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PURELY 1-UNRECTIFIABLE METRIC SPACES AND LOCALLY
FLAT LIPSCHITZ FUNCTIONS

RAMON J. ALIAGA, CHRIS GARTLAND, COLIN PETITJEAN,
AND ANTONIN PROCHAZKA

ABSTRACT. For any compact metric space M, we prove that the locally flat
Lipschitz functions separate points (of M) uniformly if and only if M is
purely l-unrectifiable, resolving a problem posed by Weaver in 1999. We
subsequently use this geometric characterization to answer several questions
in Lipschitz analysis. Notably, it follows that the Lipschitz-free space F (M)
over a compact metric space M is a dual space if and only if M is purely 1-
unrectifiable. Furthermore, for any complete metric space M, we deduce that
pure l-unrectifiability actually characterizes some well-known Banach space
properties of F(M) such as the Radon-Nikodym property and the Schur prop-
erty. A direct consequence is that any complete, purely l-unrectifiable met-
ric space isometrically embeds into a Banach space with the Radon-Nikodym
property. Finally, we provide a solution to a problem of Whitney from 1935
by finding a rectifiability-based characterization of 1l-critical compact metric
spaces, and we use this characterization to prove the following: a bounded
turning tree fails to be 1l-critical if and only each of its subarcs has o-finite
Hausdorff 1-measure.

1. INTRODUCTION

A Lipschitz function f : M — R on a metric space (M,d) is said to be locally

flat if
@)~ ()
e d(,y)

for every p € M. When M is compact, the limit condition can be equivalently
replaced by d(z,y) — 0, uniformly in p. Locally flat Lipschitz functions appear
throughout analysis - they are at the heart of Whitney’s construction of a contin-
uously differentiable function R? — R that is nonconstant on a connected set of
critical points [55], and they are deeply connected to functional analytic properties
of the space of Lipschitz functions on M ([52, Chapters 4 and 8]), to name some
examples. In [50], Weaver isolated a property of locally flat Lipschitz functions
that, for reasons soon to be clear, is now central to their study. Following [52,
Defintion 4.10], we say that the locally flat Lipschitz functions separate points (of
M ) uniformly if there exists C' € [1,00) such that for any z,y € M, there exists a
C-Lipschitz locally flat function f : M — R with f(x) — f(y) = d(z,y). The infi-
mum of all such C is called the separation constant. Despite the importance of this
property, the exact conditions on M ensuring its satisfaction or failure remained
unclear. Indeed, Weaver writes in [51, p. 77-78], “ Whether [the locally flat Lipschitz
functions] separate points uniformly depends only on the metric space M, so it is
disappointing that the condition cannot be formulated in a way that directly involves
the geometry of M.” The first main result of this article is a resolution of Weaver’s

=0
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problem. Recall that a metric space M is purely k-unrectifiable if, for every A C RF
and Lipschitz map f: A — M, the Hausdorff k-measure of f(A) equals 0. By [39,
Theorem 9], M is purely 1-unrectifiable if and only if it contains no curve fragments
- meaning bi-Lipschitz copies of compact, positive measure subsets of R (see also
[19, Theorem 11.12]).

Theorem A. Let M be a compact metric space. Then the locally flat Lipschitz
functions on M separate points uniformly if and only if M is purely 1-unrectifiable.

Theorem A provides a geometric characterization of uniform separation of points by
locally flat Lipschitz functions. From the opposite point-of-view, this theorem can
also be seen as a functional characterization of purely 1-unrectifiable metric spaces.
Our next theorem follows easily from Theorem A and standard results from [52,
Chapter 4] and [38].

Theorem A’. Let M be a compact metric space. Then M is purely 1-unrectifiable
if and only if the set of 1-Lipschitz locally flat functions on M is dense in the set
of all 1-Lipschitz functions on M with respect to the sup-norm topology.

Theorem A’ should be compared with Bate’s version of the classical Besicovitch-
Federer theorem ([40, Theorem 18.1]), which yields a functional characterization of
pure l-unrectifiability under different hypotheses (see [40, Theorem 18.1] and [7,
Theorem 1.1] for the statements of the respective theorems in full generality).

Bate’s Besicovitch-Federer Theorem ([7, Theorem 1.1]). Let M be a complete
metric space with finite Hausdorff 1-measure. Then M is purely 1-unrectifiable if
and only if the set of 1-Lipschitz functions f : M — R with f(M) Lebesgue null is
comeager in the set of all 1-Lipschitz functions on M with respect to the sup-norm
topology.

See Section 2 for the proof of Theorem A and for further discussion on the rela-
tionship between the present article and [7].

Our motivation to prove Theorem A comes from three corners of Lipschitz anal-
ysis: Lipschitz-free Banach spaces, bi-Lipschitz embeddings, and Whitney arcs.
Partial results from each area indicated Theorem A was true, and with it in hand,
we are able to complete several lines of research. We’ll describe these in turn,
beginning with a review of Lipschitz-free spaces.

For a metric space (M,d) equipped with a distinguished point 0 € M, the
Lipschitz-free space F(M) is a Banach space that is built around M in such a
way that M is isometric to a subset §(M) of F(M), and Lipschitz maps from
d(M) into any other Banach space X uniquely extend to bounded linear operators
from F(M) into X (see Section 1.1 for a more detailed definition). In particular
F(M) is a canonical isometric predual of the space Lipy(M) of Lipschitz functions
on M vanishing at 0 endowed with the Lipschitz constant as a norm. Naturally,
the study of Lipschitz-free spaces is at the intersection of functional analysis and
metric geometry. Nevertheless, it is worth mentioning that Lipschitz-free spaces
are studied in different research areas, for different reasons and under different
names. For instance, thanks to the Kantorovich-Rubinstein duality theorem (e.g.
[49, Theorem 1.14]), the norm on F (M) can be interpreted as the cost of the optimal
solution of a certain transportation problem (see [52, Section 3.3], where F(M) is
called Arens-Eells space). They are also of significant interest for computer science
where the names that are commonly used for this distance are earth mover distance
and transportation cost (e.g. [42]).

The first application of Theorem A is a characterization of Lipschitz-free spaces
over compact spaces which are isometrically dual Banach spaces. The study of
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duality of Lipschitz-free spaces F (M) dates back to the 1960’s. The first important
result is due to Johnson [36], who proved that for any compact M endowed with a
snowflake metric (also known as a Holder metric) the relation

(1) F(M) = lipy(M)*

holds, where lip,(M) is the “little Lipschitz space” consisting of all locally flat
functions in Lipy(M). On the other hand, Lebesgue’s fundamental theorem of
calculus easily implies lipy([0,1]) = {0}, and so (1) cannot hold for M = [0, 1].
More strongly, Godard proved in [27] that F(A) is isomorphic to L; whenever A
is a positive measure subset of R, and therefore F(M) can never be a dual space
when M is separable but not purely l-unrectifiable. Some time after Johnson’s
result, Weaver identified in [50] a powerful sufficient condition for (1): it is enough
that lipy (M) separates points of M uniformly (a property enjoyed by snowflaked
metric spaces M ). Thus, Theorem A bridges the gap between the works of Weaver
and Godard, and we arrive at our first major application.

Theorem B. Let M be a compact metric space. Then the following are equivalent:
(i) M is purely 1-unrectifiable,
(ii) F(M) is a dual space,
(iii) lipy(M) is an isometric predual of F(M).

Theorem B unifies a series of results giving sufficient conditions under which
F(M) is a dual space for compact M [3, 17, 18, 27, 50] (see Section 3 for details),
and in particular it solves the long-standing question regarding whether lip,(M)
must be one of its preduals in that case. We also show that, while lip,(M) is
never a unique predual of F(M) (unless M is finite), it is the only predual that
satisfies certain additional conditions (see Theorem 3.4). Section 3 contains the
proof of Theorem B (through Theorem 3.1) and further discussion on duality of
Lipschitz-free spaces.

In fact, when combined with previously known implications, Theorem B char-
acterizes some well-known Banach space properties in Lipschitz-free spaces F (M)
for compact M. These properties include the Radon-Nikodym property, the Krein-
Milman property and the Schur property (see Theorem 3.1 and the discussion
thereafter). Recall that a Banach space X has the Radon-Nikodym property (RNP)
if every Lipschitz map R — X is differentiable Lebesgue-almost everywhere; it has
the Schur property if every weakly convergent sequence in X is norm convergent;
and it has the Krein-Milman property if every closed bounded convex set in X is
the closed convex hull of its extreme points.

This characterization can be generalized to noncompact M. It was recently
shown in [2] that certain Banach space properties of Lipschitz-free spaces, including
the Schur property, are compactly determined in the following sense: a Lipschitz-
free space F(M) has the mentioned property if and only if the subspace F(K)
has it for each compact K C M. This makes it possible to establish some results
on Lipschitz-free spaces by reducing their proofs to the case where M is compact.
We prove here that the Radon-Nikodym property of Lipschitz-free spaces is also
compactly determined (see Corollary 4.5), and so the next result follows from its
compact version.

Theorem C. Let M be a metric space. Then the following are equivalent:
(i) The completion of M is purely 1-unrectifiable,

(ii) F(M) has the Radon-Nikodym property,

(iii) F(M) has the Krein-Milman property,

(iv) F(M) has the Schur property,

(v) F(M) contains no isomorphic copy of L.
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Theorem C is a culmination of many previous works that provided sufficient
conditions for a Lipschitz-free space to have the Schur property and suggested that
it would be equivalent to the Radon-Nikodym property [2, 26, 30, 38, 45] (see Section
4 for more information and for the proof of Theorem C through Theorem 4.6). To
the best of our knowledge, Theorem C is the first non-trivial characterization of
isomorphic Banach space properties for F(M) in terms of metric properties of M
(see e.g. [3, 12, 25, 27, 48] for characterizations of some isometric properties). On
top of that, it is a long-standing open problem in Banach Space theory whether
the Radon-Nikodym and Krein-Milman properties are equivalent in general (see
e.g. [23, p. 633]), and Theorem C solves it for the particular case of Lipschitz-free
spaces. The equivalence of several other properties follows easily; see Remark 4.7
for a more detailed account.

Secondly, let us point out an application of the above results to bi-Lipschitz
embedding theory. Banach spaces with the Radon-Nikodym property have gained
popularity among metric space geometers because many well-known examples of
metric spaces, such as the Heisenberg group or the Laakso space, fail to bi-Lipschitz
embed into any one of them ([13, Theorem 1.6]). The two main methods used to
prove non-bi-Lipschitz embeddability of metric spaces into Banach spaces with the
RNP are due to Cheeger and Kleiner ([13, Theorem 1.6]) and Ostrovksii (][44,
Theorem 1.3]). The common feature of these methods is that the metric spaces
under consideration must possess a large collection of curve fragments (see [6] and
the last paragraph starting on page 2 of [8]), and hence are far from being purely 1-
unrectifiable. The following theorem is a partial converse to the theories of Cheeger-
Kleiner and Ostrovskii. It is immediately implied by Theorem C and the fact that
every metric space isometrically embeds into its Lipschitz-free space.

Theorem D. A complete, purely 1-unrectifiable metric space isometrically embeds
into a Banach space with the Radon-Nikodym property.

Our final application is to the theory of Whitney sets, or 1-critical sets. In
[55], Whitney constructed a C! function f : R? — R such that Vf vanishes on
an arc v C R2, but f is not constant on 7. Following the terminology from [43],
connected subsets A of R” for which there exists a C! function f : R® — R that
is nonconstant on A and Vf =0 on A are known as I-critical sets. These sets are
very well-studied - for example, see [14, 16, 31, 43, 53, 55]. By Whitney’s extension
theorem [54], a compact, connected set A C R™ is 1-critical if and only if it supports
a nonconstant locally flat Lipschitz function, and thus 1-criticality can be defined
as a purely metric notion in this way. Of course, if M is rectifiably-connected,
meaning every pair of points can be joined by a finite-length curve, then M fails
to be 1-critical. The obvious question is whether some sort of converse is true, and
this problem was already posed in Whitney’s original paper [55] where he wrote
“it would be interesting to discover how far from rectifiable a closed set must be [to
be 1-critical]” (see also [43, Q]). We provide a solution to Whitney’s problem as
application of Theorem A.

Theorem E. A compact metric space fails to be 1-critical if and only if it is
transfinitely almost-rectifiably-connected.

