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Introduction

A pseudo-Riemannian manifold (M, g) is an h-almost Ricci soliton if there exist a vector eld X, a soliton function λ : M → R and a function h :

M → R satisfying Ric + h 2 L X g = λg, (1) 
where Ric and L X stand respectively, for the Ricci tensor and the Lie derivative with respect to the vector eld X of the metric g. We denote by (M, g, X, h, λ) an h-almost Ricci soliton. In the case λ is constant we simply say that it is an h-Ricci soliton. Equation ( 1) is called the Ricci soliton equation if h and λ are constant and we get the almost Ricci soliton equation if h is constant. The concept of h-almost Ricci solitons was introduced by J.N. Gomes et al. [START_REF] Gomes | On the h-almost Ricci soliton[END_REF]; it extends naturally that of almost Ricci soliton by Pigola et al. [START_REF] Pigola | Ricci Almost Solitons[END_REF], itself a natural extension of the concept of Ricci solitons. The latter was rst introduced by Hamilton as self-similar solutions of the intrinsic geometric ow ∂g(t)/∂t = -2 Ric(g(t)), called the Ricci ow, on Riemannian metrics [START_REF] Hamilton | The Ricci ow on surfaces[END_REF]. A soliton for the Ricci ow is a metric that changes only by rescaling and pullback by a one-parameter family of dieomorphisms as it evolves under the Ricci ow. Let (M, g 0 ) be a (pseudo)-Riemannian manifold, σ(t) be a smooth function of time, and g(t) = σ(t)φ * t (g 0 ), g 0 = g(0) be a solution of the Ricci ow. We may dierentiate at t = 0 (assuming smoothness) to show that g 0 is a solution of the Ricci soliton equation for appropriate X and λ. Furthermore, if we have a (pseudo)-Riemannian metric g 0 , a complete vector eld X and a real number λ (all independent of time) that satisfy the Ricci soliton equation then g(t) = σ(t)φ * t (g 0 ) is a solution of the Ricci ow, where σ(t) := 1 -2λt and φ t is a family of dieomorphisms generated by the t-dependent vector eld 1/σ(t)X [START_REF] Gavino-Fernández | The geometry of Lorentzian Ricci solitons[END_REF]. Now, let g(t)(x) = ρ(x, t)φ * t g 0 (x) for every x ∈ M , where ρ(x, t) is a positive smooth function, be a solution of the Ricci ow equation. By dierentiation of g(t) at t = 0, we see that (M, g 0 ) satises an h-almost Ricci soliton equation where X = ∂φ ∂t (x, 0), λ(x) = -∂ρ 2∂t (x, 0) and h(x) = ρ(x, 0) [START_REF] Ghosh | The k-almost Ricci solitons and contact geometry[END_REF]. In that sense, an h-almost Ricci soliton is a conformal analogue of a Ricci soliton: the solution of the Ricci ow with this initial condition is conformally constant at t = 0, up to a dieomorphism. When the vector eld X = ∇u is a gradient vector eld for some smooth function u, we say (M, g, ∇u, h) is a gradient h-almost Ricci soliton with potential function u. In this case, the fundamental equation (1) can be rewritten as

Ric +h∇ 2 u = λg, (2) 
where ∇ 2 u denotes the Hessian of u with respect to g. Let us say that an h-almost Ricci soliton is expanding, steady or shrinking if λ is respectively negative, zero or positive on M and that it is undened if λ has no denite sign. When X is a homothetic conformal vector eld, that is, L X g = cg, for some constant c, (M, g, X, h, λ) is said to be trivial. Otherwise it is nontrivial. We say that h has dened signal if either h > 0 on M or h < 0 on M .

In the Riemannian case, h-almost Ricci solitons with h having dened signal are rigid in the class of compact manifolds with constant scalar curvature. In [START_REF] Gomes | On the h-almost Ricci soliton[END_REF], the authors showed that a compact nontrivial h-almost Ricci soliton of constant scalar curvature with h having dened signal is isometric to a standard sphere. Moreover, it is gradient, with some specic potential function. Also, see [START_REF] Ghahremani-Gol | Some results on h-almost Ricci solitons[END_REF] for another proof of this fact. But, by considering the h-almost show that these gradient h-almost Ricci solitons cannot appear as m-quasi-Einstein manifolds. In fact, a smooth manifold M together with a (pseudo)-Riemannian metric g is said to be a generalized quasi-Einstein manifold if there exist smooth functions f , µ and λ such that [START_REF] Catino | Generalized quasi-Einstein manifolds with harmonic weyl tensor[END_REF] Ric +∇ 2 f -µdf ⊗ df = λg.
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When µ = 1/m, where m is a positive integer, the above generalized quasi-Einstein manifold is known as generalized m-quasi-Einstein manifold [START_REF] Barros | Characterizations and integral formulas for generalized quasi-Einstein metrics[END_REF], and when λ is constant the generalized quasi-Einstein manifold is simply known as m-quasi-Einstein manifold. It is interesting to note that by a suitable choice of the function f it is possible to reduce any generalized m-quasi-Einstein metric to an h-almost Ricci soliton. For instance, if we take u = exp( -f m ) and h = -m/u , then the gradient h-almost Ricci soliton equation ( 2) reduces to equation ( 3) with µ = 1/m. We conclude that all generalized m-quasi-Einstein metric is a gradient (-m/u)-almost Ricci soliton. It has been proved in [START_REF] Gomes | On the h-almost Ricci soliton[END_REF] that a compact steady or expanding gradient (-m/u)-Ricci soliton (M, g, ∇u, -m/u, λ) is trivial.

