ﬁ(t) +Mege ",
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By (5.25), we obtain
h' > egasp—c (af’ﬁ + a%ﬁ + e_“'ﬁt)

-2M (—eﬁaiﬁ +cla_ gl (afﬁ + a/fﬁ + e‘eﬁ’)) +Mepge™“r".

Replacing a g by its expression in terms of £, a” ,, and e~ and using that

B’
(h +Ma? 4+ Me—eﬁ’)z <20 +AMPal 4+ 4MP e
lead to the following estimate of /4’:
W > egh—2c(1+2Mla-g|) h*
+ (eBM —c—2Mc|a-g| - 4M*ce " — SMIVIzcla/_,ﬁle_eﬁt) e st
+ a%ﬁ (3Meﬁ —c—2Mcla_g| - 4cMzaE’ﬁ - 8M3c|a_,/3|cy%’ﬁ) .
Now we choose M := é and M = i—; so that the expressions

3Meg —c—2Mcla_g| - 4cM2a/E’ﬁ - 8M3c|a_,5|ai'3
and
egM — ¢ —2Mcla_g| - AMPce e — 8MM26|a/_,ﬁ|e_eﬁt
are positive for o sufficiently small and 7y large enough. Thus for such values of @( and 7y, there
exists cps > O such that for all ¢ € [z}, S,],
B (1) > egh() — carh(t)?.
At this stage, we can deduce that for all ¢ in [7}, S, ], £(f) < 0. Assume for the sake of contradiction
that there exists 7;, € [}, S, ] such that A(7},) > 0. Then, we can define
T :=sup{t € [7,, Sx], h(z) > 0}.

We necessarily have 2(T) = 0. Indeed, 2(T) < 0 is excluded by continuity of 4 in T (on the left side)
and by definition of the supremum; if 4(7T) > 0, then T < S,, (since h(S,) = —Me~¢#5") which leads
once more to a contradiction, using the continuity of 4 in 7 (on the right side) and the definition of
T as a supremum. It follows that 2’(T) > O; thus £ is non-decreasing in the neighborhood of 7" and
in particular, 2(z) < 0 on [T —n,T] for some n > 0. This again contradicts the definition of 7.
Hence, for all # in [1};, S,,], h(f) < 0. Given that —a, g satisfies the same differential system as @ g,
we finally obtain (5.26).

Now, we have for all 7 € [7},, Sn],

sup |aypg(t’)| < M| sup a%ﬁ(t’) +e B,
t'e[t,Sn] t'€lt,S,] ’

By using Lemma 5.8 and even if it means reducing @ and increasing t;, we obtain that for all ¢ €
[t;;? Sn] s

la” g(1) +epa-p()| < C

e
sup azﬁ(z") + e_zeﬁt) < %Ia_,ﬁ(tﬂ + Ce 2",

t'€[t,Sn]

We claim that this implies the estimates in Proposition 5.9. The preceding inequality rewrites as
follows:

e
< %eeﬁ’ sup |a—g(1")| + Ce ",

t'elt,Sn]

d
‘Ew’a_,ﬁ)(t)
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For ¢ belonging to [#};, S,], we obtain by integration on [z, S, ]:

e S'l
eFla_p(t)| < Ce ™" + —B/ e?* sup |a-pg(1)| ds.
10 J, 7€[5.5]

Passing to the supremum and defining y (1) := e’ sup,.[, 5,1 - g(t')| on [z}, S, ], this leads to

Sn
(5.27) y(1) < Ce~F" + % / y(s) ds.
t

Now, a standard Gronwall argument allows us to see that y(¢) < Ce™“f’, which precisely provides
the expected estimate of the parameter @_ g in Proposition 5.9. Then, the similar estimate of the
parameter a g follows from the integration of the inequality

|} g (1) — epa p(1)] < Ce2p!

and finally (5.24) follows from (5.22) and (5.23).
For the reader’s convenience, let us write explicitly the Gronwall argument. The function ¢ (f) :=

et [¥y(s) dsis €' on [15, S,] and forall 1 € 15, S,],
e e Sn 9e
(1) = et (—y(t) + %/ v(s) ds) > —Ce_l_oﬁ’
t
9e
by (5.27). Observing that y/(S,) = 0, it follows that y(7) < CeT'. Asa consequence,

Sn
/ y(s) ds < Ce !
t
and thus, by (5.27) again,
Yite S, y(t) < Ce ",
]

5.2.4. Step 4: Improvement of the exponential decay rate. The goal of this paragraph is to
optimize the exponential decay rate in the estimate of |W/||51,,2. We actually prove

Proposition 5.10. The following estimate holds for all t € [t,,, Sy]:
WD)z < Ce.

