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LINEARIZED EULER EQUATIONS FOR TIME ANALYSIS OF WAVE PROPAGATION IN DUCTS

This paper presents the use of linearized Euler equations to solve acoustic wave propagation problems in ducts and mufflers with and without the presence of mean flow. The software developed by the authors is used to solve the equations using the finite element method. In order to be able to model a wider range of cases, a non-reflective boundary condition -the buffer zone -was also implemented. In addition, the tool allows to take the mean nonuniform flow velocity field into account. The tool was developed using open-source FEniCS library and Python programming language. In this paper, developed software is used to solve the acoustic wave propagation for 2 different reflective mufflers. The results were compared to the analytical model of insertion loss of the mufflers. The tool can be used to estimate the insertion and transmission loss of newly developed mufflers with complex geometry.

INTRODUCTION

Acoustic mufflers are used in many branches of industry to reduce ubiquitous noise. Examples include exhaust and ventilation noise. Behavior of reflective mufflers is usualy computed using one-dimensional wave equation,or estimated by means of experimental research [START_REF] Gołaś | Acoustics of Ducts and Mufflers[END_REF]. Because of the simplification of the equations or limited research capabilities, it does not give a complete description of the phenomena occurring in the mufflers. In this study, we attempt to describe the phenomena of acoustic wave propagation and dampening in mufflers by means of linearized Euler equations.

Linearized Euler equations are one of the methods to describe sound propagation in time domain. They are related to wave equation, but contrary to it, they describe the propagation in terms of acoustic velocity and pressure. This property of linearized Euler equations can be used to couple the acoustic field to flow field and allows to study the influence of flow on wave propagation.

In this study, we present the tool developed using FEn-iCS library, allowing for solving linearized Euler equations, as well as the results of wave propagation in mufflers obtained with it. The FEniCS is finite-element computing platform based on Galerkin method and is decribed in detail in [START_REF]Automated Solution of Differential Equations by the Finite Element Method[END_REF]. This library allows for quick implementation of partial differential equations written in variational form and for solving them by finite element method. Developed solver is described in greater detail in [START_REF] Łojek | Finite element modeling of a flow-acoustic coupling in unbounded domains[END_REF].

We conducted simulations of wave propagation in mufflers for various frequencies. For one of the mufflers, we additionally investigated the influence of the mean flow velocity on wave propagation.

Modeling of the free outflow from the muffler was possible by implementation of a non-reflecting boundary condition, called buffer zone, which significantly increased the capabilities of the tool.

The developed code is easily scalable, and can be used both on personal computer and HPC cluster. All of simulations described in this work was conducted on Prometheus HPC cluster.

THE SOLVER

Mathematical model

To describe the propagation of the acoustic wave, the linearized Euler Equations were used. They were chosen instead of the wave equation due to the possibility of coupling them with the mean flow. The equations can be derived from Navier-Stokes equations by assuming inviscid, homoentropic flow [START_REF] Mechel | Formulas of Acoustics[END_REF] and by linearizing the flow around mean values [START_REF] Łojek | Finite element modeling of a flow-acoustic coupling in unbounded domains[END_REF] . The most basic form of linearized Euler equations (without mean flow) is given by [START_REF] Åbom | An introduction to Flow Acoustics[END_REF]:

∂p ∂t + c 2 ρ ∂v j ∂x j = 0, (1) 
ρ ∂v i ∂t + ∂p ∂x i = 0 (2) 
p = p + p , v i = v i +v i , ρ = ρ + ρ , (3) 
where: p, v, ρ -mean variables, p , v i , ρ -acoustic variables (pressure, velocity in i-th direction, density).