In the following, after introducing the structure of compact indecomposable Lorentzian 3-manifolds admitting a parallel null vector eld, that was classied recently in [START_REF] Boubel | Ane transformations and parallel lightlike vector elds on compact Lorentzian 3-manifolds[END_REF], in Section 2, we investigate the structure of h-almost Ricci solitons on these compact manifolds in Section 3, see Theorem 3.2, our main result. Large families appear, the situation is not at all rigid. As a consequence, the theorem also enables us to generalize the results of the work [START_REF] Jamreh | Closed pseudo-Riemannian Ricci solitons[END_REF] of two of the authors: they built nontrivial and nongradient Ricci solitons in the steady case on these compact Lorentzian manifolds, and showed that nontrivial Ricci solitons do not exist on them when the orbits of the parallel eld are not closed. In the present article we give the general structure of Ricci solitons on such manifolds, and show that they cannot be gradient, see Corollary 3.8; moreover, h-almost Ricci solitons cannot be m-quasi Einstein, see Corollary 3.9. All that contrasts with the Riemanian case, where we know by the work of Perelman that Ricci solitons are necessarily gradient and that, moreover, compact expanding or steady Ricci solitons are necessarily Einstein [START_REF] Eminenti | Ricci solitons: The equation point of view[END_REF]. We also draw from our theorem examples of nontrivial and nongradient h-almost Ricci solitons with h having dened signal, see Example 3.10.

2 Indecomposable compact Lorentzian 3-manifolds with a parallel lightlike vector eld By the work of Boubel and Mounoud [START_REF] Boubel | Ane transformations and parallel lightlike vector elds on compact Lorentzian 3-manifolds[END_REF], we have a description of compact indecomposable Lorentzian 3-manifolds admitting a parallel null vector eld. In the following, (x, y, z) stand for the coordinates of R 3 . If the orbits of this parallel vector eld are nonclosed, we have Proposition 2.1. Let (M, g) be an indecomposable compact Lorentzian 3-manifold admitting a parallel lightlike vector eld with nonclosed orbits. Then 1) If the leaves of the integral foliation of the orthogonal distribution of this vector eld are compact then (M, g) is isometric to the 3-dimensional torus R 3 / τ 1 , τ 2 , τ 3 where τ 1 , τ 2 , τ 3 is the discrete group of dieomorphisms of R 3 generated by τ 1 (x, y, z) = (x + 1, y + τ, z), τ 2 (x, y, z) = (x, y + 1, z) and τ 3 (x, y, z) = (x + r 1 , y + r 2 , z + 1) where (τ,

r 1 , r 2 ) ∈ (R -Q) × R 2 ,
equiped with the metric that is the metric induced by g = 2Λdxdz + L 2 (z)dy 2 in the moving frame (∂ x , ∂ y , ∂ z ) on R 3 where Λ is a non-zero real number and L(z) is a nonvanishing smooth periodic function with period 1.

2) If the leaves of the integral foliation of the orthogonal distribution of this vector eld are non-

compact then (M, g) is isometric to the 3-dimensional torus R 3 / τ 1 , τ 2 , τ 3 where τ 1 , τ 2 , τ 3 is the discrete group of dieomorphisms of R 3 generated by τ 1 (x, y, z) = (x + 1, y, z + τ ), τ 2 (x, y, z) = (x + r 1 , y + 1, z + r 2 ) and τ 3 (x, y, z) = (x, y, z + 1) where (τ, r 1 , r 2 ) ∈ (R -Q) × R 2 ,
with the metric that is the metric induced by g = 2Λdxdz + L 2 dy 2 + µ(y)dz 2 in the moving frame (∂ x , ∂ y , ∂ z ) on R 3 where µ is a non-constant smooth periodic function with period 1, Λ and L 2 are non-zero real constants

Proof. See the proof of Proposition 3.1 in [2, Section 3].

But, if the orbits of the parallel null vector eld are closed then we get the following 3-dimensional tori or parabolic tori.

Proposition 2.2. If (M, g) is an orientable, compact indecomposable Lorentzian 3-manifold endowed with a parallel null vector eld with closed orbits then it is isometric to (R 3 /Γ n , g) where Γ n , n ∈ N is the group of dieomorphisms of R 3 generated by the maps τ x (x, y, z) = (x + 1, y, z), τ y (x, y, z) = (x, y + 1, z) and τ z,n (x, y, z) = (x + ny, y, z + 1) and g is the metric induced by the metric g on R 3 whose matrix in some Γ n -invariant moving frame (∂

x , ∂ y + nz∂ x + θ∂ z , ∂ z ), with θ ∈ R, is: Ñ 0 0 Λ 0 L 2 (y, z) ν(y, z) Λ ν(y, z) µ(y, z) é , (4) 
where L, µ and ν are (1, 1)-biperiodic functions and Λ is a non-zero real number. Notice that L is non vanishing as g is non degenerate. (The number θ may disappear by a change of coordinates if it is rational; it is irrational when the integral foliation of the orthogonal distribution of the parallel null vector eld has dense (cylindrical) leaves.)

