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Abstract

We present a Markovian approach to prove universality results for general statistics on the symmetric
group. We prove, in particular, that the number of occurrences of a vincular pattern satisfies a CLT for
conjugation invariant random permutations with few cycles and we improve the results already known
for the longest increasing subsequence. We give also a generalization to other random permutations and
other sets having a similar structure to the symmetric group.
© 2022 Elsevier B.V. Allrights reserved.

1. The ping-pong method

In probability, there are some limiting laws (Tracy—Widom, Airy point process, sine point
process, semi-circular law, Gaussian distribution, etc.) that appear as a limit of different
statistics with no obvious link between them. This phenomenon is known as universality. Let
S, be the group of permutations of [n]. For ¢ € &,, we denote by #(o) the number of
cycles of o. In this section, we are interested in proving universality for conjugation invariant
random permutations with few cycles. We give direct applications to known statistics in the
second section. In the third section, we push the technique to improve some known results.
In particular, we obtain a new lower bound for the expected value of the length of the
longest increasing subsequence of a conjugation invariant permutation. In the fourth section,
we generalize this result to other sets, including colored permutations and other distributions,
including Mallows laws.
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A sequence of random permutations (o,),>; is said to be conjugation invariant if o, is
supported on S, and

Vn > 1, Yo € &,, o, < o lo,0. (Hinw)
For example, the uniform law on any conjugacy class is conjugation invariant. Many examples
of conjugation invariant random permutation have been studied in the literature we refer
for example to the Ewens permutations and their generalizations (the generalized Ewens
permutations, the Ewens—Pitman permutations, the Kingman virtual permutations etc.). We
refer to the Appendix for a brief introduction to Ewens permutations.
For « > 1 and p € [1, 00], we say that the sequence of random permutations (0,),>1
satisfies H;  if

inv,a

. . . . . d #o,) P 0 P
(04)n>1 1s conjugation invariant an I m , Hipp.e)
ne
. . L? .
and we say that it satisfies H;;, , if
. S #(0,) L Lp
(04)n>1 1s conjugation invariant and T n_)—og . (Hinv,a)
noa

1.1. Rebound on the Ewens zero distribution

Givenn > 1 and E C 6,,, we define
next(E) :={po(i,jhip€E, #po(,j)=H#p)—1}U{p e E;#p) =1}
and

next"-1({a}) if #(o) > 1

final(o) := .
{o} otherwise.

In other words, next(E) is the set of permutations obtained by concatenating, if possible, two
cycles of some o € FE, and final(o) is the set of permutations obtained by concatenating all
the cycles of o. In particular,

final(o) C &" == {0 € &,; #(0) = 1}.

Let Gg, be the directed graph with vertices G, and edges {(o, p); 0 € &,, p € next({c})}.
We represent Gg, in Fig. 1. Gg, can be seen as a directed version of the Cayley graph of &,
generated by transpositions where the edges are oriented toward the permutations with fewer
cycles (the further from the identity according to the graph distance), for which we added loops
at the permutations of G2.

Let f be a function defined on &, := U2, &, and taking its values in some metric space
(F, dF), for example Z, R, R? or €°(R). It turns out that the uniform distribution on 62, also
known as the Ewens distribution with parameter 0 (See the Appendix for more details.), is
useful to obtain universality results for conjugation invariant permutations if f does not change
too much by merging two cycles. More precisely, we define for 1 <k <n,

()= max  max dp(f(0). f(p)).

0€S, #(o)=k pefinal(o)
We present now our main result.
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(1,3) (1,2) (2,3)

(1,2,3) (1,3,2)

9 U

Fig. 1. The directed graph Gg,.

Theorem 1.  Assume that (0,)n>1 and (Gref,n)n=1 Satisfy (Hin,). Suppose that there exists
x € F such that

P
f(Uref,n) m X, (1)
P
8’/1’#(gr€f,n)(f) g 0 (2)
and that &, 4, \(f) Lo 3)
el n—o00
Then
P
f(all) — X. (4)
n— 00

Moreover, if the assumptions (1)—(3) hold true for the P convergence for some p > 1 instead
of the convergence in probability, then so does (4).

When F = R?, we obtain also the convergence in distribution.

Theorem 2. Assume that F = R? and that (On)n=1 and (Orefn)n=1 satisfy (Hin,). Suppose
that (2) and (3) hold true and that there exists a random variable X supported on F such that
S(Orefn) L) X. Then

n—oo

flon == X. 5)

Let 0ynifn and ogy,0,, be uniform random permutations respectively on &, and 62. The
idea of the proof is to compare both f(o,) and f(0,.f,,) With f(0Ey,0,,). In general, the choice
Orefin < Ounif,n 18 interesting since the convergence in (1) is known for many statistics. We
chose to give a very simple version that can be checked easily for many statistics. For almost
sure convergence, one can obtain similar results after defining the spaces properly. We will
not discuss here this type of convergence. We will give many applications using the following
observation.
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Remark 3. By the triangle inequality, we have

k
e k() <D eni(f) < (k= Den(f),
i=2
where

enk(f) = max max dp(f(o), f(p)) and &,(f) = max &, (f).