See Section 5 for an explanation of transfinite almost-rectifiable-connectedness. Us-
ing Theorem E, we are able to prove a quantitative, measure-theoretic characteri-
zation of the 1l-criticality property in bounded turning trees (see Definition 5.18),
which includes the class of quasiarcs.
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Theorem F. Let T be a 1-bounded turning tree, and for any x,y € T, let [z, y]
denote the unique arc joining x and y. For all x,y € T,

sup | f(y) — f(z)| = inf {Hi(A) : [2,9]\ A is H'-o-finite}
fEBiip(T)
where By is the set of locally flat 1-Lipschitz functions. In particular, a bounded
turning tree fails to be 1-critical if and only if each of its subarcs is H'-o-finite.

See Section 5 for the proofs of Theorems E (as Corollary 5.10) and F (as Theo-
rem 5.20). Each one of the Theorems A - F is new even for metric spaces that are
subsets of Euclidean space.

Notation. Throughout the paper, M will stand for a metric space with metric
d. We will assume without mention that M is pointed, i.e. we have selected a
distinguished point 0 € M. We will use the notation
d(p, A) = inf {d(p,z) : x € A}
[Al, ={z e M :d(z,A) <r}
Br(p) ={x e M :d(z,p) <r}
rad(A) = sup {d(z,0) : x € A}
diam(A) = sup {d(z,y) : x,y € A}
forpe M, AC M and r > 0. For convenience of the reader, let us recall the vector
spaces
Lip(M) = {f eRM . § Lipschitz}
lip(M) = {f € Lip(M) : f locally flat}
Lipy(M) = {f € Lip(M) : £(0) = 0}
lipg(M) = {f € lip(M) : f(0) = 0}.
Whenever V is one of the four spaces above, we have the unit ball
By ={f € V: f is 1-Lipschitz}.

Note that the meaning of lip(M) for noncompact M is not entirely consistent
throughout the existing literature. For instance, some authors (e.g. [38]) have used
lipy (M) to denote the Lipschitz functions f : M — R satisfying the uniform local

flatness property
L@ = f)

d(z,y)—0 d(l‘, y)

When M is not compact, this definition is more restrictive than the one we give, but
this is of little consequence since our main results concerning lip, (M) are stated only
for compact spaces (except for a short departure into proper spaces in Section 3).

We use the lattice-theoretic notation fV g and f A g for the pointwise maximum
and minimum of the functions (or constants) f and g, respectively. It holds that
IV g, fAg € Bripar) whenever f, g € Byi,(ar), and similarly for Bjp(ar)-

The Lebesgue measure on R will be denoted by A.

=0.

1.1. Preliminaries on Lipschitz spaces and Lipschitz-free spaces. For a
metric space M with a distinguished base point 0 € M, the Lipschitz-free space
or Arens-Fells space F(M) is a Banach space constructed around M which is
characterized by the following property: any Banach space-valued Lipschitz map
f+ M — X vanishing at 0 can be extended in a unique way to a continuous linear
map f: F(M) — X whose operator norm is equal to the best Lipschitz constant of
f. This is often referred to as the “universal extension property” of Lipschitz-free
spaces.
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There are several ways to construct the Lipschitz-free space over M (see e.g.
[15, Chapter 8]). We will focus on the following one: consider the Banach space
Lipy (M) equipped with the norm

fz) - )

151, =sup { =1

(note that ||-||; is not a norm on Lip(M), and it is for this reason that we work
with Lip,(M) instead). There are evaluation functionals 6(z) € Lip,(M )" given by
d(z): f— f(x) for v € M, and F(M) can be realized as the norm-closed linear
span of {§(z):x € M} in the Banach space Lipy(M)*. An easy consequence of
the universal extension property (taking X = R) is that F(M) is an isometric
predual of Lipy(M), and the corresponding weak® topology on By, (ar) coincides
with the topology of pointwise convergence. When M is compact, it also agrees
with the topology of uniform convergence. Another consequence is that, for any
subset M’ C M, F(M'’) may be canonically identified with the closed subspace of
F (M) generated by the evaluation functionals on points of M’. These facts will be
used repeatedly in the sequel.

The set lipy(M) is a norm-closed subspace of Lip,(M), and generally it is not
weak*-closed. Another fact we will use implicitly is that g o f € lip(M) whenever
f: M — N is Lipschitz and ¢ € lip(N).

We refer the reader to [52] for basic properties of Lipschitz-free spaces and to
[28] for a survey on their applications to the nonlinear geometry of Banach spaces.

:x;«éyeM}

1.2. Preliminaries on Hausdorff Measure and Hausdorff Convergence. We
review the basic properties of Hausdorff measure and content and Hausdorff metric
and convergence. For more details, we refer the reader to [40] and [35].

Definition 1.1 (Hausdorff Measure and Content). For M a separable metric space
and § € (0, 0], define

HY(M) := inf {Z diam(E;) : M C | E;, diam(E;) < 5} :
=1 1=1
and
HY (M) = lim H}(M).
§—0

H (M) is called the Hausdorff 1-measure of M and HL (M) its Hausdorff 1-content.

Remark 1.2. By replacing each E; by [E;]., with suitable ; > 0, we see that the
definition of #}(M) is unchanged if we require that the interiors of the sets E; cover
M. Hence if M is compact, the definition of H}(M) is unchanged if we require the
cover {E;}; to be finite instead of countably infinite. We use this well-known fact
in Lemma 1.5 and in Section 2.

As the name suggests, Hausdorff 1-measure is a Borel measure on any metric
space. While #} is in general not a measure for § > 0, it is o-subadditive. Clearly, it
always holds that H!(M) > HL (M). The reverse inequality is not true in general,
but it clearly does hold that H. (M) = 0 < H'(M) = 0. We use this fact in
Section 5.

Definition 1.3. For (€,d) a compact metric space, the space of compact subsets
of Q is called the hyperspace of Q. It is itself a compact metric space (see [35,
Theorems 3.1 and 3.5] with respect to the Hausdorff metric defined by

dH(Kl,KQ) = inf{s >0: K; C [K2]57 K5 C [Kl]g}

Remark 1.4. It is easy to verify that whenever X is a compact metric space, K;, K C
2 are compact with K; — K with respect to the Hausdorff metric, and f;, f : Q —
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X are continuous with f; — f uniformly, then f;(K;) — f(K) with respect to the
Hausdorff metric on the hyperspace of X.

An important feature of Hausdorff content is its upper semi-continuity with
respect to Hausdorff convergence, a feature not enjoyed by Hausdorff measure.

Lemma 1.5 (Upper Semi-Continuity of Hausdorft Content). Let (€2,d) be a com-
pact metric space. Suppose K; — K with respect to the Hausdorff metric on the
hyperspace of Q. Then
HL(K) > limsup HL (K).
j—)OO

Proof. Let € > 0 be arbitrary. Choose F, ..., E, C € such that K C U?:l FE; and
HI(K)+¢e >3 " diam(E;). Since K; — K, there is J € N so that K; C [K]./,
for all j > J. Then K; C |J;_,[Ei]./n, and hence

limsup H., (K;) = ingsupHéO(Kj) < 2diam([E¢]s/n)

j—ro0 JeN ;>

<2+ diam(E;) < 3¢ + HL (K).

i=1

Since € > 0 was arbitrary, the conclusion follows. O

2. PROOF OF THEOREM A
We recall Theorem A and then discuss its proof.

Theorem A. Let M be a compact metric space. Then the locally flat Lipschitz
functions on M separate points uniformly if and only if M is purely 1-unrectifiable.

Let us first remark that the proof of the “only if” implication is easy and well-
known. Indeed, if K bi-Lipschitz embeds into M and lip(M) separates the points
of M uniformly, then lip(K) separates the points of K uniformly. Using Lebesgue’s
density theorem and fundamental theorem of calculus, it is not difficult to check
that, whenever K C R is compact with positive measure, lip(K) does not separate
the points of K uniformly (see [52, Example 4.13(b)] for details). Consequently,
lip(M) cannot separate the points of M uniformly if M contains a curve fragment
~v(K). In fact, this argument works when M is any metric space; compactness isn’t
necessary. The real content of Theorem A is the “if” direction, which is implied by
the following seemingly stronger statement.

Theorem 2.1. If M is compact and purely 1-unrectifiable then, for allp € M and
6 > 0, there exists g € Biip(nr) such that g(x) — g(p) > d(p,x) — 0 for every x € M.

We use the remainder of this section to prove Theorem 2.1. The proof occurs in
the last subsection, following a host of supporting lemmas. First, we recall a useful
method for constructing Lipschitz functions on a metric space M with prescribed
local behavior. We describe the method here and summarize the conclusion in
Proposition 2.4. The method requires M to be isometrically embedded in a con-
vex subset 2 of a Banach space (actually, a geodesic metric space would suffice).
However, there is no loss of generality in making this assumption, because every
metric space N isometrically embeds into the Lipschitz-free space F(N). Addi-
tionally, when M is compact, there is no loss of generality in assuming that (2 is
also compact, because closed convex hulls of compact subsets of Banach spaces are
compact. Before stating the construction, we briefly review the definition of path
integrals and length measure for the purpose of setting notation.
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Definition 2.2 (Length Measure and Path Integrals). Let (€2, d) be a metric space.
When 7 : [a,b] — Q is a Lipschitz curve, we get a total variation measure TV, on
[a, b] defined on intervals by

TV, ([s,t]) := sup {Z d(y(tiz1),y(t:)) = s=tog <ty < -+ <tp= t} )

Since 1 is Lipschitz, TV, < L-\ for some L < co. Pushing forward the measure 7'V,
under v gives a finite, positive Borel measure p, on (2, called the length measure
of . The length measure is invariant with respect to Lipschitz reparametrizations.
When f: Q — R is bounded Borel, we get a path integral defined by

Lfds :Z/QfdMZ/ab(fov)dTVv-

The length of v is |7] == [| 1ds = p,(Q) = TV,([a, b]).

We are now ready to state our main method of constructing locally flat Lipschitz
functions.

Definition 2.3. Given a convex subset {2 C X of a Banach space X, p € 0, and a
bounded Borel function f: Q — [0, 00), we define a function ¢, : & — [0, 00) by

o p(x) = inf/ fds,
TSy
for x € 1, where the infimum is over all ¢ < b € R and Lipschitz curves v : [a, b] —
with y(a) = p and v(b) = z.

The function ¢y, should be thought as an “antiderivative” of f of sorts. Note
that ¢y ,(p) vanishes at p. Let us quickly check that ¢y, is Lipschitz. Let z,y € Q.
Without loss of generality, we may assume ¢ ,(x) < ¢7,(y). Let € > 0, and choose
v : [a,b] = Q with v(a) = p, v(b) = z, and fv fds < ¢gp(x) +e. Let

[y ={1—-t)z+tye X : t€[0,1]}

denote the line segment in X connecting = and y. Since z,y € Q and Q is
convex, [z,y] C Q. Let vy : [b,0+ [z —y[]] — [z,y] denote the unit speed
parametrization starting at x and ending at y. Then we create a new Lipschitz
curve 7 : [a,b + ||z — y||]] = © by concatenating vy with 7, . Specifically,

N £70) ,if t € [a, ]
() : {V[wl(t) Jifte bb+z—yl]

It is easy to see that 4 is Lipschitz, 4(a) = p, and (b + ||z — y||) = y. Thus,
brp(y) < fi f ds. Then we have

1675(1) — bpp(@)] = b1p(y) — brp(z) < / fds— / fds+e
Yy Yy

L[%y]

= | fll 2o (o)) Vzw) | + € = 1l (epllz — Yl + €.

fisse< [ Ul ds e

Vz,y]

Since € > 0 was arbitrary, this shows

197.0(¥) = Drp(@)] < fllLoe (e l7 = yll-

This inequality easily implies the following proposition.
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Proposition 2.4. Let Q) be a convex subset of a Banach space. For all M C €,

p€Q, and f:Q — [0,1] Borel with lim sup f(z) =0, we have ¢y ,(p) =0 and
=0 ze[M]),

®fpla € Blip(ar)-

A variation of this construction was used by Bate in [7, Section 3|, providing us
an invaluable starting point. In [7, Lemma 3.4], he proved that, for every compact
purely l-unrectifiable metric space M and € > 0, the set

. [f(z) — f(¥)]
Biive(v) := < f € Bripuw) ¢ limsup —————= < ¢
p*(M) { p(M) d(z,y)—0 d(.’L‘, y)
is sup-norm dense in Byip(ar)- Even though it holds that Byipary = ﬂ€>0 Biipe (), it
cannot be deduced by any typical mean that Bjj, sy is sup-norm dense in Brip(ar),
and fundamental compactness properties break down when working with Bijpar)
in place of Bjjpe(ar)- Thus new arguments are required to prove Theorem 2.1.