Proof. See [2, Section 4 and Section 5].

Reminder 2.3. What we call a parabolic torus is the suspension over R/Z of the parabolic auto-

morphism 1 n 0 1 acting on R 2 /Z 2 , with n ∈ N \ {0}.
Remark 2.4. Compact indecomposable Lorentzian 3-manifolds with a parallel lightlike vector eld are closed manifolds with zero scalar curvature (see e.g. the form of the curvature tensor given at the beginning of Section 4 of [START_REF] Boubel | Ane transformations and parallel lightlike vector elds on compact Lorentzian 3-manifolds[END_REF]).

Compact Lorentzian h-almost Ricci solitons

In this section, we investigate the h-almost Ricci soliton structure on compact indecomposable Lorentzian 3-manifolds admitting a parallel lightlike vector eld.

Remark 3.1. If we allow in Equation ( 1), h to vanish on some non empty open subset U , the meaning of (1) on U changes quite deeply when this occurs:

the constraint on g is to be Einstein on U , hence λ has to be constant on it, X is no longer involved in (1) on U , hence may be abitrary on it.

This may lead to a huge set of solutions of apparently little interest. It is the case on compact Lorentzian 3-manifolds (M, g) with a parallel isotropic vector eld, that we investigate in this article.

Let us look such a maniold (M, g). Notice that, as Ric is necessarily degenerate, (1) compels λ to vanish on U , thus also Ric, and then g to be at on U . Now suppose for instance that (M, g) is at, take (U α ) α∈A a collection of contractible open sets on M , whose closure are disjoint, λ a smooth function, positive on ∪ α U α and null outside of it. For each α, choose a 1-parameter group of conformal dieomorphisms (φ t α ) t∈R of the universal cover ( M , g) which is Minkowski space, and denote by X α its innitesimal generator, viewed as a vector eld on U α . Then on U α , for each α, L Xα g = ρ α g for some positive function ρ α . Dene the function h and the vector eld X by: for each α, h = 2λ/ρ α and X = X α on U α , h = 0 outside of ∪ α U α , and X is any smooth extension on the whole M of the eld X dened just above on ∪ α U α .

Then for each α, on U α , Ric + h 2 L Xα g = 0 + λ ρα ρ α g = λg, and outside of U α , λ = h = 0, so that (1) is satised everywhere .

For those reasons, we treat in the following theorem only the case where h -1 (0) has empty interior.

Theorem 3.2. Let (M, g) be a compact indecomposable Lorentzian 3-manifold admitting a parallel isotropic vector eld V , and F the integral foliation of its orthogonal distribution V ⊥ . Then (M, g) admits non trivial Ricci or h-almost Ricci solitons (X, h, λ), the interior of h -1 (0) being empty, if and only if it is of one of the following types:

(a) The leaves of F are compact, and then (M, g) = (R 3 , g 0 )/Γ with

g 0 = Ñ 0 0 Λ 0 L 2 (z) ν Λ ν µ(y, z) é in the frame eld (∂ x , ∂ y , ∂ z ) := (∂ x , ∂ y + nz∂ x , ∂ z )
where L a 1-periodic non vanishing function and µ a (1,1)-biperiodic function such that 1 0 µ(y, z)dy does not depend on z, Λ ∈ R * and ν ∈ [0, |Λ|[, and Γ and g 0 are in one of the following three cases:

(i) Γ = τ 1 , τ 2 , τ 2 as in Proposition II.1, ν and µ vanish; in that case M is a 3-torus and the orbits of V are dense in the leaves of F;

(ii) Γ = Γ 0 ; in that case M is a 3-torus and the orbits of V are periodic;

(iii) Γ = Γ n with n > 0 and ν = 0; in that case M is a parabolic torus and the orbits of V are periodic.

(b) The leaves of F are non compact, and then (M, g) = (R 3 , g 0 )/Γ n for some n ∈ N, with

g 0 = Ñ 0 0 Λ 0 L 2 ν(y, z) Λ ν(y, z) µ(y, z) é in a moving frame (∂ x , ∂ y , ∂ z ) := (∂ x , ∂ y + nz∂ x + θ∂ z , ∂ z ) with L = 0, Λ = 0, θ ∈ R
Q and ν and µ two (1,1)-periodic functions. Here the orbits of V are periodic; if n = 0, M is a 3-torus, otherwise M is a parabolic torus. The Ricci solitons or h-almost Ricci solitons are then, in the respective cases, the quintuples (M, g, X, h, λ) that are as follows then Remark 3.7 below shows how to build them.