0€Sy #(o)=k penext({c}) 1<k<n

Consequently, if there exists some o < 1 such that ¢,(f) = O (n%) then (HF ) implies

nv,ox
(3) and (H};I/i,.a) implies the equivalent hypothesis in IL”. Moreover, if oy¢f < Ounif,n» then
Proposition 36 implies (2) and the IL” version of (2) for every p. We will give some direct

applications of this observation in the next subsection.
1.2. Some applications

In the next corollary, we will give some applications. The second column of Table 1 contains
the function to study. We apologize to the reader because those statistics are not defined yet.
One can check the corresponding result in the sixth column for more details.

Corollary 4. For the functions f the distribution X and the real o in Table 1, if ('H;F;wa) is
satisfied, then

flow) — X

except for the sixth example where the convergence holds in probability.! For the first and the
fourth examples, the convergence holds also in P under (H"-" ). For the fifth example please

mv,o

check the corresponding theorem for more details about the type of convergence.

Note that:

e We give in the fourth column the inequality we used to obtain our results. Except for
the cases where we study the RSK image of the permutation, the longest alternating
subsequence and the descent process, the inequality is trivial, but we will prove all the
inequalities in the sequel.

e We want to emphasize that these results are just a direct application of Theorems 1
and 2. Using more sophisticated controls of the error, one could obtain larger classes
of universality as we will detail in the sequel.

e For all our examples, the special case of the Ewens distribution satisfies the hypothesis.

1.3. Proof of Theorems 1 and 2

Let p, be a conjugation invariant random permutation. To prove Theorems | and 2, the idea
is to modify p, to obtain a conjugation invariant random permutation supported on 62. We
define the Markov operator T associated to the uniform random walk over Gg, . Another way
to see it is the following:

! In the space of continual diagrams i.e. the set of 1-Lipschitz real functions f such that outside a compact,
f(x) =|x —al. One can see [21,27] for more details for continual diagrams. We will use as distance, dr(f, g) =
sup,cg | f(x) — g(x)| which is finite since both functions are continuous and, outside a compact of R, f — g is
constant.
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Table 1
Some examples.

Stochastic Processes and their Applications 147 (2022) 76—-106

Statistic f(o) X Error Hypotheses Theorem
LIS(o) LDS(0) 2 P e
Longest monotone Tna’ I 2 &n < T (’mey‘.z) Theorem 7
subsequence: first (HL 5)
mv,
order
Longest monotone % % 2 &y < % (H}YP;“‘_Z) Corollary 10
circular subsequence:
first order
Longest monotone w Tracy—Widom &y < % (HLP;“‘_()) Theorem 7
subsequence: LDS(’Sizﬁ ne
fluctuations T
no6
Edge of RSK: Ai/(%) 2 &y < % (H][»Ij“;_z) Proposition 12
first order (HL” )
Inv,z
Edge of RSK: <M> Airy ensemble ep < il (H‘ﬁwe) Theorem 13
fluctuations nt l<i=d né
Shape of RSK - Lioevim N e < WL (P D) Theorem 14
2n n, inv,
Jj-cliques: first Kiﬁg) ]% & < 27] (HF ) Corollary 17
order '
o K- G2y’ 2 p
j-cliques: G Y NTo, W &y < ﬁ HE ) Corollary 17
fluctuations
Exceedances: first w % & < % (7—[]5”;.1) Corollary 17
order
—n .
Exceedances: % N(O, 1172) en < % (H‘,'Pm‘_z) Corollary 17
fluctuations
Descent process 1p)ca Ber(det([ko(j —i)]l4)) Proposition 23 (Hﬁ“‘_l) Corollary 25
Neexyo)—Ho— ) -
Patterns: L”l(””) N, Vi x) << (HE ) Proposition 19
. p-a+% » ﬂ inv,2
fluctuations n
The results below are fully understood in the conjugation invariant case.
Descents: % % &y < % (Hiv_l) Corollary 17
first order
. Np©@)-3 1 4 P Sorolls
Descents: — N, 15) &n < = (Hipp2) Corollary 17
fluctuations
Peaks: % % &n < % (HEU.,) Corollary 17
first order
_n 5
Peaks: % N(O, 4—25) ep < % (HE ) Corollary 17
fluctuations

80
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Table 1 (continued).