The equations (1,2) do not take mean flow into account. If the presence of the flow was assumed, the equations would take more complex form. For two dimensional case, it can be written [START_REF] Povitsky | Numerical study of wave propagation in a non-uniform flow[END_REF]:

∂p ∂t = -ρc 2 ∂u ∂x + ∂v ∂y -U ∂p ∂x -V ∂p ∂y -p ∂U ∂x + ∂V ∂y (4) ∂u ∂t = - 1 ρ ∂p ∂x -U ∂u ∂x -u ∂U ∂x -V ∂u ∂y -v ∂U ∂y - p ρc 2 U ∂U ∂x + V ∂U ∂y (5) 
∂v ∂t = - 1 ρ ∂p ∂y -V ∂v ∂y -v ∂V ∂y -U ∂v ∂x -u ∂V ∂x - p ρc 2 U ∂V ∂x + V ∂V ∂y (6) 
where:

v 1 = u, v 2 = v, v 1 = U, v 2 = V, p = p, p = 0, x 1 = x, x 2 = y.
Both versions of linearized Euler equations, with (45,6) and without the flow (1,2) was implemented in the solver.

Non-reflective boundary condition

In order to model the propagation in unbounded domains, or domains with inlet/outlet, non-reflective boundary condition (NRBC) was also implemented. Among many NR-BCs, the buffer zone model, similar to the ones described in [START_REF] Richards | The evaluation of non-reflecting boundary conditions for duct acoustic computation[END_REF][START_REF] Gill | Towards an effective non-reflective boundary condition for computational aeroacoustics[END_REF] was chosen.

Buffer zone was introduced into the governing equations by adding a damping term as follows:

∂φ ∂t = L(φ) + σ(x i )φ (7) 
where φ -flow variable, L(φ) -spatial operator, σ(x i )damping term.

The damping term can be described as piecewise function:

σ(x) = -α 1 -x L β x > L, 0, x < L. (8) 
where: α -strength of damping, L -start of the buffer zone, β -shape of the damping curve.

Flow modeling

Linearized Euler Equations can take the mean flow into account. Navier-Stokes equations were used to model the flow inside the domain and to compute mean values of velocity. Because we were interested only in mean values, the incompressible, time-independent Navier-Stokes equations were used [START_REF] Hirsch | Numerical Computation of Internal and External Flows: The Fundamentals of Computational Fluid Dynamics[END_REF]:

ρ ∂u j u i ∂x j -ν ∂u j ∂x j + ∂p ∂x i = 0 (9) 
where: ν -kinematic viscosity.

Numerical methods

The linearized Euler Equations with damping term had to be discretized, both in time and space.

Adams-Moulton method of the first order [START_REF] Czajka | Engineering methods of numerical analysis and design of experiment[END_REF], given by eq [START_REF] Czajka | Engineering methods of numerical analysis and design of experiment[END_REF], was used for temporal discetization. For the equation in form ∂x/∂t = f (x, t), one can write

x [n+1] = x [n] + ∆tf x [n+1] , t n+1 (10) 
where:

x (t n ) -x [n] , x (t n+1 ) -x [n+1] , ∆t = t n+1 -t n
The FEniCS software was used for spatial discretization and solving the equations. It requires writing equations in variational (weak) form in order to solve them. For linearized Euler Equations without mean flow [START_REF] Gołaś | Acoustics of Ducts and Mufflers[END_REF][START_REF]Automated Solution of Differential Equations by the Finite Element Method[END_REF] discretized in time, it can be written:

Ω p [n+1] q dx - Ω p [n] q dx + ∆tc 2 ρ Ω ∇ • u [n+1] i q dx + σ(x) Ω p [n+1] q dx = 0 in Ω, (11) 
Ω v [n+1] i w dx - Ω v [n] i w dx + ∆t ρ Ω ∇p [n+1] w dx + σ(x) Ω u [n+1] i w dx = 0 in Ω. ( 12 
)
The equations that take mean flow into account were not shown here, because of their complexity, however they have been implemented and used in the simulations.