Proof. Let us consider this time the derivative of Fyw (and not the functional ¥y itself). From the
definition (5.15) and the symmetric property of A, s for (-, -), we immediately obtain:

d - - -
D (1) = 24,0, W) + /R 0x0p.1" (0w dx,

where wy (resp. w») is the first (resp. the second) component of W. Replacing d; W by its expression
obtained in (5.8) and noticing that

( 9 - 1 fxf'(ém ﬂlg )ﬁﬁ = JHgYep =20
we have:
(HgW, 6, W)
(% -ra om0 )P - e ri@-on))
Oy —1d+f(Qp) 0 J(u) = f(Qp) = f(Qp)(u - QOp)
+ (HgW,JZ, ) + egAe™ P (W, Zy g) + i (HgW, 0xRg) + Ae P! (W, HO\ Y. ).

Let us analyze each term appearing in the preceding decomposition. Since FI,; is self-adjoint, we
infer:

(5.28) (HgW,0xRg) = (W, HpdRg) =0
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and
(5.29) (HgW,JZ, g)y = —Ae P W, 37, ) = —egAe P (W, Z,. ).
Moreover,

- 0
5.30) KH W, ( ~ - -
( P\ - £(Bp) - 11O - Gp)
We notice that (5.7) implies

(5.31) |Ae™ B (W, Hpdy Yo p)| < Ce™ P [W (D)l 12 + Ce P W (D)l 12

)>‘ < CIW e (W11, 00+ €721

Defining T := —6; +1d - f’(Q~,3), it remains us to examine
~ 0 Id
(5 5 )v)
B T 0 0 Id 0 —-Boy 0 Id
AR R LR A L L)
On the one hand, we observe that

T 0 0 Id
(0w )wl G 5 )w)=0
and on the other

<( ﬁgx _%6x )W( —OT I(jl )W> B /R{‘ﬁﬁxmwz +Boxwi(-Twy)} dx
- Awi f(O
8 /R wif' (Op)wi
= —g‘/R@xQﬁfN(QB)W% dx.

Gathering the above lines, we deduce

dFw _ _

< C (W + €2 W sz + €™ W)
Using the estimate of ||W|| 12 obtained in Proposition 5.9, we infer:

dFw “2e —e
(5.32) ‘7 < C (2 MWllggisrz + P IW 0,0
By integration of (5.32), we obtain for all ¢ € [¢*, S, ]:
(5.33)
Sn Sn
Fw (D] <C sup WOl / 2T dr+C sup WD / 6" dr
7€(t,S,] t 7€(t,S,] t
<SC sup [IW@)llgix2e " +C sup [W(D)lI51, .6~

7€(t,Sn] 7€(t,Sn]

At this stage, using once again the coercivity property provided by Proposition 2.2 and the estimates
on . g given in Proposition 5.9, and taking 7o large enough so that e™" < % forall t > ty, we have:

sup [W(D)[13,1,,2 < C ( sup [[W(T)llrixz2e 2" + e“‘eﬁf) :
T€[t,S,] T€[t,S,]
We now deduce the existence of C > 0 such that for all n, for all z € [#],, Sp],

W (D)l g1z < Ce .
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Now, Proposition 5.2 is obtained as a corollary of Proposition 5.10. The triangular inequality
implies
1Un (1) = Rp(1) = Ae™ " Yo g ()l isr> < IWa (Ol 12 + Cla (1)
and since x(S,) = 0, the result follows from the integration of

(1] < € (||Wn(t)||Hle2 +e—zeﬁz) < Co-2ent
6. CLASSIFICATION OF THE ASYMPTOTIC SOLITON-LIKE SOLUTIONS

Let us consider a solution u of (NLKG), denote U = ( ), and assume that

u
(9,14
NU(t) = Rg()llgixz2 — 0, ast — +oo.