2.1. Constructing the Separating Locally Flat Lipschitz Function. The
next lemma is the linchpin of this section. We crucially use the compactness of €2
in its proof. It is also the only time we directly appeal to the pure 1-unrectifiability
of M.

Lemma 2.5 (Neighborhood Inducing Small Hausdorff Content). For every compact
metric space 2, purely 1-unrectifiable closed subset M C 1, L < oo, ande > 0, there
erists a  compact  neighborhood 'V of M in Q  such  that
HL (im(y) N V) < e for every Lipschitz curve v : [a,b] — Q with |y| < L.

Proof. Let Q and M be as above, and suppose the lemma is false. Then we can
find L < oo, € > 0, and Lipschitz curves 7, : [an,b,] — © with |y,] < L and
Hl (im(yn) N [M]1/,) > € for every n. By parametrizing by arclength on [0, |yy|]
and constant on [|v,|, L], we may assume each =, : [0, L] — Q is 1-Lipschitz. Set
Ky = v, ([M]1,) C [0,L], so that v, (Ky) = im(v,) N [M]y/,,. By the Arzela-
Ascoli theorem, we may assume 7, converges to some 1-Lipschitz v : [0,L] — Q
uniformly. By compactness of the hyperspace of [0, L], we may also assume that
K, — K with respect to the Hausdorff metric for some compact K C [0,L]. It
follows that v, (K,,) — v(K) with respect to the Hausdorff metric on the hyperspace
of Q. Lemma 1.5 implies H! (vy(K)) > e. It also holds that v(K) C M. To see
this, let 7 > 0 be arbitrary. Choose n large enough so that dg (v, (K,),v(K)) <n
and 1/n < n. Then y(K) C [v,(K,)], and v, (Ky) C [M],), hence y(K) C [M]s,.
Since M is closed and n > 0 was arbitrary, it follows that v(K) C M. Thus,
v : 10, L] — Q is Lipschitz and

M (im(y) N M) > H (7(K)) 2 Ho (v(K)) = € > 0,
contradicting pure 1-unrectifiability of M. O

Throughout the remainder of this subsection, let €2 be a compact, convex subset
of a Banach space, with induced metric denoted d. Let M be a closed, purely
l-unrectifiable subset of Q and let 6 > 0. Let M C ...V, Cc V; € Vj = Q be a
decreasing sequence of compact neighborhoods of M such that, for all n > 0 and
Lipschitz curves v : [a, b] — £,

(2) | < n=HL (Im(y) N V,) < 627"

Such a sequence exists by Lemma 2.5.

In the proof of Theorem 2.1, we will use these neighborhoods to construct a
bounded Borel function f : Q@ — [0,1] that is constant on V,_; \ V,, and the
corresponding Lipschitz function ¢y, will be used to fulfill Theorem 2.1. To obtain
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the necessary estimates on ¢y, ,, we need three lemmas about modifying Lipschitz
curves. Each lemma builds off the previous one.

Lemma 2.6 (Curve Modification in Set of Small Diameter). For any Lipschitz
curve v : [a,b] = Q, r > 0, and compact, convex subset E C Q of diameter r, there
exists another Lipschitz curve 7 : [a,b] — Q such that

e 7 has the same endpoint values as v,

o uz(E) <r, and

o for every Borel A C Q, us(A\ E) < py,(A\ E).
Consequently, py < py + 7.

Proof. Let 7,7, E be as above. If im(vy) N E = (}, we simply choose 4 = v and the
proof is finished. So assume im(y) N E # (. Let

so :=min{t € [a,b] : 7(t) € E}
s1:=max{t € [a,b] : y(t) € E}

which exist by compactness of E and continuity of . Define 4 on [a, so] U [s1, b] to
agree with v, and on [sg, $1] to be the constant speed parametrization of the line
segment between ~y(sg) and «y(s1). This line segment belongs to E by convexity,
and 7 satisfies the desired properties. O

Lemma 2.7 (Curve Modification in Set of Small Hausdorff Content). For any
Lipschitz curve v : [a,b] — Q, € > 0, and compact K C Q with H. (im(y)NK) < &,
there exists another Lipschitz curve 7 : [a,b] — Q such that

e 7 has the same endpoint values as v,

o u5(K) <e, and

® [z < [ty FE.

Proof. Let ,¢, K be as above. Since H’_ (im(y) N K) < ¢, there exist finitely many
subsets Ei,...E, C Q of diameters r1,...7, > 0 such that im(y) N K C U, E;
and Z?:l r; < €. Since the diameter of F; is the same as that of its closed convex
hull, we may assume each E; is compact and convex. Apply Lemma 2.6 with v = ~,
r =r1, and F = F; to obtain a Lipschitz curve v; : [a, b] — Q) satisfying

e 71 has the same endpoint values as 7,

o /iy (E1) <71, and

® [y, <y F 71
Then we apply Lemma 2.6 again with v = ~1, r = ro, and E = F> to obtain a
Lipschitz curve s : [a, b] — Q satisfying

e 75 has the same endpoint values as 7;, which are the same as ~’s,

® [y, (By U E3) = iy, (Ex \ E2) + iy, (E2)

< iy, (E1 \ E2) + 12 <11 412, and

® Ly S fhyy + 72 S iy + 71 F T2
Repeating this up to n times produces a Lipschitz curve v, : [a,b] — Q satisfying

e ~, has the same endpoint values as 7,

o iy, (Uizy Bi) <3702, iy and

® fly, < iy 3 T
Since im(y,)NK C J;_; E; and Y., r; < €, 5 = 7y, satisfies the desired properties.

O

Lemma 2.8 (Curve Modification in V,,). For any Lipschitz curve 7y : [a,b] —
with y(a) # v(b), there exist another Lipschitz curve 7 : [a,b] — Q and m € N such
that

e 7 has the same endpoint values as v,
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em—1< |:7|7
o 15(Vin) <0, and
® iy < [y +4.
Consequently, for every Borel function f :Q — [0,1] we have

dz/d—52~’f —24.
Afs &fs 7l o f

Proof. Let v be as above. Let A be the set of all n € N such that there exists a
Lipschitz curve 4 : [a, b] — Q satisfying

e 7 has the same endpoint values as 7,

o 115(V,) <0, and

o iy < iy + 52;2” 278,
Let n := [|y|] be the least integer greater than or equal to |y|. Note that n > 1
since v(a) # v(b). The definition (2) of V,, implies H._ (im(y) NV,,) < 627 ™. Then
we apply Lemma 2.7 with v = 7, ¢ = 627", and K = V,, to obtain a Lipschitz curve
[a,b] — Q that witnesses n € A. Thus A # (), and m := min(A) exists. Let ¥ be
a Lipschitz curve witnessing m € A. We will show it must hold that m — 1 < |7/,
which will finish the proof.

Since 4 has the same endpoint values as v and v(a) # v(b), it holds that |¥| > 0.
Hence, we are done if m — 1 = 0. In then remaining case, when m — 1 > 1,
we assume towards a contradiction that |4 < m — 1. Then by definition of V,,_1,
HE (im(F)NVp_1) < 627™FL Then we apply Lemma 2.7 with v = 7, e = §27™+1,
and K = V,,_1 to obtain a Lipschitz curve 7 : [a,b] — Q satisfying

® 7o has the same endpoint values as 7, which are the same as v’s,
® fbyy(Vin—1) <, and
® fiyg <5027 <y 4530 27 452 = 45> 27
Thus, o witnesses m —1 € A (together with our prior assumption that m —1 > 1).
This contradicts m = min(A).
To prove the last part of the lemma, notice that

[ras= [ ans < [ s voifin < [ pises

Now, since 5 (Vi) < 9, we have

/ lowy, ds > 3] — 6.
Y

Thus, by positivity of f, we obtain

ds > (]3| = 6) inf f>|3| inf f—2. 0
Lf s> (|9l )Ql\nmf_ IVIQI\anf

We are now prepared to describe the construction of the appropriate bounded
Borel function f : @ — [0,1] and use Lemma 2.5 to get necessary estimates on

inf., f,y f ds.
2.2. Proof of Theorem 2.1.

Proof of Theorem 2.1. Let p € M and 6 > 0. Set ¢g = 1 and
A diam(2)

n
for n > 1. Define the Borel function f : Q — [0, 1] by

. {cn on V, \ Vi1

Cp 1=

0 on(),_gVa-
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Then since ¢, N\, 0, lim sup f(xz) = 0. Hence, Proposition 2.4 implies g :=
r—0 z€[M],

Prplar € Buip(a)-

Let x € Q and ~v : [a,b] — Q a Lipschitz curve such that y(a) = p,
Then by Lemma 2.8, there is a Lipschitz curve 7 : [a,b0] = Q and n > 0 (1ndeed
take n = m — 1) such that ¥(a) = p, ¥(b) = z, n < |7|, and

3) / fds > enlq| 25,
Yy

Since 4 connects p to x, it must hold that d(p,z) < |¥|, and thus

cnl¥] = end(p,x) V epn.

If diam(Q) > n, then c¢,d(p,z) = d(p,z), and if diam(Q2) < n, then ¢,n =
diam(Q2) > d(p, x). Then, in all cases,

cnly| = d(p, ).

This inequality, together with (3), the definition of ¢ and the fact that v was
arbitrary yield

g(x) — g(p) > d(p,x) — 2,
which we wanted to prove. ]

3. DUALITY OF LIPSCHITZ-FREE SPACES

We will now use the results from Section 2 to obtain a characterization of several
Banach space properties in Lipschitz-free spaces over compact spaces. One of the
goals is to characterize the compact metric spaces M such that the Lipschitz-free
space F(M) is a dual. Not all compacts satisfy this; for instance, F([0,1]) = L
is not a dual space. For all previously known examples where F(M) is a dual, we
actually have

(4) F(M) = lipy(M)".

Let us remark that lip,(M) is usually not a unique predual: for instance, consider
the well-known cases where F(M) = ¢; (see e.g. [52, Example 3.10]), which has a
plethora of non-isomorphic preduals.

The study of duality of Lipschitz-free spaces F(M) can be traced back to the
1960’s and the first important result is due to Johnson [36], who proved that (4)
holds for any compact M when endowed with a Holder metric. A powerful sufficient
condition for (4) was identified much later by Weaver in [50], based on observations
n [5, 32]: it is enough that lip,(M) separates points of M uniformly. It is then
immediate from Goldstine’s theorem that the separation constant is 1. Using this
condition, Dalet proved (4) for compacts M that are either countable [17] or ul-
trametric [18]. Weaver later gave a much simplified proof of Dalet’s result for the
countable case [52, Theorem 4.11]. In turn, three of the named authors used in [3,
Theorem 4.3] an argument similar to Weaver’s to show that (4) holds whenever M
is a compact 0-hyperbolic metric space whose length measure is 0. The same proof
can in fact be used, with only slight modifications, to show that (4) is true for any
compact M with H*(M) = 0.

On the other hand, we may also identify necessary conditions for duality. By
Lebesgue’s fundamental theorem of calculus, there are no nontrivial locally flat
functions on [0, 1], and therefore lipy(M) is trivial whenever M is geodesic. Go-
dard provided a stronger necessary condition in [27] when he proved that F(M)
is isomorphic to L; for any M C R with positive Lebesgue measure. Since bi-
Lipschitz equivalent metric spaces have isomorphic Lipschitz-free spaces, it follows
that F (M) cannot be a dual space if M contains a curve fragment - that is M has
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to be purely 1-unrectifiable for F(M) to be a dual. More generally, this fact holds
for all separable M.

Returning to the compact setting, Theorem 2.1 now allows us to fill that gap
immediately as it shows that, when M is compact, pure l-unrectifiability of M is
also a sufficient condition for lip,(M) to separate points of M uniformly, and thus
for (4) to hold. In fact, combining it with previously known implications, we deduce
that this characterizes some well-known Banach space properties in Lipschitz-free
spaces, like the Radon-Nikodym property or the Schur property.