(a)(i) There are constants c 2 and c 3 in R such that (X, h, λ) satises:

λ = c 3 hLL , X = X 1 (z)∂ x + c 2 ∂ y + c 3 L 2 (z)∂ z and hX 1 = -Ric(∂ z , ∂ z )/Λ. (a)(ii) There are constants c 2 and c 3 in R such that (X, h, λ) satises: λ = c 3 hLL , X = X 1 (z)∂ x + c 2 ∂ y + c 3 L 2 (z)∂ z with: Ric(∂ z , ∂ z ) + h 1 2 (c 2 ∂ y µ + c 3 ∂ z (L 2 µ)) + Λ∂ z X 1 = 0. (a)(iii) There is a constant c 2 in R such that (X, h, λ) satises: λ = 0, X = X 1 (z)∂ x + c 2 ∂ y with: Ric(∂ z , ∂ z ) + h c 2 1 2 ∂ y µ + nΛ + Λ∂ z X 1 = 0.
(b) Anyway λ = 0, and two cases are possible. (i) n = 0 and there are constants c 1 and c 2 = 0 in R such that (X, h) satises:

X = c 1 - 1 Λ c 2 ν ∂ x + c 2 ∂ y and: Ric(∂ z , ∂ z ) + hc 2 1 2 ∂ y µ -∂ z ν + nΛ = 0.
(ii) n = 0 and ν is constant, and there are constants c 1 , c 2 , and

c 3 = 0 in R such that X = c 1 ∂ x + c 2 ∂ y + c 3 ∂ z and that h satises: 2 Ric(∂ z , ∂ z ) + h(c 2 ∂ y µ + c 3 ∂ z µ) = 0.
Moreover, the h-almost Ricci soliton may be gradient, i.e. X = ∇u for some function u, only in case (a). Then it is the case if and only if c 2 = c 3 = 0, λ = 0 (steady case), µ does not depend on y, and u is a function of z and hu = L /(ΛL). Hence, then X = 1 Λ u ∂ x .

Remark 3.3. In fact, in case (b)(ii) we did not succeed in building metrics satisfying the condition given in Theorem 3.2 and we would rather conjecture that they do not exist. See Remark 3.7 below, and Corollary 3.8 that shows that no Ricci Soliton exists in this case.

Remark 3.4. In case (b), the requirement that L is a constant is a strong constraint on the metric g. It means that the quotient foliation F, on the quotient of M by the orbits of V (see the proof p. 7), parametrized by the arc length provided by the induced metric ĝ, which is a reparametrization of an ane ow on the torus R 2 /Z 2 , is in fact a trivial reparametrization, i.e. is conjugate to an ane ow parametrized at constant speed.

Notation 3.5. In case (b) of the theorem, ∂ y stands for ∂ y + nz∂ x + θ∂ z ; in the case where F has closed leaves we also let it stand for ∂ y + nz∂ x in case the group Γ is Γ n with n > 0, and for ∂ y in the other cases, where we also consider that n = 0.

Remark 3.6. In the setting of the theorem :

Ric = Å 1 L 3 ∂ y L Å nΛ + 1 2 ∂ y µ -∂ z ν ã + 1 L 2 Å ∂ z ∂ y ν - 1 2 ∂ 2 y µ ã - 1 L ∂ 2 z L ã dz 2 = 1 L Å ∂ y Å ∂ z ν -1 2 ∂ y µ L ã -∂ 2 z L + 1 L 2 nΛ∂ y L ã dz 2 , so in (a)(i), Ric = -L L dz 2 , in (a)(ii)-(iii), Ric = -L L + ∂ 2 y µ 2L 2 dz 2 , in (b)(i), Ric = 1 L 2 ∂ y ∂ z ν - 1 2 ∂ 2 y µ dz 2 and in (b)(ii), Ric = - ∂ 2 y µ 2L 2 dz 2 .
We also remind the reader that, the dimension being three, the whole curvature is encoded in Ric, so Ric is null on some open domain of M if and only if g is at on it. Remark 3.7. In case (a) of Theorem 3.2, building (X, h) amounts to nding a function h such that the expression

1 Λ Ric(∂z,∂z) h -1 2 c 2 ∂ y µ + c 2 nΛ + c 3 ∂ z (L 2 µ
) , that has to be equal to X 1 , extends smoothly by continuity at the vanishing points of h, does not depend on y, and has a null integral in the variable z (as X 1 is the derivative of a function dened on R/Z). This is always possible, as it is exactly what the following construction provides. (Restriction. Here we assume that the domain where g is at is empty. Indeed, a eld X satisfying (1) on M is a conformal-Killing eld on this domain, and the existence of such a eld implies quite complicated constraints on the metric g we do not want to display in detail.) Take any 1-periodic function f of z such that 1 0 f (z)dz = 0 and that the function (y, z) → Ric(∂z,∂z)

1 2 (c2∂yµ+c3∂z(L 2 µ))+c2nΛ+f (z)
extends by continuity as a smooth function at the possible zeroes of the denominator, dene h as the (possible extension by continuity of the) function above, and X 1 by its derivative X 1 = 1 Λ f . In case (b) of Theorem 3.2, building (X, h) amounts to the fact that the constraint:

Ric(∂ z , ∂ z ) + h c 2 1 2 ∂ y µ -∂ z ν + nΛ + 1 2 c 3 ∂ z µ = 0 denes a function h, i.e. that the quotient Ric(∂ z , ∂ z ) c 2 1 2 ∂ y µ -∂ z ν + nΛ + 1 2 c 3 ∂ z µ extends by
continuity as a smooth function at the possible zeroes of its denominator. Using Remark 3.6, this quotient reads:

in case (b)(i), 1 c2L 2 ∂ 2 y µ-2∂y∂zν ∂yµ-2∂zν+nΛ = 1 c2L 2 ∂ y ln(∂ y µ -2∂ z ν + nΛ)
. Thus, h is well dened if and only if the expression E := ∂ y µ -2∂ z ν + nΛ never vanishes (otherwise, its logarithm is unbounded, and in turn no derivative of it can be bounded). The functions µ and ν must be chosen so that this is achieved; it is the case if and only if ∂ y µ -2∂ z ν > -nΛ. The if part is immediate; for the only if part, notice that each of the two rst terms of E is a derivative, in y or in z, thus its integral over (R/Z) 2 is zero, as well as that of their sum. In particular, ∂ y µ -2∂ z ν has to be nonnegative at some point; by continuity, if also ∂ y µ -2∂ z ν -nΛ at some point, E vanishes somewhere. in case (b)(ii),

1 L 2 ∂ 2 y µ
c2∂yµ+c3∂zµ . If we use the coordinates (u, v) of R 2 given by:

ß u = 1 + c2 c3 θ y -c2 c3 z v = -θy + z so that: ® y = u + c2 c3 v z = θu + 1 + c2 c3 θ v
and that:

ß ∂ u = ∂ y ∂ v = c 2 ∂ y + c 3 ∂ z , the quotient reads 1 L 2 ∂ 2 u µ ∂vµ .
Of course, it is easy to build functions µ on R 2 such that it extends by continuity on the set S where ∂ v µ vanishes: for example take µ such that S = ∅ or µ depending only on v. But µ must also be (1, 1)-periodic, so that S cannot be empty, and the levels of v are the leaves of F (recall that ∂ u = ∂ y ), which are dense, so that if µ = µ(v), µ has to be constant, hence the metric to be at. Finally, we neither found examples of adequate non constant functions µ in case (b)(ii), nor proved it to be impossible (what we think is the most likely).

Proof of Theorem 3.2. On a general way in this proof, we use the assumption that h -1 (0) has an empty interior each time we draw, from an product of the type hA = 0, that the function A is null.

By Boubel and Mounoud[2, Prop. 3.1 and 4.2], (M, g) = (R 3 , g 0 )/Γ where g 0 has the form:

g 0 = Ñ 0 0 Λ 0 L 2 (y, z) ν(y, z) Λ ν(y, z) µ(y, z)
é and Γ = Γ n with n ∈ N, or Γ is of one of the two types given in Proposition II.1. We remind the reader that ∂ y denotes ∂ y + nz∂ x + θ∂ z ; in the case where Γ is as given in Proposition II.1, it simply denotes ∂ y , and n is zero. Let us take X 1 , X 2 and X 3 the three functions such that

X = X 1 ∂ x + X 2 ∂ y + X 3 ∂ z . Remind that V = ∂ x and V ⊥ = Span(∂ x , ∂ y ). Specializing Equation (1) as: Ric(A, B) + h 2 (L X g)(A, B) = λg(A, B) when successively (A, B) stands for (∂ x , ∂ x ), (∂ x , ∂ y ), (∂ x , ∂ z ), (∂ y , ∂ y ), (∂ y , ∂ z )
, and (∂ z , ∂ z ), we get that it is equivalent to the following six equations:

h∂ x X 3 = 0 (5) h(L 2 ∂ x X 2 + ν∂ x X 3 + Λ∂ y X 3 ) = 0 (6) h(Λ∂ x X 1 + ν∂ x X 2 + µ∂ x X 3 + Λ∂ z X 3 ) = 2λΛ (7) h(LX 2 ∂ y L + LX 3 ∂ z L + L 2 ∂ y X 2 + ν∂ y X 3 ) = λL 2 (8) h(X 2 ∂ y ν + X 3 ∂ z ν -nΛX 3 + Λ∂ y X 1 + ν∂ y X 2 + µ∂ y X 3 + L 2 ∂ z X 2 + ν∂ z X 3 ) = 2λν (9) 2 Ric(∂ z , ∂ z ) + h(X 2 ∂ y µ + X 3 ∂ z µ + 2X 2 nΛ + 2Λ∂ z X 1 + 2ν∂ z X 2 + 2µ∂ z X 3 ) = 2λµ (10) 
By (5), ∂ x X 3 = 0, then by (6), ∂ x X 2 does not depend on x, hence is constant on any orbit of V , which is impossible by compacity of M , unless ∂ x X 2 = 0. So ∂ x X 2 = 0. Then by (8), ∂ x X 1 does not depend on x either, hence ∂ x X 1 = 0 by the same reasoning. So the X i are constant along the orbits of V . Finally, again by ( 6), ∂ y X 3 = 0, i.e. X 3 is constant on the leaves of F (=the orbits of ∂ y ) hence constant if the latter are dense.

Then we deal successively with cases (a) and (b).