We want to show that U equals to U4, for some A € R. In this section again, we consider the
one-dimensional case.

6.1. Modulation of U and coercivity property.

Lemma 6.1. There existT € R, C > 0, and x : [T, +00) — R of class €' such that, denoting

N [ Op(t,x —x(1))
Ry(t,3) = (atQB(t,x — x(1))

we have ||E(1)||gixz2 — 0ast — +oo, x(1) — 0 ast — +oo, and forall t > T,

) and E::U—Ié,g,

6.1) (E(1),0xRp(1)) =0
and
6.2) (0] < CIED)l 2.

Proof. Lemma 6.1 is proved similarly as Lemma 5.3. Defining

Qﬁ(t»x) = Q,B(t»x - x(t))»
the equation satisfied by E reads:

0 Id

HE =( 02— 1d+ 1" (Op) 0

) E +5c6x155

(6.3) ) ( 0 )
fu) = f(Qp) = f(Qp)(u~0p)]

O

Let us denote &1 (f,x) = u(t,x) — Qp(t,x — x(t)) and &2 (¢, x) = Ou(t,x) — 0,Qp(t,x — x(1)) so

t
that E(t,x) := e1(t,x) )
& (t,x)
Then, introduce the functional ¥z defined as follows: forall t > T,
6.4) Fe(t) = / {s% + (6x81)2 + S% - f'(Qﬁ)s% + 2ﬂ826x81} (t,x) dx.
R

With analogous notations as that employed in the previous section, we denote
Z.p(t,x) == Zo g(t,x — x(1)).

Proposition 6.2. There exists u > 0 such that forallt > T:
1 ~ 2 5 2
©.5) Fe(0) 2 WIE@ 0 =7 (B0, 250 + (B0, Zop )]

Proof. We observe that Fg(t) = <FI,3E (1), E (t)> so that Proposition 6.2 follows from Proposition
2.2 and from (6.1). |
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6.2. Exponential control of ||E ()| ;1x2. We improve the control of ||E(#)|| 7112, proceeding
as in section 5.

6.2.1. Control of the functional 7.

Proposition 6.3. We have

(6.6) Fi (1) = O (IED) 1,2 -

Proof. Let us take again the proof of Lemma 5.6 (replacing A in that proof by 0 here). We obtain in
the same way the existence of K € R such that

Fe(t) =K +2 /R {F(u) —F(Qp) - f(Qp)e1 — %f’(éﬁ)s%} (t,x) dx

By Taylor inequality,

fR {F(u) ~ F(Op) - f(Op)er - %f’(émsﬁ} () dx = O (IE@I, 1) -

It follows that
Ti (1) = K+ 0 (IE@I10)

On the other hand, ¥ (1) = O (||E(t) ||§{le2); thus K = 0 and Proposition 6.3 is proved. O

6.2.2. Control of the unstable directions. Let us denote

a’i,,B(t) = <E(t)» Zi,ﬁ(t)> .
Lemma 6.4. We have

da_

da, g B
+ - + eﬁa/_ﬁ' =0 (||E(t)||12L11><L2) ’

— eépl
dt BT+B

+

Proof. The proof follows the same lines as that of Lemma 5.5 (by taking A = 0). We compute

d =+ ~ ~ ~
C;*t’ﬁ = (0E, 7. ) +(E, 0,72 ) — 3 (E(1), 0: 20 )
_ 0 Id \ - 2
_<E7( a)%—ld'Ff/(Qﬁ) O )Z+,,B>+O(||E”H1><L2)
. 5 5 -0 0 ~
+X<6XR'B,Z+"B>+<E, ( BO X —,8(9x )Z+,’B>
=(E. HpZ.p) + O (IEI1,.)
=+ epaep +O (IIEIZ )
which precisely yields Lemma 6.4. O

Proposition 6.5. There exists C > 0 such that for t large enough,
(6.7) la- (1) < Ce™"  and |asp(1)| < Ce 2",

Proof. For t large enough, we obtain as a consequence of Lemma 6.2 and Proposition 6.3:

2 2 2
6.8) DI, < C (a+ﬁ +a_ﬁ).
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Now, we deduce from Lemma 6.4 the following differential system, for some constant C > 0 and for
all ¢ large enough:

da,pg 2 2
TR egaspg| < C (a/+ﬁ + a/_ﬁ)
(6.9)
da-p +ega <Cla?,+a?
dt pE-p| = +.8 -8