It happens frequently in Lipschitz-free space theory that results for compact met-
ric spaces can be extended to proper metric spaces, i.e. such that every closed ball is
compact. This is also the case with the characterization of duality, but it requires a
slight modification of the definition of the little Lipschitz space. For the remainder
of this section, we will denote by lip,(M) the space of all functions in Lip, (M) that

are locally flat and moreover flat at infinity, i.e. such that Her\B”(O)H — 0 as
L

r — oo. Note that this condition is superfluous when M is bounded.

Theorem 3.1. Let M be a proper metric space. Then the following are equivalent:
(i) M is purely 1-unrectifiable,

lipy (M) separates points of M uniformly,

lipo(M)* = F(M),

(M) is a dual space,

(M) has the Radon-Nikodym property,

(M) has the Schur property,

(M) contains no isomorphic copy of Ly.

(vi

(vii
Proof. (1)=-(ii): The compact case is given by Theorem 2.1. Let us now extend
it to the proper case. Fix two points p,g € M and § > 0. Let r = d(p,q) and
K = By425(p). Then K is compact and purely 1-unrectifiable, so by Theorem 2.1
there exists g € Byjp (k) such that g(p) = 0 and g(x) > d(p,z) — ¢ for every z € K.
Now define h: M — R by

if K
W) = glx) Ar ,? x €
T Jifx ¢ K

Note that h(z) = r if d(x,p) > r + §, so it is easy to check that h is 1-Lipschitz,
locally flat, and flat at infinity. Clearly h(q) — h(p) > r — d so letting f = h — h(0)
provides a map in Bj;p, (ar) which separates p and g as required.

(ii)=-(iii): The proper case is proved in [18, Theorem 2.1].

(iil)=(iv) is trivial.

(iv)=(v): M is separable, hence so is F(M), and any separable dual Banach
space has the RNP (see e.g. [47, Corollary 2.15]).

(iii)=>(vi): This is implied by [45, Proposition 8] (note that lip,(M) in that
result’s statement refers to the space of uniformly locally flat functions, which
includes our little Lipschitz space in both the compact and proper settings).

(v)=-(vii) and (vi)=-(vii) follow from the fact that the Radon-Nikodym and the
Schur properties are hereditary and preserved by isomorphisms, and L; fails both
of them.

(vii)=(i): As explained above, this follows from Godard’s theorem [27, Corollary
3.4]. O

The equivalent conditions in Theorem 3.1 imply a strong ¢;-like behavior of
F(M). In fact, a stronger quantitative version of the Schur property called the
1-strong Schur property is fulfilled in this case (see [45] for the definition and Propo-
sition 17 therein for the immediate proof). Let us point out that F(M) is also w*
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asymptotically uniformly convex with power type 1 modulus in this case (see e.g.
[46, Proposition 4.4.2]).

There are several other Banach space properties, like the Krein-Milman property,
that lie between the RNP or the Schur property and the non-containment of L,
and are therefore equivalent to them under the hypothesis of Theorem 3.1. We
will see later that this equivalence holds in a more general case, so we withhold the
discussion of these properties until Section 4.

3.1. Preduals of F(M) with additional structure. For proper M, Theorem
3.1 shows that lipy(M) is a predual of F(M) whenever there is one. This doesn’t
preclude the possibility of there being other preduals. In fact, lip,(M) is never
a unique predual unless it is finite-dimensional. Indeed, lip,(M) embeds almost-
isometrically into ¢y by [18, Lemma 3.9], which implies that it is an M-embedded
Banach space (see [33, Section III.1] for the notion and the proof of that fact). Thus
[33, Proposition II1.2.10] proves that lipy(M) is not a unique predual. Moreover,
F(M) = lipg(M)" is then L-embedded and so [33, Proposition IV.1.9] shows that
lipg (M) is the unique predual of F(M) that is M-embedded.

We shall now prove that lip,(M) is also the unique predual that satisfies the con-
straint of having a lattice structure. Recall that the spaces Lipy(M) and Lip(M)
are vector lattices under the operations V and A of pointwise maximum and mini-
mum, with Lip(M) = Lipy(M) + span {1/} where 1), denotes the function on M
that takes the constant value 1. A similar statement holds for lip,(M) and lip(M).

We will say that Y is a linear sublattice of Lipy(M) or Lip(M) if it is a linear
subspace such that fVg € Y (and thus also fAg € Y) whenever f,g € Y. Following
[52], we say that a linear sublattice of Lipy(M) is shiftable if fV (g —c-1y) €Y
whenever f,g € Y and ¢ > 0. The artificial-looking condition ¢ > 0 ensures that
the resulting function still vanishes at 0. It is straightforward to check that Y is
a shiftable linear sublattice of Lipy(M) if and only if Y + span{1,/} is a linear
sublattice of Lip(M). Thus, shiftable linear sublattices are invariant with respect
to a change of base point in M. This is not true for all sublattices: consider e.g.
the one-dimensional space generated by the function = — d(z, 0).

Let us say that a real-valued function f defined on a metric space is coercive if
|f(z)| = oo as d(z,0) — co. Notice that coercivity does not depend on the choice
of base point, and that any function defined on a bounded metric space is coercive
by vacuity. Thus, we will only need the next lemma for the unbounded case:

Lemma 3.2. Let M be a proper metric space and letY be a closed, w*-dense linear
sublattice of Lipg(M). Then'Y contains a positive coercive function.

Proof. Let us first verify the following simple claim:

Claim. Given a positive [ € By (ar), 7> 0 and € > 0, there is a positive g € By
such that |f(x) — g(x)| < e for every x € B,(0).

Indeed, we can find a finite £/3-net A in B, (0) because it is a compact set. Since
By is w*-dense in Byip (), there is h € By such that |f(y) — h(y)| < /3 for every
y € A. Now if x € B,(0), find y € A with d(z,y) < ¢/3 and we have

|f(z) = h(x)| < [f(z) = fFW)] +1f(y) = h(y)] + |h(y) — h(z)| <e.
Then g = h V 0 satisfies the requirements.

Now use the Claim to obtain positive functions f,, € By for every n € N such
that f,(z) > d(x,0) — 1 for every € Byn(0), and let f = > >, f,/2". Then
f €Y because Y is closed, and if 2 € M is such that d(x,0) > 4* for some k € N
then

N fulz) = d(z,0) -1 _ 4F -1 k
HOENY S 2 > > g > 21
n=k+1 n=k+1
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This shows that f is coercive. U

For the next result we need to introduce some notation. Let
M ={(z,y) € M x M :z #y}

be the set of pairs of different points of M, with the topology inherited from M x M.
For (z,y) € M denote

- d(x,y)

which is a norm 1 element of F(M), usually called the elementary molecule de-
termined by x and y. The de Leeuw map is the mapping ® that takes a function
f € Lipy(M) to the function ®f : M — R defined by

fl@) - )
d(x,y)
Clearly ®f is continuous and bounded, with ||[®f|_ = ||f|l,, and so it can be

f(2,y) = (May, f) =

identified with its continuous extension to BM, the Stone-Cech compactification of
M. Thus we may regard ® as a linear isometry from Lip, (M) into C(8M).

With the required notation in place, we may state and prove the following vari-
ation of [52, Theorem 3.43]:

Lemma 3.3. Let M be a proper metric space and let Y be a shiftable linear sub-
lattice of Lipy(M) that contains a coercive function. Let ¢ € 61\7 and assume that
there exists g € Y such that ®g(¢) #0. Then ( € M if and only if ®f;({) — @f(C)
for every bounded net (f;) in'Y that converges pointwise to f € Y.

Proof. The forward implication is obvious, since ¢ = (z,y) € M implies ®f;(¢) =
(Mays fi) = (Mayy, f) = ®F(C) whenever f; — f in Lipy(M). For the backward
implication, choose any ¢ € M \ M and we will show that there is a bounded
sequence (f,) in Y that converges pointwise to f but fails ®f,(¢) — ®f(¢). We
will follow the proof of [52, Theorem 3.43] closely.

Let (z;,y;) be a net in M that converges to {; we may assume that x; and y;
converge to elements £ and n of SM. We may also take g > 0: since Y is a sublattice,
gt =gVvO0and g~ = (—g) V0 belong to Y and are non-negative, and at least one
of ®gT(¢), ®g~(¢) must be different from 0. Write d(¢) = lim; d(x;,y;) € [0, 0],
and notice that |g(&) — g(n)| = |Pg(¢)] - d(¢). We now distinguish three cases:

Case 1: d(¢) = 0. Then g(§) = g(n); denote this value by a. Suppose first that
a < 0o, let

gn=(gA1+a-1y)v(1-2L)a 1y
and fp, = gn—gn(0)-13y € Y. Then || f||, < |lgll, and f,(x) decreases to 0 for every
z € M. However, for each n we have [g(z;) — a| < % and |g(y;) — a| < % eventually,
$0 @ fr (@i, i) = Pgn (i, yi) = Pg(ws,:) eventually and @ f,,(¢) = ®g(¢). That is,
frn — 0 pointwise but ®f,(¢) = ®g(¢) # 0.

If a = oo, take f,, = (9 —n-1p) VO €Y instead. Again, ||fn]l, < |9l and
fn — 0 pointwise, yet g(z;),9(y;) > n eventually and so ®f,({) = ®g(¢) for each
n.

Case 2: d(¢) = oo. Take f, = (g —n-1p) VO € Y again. In this case,

2n
. SN Ly <lim——— =
lim [ @ (i, ys) — (i, yi)| < lim Zomm s =0

since || f, — g|l, < n, and so @ f,,(¢) = ®g(() for fixed n.
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Case 3: 0 < d(¢) < oo. We will show that we may assume that g(§) = g(n) = oo,
so we may then take f,, = (¢ —n-1p) V0 yet again and apply the argument from
Case 1.

Indeed, assume otherwise. Then ¢(§) and g(n) are both finite since |g(§) — g(n)| =
|Pg(¢)]-d(¢) < oo. Now, observe that £ and n cannot both belong to M as ¢ ¢ M.
If, say, £ ¢ M, then d(£,0) = oo because M is proper (if d(£,0) < r, then the
compactness of B,(0) would imply £ € M), and d(¢) < oo implies that d(n,0) = oo
as well. By hypothesis, there is a coercive function v € Y, and we may assume
v > 0 by replacing it with |v| € Y. Thus v(¢) = v(n) = co. If dv(¢) # 0, then
take v instead of g to get the desired contradiction. Otherwise, use the function
g+uv. O

We may now prove the desired uniqueness result.

Theorem 3.4. Let M be a proper metric space. If Y is a closed shiftable linear
sublattice of Lipy(M) such that Y* = F(M), then' Y = lip,(M).

Proof. We consider the weak* topology in F(M) induced by Y. Let ¢ € ﬁ],\\f, and

let (z;,y;) be a net in M that converges to (. Then (my,,,) is a net in the unit ball
of F(M), which is a w*-compact set, so we can replace (my,y,) with a subnet such

that m,,, — p for some pu € F(M). This means that
(1, f) = N (Mg, f) = Mm@ f (25, 93) = SF(C)

for every f € Y. Now let (f;) be a bounded net in Y that converges pointwise to

f €Y. Then f; N f in the weak* topology of Lip, (M), and so (u, fi) — {(u, f),
that is, @ f;(¢) = @(Q).

We have thus shown that Y satisfies the condition in Lemma 3.3. Since it also
contains a coercive function by Lemma 3.2, it follows that either ¢ € M or u|y = 0.
Therefore @ f(¢) = 0 for every f € Y and every ¢ € ﬁM\M By [52, Proposition
4.20], this is equivalent to Y C lipy(M). But lip,(M) is also a predual of F(M) by
Theorem 3.1, so Y = lip,(M). O

4. THE RADON-NIKODYM PROPERTY IN LIPSCHITZ-FREE SPACES

Very recently, a method of “compact reduction” was introduced in [2, 26] to prove
some properties of Lipschitz-free spaces by considering only the compact case. Let
us say informally that a Banach space property (P) is compactly determined in
Lipschitz-free spaces if for every metric space M, the free space F(M) has (P)
whenever F(K) has (P) for every compact subset KX C M. For instance, it is
proved in [2, Corollary 2.6] that the Schur property satisfies such a statement (see
also [2, Corollary 2.9] for ¢;-saturation).