The Navier-Stokes equation given by ( 9) also had to be written in variational formulation [START_REF] Blechta | FEniCS hands[END_REF]:

Ω ∂u j ∂x j u j w j dx + Ω ν ∂u j ∂x j ∂w j ∂x j dx - Ω p ∂w ∂x i dx - Ω ∂u j ∂x i qdx = 0 (13)

The algorithm

The entire simulation process can be divided into several stages:

• mesh preparation using GMSH software,

• mesh conversion from .msh to .xml format used by FEniCS,

• flow simulations with (13) , export of mean velocity results (optional step),

• acoustics simulations with [START_REF] Blechta | FEniCS hands[END_REF][START_REF] Sreenath | Evaluation of noise attenuation due to exhaust mufflers[END_REF], with or without mean flow,

• analysis of result with Paraview and Python programming language.

Both acoustic and flow simulations are performed on the same mesh, to ensure compatibility.

ANALYTICAL MODEL

In this study, two models of the mufflers was analysed, i.e. two-chamber and side-inlet side-outlet muffler. These two 

d 1 d 2 l 1 l 3 l 1 l 2 l 2
IL = 20 log Z n+1 Z n+1 + Z 0 v n+1 v 0 = 20 log p n p 0 ( 14 
)
For the two-chamber muffler, shown in fig. 1, the algorithm derived by Munjal [START_REF] Munjal | Velocity ratio in the analysis of linear dynamical systems[END_REF][START_REF] Munjal | An algebraic algorithm for the design and analysis of linear dynamical systems[END_REF] was used to calculate velocity ratio v n /v 0 and thus the insertion loss. Calculated insertion loss was shown in the fig. 4.

For the SISO muffler, shown in the figure 3, the acoustic equivalence of SISO and extended-inlet/extended-outlet (EIEO) was used [START_REF]Plane wave analysis of side inlet/outlet chamber mufflers with mean flow[END_REF][START_REF]Tuning a two-chamber muffler for wideband transmission loss[END_REF]. The plane wave equations for EIEO was used to derive the insertion loss equation.

Calculated insertion loss was shown in the fig. 4. Computational mesh was based on models shown on fig.

1 and 3 with dimensions as in table 1. Two-dimensional mesh was prepared and created with GMSH, open-source finite element mesh generator. For both cases, the mesh consisted of triangular elements, created with Frontal-Delaunay algorithm. Two-chamber muffler mesh consisted of 75368 nodes and 150754 elements, while SISO muffler mesh -of 54729 nodes 109468 elements. Fragment of SISO muffler mesh was shown in fig. 5. 

Boundary Conditions

For both flow and acoustic simulations, three named boundaries was defined, inlet, outlet and wall. The inlet and outlet boundaries was marked in the figs 6 and 7. On all unmarked boundaries, the wall boundary condition was assumed. s ) The boundary conditions were defined separately for pressure and velocity. Pressure Neumann boundary conditions were defined on each boundary:

Flow simulations

∂p ∂n = 0 (15) 
For velocity field, Neumann boundary condition was defined for outlet:

∂u i ∂n = 0 (16) 
and Dirichlet boundary conditions were defined for walls:

u i = 0 (17)
Dirichlet boundary condition was also defined for inlet, as parabolic velocity distribution. For SISO muffler, velocity was defined as:

u 1 = 0, u 2 = 400x 2 1 -90x 1 + 3, (18) 

Acoustics simulations

For acoustic simulations, the medium in which wave propagates, was also air (density ρ = 1.2 kg m 3 , speed of sound c 0 = 340 m s ). The simulated time in each simulation was equal to t = 0.02s, and the time step was equal to ∆t = 1e-5. For inlet, pressure was defined as Dirichlet boundary condition given by sine function:

p = A sin(2πf t) (20) 
where: A = 1 -amplitude, f -constant frequency, ttime. A series of simulations were carried out for two dampers, in which the frequency of pressure changed, it assumed the following values: 340, 500, 1000. For velocity field, Neumann boundary condition was defined for inlet and outlet

∂u i ∂n = 0 (21) 
and Dirichlet boundary conditions were defined for walls:

u i = 0 (22) 
In acoustics simulations, to model anechoic termination, the buffer zone was used. For both mufflers, the coefficents of eq. ( 8), was equal to α = 25, β = 3. The zone was 0.2m long from the outlet. asd 5. RESULTS

Flow simulations

Flow simulations were conducted with FEniCS software, using MUMPS solver (MUltifrontal Massively Parallel sparse direct Solver) and Newton method. For simulations, absolute convergence criterion was 1•10 -4 and relative one was equal to 1 • 10 -5 . Flow through SISO muffler converged after 180 iterations. The velocity field distribution is shown in the fig. 8. 
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Acoustic results

The acoustic simulations were conducted with FEniCS, with GMRES (generalized minimal residual method) method and ILU (incomplete LU factorization) preconditionar.