Then, the argument exposed in [2, paragraph 4.4.2] shows that
s (D] < Ca? 4 (1)
and allows us to conclude to (6.7). ]
Proposition 6.6. There exists C > 0 such that for t large enough,
(6.10) IE@)g1z2 < Ce".
Proof. This is an immediate consequence of (6.7) and (6.8). |
6.2.3. Identification of U with U for some A € R.
Lemma 6.7. There exist A € R and C > 0 such that for t sufficiently large,
6.11) le# a_ g(1) — A] < Ce™ ",

Proof. We have from (6.9):

4 (e a_ (1)) < Ce .

(6.12) o

Thus the derivative of # — e’ a_ (1) is integrable in the neighborhood of +co. Hence, there exists
A € R such that e’ a_g(1) — A ast — +oco. We finally obtain Lemma 6.7 by integration of
(6.12). ]

Lemma 6.8. There exists xoo € R such that for t sufficiently large,

(6.13) |x(£) = Xeo| < Ce ",

Proof. As (6.11) was a consequence of (6.12), (6.13) is obtained by means of the estimate
(O] < CIE@ | g1xp2 < Ce™ "

O

Now let V(t,x) := U(t,x) — UA(t, x — xo) Where A and x., are defined in Lemma 6.7 and Lemma
6.8 respectively.

Lemma 6.9. There exists C > 0 such that for t large enough, ||V (1)||gixz2 < Ce™ .

Proof. Define VA(1) := UA(t) — Rg(t) — Ae™%"Y, p(t) and decompose V (¢, x) as follows:
(6.14)  V(t,x) = E(t,x) + Rp(t,x) — Rg(t,x — xoo) — Ae™ 'Y, g(t,x — Xoo) — VA, X = Xeo).
Now, we have

(6.15) Ri(1,2) = Ry (1, x = ¥0) = (x(1) = xe) xRy (1, = x) + O (Jx(1) = xc]?)

Hence, Lemma 6.9 is obtained as a consequence of Proposition 6.6, Lemma 6.8, and the estimate of
(IVA()]| 152 given by (1.4), that is ||VA(1) || 12 = O (e‘zeﬂ’). O
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Let us decompose V (¢, x) as follows:
(6.16)  V(1,x) = af s()Y_ p(t,x = xXeo) + &2 4 (1)Ys g (1,X = Xe0) + A1) D Ry (1, x) + Vi (1, %),

where a5 (1) = (V(1), Zy (1. = X)), @2 (1) = (V(1). Z_ g (1, — x0)) and

A1) = mw(n —al (DY p(t, = xe0) = a? f(OYs (1, x = Xeo), DxRp(1)).

Then, we have
<VJ_(t)7 6xRﬁ(t)> = <VJ_(t)’ Z+,ﬁ(t’ T xOO)) = <VJ_(t)7 Z—,ﬁ(t’ T xOO)) = O
Thus, by Proposition 2.2, there exists C > 0 such that
(6.17) VL3, > < C(HgVL(1),VL(D).
We claim

Lemma 6.10. The following assertions hold:

(1) (HV(1), V(D)) = (HgV(1). Vi (1)) + 202 s (D (1),

@) & HV (), V(D) =0 (e VIR, ,.)

(3) laf (0] < Ce B |V (D)llgixpz and o 4(D] < Ce™8" [ V() |12 d

@) (W) =0 (e VWl + e [T IV e d + IVeOllgrie2)

Proof. The first assertion in Lemma 6.10 is obtained by the decomposition of V in terms of V, (6.16)
and by means of the following properties (see Proposition 2.1):

(Zi,ﬁ,Yi,B> = 0, (Zi,ﬁ,Yiﬁ) = 1, and Hﬁ ((9XRB) =0.