In order to extend the equivalences in Theorem 3.1 to the noncompact case, it
would be enough to show that the corresponding properties are compactly deter-
mined. Unfortunately, the property “F(M) is (isometrically) a dual space” is not
determined by compact subsets of M. There are indeed examples of uniformly dis-
crete metric spaces M for which F (M) is not isometric to any dual Banach space
(see [24, Example 5.8] and [11, Remark 6.4]), although any compact subset K C M
is finite so that F(K) is finite-dimensional. However, we will prove in this section
that the RNP is compactly determined in Lipschitz-free spaces, and its equivalence
with the Schur property will follow by compact reduction.

4.1. Compact determination of the RNP. The Radon-Nikodym property ad-
mits many equivalent formulations; see e.g. [20, Section VII.6]. Our arguments in
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this section will be based on its characterization in terms of martingales in Bochner
spaces. Let us recall the notions involved in it.

Let (92, A,P) be a probability space and let X be a Banach space. We denote by
Li(Q, A, P; X) the space of (equivalence classes of) Bochner measurable functions
f:Q — X such that [, ||f]x dP < co equipped as usual with the norm

17y amx) = Ellfllx] = /Q 1£]lx dP.

In the sequel, we will suppress notation and write simply Lq(X), or L1 (A; X) when
the o-algebra A needs to be emphasized.

We recall that a sequence (M), in Li(A; X) is called a martingale if there
exists an increasing sequence (A,)%2, of o-subalgebras of A (called a filtration)
such that for each n > 0, M, is A,-measurable and satisfies

M, =E* (M, 11),

where E4» denotes the X-valued conditional expectation (see e.g. [47, Section 1.2]).
We say moreover that (M,)5%, is uniformly integrable if the sequence of non-
negative random variables (|| M| x)o2, is uniformly integrable. More precisely,
this means that (|| M, | x)22, is bounded in L;(R) and that, for any & > 0, there is
a ¢ > 0 such that

VAC A PA) < —> sup/ M [x dP < e.
n>0J A

Whenever 7' : X — Y is a bounded linear operator, we get a well-defined
bounded linear operator T : L1(X) — L1(Y) defined by T'(f) = T o f with ||T|| =
[T|l. An elementary but important fact is that T commutes with any conditional
expectation operator E4». In the sequel, we will abuse notation and denote T by
T.

A Banach space X has the RNP if and only if every uniformly integrable X-
valued martingale converges in L1 (X)) (see [47, Theorem 2.9]). We will use this char-
acterization in order to prove that the RNP is compactly determined in Lipschitz-
free spaces. Our way to the proof will be similar to the method used in [2].

For the remainder of this section, fix a complete metric space (M,d) and a
probability space (€2, A, P).

Definition 4.1. Inspired by the terminology from [2], we say that a collection
W C Ly (F(M)) of random variables F' : (Q, A,P) — F(M) has the mean Kalton
property if for every €,r > 0, there exists a finite set £ C M such that

d(F, Li(F([E]y))) <e forall F € W,

and we say that W is mean-tight if, for every ¢ > 0, there exist a compact K C M
such that
d(F,L1(F(K))) <e forall FeW.

It is clear that if W is mean-tight then it has the mean Kalton property. We
will now show that the converse is actually also true.

Proposition 4.2. Let W C Li(F(M)) be a collection of random variables with
the mean Kalton property. Then W is mean-tight. More precisely, for every e > 0
there exist a compact K C M and a mapping T : W — Ly (F(K)) such that
o E(|F =T (F)|) <e for every F € W, and
o there is a sequence of bounded linear operators Ty, : F(M) — F(M), n € N
such that

lim sup E(||T,,(F) - T(F)]) = 0.
n—oo Few
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Proof. We follow the proof of [2, Theorem 3.2] closely. Suppose first that M is
bounded, let R = diam(M) and fix € € (0,4). Set ep = € and § = R, and for
n>1lete, =2" and 6, = R- (L —2)7'. Let also Ko = M and Sy be
the identity operator on F(M). We will now construct, for n > 1, finite subsets
E,, C M containing 0, closed subsets K,, C M, and operators S,, : .7-"( ) — F(M)
such that

(a) Kn=Kn_1N[E]2s,,

( ) the operators S,, commute with each other,

(c) To(F(M)) C F(Ky), and
(d) E(|T-1(F) = Tho(F)||) < ey for all F e W,
where T,, = S,,085,_10...085.
We proceed by induction. Let m > 1 and suppose that E,,_; and S,,_; have

already been constructed. By the mean Kalton property, we may find a finite set
FE, C M such that 0 € E,, and

() [ Tnall- Sup. d(F, Li(F([En]s,))) < &3

n

Let K, be as in (a). Now consider the function h,, : M — R given by
ho(x) =0V (1= 6," - d(x,[En]s,))
for x € M, and define the operator S,, by

<Snﬂa f> = </1'7 I hn>
for p € F(M) and f € Lipy(M). Clearly 0 < h,, < 1, ||k, < 8,1 and supp(h,,) C
[En]2s, , so by [4, Proposition 2.4] we have ||S,|| < 1+ R/6, =&, — 1. Tt is also
clear that the restriction of S, to F([Ey]s,) is the identity, and that (b) holds for
all S,, defined in this way. Moreover, by formula (3) in [4] and inductive hypothesis
(c) we have

To(F(M)) = Sp(Tn-1(F(M))) C Sn(F(Kn-1)) C F(Kn1 N [En]ss,) = F(Kn)

0 (c) holds. Finally let us check (d). le F e W then by (5) there is G €
L1 (F([Ey,)s,)) such that E(||T;,—1(F) — T,,—1(G)||) < 2, and we have T, (G) =
T0-1(Sn(G)) = T,,—1(G) by (b). So

E (T2 (F) = Tu(F)I) < E([[To-1(F) = Toa(G)])) + E (|1 T0(G) = Tu(F)I])
< (L 1SulDE ([Tn-1(F) = Ta-1(G)]) < n
The construction is thus complete.

Now let K = (),_, K,,. Since 6, — 0, (a) implies that K is totally bounded.
Then, since K is closed and M is complete, K is compact. For every F' € W,

it follows from (d) that the sequence (T, (F)) is Cauchy so it converges to some
element of Ly (F(M)). Denote the limit by T'(F'). This gives us a map

ToW s () L(F() = L (F(K)),

where the equality holds by Pettis’ measurability theorem (see [20, p. 42]) and the
fact that N, F(K,) = F(K) (see [4, Theorem 2.1]). Finally, notice that

E(||F — T, (F Z (I Tia(F) = Ti(F)|) < €

by (d), and therefore E (|| F — T(F)||) < e. Similarly E (||T5,(F) — T(F)||) < e, for
every n. This completes the proof of the bounded case.

If M is unbounded, then we simply replace the initial construction step as follows.
By assumption we can find a finite set Ey C M such that d(F, L (F([Eol1))) < §
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for every F € W. Set R = 2(diam(FE) 4+ 1) and Ky = Bgr(0), consider the function
ho : M — R given by

ho(z) =0V (1A (2 —2R td(x,0)))
for x € M, and let Sp : F(M) — F(Ky) be defined by (Sou, f) = (u, f - ho) for
[ € Lipy(M). Then, similarly as above, we have ||hol|;, < 2R, ||So|| < 3, and
thus .

E(IF = So(£)I) < (L + (IS0l <e

for every F' € W. We can then continue the inductive construction as above. [

Next, we obtain a probabilistic version of Kalton’s lemma [38, Lemma 4.5] for
martingales in place of weakly null sequences. This is the main new technical tool
needed to prove compact determination of the RNP.

Proposition 4.3. Suppose that M is bounded. Then every Li(F(M))-bounded
martingale has the mean Kalton property.

Proof. Assume towards a contradiction that there exist r > 0, ¢ > 0, and an

L1 (F(M))-bounded martingale (M,,)32, adapted to a filtration (A,)52, such that
for every finite subset £ C M, there exists n € N with
d(My, L1 (F([E]))) = d(Mn, L1 (An; F([E]))) > 4e.

First we use a standard approximation technique to replace (Mn);l’ozo with a mar-
tingale (M), adapted to a filtration (A,,)2%, where each A, is finite. Here is the
technique: for each n > 0, choose an A,-measurable simple function G,, such that
||Mn — GrllL, <e. Let A, be the (finite) o-algebra generated by Gy, G1,...,Gy.
Then, using A, C jln,AnH and the tower property of conditional expectations,
we can see that (M,)>%, := (EA»(M,))%, is an L;(F(M))-bounded martingale
adapted to (A,)5%,. Now observe that ||[M, — M|, < 2e, which implies, for
every finite £ C M, there exists n € N with

d(My, Ly (F([E]r))) = d(Mp, L1 (An; F([E]r))) > 2¢.
By using density of the finitely supported elements in F(M), we may replace

(M,,),, with a stochastic process (M), adapted to (A,)3, satisfying
e M, is constant on each atom of A,, and not just essentially constant,
e M ,(w) is finitely supported for every n € N and w € Q,
o (M,), is Li(F(M))-bounded,
o for every finite E C M, there exists n € N with
d(My, L1 (An; F([E]r))) > €,

e for every n <, |[EA=(M;) — M, |, <27" Ae.

Notice that the last condition implies that (M,)32, is a quasi-martingale; see [47,

Remark 2.16] for more details.

Set No := 0 and Ep := U, <n, Upeq supp(M ,,(w)). Tt is clear that Ej is finite.
Then there exists N1 > Ny such that d(Mpn,, L1(An,; F([Eolr))) > . We let
Ey =, <n, Uyeq supp(M, (w)), which is finite as well. Then there exists Ny >
Ni such that d(M n,, L1(An,; F([E1]r))) > €. Continuing in this way, we will
get an increasing sequence of integers (N;)?2; C N and a sequence of finite sets
Ey C Ey C Ey C--- C M such that, setting M/ := My,

e supp(M/(w)) C E; for every w € Q,
o (M]); is L1(F(M))-bounded,

o d(Miyy, Li(An,, o F([E]R))) > e,
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e for all n <4, ||[EA¥ (M]) — M} ||z, <27 N <277,

By the Hahn Banach theorem, for each i > 1 there is f; € Loo(An,; Lipy(M)) =
Li(Apn,; F(M))* such that

o [1fill e ipg(anyy <1,
. ﬂ(w) vanishes on [E;_1], for every w € ,

2((joan)) >

For each w € Q, using the McShane-Whitney extension theorem (see [52, Theo-
rem 1.33] for instance) we obtain a Lipschitz map f;(w) : M — R so that

e f;(w) vanishes on [E;_1],,

o fi(w) agrees with f;(w) on Ej,
e supp(fi(w)) C [Eir,

o I, < C|[fitw)|, <c.

where C' = 1V (rad(M)/r). Moreover, since Ay, is finite, the above can be done so
that f; is Ap,-measurable. Notice that the functions (f;(w)); have pairwise disjoint
supports, therefore

<2C.

> faw) D) =D W) =\ fr (W)
n=1 n=1 n=1 L n=1 L

Here we denote f,7(w) =0V f,(w) and f,; (w) =0V (—f,(w)) pointwise. Thus, we
have for every ¢ > 1

2001, > u«:(<2 me'>
E(Z (Fu B2 () )
(

[

B( 3 (fu M) )) - CZI\E*‘”“ - M|z,
>E
a (nzl

>i-e—C.

v

M* I

(farM;) ) = C

Since ¢ € N was arbitrary, C < oo, and € > 0, this contradicts our assumption that
sup; || M|, < oo. O

Remark 4.4. Proposition 4.3 remains true for unbounded metric spaces M. This
can be proved using results in the recent preprint [1] where a bounded metric
space B and a linear isomorphism P : F(M) — F(B) are constructed. It is clear
(using [47, Remark on p. 5]) that if (M,,)22, C L1(F(M)) is a bounded martingale
adapted to (A,)22, then so is (PM,)>2, C Li(F(B)), therefore (PM,)>2, is
mean-tight by the bounded versions of Propositions 4.2 and 4.3. Finally, we claim
that if (M,,)5%, C L1(F(B)) is mean-tight then (P~1M,)3, C Li(F(M)) is also
mean-tight, which implies the mean Kalton property. This observation requires
using the fact that P~ respects supports and compactness (see Proposition 3.2(ix)
and Lemma 6.3 in [1]). In fact, we do not know whether there is a direct argument
for this claim with the mean Kalton property in place of mean tightness.

We may now deduce the compact determination of the RNP as a consequence
of the two previous results.
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Corollary 4.5. The Lipschitz-free space F(M) has the Radon-Nikodym property
if and only if F(K) has the Radon-Nikodym property for every compact K C M.