Velocity and pressure fields shown in the following sections, was generated for time of simulation equal to t = 0.02s.

Results in tables 2 and 3 were calculated by Fourier analysis of the signal recorded in the intake and exhaust pipes.

Two-chamber muffler

The results for two-chamber muffler was shown in tab. 2, where A subscript stands for analytical, and S for simulation insertion loss of two-chamber muffler.

The pressure distributions for various frequencies were shown on figs 9 and 10. The velocity distributions for various frequencies were shown on figs 11 and 12. Also, the spectrum of pressure measured in inlet/outlet pipe was compared and shown on fig. 13.

Side-inlet/side-outlet muffler

The results for SISO muffler was shown in tab. 

DISCUSSION AND CONCLUSIONS

In this study, we we presented the capabilities of the developed solver. It was used to calculate the wave propagation in the mufflers without and in the presence of flow. Initial tests of the solver, described in [START_REF] Łojek | Finite element modeling of a flow-acoustic coupling in unbounded domains[END_REF], showed that it shows good agreement with the analytical formulas. The comparison of the simulation results with the results obtained from the analytical formulas shows that this tool allows to obtain results similar to the analytical ones.

The discrepancies in this study may be due to simplifications assumed by the analytical formulas or the fact that a two-dimensional system was modeled. That does not diminish it's value, developed tool still can be used to model various acoustic systems.

Mean flow field obtained with Navier-Stokes equations were used as input data for the flow-acoustic coupling simulations. The developed tool allows for the analysis of the impact of mean velocity on wave propagation, but it must be noted, that in current form, it does not take acoustic sources into account.

The use of a FEniCS software allowed to focus on issues related to the phenomena itself, instead of developing numerical methods code allowing for pre-and postprocessing and for the solution of matrices resulting from the discretization of the equations. Currently there are very few tools, both paid and open source, that allow solving linearized Euler equations, also in the presence of average flow.

The tool is constantly being developed, currently work is underway on the possibility of coupling it with Open-FOAM software. This will allow for a more accurate analysis of flows than the relatively simple implementation of 
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 4 Figure 4. Insertion loss for EIEO muffler (dimensions as in 1)
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 567 Figure 5. Part of computational mesh of two-chamber muffler

For

  fluid flow simulations, flow of the air in 20 • C was modeled (density ρ = 1.2 kg m 3 , kinematic viscosity ν = 2 • 10 -5 m 2
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 8 Figure 8. Mean velocity distribution for flow inside SISO muffler
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 9 Figure 9. Pressure field of wave propagation in twochamber muffler for inlet pressure frequency f = 340Hz
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 10 Figure 10. Pressure field of wave propagation in twochamber muffler for inlet pressure frequency f = 1000Hz
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 1112133141516 Figure 11. Velocity field of wave propagation in twochamber muffler for inlet pressure frequency f = 340Hz
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 17 Figure 17. Velocity field of wave propagation in twochamber muffler for inlet pressure frequency f = 1000Hz
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 18 Figure 18. SPL measured at inlet (dashed line) and outlet, without (solid line) and with (dotted line) for different inlet pressure frequencies for SISO muffler
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 1 Mufflers

dimensions (in meters) Muffler dimensions were shown in table 1

4. SETTINGS OF THE SIMULATIONS 4.1 Geometry

Table 2 .

 2 Comparsion of analytical and simulation results for two-chamber muffler

				dB] Error [dB]
	340	-0.4	0.36	0.26
	500	37	14.58	22.42
	1000	11	9.6	1.4
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