A
Let us now prove assertion (2). Let v := u — u?; recall that U = " and U4 = " .
(9,:14 6{MA

We observe that
(HgV (1), V(1)) = / {(8:v)% + (0v)* +v7 = f(Qp)v? +2B0,vdyv} (1,x) dx.
R
Using the fact that « and u* satisfy (NLKG), we obtain
d
7 V(). V(D)
=2 [ 7~ 7" = 5(@p)v] v ds
R
_ _ A ” 2
28 /R oy (f(0) = fu™)) dy+p /R 0:0p 1" (Qp)V* dx
= O(IVOy2) =26 [ 0 (v +002) ds 5 [ 0,057 (@av* d
=0 (IV()Iy1,0) ~ 28 /R 0y (v7(0p) + O +7¥™v)) dx+ /R 0x0p 1" (Qp)V* dx

= O IV 10+ IV O 10 -

By Lemma 6.9, assertion (2) is thus proved.
In order to prove (3) and (4), let us write

) 0 1d 0
(6.18) a,v-( 2-1d+f'(Qp) O )V+(f(u)—f(MA))'
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Then,
d A
a'iﬁ(t) = <6tV, Zi,ﬁ(t7 C xOO)) + <V7 atzi,ﬁ(t’ c xOO))

a
- 2 _ ’
=<v,( P Ot [10p) )zi,ﬁu,-—xm>>+o(e-eﬂ’||v<t)||Hlez)

= ieﬁafﬁ(r) +O (™ IV(D) |l pr1xr2)

Note that we have used that 9, Z, g(f, - — Xe) = —=B0xZ: g(t,- — X»). We then deduce, in a similar
way as for Proposition 6.5:

a5 (D] < Ce™ PV (D)l 152

because ¢ —> e~2%" ||V (1)|| ;12 is integrable in +co and

ety (0] < P IV Ol 0.
) t—+co

In addition we deduce

< CIVDlimixee-

7 (ea? )

Arguing similarly as for a/j_‘ﬁ(t), we then obtain |a/f’5(t)| < Ce ! ftm IV (')l gr1z2 dt’. This is
due to the fact that r +— ||V (#)||g1,2 is integrable in +co0 and the fact that, by (6.14), (6.15), and
6.11),

a5 (1) = a_p(t) = Ae™ P (Y, (1, = Xoo), Z- g (1, - = Xe0)) + O(e7>P")
= O(e28"),

which explains that e“’ﬂ’afﬁ(t) — 0ast — +oo.
It remains to prove (4). By definition of A(#) and the decomposition (6.16) of V,

’ 1
A(t) = W <5zV - aﬁﬁatY_,ﬁ(t, © = Xoo) — af’ﬁﬁtYhﬁ(;’ . _xw),axR’B>
xBBl g2
1 A 7 A vy
C0RsIE <(a+’5) Y_p(t,- = xeo) + (aZ g) Y (2, - —xw),axRB>
xp HIxIL?
1
+ 7(‘0_7 6xtRﬁ>
”axR.B”i[lez
1 N K
TR . <‘9’V — @ g0 Y g1, = xeo) — @ 0, Vs g (1, — Xeo), 6xRﬁ>
XRB I g1y 2
1
+ —— (V1,0 Rp).
TR, e el

since (Y1 g, 0xRg) = 0 (we refer to Proposition 2.1). Hence,

0 1d
A(t) = , V,0cRg)+0O (e %" ||V +———(V,,0uR
w <( 0~ 1d+['(Qp) 0 ) ”’> W) + g i (Vo )

1
e </3afﬁaxy_,ﬁ(t, — Xe) + P g0V g (1, - Xeo), axRﬁ> .
10xRgII,,.., -
0 Id
Now, using that d,Rg = JZp and 'J Box , = Hg, we have:
¢ pa (63—1d+f<Qﬁ> ﬁax) s
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0 Id
<( 82— 1d+f(Qp) O )V’&‘Rﬁ>

_ Box Id Box O
‘<( 62~ 1d+ 1'(0p) ﬂax)V’JZ°>‘<( 0 ﬂax)v’axRﬁ‘>
1

= (V. 20) =~ (5 (Bat Y- (1, = x) = Bal g0 Yo (1, = x), O Ry
X H'xL?
1
(V.. BO2Rp).
”axR,B”illez

Finally, let us notice that
(HgV. Zo) = (HgV,.Z) + O (afﬁ + a/fﬁ)
=(V.,HgZy) +0O (af’ﬁ + af’ﬁ)