Proof. Since the RNP passes to subspaces, the “only if” implication is immediate.
We will prove the contrapositive of the “if” direction.

Let us first remark that we only need to consider the case where M is bounded.
Indeed, assume F (M) fails to have the RNP. Thanks to [38, Proposition 4.3], F (M)
is isomorphic to a subspace of (.., ]-'(M;,C))Z1 for certain bounded subsets M
of M. Since the RNP is stable through ¢;-sums, isomorphisms, and passing to
subspaces, F(Mj) must fail the RNP for some bounded My, C M.

By [47, Theorem 2.9], there exists a uniformly integrable martingale (M)
in L1 (F(M)) that does not converge in Lq(F(M)). So there exists some ¢ > 0
such that limsup ||M,, — M, ||z, 7)) > 0. The martingale (M, ), has the mean

n,m— o0
Kalton property by Proposition 4.3, so we may apply Proposition 4.2 with ¢ = g
to get a compact K C M, operators Ty : F(M) — F(M) and a map T : (M), —
L1(F(K)) such that

0
(6) Zlég | M, — T(M"l)HLl(]-'(M)) < 4
and
(7) dim sup [[T(M) = T(M) g, ary) =0

Let us see that (T'(M,,))22, is a martingale. Let (A,) be a filtration with respect
to which (M,,) is a martingale. Since T} commutes with EA» for every k > 1 and
n >0, and since Ty (M) — T'(M,) for every n > 0, it follows that

EA (T (Mgr)] = lim Te(EA (M) = Jim T(My) = T(M,).

Now notice that (T'(M,,)) is L1 (F(K))-bounded by (6), since (M,,) is L1(F(M))-
bounded. Moreover, the sequence (Tj(M,,))52, is uniformly integrable for each k
since T} is bounded. Condition (7) then implies that (T'(M,,)) is an L1 (F(K))-
uniformly integrable martingale. But we have

. )

limsup || T(Mn) = T(Mn)llz. (7)) > 5

7,Mm— 00
by (6), so it cannot converge in L1 (F(K)). According to [47, Theorem 2.9] again,
this shows that F(K) fails to have the RNP, completing the proof. O

4.2. The structure of Lipschitz-free spaces over purely 1-unrectifiable
metric spaces. In general Banach spaces we have

Schur property = non-containment of L; <= RNP

but all implications absent in the diagram fail in general (either trivially or by deep
examples due to Hagler [29] and Bourgain and Rosenthal [10] of spaces with the
Schur property failing the RNP). The situation is quite different for Lipschitz-free
spaces, as the three properties above are in fact equivalent.

Theorem 4.6. Let M be a metric space. Then the following are equivalent:

(i) The completion of M is purely 1-unrectifiable,

) F(M) has the Radon-Nikodym property,

) F(M) has the Krein-Milman property,
v) F(M) has the Schur property,

) F(M) contains no isomorphic copy of L.

) There exists € > 0 such that F(M) contains no (1 + &)-isomorphic copy of
L.
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Proof. By the basic properties of free spaces, the free space over M and the free
space over the completion of M are the same, so it suffices to assume M is complete.
Property (i) is compactly determined by basic measure theory, and (ii) and (iv) are
compactly determined by virtue of Corollary 4.5 and [2, Corollary 2.6], respectively.
Thus they are equivalent by Theorem 3.1.

Implication (v)=-(vi) is trivial, and we’ll prove (vi)=-(i) by contrapositive. Sup-
pose M is not purely l-unrectifiable, and let v : K — M be a curve fragment.
By [39, Lemma 4], for every ¢ > 0, there exists a positive measure subset A C K
such that y[4 : A — M is a (1 + €)-bi-Lipschitz embedding. Whenever A C R
has positive measure, Godard’s theorem [27, proof of Corollary 3.4] implies F(A)
contains an isometric copy of Li. Since a (1 + ¢)-bi-Lipschitz embedding A — M
extends to a (1 + ¢)-linear isomorphic embedding F(A) — F(M), the conclusion
follows.

Finally, implications (ii)=-(iii)=-(v) are true in general Banach spaces, as the
Krein-Milman property is hereditary and preserved by isomorphisms, and it fails
to hold in L;. O

Remark 4.7. The argument for equivalence of (iii) can be generalized. Indeed, the
conditions in the previous theorem are also equivalent to any other property of
F(M) that lies between non-containment of L; and either the RNP or the Schur
property, such as the following:

e The point of continuity property (PCP). Recall that a Banach space X
has the PCP provided every non-empty weakly closed and bounded subset
admits a point of continuity of the identity map from the weak to the norm
topology (see e.g. [23, Section 4]).

e The uniform Kadec-Klee property (UKK). Recall that X is UKK if for each
e > 0 there exists § > 0 such that every e-separated weakly convergent
sequence in the closed unit ball of X converges to an element of norm less
than 1 — ¢ [34].

5. A RECTIFIABLE-CONNECTEDNESS BASED CHARACTERIZATION OF
1-CRITICAL SETS

The first main result of this section is Theorem E, by way of Corollary 5.10.
We recall that a compact metric space M is called I-critical if it supports a non-
constant locally flat Lipschitz function, i.e. if lipy(M) # {0}.

Theorem E (Corollary 5.10). A compact metric space fails to be 1-critical if and
only if it is transfinitely almost-rectifiably-connected.

Let us give an intuitive explanation of the meaning of transfinite almost-rectifiable-
connectedness. In [52, Chapter 8], Weaver has defined, for a given metric space
(M,d), a pseudometric dz on M by

de(z,y) = sup {|f(y) — f(2)| = f € Bipan}
and a metric space M, obtained by identifying points z,y € M with dz(z,y) = 0.
In actuality, Weaver’s definitions of lip(M) and (M, d.) differ from the ones we
give for general metric spaces. However, they agree when M is compact, and we
cite results from [52, Chapter 8] only in this case. Clearly, M fails to be 1-critical
if and only if M, is a single point. Thus, describing the distance d, in terms of
the geometry of (M, d) yields the desired geometric characterization of 1-criticality.
We achieve this goal in the next subsection, where we define a transfinite sequence
of spaces Mq(ﬁf) and show that M, is naturally identified with MS}“). The space
M,(ﬁ) is simply M, and intuitively, each space M&?H) is obtained by collapsing

)

every curve fragment in M&? down to an H'-null set. This process must stabilize
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before the first uncountable ordinal wq, and hence Mz(ﬁl) has no curve fragments
to collapse, i.e., it is purely 1-unrectifiable. Then we use Theorem A to conclude:

Informal Theorem (5.9). M, = ng‘;fl).

See Theorem 5.9 for a precise formulation. This theorem shows that M fails
to be 1-critical if and only if Ml([;“) is a single point. We are thus lead to the
following definition: M is transfinitely almost-rectifiably-connected if MS}“) is a
single point. We choose this terminology because the statement MY is a single
point” is almost equivalent to the statement “M is rectifiably-connected” (but not
quite, see Example 5.4).

It is well-known (at least as early as [14]) and easy to check that A(f(M)) =0
whenever M is H!-o-finite and f € lip(M). Hence if M is also connected, then
f is constant and thus M fails to be 1-critical. Our second main result in this
section is Theorem F (by way of Theorem 5.20), where we obtain a quantitative
converse of this statement for bounded turning trees (see Definition 5.18) as a
natural application of Theorem 5.9.

Theorem F (Theorem 5.20). Let (M,d) be a 1-bounded turning tree. Then for all
T,y e M,

de(z,y) = inf{HL (A) : [z,y] \ A is H'-o-finite}.
In particular, a bounded turning tree fails to be 1-critical if and only if each of its
subarcs is H'-o-finite.

It was actually proved by Choquet in [14] that A\(f(M)) = 0 for H'-o-finite M
under the weaker hypothesis that f satisfies the pointwise flatness condition

OGN
y—z  d(z,y)

for every x € M. Thus, Theorem F shows that a bounded turning tree is 1-

critical if and only if it supports a nonconstant pointwise flat function, reproving

[16, Theorem 2.2]. Theorem F also generalizes a result of Norton [43, Theorem 3]

who proved that quasiarcs of Hausdorff dimension strictly larger than one are 1-

critical.

In the final subsection, we provide examples of spaces M for which the transfinite
sequence M = ngg) — M,SP — Mﬁ) — ... stabilizes after one step and examples
for which the sequence does not stabilize after one step. We also introduce curve-flat
Lipschitz functions and use them as a tool for proving non-stabilization.

51. My = M.

Definition 5.1. Let (M,d) be a metric space. We define a pseudometric d,, on
M by
dyr(2,y) := i%f)\([min(KLmax(K)] \ K)

where the infimum is over all compact K C R such that there exists a 1-Lipschitz
map v : K — M with y(min(K)) = z and y(max(K)) = y. After identifying any
points z,y with d,,(z,y) = 0, we obtain a metric space (M, d,,) and a canonical
1-Lipschitz surjection ¢ : M — M,,. The surjection is 1-Lipschitz because for
any x,y € M, we may take K = {0,d(z,y)}, v(0) = z, and v(d(z,y)) = y, and
thus d(z,y) belongs to the set whose infimum equals dy(z,y). When we wish to
emphasize the domain M of the map g, we will write ¢*. Whenever N is a second
metric space and f : M — N is a 1-Lipschitz map, there is a canonically induced
1-Lipschitz map fy, : My, — Ny, defined by f..(¢M (x)) := ¢™ (f(z)). It is easy to
verify that this is a well-defined 1-Lipschitz map and that the functorial property
(f © g)ur = fur 0 gur holds.
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Remark 5.2. Let us explain an equivalent characterization of the pseudometric d,,,
induced by any isometric embedding M — X into a Banach space. It holds that

dur(2,y) = Igl(f,y)\(f\v_l(f())

where the infimum is over all compact intervals I C R, compact subsets K C
M, and 1-Lipschitz curves v : I — X with y(min(J)) = = and y(max(I)) = y.
The equality follows from the fact that for every compact K C R and 1-Lipschitz
map v : K — M, there exists a 1-Lipschitz extension [min(K), max(K)] — X by
interpolating with line segments.

The pseudometric d,, admits yet another equivalent characterization in terms
of curve-flat Lipschitz functions - see Definition 5.21 and Proposition 5.22.

As will be proved in Proposition 5.23, the map ¢ : M — M, collapses every
curve fragment y(K) down to an H!-null set.

Example 5.3 (Subsets of R). It is readily seen that if M C R is compact,
then dur(2,y) = |[Y Ip\m dA| = [f(x) — f(y)|, where f(z) := [ lg\ardA. Since
A f(M)) = 0, My, is isometric to a A-null subset of R and hence is purely 1-
unrectifiable.

Example 5.4 (Topologist’s Sine Curve). Obviously, if (M, d) is rectifiably-connected,
dyr =0 and M, is a single point. The converse statement is false, and the topol-
ogist’s sine curve

({0} x [0,1]) U{(z,sin(2)) e R® : 2 € (0,1]} C R?
is a counterexample. For any y € {(z,sin(2)) € R? : z € (0,1]}, z € {0} x [0,1],

T
and € > 0, there is a rectifiable curve starting at y and ending within a distance &
from z. However, the length of this curve necessarily goes to oo as € — 0, and this

prevents true rectifiable-connectedness.

Proposition 5.5. Let (M, d) be a metric space. Then q: M — M,, is an isometry
if and only if M is purely 1-unrectifiable.

Proof. Assume q : M — M,, is not an isometry. Then there exist x,y € M such
that dy.(x,y) < d(z,y). Isometrically embed M into a Banach space X. Then there
exist a compact interval I C R, a compact subset K C M, and a 1-Lipschitz curve
v : I = X such that y(min(I)) = z, y(max(I)) = y, and A(I \ 7" 1(K)) < d(z,y).
Then we have

d(z,y) <H'(v(1)) = H' (V1) N K) + H (v(]) \ K)

<SH' (W) NEK) + AT\ 7y~ 1(K))
<H' ()N K) +d(z,y)

where the second-to-last inequality follows from the fact that ~y is 1-Lipschitz. This
shows H!(y(I) N K) > 0 and hence M is not purely 1-unrectifiable.