(a) In that case, after[2, Table 2], we may choose the coordinates (x, y, z) so that ν is constant and L is constant on the leaves of F. Then by [START_REF] Ghosh | The k-almost Ricci solitons and contact geometry[END_REF], so is ∂ y X 2 . Again by compacity of M , ∂ y X 2 has then to vanish, i.e. X 2 is also constant on the leaves of F. Then Equations ( 7)-( 8) become: h∂ z X 3 = 2λ and: hX 3 ∂ z L = λL, from which we draw that h must be such that λ/h extends as a smooth function on the possible zeroes of h, and that: ∂ z X 3 = 2λ/h and 2∂ z L/L = ∂ z X 3 /X 3 , hence that X 3 = c 3 L 2 for some constant c 3 ∈ R and λ = c 3 hLL . It follows that by [START_REF] Gomes | On the h-almost Ricci soliton[END_REF], ∂ y X 1 is also constant on the leaves of F. Again by compacity of M, ∂ y X 1 has then to vanish, i.e. X 1 is also constant on the leaves of F. Then Equation [START_REF] Gomes | On the h-almost Ricci soliton[END_REF], that becomes h(-nΛc 3 + ∂ z X 2 ) = 0, implies that ∂ z X 2 is constant, hence necessarily null by compacity of M . So X 2 equals some constant c 2 . In the case where moreover n = 0, then after [START_REF] Boubel | Ane transformations and parallel lightlike vector elds on compact Lorentzian 3-manifolds[END_REF] one may choose the coordinates (x, y, z) so that ν = 0, and (9) becomes: hnΛc 3 = 0, hence c 3 = 0.

At that point, equations ( 5)-( 10) hold if and only if [START_REF] Hamilton | The Ricci ow on surfaces[END_REF] holds, which reads here:

2 Ric(∂ z , ∂ z ) + h(c 2 (∂ y µ + 2nΛ) + c 3 L 2 ∂ z µ + 4c 3 µL∂ z L + 2Λ∂ z X 1 ) = 2c 3 µhL∂ z L, i.e.: Ric(∂ z , ∂ z ) + h c 2 1 2 ∂ y µ + nΛ + 1 2 c 3 ∂ z (L 2 µ
)+Λ∂ z X 1 = 0, which amounts to the conditions specied on (X, h) in the theorem.

(b) In that case , X 3 equals some constant c 3 , and then by [START_REF] Ghahremani-Gol | Some results on h-almost Ricci solitons[END_REF], λ = 0. First, the orbits of V have to be compact. Indeed, if they are not, we are in case two of Proposition II.1 in particular L is constant, µ = µ(y), and ν and n are null and by ( 8) and ( 9), X 2 and X 1 are constants. So, equations ( 5)-( 10) are satised if and only if [START_REF] Hamilton | The Ricci ow on surfaces[END_REF] holds, which reads here: µ (y) -c 2 L -2 hµ (y) = 0 but then, if µ (y) = 0 somewhere then µ (y) = c exp(c 2 L -2 hdy) everywhere; so µ keeps the same sign, thus µ cannot be 1-periodic, a contradiction. Hence, µ is constant, i.e. g is at and X is in fact a Killing eld.

So V = ∂ x has compact orbits. In that case the quotient by them π : M → M is dened. The coordinates (y, z) on M pass to the quotient and provide an identication M → R 2 /Z 2 , and the functions X i pass also to the quotient. The foliation F being tangent to V , it induces a foliation F on M , which is the ane foliation whose leaves are the levels of z -θy, i.e. the orbits of ∂ y = ∂ y + θ∂ z .

The restriction of the metric g to the leaves of F, which is degenerate with kernel V , induces a metric ĝ on the leaves of F dened by ĝ( ∂y , ∂y ) = L 2 . The choice of the coordinates (y, z) is not canonical: they may be composed with any dieomorphism Φ of R 2 /Z 2 respecting the foliation F. In general, there is no Φ such that in the coordinates Φ • (y, z), L is constant (the parametrization by arc length of the leaves of F is a reparametrization of an ane foliation of R 2 /Z 2 , which is a very complicated object), but it is a standard and easy fact that there is one if and only if the length function of the plaques of F in the chart (y, z) -1 (]0, 1[

2 ), i.e. the function:

L : z → 1 0
L(y, z + θy)dy, may be written as L(z) = ϕ(z + θ) -ϕ(z) + cst, for some continuous function ϕ : R/Z → R, or equivalently, as everything is smooth here, that its derivative L (z) may be written as ψ(z +θ)-ψ(z) or some function ψ. See[2, 5.1] for details. Now in our case, equation ( 8) amounts to:

∂ y (LX 2 ) = -c 3 ∂ z L.
First we look at the case where c 3 = 0. Then (8) implies:

L (z) = 1 0 1 c 3 ∂ y (LX 2 )(y, z + θy)dy = 1 0 d du ψ(u, z + θu)du, where ψ = 1 c 3 LX 2 , = ψ(1, z + θ) -ψ(0, z)
= ψ(0, z + θ) -ψ(0, z) as ψ(1, . ) = ψ(0, . ), therefore we may choose coordnates (y, z) such that L reads as a constant, what we do now in the case c 3 = 0. Also, if c 3 = 0 then by ( 8), X 2 = cL -1 for some c ∈ R. So equation ( 9) amounts to:

∂ y (X 2 ν + ΛX 1 ) = c∂ z L.
Therefore by the same reasoning as in the case c 3 = 0 we may choose coordinates (y, z) such that L reads as a constant. In those coordinates, (8) reads ∂ y X 2 = 0, hence X 2 equals some constant c 2 as the leaves of F are dense. Then, in the case c 3 = 0 we show that:

necessarily n = 0, by the reasoning of [2, Proposition 5.1], we may choose coordinates (x, y, z) on R 3 such that, without changing the group Γ n , ν is some constant in [0, |Λ|[. X 1 equals some constant c 1 . Indeed, rst, in that case, (9) reads: c 2 ∂yν + Λ∂ y X 1 -c 3 ∂ z ν -nc 3 Λ = 0. All terms but nΛ are derivatives in z or in y of (1,1)-periodic functions, hence their integral for the Lebesgue measure on [0, 1] 2 vanishes. As c 3 Λ = 0, necessarily n = 0. To show the second point, by[2, Proposition 5.1, Fact 5.4] it is sucient to show that the function R/Z z → 1 0 ν(y, z + θy)dy may be written as ϕ(z + θ) -ϕ(z) + cst for some continuous function ϕ : R/Z → R (in[2, Proposition 5.1, Fact 5.4] appears 1 0 ν(y, z)dy because the coordinate z used there is such that the leaves of F are its levels, whereas our coordinate z is such that they are the levels of z -θy). As above with L, to show this we look at the derivative:

d dz 1 0 ν(y, z + θy) dy = - 1 0 c -1 3 ∂ y (c 2 ν + ΛX 1 )(y, z + θy) dy by (9) = 1 0 d du ψ(u, z + θu)du, where ψ = -c -1 3 (c 2 ν + ΛX 1 ) = ψ(1, z + θ) -ψ(0, z) = ψ(0, z + θ) -ψ(0, z)
and, as above with L, we are done. Finally, in coordinates where ν is constant, (9) reads Λ∂ y X 1 = 0, hence X 1 is constant as the leaves of F are dense. Now let us look at the case c 3 = 0; (9) reads c 2 ∂ y ν +Λ∂ y X 1 = 0; as the leaves of F are dense, this means that X

1 = c 1 -1 Λ c 2 ν for some constant c 1 . If c 2 = 0 then X 1 is constant, i.e.
X is proportional to ∂ x , hence Ric = 0, X is a Killing eld and gives rise to a trivial Ricci soliton. So c 2 = 0. Moreover, n cannot be zero. Indeed, as 2Λ∂ z X 1 = -2c 2 ∂ z ν, [START_REF] Hamilton | The Ricci ow on surfaces[END_REF] 

reads Ric(∂ z , ∂ z )+hc 2 1 2 ∂ µ-∂ z ν +nΛ = 0,
which, using Remark 3.6, implies that:

h = 1 c 2 L 2 ∂ 2 y µ -2∂ y ∂ z ν ∂ y µ -2∂ z ν + nΛ = 1 c 2 L 2 ∂ y ln(∂ y µ -2∂ z ν + nΛ),
which implies, as h has to be dened everywhere, that the expression E := ∂ y µ -2∂ z ν + nΛ never vanishes. Now redo the reasoning of Remark 3.7, point (b)(i), with n = 0. This shows that E vanishes somewhere, so n cannot be zero.

At that point, in any case for c 3 , equations ( 5)-( 10) hold if and only if [START_REF] Hamilton | The Ricci ow on surfaces[END_REF] holds, which amounts to the conditions specied on (X, h) in the theorem. The case c 3 = 0 is labelled as (ii) in the theorem, and the case c 3 = 0 as (i).

At last, we look at which condition X may equal ∇u for some non constant function u. In case (a), ∇u = µ

Λ 2 ∂ x u+ 1 Λ ∂ z u ∂ x + 1 L 2 ∂ y u ∂ y + 1 Λ ∂ x u ∂ z .
After the previous results, the ∂ z -component must depend only on z, hence ∂ x u depends only on z, so as M is compact actually u does not depend on x (and hence c 3 = 0). Similarly the ∂ y -component must be constant, which gives that u does not depend on y (and that c 2 = 0). So hu = hX 1 = L /(ΛL) + ∂ 2 y µ/(2ΛL 2 ), hence in particular ∂ 2 y µ does not depend on y, and by compacity of M , neither does µ. The claim follows.

In case (b), ∇u = µ

Λ 2 -ν 2 L 2 Λ 2 ∂ x u -ν L 2 Λ 2 ∂ y u + 1 Λ ∂ z u ∂ x + 1 L 2 ∂ y u -ν L 2 Λ ∂ x u ∂ y + 1 Λ ∂ x u ∂ z .
We draw by the same reasoning that u depends only on z. But the ∂ x -component of X must also be constant, so in fact u is constant. This case is impossible.

If we consider now Ricci solitons, i.e. the cases where h and λ are constants, the necessary and sucient conditions given in Theorem 3.2 become sharper. The example of Ricci soliton built in Part C of [START_REF] Jamreh | Closed pseudo-Riemannian Ricci solitons[END_REF] is a particular case of Case (a)(iii) of the Corollary. Corollary 3.8. In cases (a)(i)-(ii) and (b) of Theorem 3.2, (M, g) admits no non trivial Ricci solitons. In case (a)(iii), (X, h, λ) is a Ricci soliton if and only if λ = 0, µ does not depend on y and X = X 1 (z)∂ x + c 2 ∂ y where c 2 = 1 0 L 2 /(nΛhL 2 ) dz and X 1 = L /(ΛhL) -nc 2 dz.

Moreover, none of them is gradient.

Proof. Let us deal with the ve possible cases of the Theorem, with its notation. 