=0(ats+ oy + Villgisz)
Hence,
V(1) =0 (P VD)l grare + gl + 102 g+ Vil
and assertion (4) indeed holds. ]

It follows from (6.17) and (1), (2), and (3) in Lemma 6.10 that for ¢ large,

+00
6.19) VL), . <C f S Vs di’
t

H!xL? H!XL

+00
+ Ce2BNV (D) | prirs / V() e .
t
Since

+00 +oo
/ e V()2 dE < e sup V() g1 / V) g2 At
t t

t'>t
we deduce that for 7 large,

_1 ’ 1 e ’ ’
(6.20) VL lgixg2 < Ce 2% sup [V, (/ IV prixe2 de )
t

t'>t

Lemma 6.11 (Estimate of ||V (#)||g1xz2 in terms of ftm WV ) gz dt’ and ||V (0) || gixr2). We
have the existence of C > 0 such that for t sufficiently large:

+00
621) IV(D)llsipz < Ce™6" / WV sz di”
t

+00
+C (”VJ_(t)”H‘xLz +/ VL) g1k dt’)-
t
Proof. Using the decomposition (6.16) of V, we have:
V@) 12 < € (10 0]+ 102 5O + DT+ VL@ 12

By Lemma 6.10 which gives estimates of |afﬁ(t)|, |C¥f\5(t)|, and 17 (¢) in terms of V(1) [y 1.p2 and
IVL(®)||gixzr2 » We obtain:

+00 +oo
(6.22) A1) =0 (e_eﬁ’/ IV s dr’ +/ VL) ke dt')-
t t
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Thus

+00
IVOllixe2 < € (e_eﬁ’IIV(t)HHle2 +e_eﬁ’/ IV sz d + VL@l e
t

+00
+C [ WOl
t
Hence, even if it means taking larger values of #, this finishes proving Lemma 6.11.

Lemma 6.12. We have
+00
(6.23) / V() lpgxzz di’ < Ce8t sup V(1) |12
t t'>t

Proof. From (6.20), it follows that
(6.24)

+00 1 +00 % +00 . ,
/ ||vi<r')||Hlezdt’SCsup||V<r'>||;,,xLz(f ||V<r'>||H1xder’)f e 2" dr’
t t'>t t t

7

_le s e ’ ’
< Ce 3 sup V()1 ( / V() 12 dt)
t'>t t

Gathering Lemma 6.11, (6.20), and (6.24), we obtain:
+00
IV @linesz < €t [ W@ lsqza
t

1
—le ’ l e 7 ’ 7
+Cle e supIV(IIZ, (/ V() 12 dr) )
t

t'>t

Now integrating the preceding inequality (which is obviously possible) leads to:
1

+0o +o00 oo
[ W@z ar <c [ WOl ar'. [ e ar
t t .

1 +oo 2 +0o0 5 , ,
+ CSup||V(t’)||13{le2 (/ IV | gises2 dt') / e~ 298" gt
t'>t t t

Or more simply

+00 +00
/ V() iz di” < Ce™es" / V) lariere di”
t t

1

-1 ’ 3 e ’ ’ :
+ Ce 29! sup||V(t)||]2_[]><L2 (/ VN gxr2 dt) .
t

t'>t
Even if it means considering larger values of ¢, we obtain:

1

i ’ ’ -1 N i ’ ’ ?
[ W@z ar < et sVl o ( [ vl dt) ,
t t

t'>t

which immediately implies the expected result.
Now, let us show
Proposition 6.13. For ¢ sufficiently large, V(t) = 0.

Proof. Gathering Lemma 6.11 and Lemma 6.12, we infer that for 7 large:

+00
IVOllgixee < € Sup”VJ_(t’)”H]XLZ'i"/ VL@ gixpz d’) -
t

t'>t
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From (6.20) and (6.24), we deduce

1

-1 ’ i e ’ ’ :
IVOllieez < Ce 8 sup [V, ( f IV iz d’ |
t

t'>t

Now, it results from Lemma 6.12 again that

IV llgixez < Cem " sup [V ()| gixez-
t'>t

Thus we deduce that ||V ()| 152 = O for large values of . O
Finally let us observe below that x, = 0 so that U = UA.
Proposition 6.14. There exists tg > 0 such that for all t > to, U(t) = U(1).