Now assume M is not purely 1-unrectifiable. Then there exists a compact K/ C R
with A(K’) > 0 and a bi-Lipschitz embedding v : K’ — M. By precomposing
with a dilation, we may assume ~ is 1-Lipschitz and v~' is L-Lipschitz for some
L € [1,00). By Lebesgue’s density theorem, there exist ¢ € K’ and r > 0 such that
A[t,t+7]\K') < 7. Set K := [t,t+r]NK’. It must hold that [¢,t+ ;7] N K’ # 0
and [t4+r— 77, t+r]NK’ # 0, because otherwise we would have A([t, t4+r]\K") > 5.
This implies max(K) —min(K) > r — 57 > £, and of course we have a fortiori that
A([min(K), max(K)]\K) < {7. Then set z := y(min(K)) and y := y(max(K)). We
have a compact K C R and a 1-Lipschitz map v : K — M such that y(min(K)) = z,
y(max(K)) = y, and A([min(K), max(K)] \ K) < 47, showing du,(z,y) < 77.
But also, the facts that max(K) — min(K) > % and 4! is L-Lipschitz imply
d(x,y) > 57. Hence, dy,(z,y) < {7 < 537 < d(z,y), and ¢ is not an isometry. [
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Definition 5.6. Let (M, d) be a metric space. We recursively define a transfinite
sequence of metric spaces (ngff), dq(f;)) and 1-Lipschitz surjections ¢, : M — M.
First, define (MQ(L?), dSﬁ?) to be (M,d) and ¢ to be the identity map on M. Next,
fix an ordinal o > 0 and suppose the definition has been made for all o/ < a. If «
is a successor, we define (]\415?)7 dgff-)) = ((Mq(ﬁ-‘fl))u,,7 (dq(ﬁ*l))w) and ¢q = ¢oga—1
where ¢ = ¢M+*"" is the 1-Lipschitz surjection M2~ — (Mt(ﬁf*l))ur. If a'is a
limit ordinal, we define a pseudometric dq(ffn) on M by

di)(w,y) = inf d5) (g (2), do ().

After identifying any points x,y with dq(ffn) (z,y) = 0, we obtain a metric space

(M,S?), dﬁff)) and a canonical 1-Lipschitz surjection ¢, : M — Mi(ﬁf) When we wish
to emphasize the domain M, we write ¢}/. Whenever N is a second metric space
and f : M — N is 1-Lipschitz, we get induced 1-Lipschitz maps £ : M{Y) — N
defined by £ (@M (z)) = ¢ (f(x)). Well-definedness can be verified by transfinite

induction, as well as the functorial property (f o g)q(ﬁ) = fl(ﬁf) o gfﬁ).

Let us now see that this iterative process always stabilizes after at most countably
many steps when M is separable.

Proposition 5.7. For any separable metric space M, there exists a countable or-
dinal ayy such that q : M) — (M&?M))W is an isometry.

Proof. Let (M,d) be a separable metric space and D C M be a countable dense
subset. Fix (z,y) € D x D. Then we get a nonincreasing map f : wy; — [0,d(x,y)]
given by f(a) := 'y (ga(7),qa(y)). It is easy to see that there is a(y,,) < w1 such
that f(a) = f(a(,y)) for all a € [, ), w1). Then we set

an =sup {a,) : (z,y) € D x D}

and note that oy is countable since D x D and each ;4 are countable. Observe
that, for all (z,y) € D x D,

dq(ﬁ‘M—H) (an+1 ($), apr+1 (y)) = dgf;M) (QaM (ﬂf), Qo (y))
and thus ¢ : M) — (Mé?M))u,. is an isometry restricted to qa,, (D). By density
and continuity, ¢ must be an isometry on all of MQS?M ), O

When M is 1-rectifiable, aps < 1. It may happen in general that a,; > 1, and
in fact we believe as can be an arbitrarily large countable ordinal for M compact.
See Examples 5.24 and 5.25.

Proposition 5.8. Let M be a separable metric space. Then Mﬁfl) is purely 1-
unrectifiable and satisfies the following universal property: whenever N is a purely
1-unrectifiable metric space and f : M — N is a 1-Lipschitz map, there exists a

unique 1-Lipschitz map [ : MY 5 N such that f=fo a2t

Proof. That MEY s purely 1l-unrectifiable follows from Propositions 5.5 and 5.7
and transfinite induction. Now let f : M — N be a 1-Lipschitz map to a purely
l-unrectifiable metric space N. Then we get an induced 1-Lipschitz map fé‘,‘-’l) :
MEY — N Since N is purely l-unrectifiable, @ N — N is an isometry
by Proposition 5.5. Then f := (¢))~'o (1) satisfies f = f o ¢!, Uniqueness
follows from the surjectivity of qi‘){ : O

By [52, Corollary 8.13], lip(M.) separates points uniformly when M is bounded,
and thus M, is purely 1-unrectifiable by Theorem A. Hence, when M is separable,
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the canonical 1-Lipschitz surjection 7 : M — M, induces a 1-Lipschitz map 7 :
M,([,‘fl) — M, by Proposition 5.8. The next theorem is the main one of this section.

Theorem 5.9. For every compact metric space M, the map T : Mi(f;“) — M, is
an isometry.

Before proving the theorem, we need to make a small observation. For every
metric space M, the map w : M — M, satisfies the following universal property:
whenever N is a metric space for which lip(N) separates points uniformly with
separation constant 1 and f : M — N is 1-Lipschitz, there exists a unique 1-
Lipschitz map f : My — N such that f = fo . This observation can be proven
directly from the definitions and the fact that go f € lip(M) whenever f: M — N
is Lipschitz and g € lip(N).

Proof. Let M be a compact metric space, so that Mffrjl) is also compact because
Qu, : M — M}f;’l) is a Lipschitz surjection. Then by Proposition 5.8 and Theorem A,

lip(MQS‘;“)) separates points uniformly. Thus, by the universal property of 7 : M —
M, there exists a unique 1-Lipschitz map ¢, : My — M,(fr‘”)
Gess -

Since q.,, is surjective, so is §,,. Since Toq,, =7

such that g,, o7 =

9w
and 7 is surjective, so is 7. Then we get g, o7 o M - Mi(;)l)
dw, = ¢, and since all these maps are surjective, ”l /

g, and 7 are inverses. Then since both are 1- Gun
Lipschitz, both are isometries. M,

O

Corollary 5.10. A compact metric space M fails to be 1-critical if and only if
M) s g single point.

5.2. 1-Critical Bounded Turning Arcs. The object of this subsection is the
proof of Theorem F (through Theorem 5.20). We begin by recalling some standard
definitions.

A metric space that is homeomorphic to a nonempty, compact interval is called a
metric arc. We always assume metric arcs are endowed with an order inherited from
a homeomorphism to an interval. Although there are always two such orderings
(except if M is a single point), the choice is inconsequential.

A metric arc (M, d) satisfying

d(x,y) Vd(y, z) < d(z, 2)

whenever © < y < z is a I-bounded turning arc. Equivalently, diam([z, z]) = d(z, 2)
whenever x < z. A metric space that is bi-Lipschitz equivalent to a 1-bounded
turning arc is called a bounded turning arc. This is equivalent to the existence of a
constant C' < oo such that diam([z, z]) < Cd(z, z) for every subarc [z, z].

Remark 5.11. Whenever M is a 1-bounded turning arc and A C M, there exists
an interval (equivalently, subarc) I D A with diam(I) = diam(A). We will use this
fact implicitly when dealing with coverings and Hausdorff content of subsets of M.
Bounded turning arcs were characterized by Meyer ([41, Corollary 1.2]) as pre-
cisely those metric spaces (M,d) for which there exists a homeomorphism f :
[0,1] — M and H < oo such that |z — y| < |z — z| implies d(f(z), f(y)) <
Hd(f(z), f(2)); such a homeomorphism is called a weak quasisymmetry.

The next proposition will be used frequently, and without reference, throughout
this subsection.
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Proposition 5.12. For every 1-bounded turning arc M, the space My, is a I-
bounded turning arc and q : M — M, is monotone. Even more, for every ordinal

Q, Még‘) s a 1-bounded turning arc and qq : M — Mq(fry) s monotone.

Proof. Let M be a 1-bounded turning arc. For the first part, we begin by showing

dur(x7y) V duyr (Y, z) < dur(xv Z)

whenever t <y < ze M. Let t <y < ze€ M. Let € > 0, and let K C R be
compact and v : K — M 1-Lipschitz with v(min(K)) = z, v(max(K)) = z, and

A[min(K), max(K)] \ K) < dyr(z, 2) + €.

Ify € y(K), then K := KN[min(K), min(y " (y))] and 7 := 7| z witness d,(2,y) <
dyr(x,2) + €. If y ¢ v(K), then there exist s,t € K such that

(s,t) C [min(K), max(K)]\ K

and y € [v(s), ()] (or y € [y(t),7(s)] if v(t) < 7(s); assume the former). Then we
define K := (K N [min(K),s]) U {t} and ¥ : K — M by

5(r) = {y ifr=t

~(r) otherwise.

Because of the 1-bounded turning property, 74 is 1-Lipschitz, and thus K,4 witness
dur(x,y) < dyr(z,2) + €. Since € > 0 was arbitrary, we have dy,(z,y) < dy,(z, 2)
in all cases. The other inequality d.,(y,2) < dyr(z,2) follows from the same ar-
gument. These inequalities imply that the order on M, defined by ¢(z) < q(y)
it <y orq(z) = q(y) is well-defined. Obviously ¢ is monotone and the metric
topology on M, is compact, connected, and agrees with the order topology. It is
straightforward to use these facts (for example, with [56, Theorem 28.13]) to prove
that M is a 1-bounded turning arc.

The proof of the second part is by transfinite induction. The base case is trivial
because qq is the identity map. Let o > 0 be an ordinal and suppose the proposition
holds for all &’ < a. The case where « is a successor follows immediately from the
first part, so assume that « is a limit ordinal. Once we show

i (w,y) v dD(y, 2) < A (x, 2)

whenever x < y < z € M, the same argument from the first part implies Mﬁ?) is
a 1-bounded turning arc and ¢, is monotone. Let z < y < z € M. Let ¢ > 0.
Choose o < « large enough so that dgfi/)(x, 2) < d(x,z) + . By the inductive
hypothesis, dgﬁi/)(a:, y)V i) (y,2) < dgﬁi/)(x, z). Together with the inequality from
the previous sentence we get d\ (z,y) v di% (y, 2) < d\ (x, z) +¢. Since € > 0 was
arbitrary, the desired inequality follows. (|

We shall now work our way towards Theorem F through a series of lemmas

)

describing the relation between H!-o-finite sets in M and MQS? in cases of increasing

coverage.

Lemma 5.13. Let M be a 1-bounded turning arc. For every r > 0 and ¥ C My,
if diam(X) < r, then there exist subsets S, A C M such that ¢-1(X) C SU A,
HE(A) <r, and H'(S) < .

Proof. Let r > 0 and ¥ C M, with diam(X) < r. Choose an interval [bg,b1] D 2
with dy-(bo, b1) = diam(X) < r. By definition of d,,., there exist a compact K C R
and a 1-Lipschitz map v : K — M such that y(min(K)) = by, y(max(K)) = by,
and A([min(K), max(K)] \ K) < r. The set [min(K), max(K)]\ K is a countable
disjoint union of intervals {(z;,vy;)};. The intervals {[v(z;),v(y:)]}: (understood
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to be [v(y:), v(x;)] if v(y;) < v(z;)) together with v(K) cover [by,b1]. Then A :=
U;[v(zi),v(y;)] and S := v(K) satisfy the required properties. O

Lemma 5.14. Let M be a 1-bounded turning arc. For everyr >0, ¢ € (0,00], and
¥ C My, if HY(EX) < r, then there exist subsets S, A C M such that ¢='(X) C SUA,
HE(A) <7, and S is H'-o-finite.

Proof. Letr > 0,4 € (0,00], and ¥ C M,, with H}(X) < r. Choose € > 0 such that
HL(Z) +e < r. Cover ¥ with countably many sets {3;}; such that diam(X;) < §
and Y_,(diam(X;) + 27 %) < r. By Lemma 5.13, there exist, for each i > 1,
subsets S;, A; C M such that ¢~ 1(%;) C S; U A;, HL(A;) < diam(%;) + 27 %, and
H'(S;) < co. Then S :=|J,; S; and A :=|J, A; satisfy the required properties. [
Lemma 5.15. Let M be a 1-bounded turning arc. For every subset ¥ C My, if &
is H'-o-finite, then ¢~ *(X) C M is H'-o-finite.