LL 1 0 1 0 1 0

 111 (a)(i). As λ = c 3 LL , if c 3 = 0, L has to be constant. If c 3 = 0 then as X 1 = dz must vanish. But by integration by parts: L /Ldz = [L /L] 1 0 + L 2 /L 2 dz = 0 + L 2 /L 2 dz, which vanish only if L is constant. So in any case L is constant, hence the metric is at, and X is a Killing eld. Non non-trivial Ricci solitons exist in this case.(a)(ii) Again, as λ = c 3 LL , if c 3 = 0, L has to be constant. If c 3 = 0 then by Theorem 3.2, X = X 1 (z)∂ x + c 2 ∂ y denes a Ricci soliton structure if and only if 2 Ric(∂ z , ∂ z ) + h c 2 ∂ y µ + 2Λ∂ z X 1 = 0, i.e. ∂ 2 y µ -c 2 hL 2 (z)∂ y µ = -2LL + 2ΛhL2 X 1 (z), which is, for each z, an O.D.E. on ∂ y µ implying

  Ricci soliton equation on compact indecomposable Lorentzian 3-manifolds admitting a parallel lightlike vector eld we give examples of nontrivial and nongradient compact h-almost Ricci solitons in the Lorentzian case with zero scalar curvature, and where h has dened signal. Also, we show that nontrivial gradient h-almost Ricci solitons appear only in the steady case and give examples of them with dened signal. Besides, we

that ∂ y µ = C(z) exp(D(z)y) for some constants C(z) and D(z). Now by compacity of M , C(z) must vanish, i.e. µ depends only on z. Therefore X 1 (z) = L /(ΛhL). Thus as in case (a)(i), no non-trivial Ricci solitons exist in this case.

(a)(iii) By the same reasoning as above, µ depends only on z. So after Theorem 3.2, (X, h, λ) is a Ricci soliton if and only if X = X 1 (z)∂ z + c 2 ∂ y with X 1 (z) = L /(ΛhL) -nc 2 . Now this is possible if and only the integral on [0, 1] of this expression vanishes, i.e. c 2 = 1 0 L 2 /(nΛhL 2 ) dz (by integration by parts, see case (a)(i)). We are done.

(b)(i) Using the expression of Ric, see Remark 3.6, the condition on the metric given by Theorem 3.2 is that ∂ y ψ + hc 2 L 2 (nΛ -ψ) = 0. Denoting by ϕ the function y → 1 0 µ(y, z)dz, this implies that -ϕ + c 2 hL 2 ϕ + 2nΛ = 0, so that ϕ = ϕ 0 -2nΛ hc2L 2 y + ϕ 1 exp(-hc 2 L 2 y), for some constants ϕ 0 and ϕ 1 . As n = 0, this means that ϕ is unbounded, which is impossible as M is compact.

(b)(ii) The condition on the metric given by Theorem 3.

As µ is a smooth (1, 1)-periodic function, it reads, as a Fourier series: µ = (p,q)∈N 2 a p,q (µ)e 2iπ(py+qz) , where a p,q (µ) = For any smooth (1, 1)-periodic function f , a p,q (∂ y f ) = 2iπpa p,q (f ) and a p,q (∂ z f ) = 2iπqa p,q (f ), and

, so that the condition of the theorem reads as the following condition on the a p,q (µ): -4π 2 (p 2 + 2θpq + θ 2 q 2 )a p,q (µ) = 2iπhL 2 (c 2 (p + θq) + c 3 q)a p,q (µ), which is impossible.

Finally, suppose that X = ∇u. After Theorem 3.2, u is a function of z and hu (z) = L /(ΛL).

We get:

)dz, by integration by parts as above. But 1 0 hu dz = 0, so that L must be constant. So in fact u (z) = 0, so u is constant as M is compact, and X = 0.

Corollary 3.9. Gradient h-almost Ricci soliton structures on compact indecomposable Lorentzian 3-manifolds with a parallel isotropic vector eld can not appear as non-trivial m-quasi Einsten manifolds.

Proof. Let (M, g, f, m, λ) be an m-quasi-Einstein manifold. Then u = exp(

-f m ) denes an h-almost

Ricci soliton with h = m u

, see [START_REF] Gomes | On the h-almost Ricci soliton[END_REF]. But, after the end of Theorem 3.2, u denes a gradient h-almost

But, since m is a positive number and 1 0 u u (a)(ii), we assume that µ := L -1 (z). Then X 1 (z) = L -2 -1 c 3 ln(L) + c.

(a)(iii), we assume that µ = µ(z) is an arbitrary 1-periodic function. Then X 1 (z) = Λ -1 L (z)nc 2 . But X 1 is a periodic function if and only if c 2 = 0. Hence, X = L (z)∂ x denes an halmost Ricci soliton with dened signal. Futhermore, X is a gradient vector eld.

For further examples in case (a)(iii), Let h(z) := L(z) and µ = µ(z). Then by Theorem 3.2, X 1 (z) = L /(ΛL 2 ) -nc 2 . So, X 1 (z) = L /(ΛL 2 ) dz -nc 2 z. Since X 1 is a periodic function then nc 2 = 1 0 L /(ΛL 2 ) dz = 2 1 0 L 2 /(ΛL 3 ) dz by integration by parts; in particular c 2 is non-zero.