Proof. On the one hand, we have ||[UA(f, - — Xoo) — Rp(t,- — Xoo) | gixr2 < Ce ", On the other, we
have ||U(#) = Rg(t)||1xz2 — 0 ast — +oo. Since we have U () = UA(t, - — Xo), it follows from the
triangular inequality that

IRg(t) = Rg(t, - = Xco)llgixz2 — 0 ast — +oo.
Hence x = 0 by the following claim, which is a consequence of Taylor formula.

Claim 6.15. There exist hy > 0, €9 > 0, and 6 > 0 such that
(1) if |h| < ho, then 6h* < [|Q(- + ) = Q|13 < 46h%;
() if |kl > ho, then ||Q(- +h) = Q|1%,, > eo.

7. APPENDIX

7.1. Extension of the proofs to higher dimensions. The main parts of the proofs remain ob-
viously unchanged. Essentially three notable adaptations are to be made, passing from the one-
dimensional case to higher dimensions.

In a first instance, one has to be careful about how establishing several estimates. Although all
estimates we have proved in the previous sections (in dimension 1) are identical for general d, the
way we establish them when d > 2 can be altered.

For example, we point out that it is no longer possible to use the Sobolev embedding H' < L® when
d > 2. Particularly, multi-solitons in dimension d > 2 do not necessarily take values in L*(R¢) and
in order to estimate a quantity like

fu) = fle) = f(@)(u—¢)
(as for proving Claim 3.6), we would proceed as follows: by (H’1), we deduce that | f”'(r)| = p(p —
1)|7|P~2, thus applying Taylor formula, we have for fixed time # € R and position x € R9,

|Lt — ‘P|2(tv x)

Lf () = f(o) = f (@) (u—@)| (1,x) < >

sup L7 (r)]

rele(t,x),u(t,x)]
< Clu = 9 (1,2) (617200, + ul”2(1,))

Now, for all ¢ € L*(R¢) and for all z € H'(R¢), Holder inequality yields

‘ f W) — o)1z dx| < Cllwllz- ( / u(r) - o(0)]? dx)” ( f 2P dx) ’
R4 R Rd

Finally, replacing z by ¢(¢) and u(t) — ¢(t), we obtain an estimate of

[ w100 = @ru=e) ds
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in terms of |lu — @1, ||ullg1, and ||@|| 1 due to the Sobolev embedding H' (RY) — L? (R).

Secondly, in view of Proposition 2.1, one has to take into account, for alli = 1,..., N the d
directions which generate the kernel of the operator .73, when we practice modulation in dimension
d. For instance, in Lemma 4.1, we would define E as follows:

N N
E=7Z- Zl:ai . VRl' - Zl:biY.hi,
= =

with a;(t) € R? and b;(t) € Rsuch that foralli = 1,...,Nandforall j = 1,...,d:
(7.1) (E(1).05,Ri(1)) = 0
(7.2) (E(1), Z-:(1)) = 0.

But each time this extension does not affect the sequel; in other words, the estimates we are supposed
to obtain afterwards and their proofs are the same.

A third change to be done concerns the way we define the different Lyapunov functionals which
are studied throughout the article. To deal with dimensions greater or equal than 2, we reduce the
problem to the case of a one-dimensional variable. For instance, let us explain how to generalize Step
4 in subsection 3.2.2 to all dimensions. The subset

M= J{eerd e ;- ) =0}
i#]
of R is of zero Lebesgue measure. Hence, there exists £ € R such that for all i # j,

C-(Bj—PBi) #0.
In particular ¢ # O and, even if it means considering %, we can assume that [£| = 1, so thatV i =
1,....N, |¢- Bi| < 1. Now, defining 3; := ¢ - B;, and even if it means changing the permutation 7,
we have
—1 < By <Byoy < <Bpavy < 1.
Then, the direction described by ¢ is to be favored: we consider the following cut-off functions:

1 By + By (k) + Xp(kel)
= — f . —_— [— f . .
() =¢ («/Z ( x > >

At this stage, the definition of the functions ¢ in terms of the ¢ is kept unchanged and the corre-
sponding Lyapunov functional is to be written:

K
Fw ()= /R (Wl @) wE = 10w+ 2By - Twiwa) g d.
k=1

7.2. Proof of Corollary 1.8. The proof is an immediate adaptation of that of Proposition 4.12 in
(2].

Let A > 0 and denote t4 := —mé—;). In the sense of the H' x L%-norm, we have:
U'(t+1a,-+Bta) = Rg(t +1a, -+ Bta) + e VY, (1414, +Bta) +O (e‘zeﬂ’)
= Rﬁ(l‘) + Ae_eﬁtY.hﬁ(t) +0 (e—Zeﬁt) .