Proof. Tt suffices to assume H!(X) < co. Let k € N be arbitrary. By Lemma 5.14,
there exist subsets Sy, A, C M such that ¢=1(3) C S, UA, ’H%/k(Ak) <HY(D)+1,
and S, is H!-o-finite. Set S :=Ji—, Sk and A := (N3, Ak. Then ¢~ *(X) C SUA,

H'(A) = Sipﬂi/k(A) < Sl;p,H%/k(Ak) <H'(E) + 1 < o0,

and S is H!-o-finite. This proves that ¢=1(X) is H!-o-finite. O

Lemma 5.16. For any ordinal o, 1-bounded turning arc M and subsets ¥, B C
M,(fﬁ) such that ¥ is H-o-finite, there exist subsets S, A C M such that ;' (X U
B) C SUA, HL (A) <HL (B) and S is H-o-finite.
In particular, q; 1 () is H-o-finite whenever ¥ is H-o-finite.
Proof. The proof is by transfinite induction. The base case is tautological since
qo is the identity map. Let a be an ordinal and suppose the lemma holds for all
o/ < «. The case where « is a successor follows immediately from the inductive
hypothesis and Lemmas 5.14 and 5.15, so assume « is a limit ordinal. Let M be a
1-bounded turning arc, r > 0, and ¥, B C Mq(ﬁf) such that ¥ is H!-o-finite. As in
Lemma 5.15, it suffices to assume H!(¥) < co. Let k € N be arbitrary. Cover B
with countably many intervals { I} }32, such that )° diam(I}) < H. (B)+27%, and
similarly cover ¥ with countably many intervals {JJ’“ }321 such that diam(J]’?) <27k
and ) diam(J}) < H'(E) + 1. Fix j € N. Choose a; < « large enough so that
diam((¢5?) " (1})) < diam(I}) +2777%,
diam (( gj)_l(Jf)) < diam(Jf) 42797k,
where ¢’ : M) 5 MY denotes the canonical 1-Lipschitz map. This choice is
possible because, by the 1-bounded turning condition, the diameter of any interval
is determined by only one distance (the distance between the endpoints) and not

infinitely many distances.
By the inductive hypothesis,
42 (I}) = a5, ((a5?) "' (I})) € CF U D}
0ot (J7) = a5, ((457) 1 (J})) C Ef U F
where

HL(CF) < diam(I}) +2777F

HL(EY) < diam(J}) +2777F <27kt
and D¥, FJ are #'-o-finite. Note that this implies #} ., (E}) < diam(J}) +
2777k, Set C* := U, C}, D* :=; D}, E* :=J; E}, and F* := |, F}, so that
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e ¢;'(B) c C*UD* and ¢;*(X) Cc E*U FF,
o H(CP) <Y, (diam(IF) +2777%) < HL (B) +27,
o Hy i (EF) <37, (diam(J}) +2777F) <HY(E) + 2 < o0, and
e D* and F* are H!'-o-finite.
Set C:=(, C*, D:=J, D¥, E:=(, E*, and F :=J, F* so that
e ;' (XUB)CCUDUEUF,
o M1 (C) <infy 1 (CF) <HL(B),
o HY(E) =sup, Hi 11 (E) < sup, My ia (EF) < HY(Z) +2 < 00, and
e D and F are H'-o-finite.

Then A := C and S := DU E U F satisfy the required properties. This finishes the
inductive step and the proof. O

The previous lemma is already enough to prove Theorem F in the particular case
of 1-bounded turning arcs.

Theorem 5.17. Let (M,d) be a 1-bounded turning arc with endpoints x,y. Then
de(mw(@), m(y) = di™) (g, (2), g, () = Inf{HL(A) : M\ A is H'-0-finite}.

Proof. The first equality follows from Theorem 5.9. Next, observe that applying
Lemma 5.16 with o = wy, ¥ =0, and B = M gives us

inf{H. (A): M\ A is H'-o-finite} < H. (M@V) < diam(M“1)
= d&vjﬂl) (qwl (x)’ Gun (y))

Finally, we show the reverse inequality. Let f € Byp(ary) and A C M such that M\ A
is H'-o-finite. Since M is connected, |f(y) — f(z)| < diam(f(M)) = HL (f(M)).
Then

[f(y) = F@)] < HG(F(M)) < HL(F(A) + HA(F(M\ A))
< Hoo(A) + Hoo (f(M\ A)) = H (A)

where the last inequality follows from the fact that f is 1-Lipschitz and the last
equality follows from the fact that f is locally flat and M \ A is H!-o-finite. Since
A and f were arbitrary we get

de(m(z), m(y)) = sup{|f(y) — f(2)] : | € Bupoan}
<inf {HL (A): M\ A is H'-o-finite}. O

It is now straightforward to extend Theorem 5.17 to the more general class of
1-bounded turning trees, defined below.

Definition 5.18. A compact metric space M is a 1-bounded turning tree if every
pair of points x,y € M are joined by a unique arc in M, and this arc is 1-bounded
turning. We will denote that arc by [z,y]. A metric space is a bounded turning tree
if it is bi-Lipschitz equivalent to a 1-bounded turning tree.

Example 5.19. A class of metric spaces called quasiconformal trees was recently
studied by Bonk and Meyer in the context of quasisymmetric uniformization. Qua-
siconformal trees are precisely those bounded turning trees T that are doubling
- meaning there exists N € N such that for any » > 0 and « € T, there are
x1,...xn € T with B,(z) C Uf\il B, /(). The most well-known examples of
quasiconformal trees are Julia sets of polynomials. See [9] for details and more
information.



30 R. J. ALIAGA, C. GARTLAND, C. PETITJEAN, AND A. PROCHAZKA

Theorem 5.20. Let (M,d) be a I-bounded turning tree. Then for all x,y € M,
de(m(@), () = A5 (G (2), Gy (1)) = F{HL(A) « [2,9]\ A is H'-o-finite}.

In particular, a bounded turning tree fails to be 1-critical if and only if each of its
subarcs is H'-o-finite.

Proof. Let x,y € M. The first equality is again Theorem 5.9. The proof of the
inequality

de(m(x), 7(y)) <inf{HL (A): [z,y] \ A is H'-o-finite}

is just the same as the proof of the analogous inequality from Theorem 5.17. It
remains to show the reverse inequality. Fix an order for [z,y] and assume z <
y. For any point z € M, let g(z) denote the first point of contact of z with
[z,y]. Specifically, g(z) = inf{w € [z,2] : w € [z,y]}. Then z — g(z) is a 1-
Lipschitz retract onto [z, y] (note that it fixes each element of [x,y]). This implies
the restriction map Biip(ar) — Blip([z,y)) 15 @ surjection, because f o g maps onto f.
Together with Theorem 5.17, this proves

de(n(x),7(y)) > inf{HL (A) : [z,y] \ A is H'-o-finite}.

For the second part, observe that the property of being 1-critical and the property
of being H'-o-finite is each preserved under bi-Lipschitz maps, and thus it suffices to
prove the equivalence when M is a 1-bounded turning tree. If every arc [z,y] C M
is H1-o-finite, then we may take A = () in the first part and get d.(w(x),7(y)) =0
for every z,y € M, meaning M is not 1-critical. Conversely, if M is not 1-critical,
then dz(m(x),7(y)) = 0 for every x,y € M, and so by the first part we may find
a sequence {A,}%; of subsets of [x,y] such that [z,y] \ A, is H!'-o-finite and
H1(A,) < L for every n € N. This implies H. (N, 4,) = 0, and so

[, y] = (U[wvy}\An> U (ﬂ An>

is H1-o-finite. O

5.3. Curve-Flat Lipschitz Functions. In this final subsection, we define curve-
flat Lipschitz functions and sketch examples of bounded turning arcs M whose
index ajps from Proposition 5.7 may be arbitrarily large.

Definition 5.21 (Curve-Flat Lipschitz Functions). Let (M, d) be a metric space.
A Lipschitz function f : M — R is curve-flat if for any compact K C R and
Lipschitz v : K — M, the composite f o~ is flat at A-almost every point in K,

meaning
lim FOW) = f(v(2))|

YR ]

=0

for A-almost every x € K. Equivalently, by the area formula [22, pg. 299,
A f(v(K))) =0 for every K C R compact and v : K — M Lipschitz. Let lipp(M)
denote the set of all curve-flat Lipschitz functions on M and By, (ar) the set of
curve-flat 1-Lipschitz functions. Define a pseudometric dr on M by

dp(z,y) == sup {|f(y) — f(2)| : f € Bup.an)} -

Curve-flat Lipschitz functions are intimately connected to the pseudometric dy;
by the following proposition.

Proposition 5.22. For any metric space (M,d) and f € Buipm,,), foq €
Biip,.(v)- Consequently, dy, = dr.
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Proof. Let f € Brip(u,,)- Clearly g := foq € Lip(M) is 1-Lipschitz, so it remains
to prove that g is curve-flat. Let K C R be compact and v : K — M be 1-Lipschitz,
and fix a < b € K. Then

lgory(a) —goy(b)|=[fogor(a) = fogory(b)
< |fll - dur(a(v(a)), a(v(b)))
< dur(v(a), v(b))
< AMa, b \ K)

where we apply the definition of d,, to the restriction of v to K N [a,b]. By
Lebesgue’s density theorem, we have A([a,b]\ K)/(b—a) — 0 as b — a for A-almost
every a € K (or as a — b for A-almost every b € K). Thus g is curve-flat.

The first statement immediately implies d,, < dr, and the reverse inequality is
a simple consequence of Lebesgue’s fundamental theorem of calculus. We omit the
details. (]

We can use Proposition 5.22 to prove that ¢ collapses every curve fragment in
M down to an H'-null subset of M,,.

Proposition 5.23. For every metric space M, compact K C R, and Lipschitz
v K — M, H'(q(v(K))) = 0.

Proof. Suppose the proposition is false. Then by [39, Lemma 4 and Theorem 9],
we can find K C R compact with A(K) > 0 and vy : K — M Lipschitz such that
qovy : K — M,, is a bi-Lipschitz embedding. Then (qov)~! : ¢(y(K)) — R is a bi-
Lipschitz embedding, and we let g : M,,, — R be any McShane-Whitney extension.
By Proposition 5.22, go g : M — R is curve-flat Lipschitz, but A(g(q(v(K)))) =
AMK) > 0, a contradiction. O

We will use the remainder of this subsection to estimate the index a; of some
example spaces M.

Example 5.24 (1-Rectifiable Metric Spaces). A metric space is I-rectifiable if
it is the union of countably many curve fragments and an #!-null set. Proposi-
tion 5.23 implies H!(M,,) = 0 whenever M is l-rectifiable, hence M, is purely
l-unrectifiable. In this case, aps = 0 if H1(M) =0 and ayp = 1 if HH (M) > 0.

Every 1l-rectifiable metric space is H!-o-finite, and so Example 5.24 may tempt
one to believe aps < 1 whenever M is H!'-o-finite. Our final example shows that
this is not the case.

Example 5.25 (Bounded Turning Arcs). We will sketch the construction of a
bounded turning arc M with diam(M) = diam(M,,,) = 1, but MY s a single
point, which automatically implies apy > 1. We believe the construction can be
iterated to make aj; an arbitrarily large countable ordinal, but we leave those
details to the interested reader.

Let C C [0,1] be the standard middle thirds Cantor set and S := log4(2) the
Hausdorff dimension of C. The Cantor function f : C# — [0,1] is monotone,
surjective, and 1-Lipschitz ([21, Proposition 10.1]), where C? denotes the snowflake
space. Let (M, d) be the metric space obtained by “filling in the gaps” of C® with
geodesics. Precisely, consider the collection of all doubletons {z < y} C C” such
that [z, y]NC = {z,y}, then form the disjoint union C? |_||_|{w<y} [0,d(x,y)], identify
each x with its copy 0 and each y with d(z,y), and equip the resulting quotient space
M with the largest metric d such that the inclusions C?, [0, d(z,y)] < (M,d) are
isometric embeddings. The space M is a 1-bounded turning arc with diam(M) =
1. The Cantor function f extends to a 1-Lipschitz map f : M — [0,1] that is
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constant on each geodesic. Observe that f is curve-flat because C? is purely 1-
unrectifiable and f is constant on each of the countably many geodesics. This gives
us dyr(z,y) = dr(z,y) > |f(x) — f(y)|]. In particular, diam(M,,) = 1. However,
HY(CP) = HP(C) < oo, implying that M is H!'-o-finite. Thus, @ = Mo a
single point by Theorem 5.17.
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