Then, ||[U'(t + t4, - + Bta) — Re()|lgixre e 0 so that there exist A € R and 7y = fo(A) € R such
—+00
that for all ¢ > 1, i
UA(t) = U Nt + 14, + Bta).
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But on the other hand,
UA(1) = Rp(1) + Ae™#'Y, (1) + O (e-z%’) .
Hence,
(A - AK)e 'Y, 5(1) = O (e-Zeﬁf) ,

which implies A = A. Consequently, UA(t) = U' (1 + ta, - + Bt4).
If A < 0, we have just to repeat the above argument with —A instead of A.

Lastly, let us identify U°. Given that Rp is a solution of (NLKG) which satisfies (1.5), Theorem
1.2 provides the existence of A € R and of #y € R such that for all # > #o, U(¢) = Rg(1).
Since U satisfies (1.4), we deduce that

e ¥ p )] 10 < C"
Thus A = 0 and U° = Ry is defined for all 7 € R.
7.3. A result of analytic theory of differential equations.

Lemma 7.1. Lettg € R, A : [tg, +00) — R be a €' bounded function, and & : [ty, +00) — R* be
continuous and integrable.
If, for some p > 0,
Vixt, A1)+ pA@) < E@)sup | AL,
t'>t
then there exists ¢ > 0 such that
Vit > t, | A1) < ce™.
Proof. Let us assume that

(7.3) V1> 1, |A'(1) + p A1) < &(1) sup [A(t')],
t'>t

for some p > 0. Then for all > ¢,
[(e”" A)' (1)] < &(r)e?” sup |A(1")].
t'>t

Let us consider ¢ > ty. For ¢’ > t, we obtain by integration

leP” At) — P A(1)| < /t &(s)eP sup |[A(u)| ds.

uzs

This implies that, for ¢’ > 1,
AW < e |AD)] +sup | Aw)]e™ / "e) as.
uxzt t
From the preceding line, we deduce that for all " > 7,
(7.4) AW < 1401 +suplA@) [ € ds

Now we consider | > #o such that ftlm &(s) ds < %(whichisindeed possible given thattf;rOo &(s) ds —
0 as r — +o0). By passing to the supremum on ¢’ in (7.4), we obtain for all t > 71,

sup |A(t")] < 2|A(1)].

t'>t

Consequently, assumption (7.3) becomes

(7.5) Vit>n, | A’ (1) + pA(t)| < 26(1)|A(2)].
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Let us define y(r) := e”'|A()|. By integration of (7.5), we obtain

t
(7.6) Vi1, y(1) < y(t1) +/ 2£(s)y(s) ds.
1
By a standard Gronwall argument, we conclude to the existence of C > 0 such that for all ¢+ >
t1,y(t) < C, which implies the desired result. For the sake of completeness, let us explicit this

argument.
We define Y (t) := exp (— ft][ 2&(s) ds) ftl[ 2£(s)y(s) ds fort > t;. The function Y is €' on [¢{, +c0)
and for all r > 1y,

Y’(t)=2§(t)e><p(— / 24(s) ds) [y(t)— / 2£(5)y(s) ds]

< 2y(11)£(1) exp (— / 26(5) ds)

by (7.6). Integrating the preceding inequality and observing that Y (¢;) = 0, we have

Y (1) s/ 2£(5)y(11) exp (—/ 26 (u) du) ds.

1
We then infer

(7.7) / 2£(s)y(s) ds = exp (/ 2&(s) ds) Y(t) < 2y(t1)/ &(s)exp (/ 2&(u) du) ds.

5l

Lastly, we denote v := f[ l+°° &(s) ds; gathering (7.6) and (7.7), we obtain

Vizn, o y(@) < y(n)+2y(t)e™ .

This achieves the proof of Lemma 7.1. O
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