Statistic f(o) X Error Hypotheses Theorem
Longest alternating @ % &n < % (H‘x”‘_l) Corollary 17
subsequence: first
order

_2n .
Longest alternating LAS(# N(O, 4—85) &y < % (H‘[v’:”‘.z) Corollary 17
subsequence:
fluctuations

Fig. 2. The transition probabilities of T for n = 3.

o If the realization o of p, has one cycle, o remains unchanged (7(c) = o).
e Otherwise, we choose a couple (i, j) uniformly from the nonempty set

{G,j): ) &Ci(o)}
and we take T(o0) = o o (i, j). Here C;(0) is the cycle of o containing i.

For example, for n = 3, transition probabilities of 7 are given in Fig. 2. Slightly different
Markov operators have already been studied in [19,20], we modify a little the two operators
presented in the cited papers to obtain a uniform random walk easy to generalize to other sets.

We denote by T¥(p,) the random permutation obtained after applying k times the operator
T. It is the random permutation obtained after k steps of the uniform random walk on Gg, with
initial state p,. Remark that the condition j ¢ C;(c) guarantees that #(o o (i, j)) = #(o) — 1
since the cycles containing i and j are merged and the remaining of cycles are the same for
o and o o (i, j).

In particular,

#(T' () = max(#(p,) — i, 1). (6)

The invariant measure of this walk (for conjugation invariant permutations) is trivial.
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Lemma 5. If p, is a conjugation invariant random permutation of &, then the law of T"~'(p,)
is the uniform distribution on &9 i.e.

_ d
T l(pn) = OEw,0,n-

Proof. First, by construction, if p, is conjugation invariant then 7(p,) is also conjugation
invariant. Indeed, one can see that T'(p,) is conjugation invariant since the construction depends
only on the cycle structure of p, and all the integers between 1 and n play a symmetric role.
By iteration, 7"~ !(p,) is conjugation invariant. Moreover, using (6),

#T" " (0,) = 1. 7

Knowing that all the elements of &° belong to the same conjugacy class, they are equally
distributed and Lemma 5 follows from (7). 0O

We now prove Theorems 1 and 2.

Proof of Theorems 1 and 2. Equality (6) implies that
7" (pa) = T (py).
Therefore, almost surely,

dp(f(T" " (o)), f(pn)) = dp(f T (), (o)) < &) uo)-

e P
Thus, if € #(on) m) 0, then for any ¢ > 0,

P (dr (f(T" (o). f(p0)) > £) —= 0.

According to Lemma 5, T"'(p,) does not depend on the law of p,. By choosing at first
Pn = Orefn, (2) then yields

P
f(OEw,0,0) —> X.
n—oo

By choosing at a second step p, = o0,, we obtain (4) for any o, satisfying the hypothesis of
Theorem 1. One can prove Theorem 2 using the same argument. [J

2. Proof of Corollary 4

In the first subsection, we will mainly recover some already known results related to the
longest increasing subsequence. Our main contribution, is the study of what we will call later
local statistics is Section 2.2. Some of them are already studied for conjugation in the invariant
case but not the general case. We will focus in particular in the spacial case of permutation
patterns, which is to the best of our knowledge is not studied in the conjugation invariant case.

2.1. First application: Longest increasing subsequence

Given ¢ € &,, a subsequence (o(iy),...,o(i;)) is an increasing (resp. decreasing)
subsequence of o of length k if i} < -+ < iy and o(i}) < --- < o(i) (resp. o(i}) >

- > o(ix)). We denote by LIS(0) (resp. LDS(0)) the length of the longest increasing (resp.
decreasing) subsequence of ¢ For example,

. 1 2 3 45
if o=<5 30 4),LIS(U)=2 and LDS(o0) = 4.
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The study of the limiting behavior of LIS(0y,f,,), here ,,;y,, is a uniform random permutation
on G, is known as the Ulam’s problem (or the Ulam—Hammersley problem) In particular, the
asymptotic fluctuations were studied by Baik, Deift and Johansson. They proved the following
result:

Theorem 6 (Baik et al. [4]). For all s € R,
P (LIS(Uunif.n) - 2\/5 S S)

1
no

o FZ(S)v

where F, is the cumulative distribution function (CDF) of the GUE Tracy—Widom distribution.

For historical details, full proofs and applications, we refer to Romik [26]. For our purpose,
by remarking that for any permutation o and for any transposition t,

ILIS(o o 7) — LIS(0)| <2, |LDS(0o o1)—LDS(0)| <2,

we have immediately.

Theorem 7.

o Kammoun [19, Theorem 1.2] Under (H' ), forall s e R,

inv,6

LIS(o,) — 2 LDS(o,) — 2
P (M < s) E— Fz(s)and]P’< (c )1 V1 =< S) F(s).
ne n—o00 ne n—oo
(TW)
e Under (H! ),
LIS(c,) P LDS(o,) P
—> 2 and ———— — 2.
ﬁ n—00 ﬁ n—00
e For any p € [1, 00), under (’H,T,}/z;z)’
LI LD p
S(o,) 1P 2 and S(o,) L o)

\/ﬁ n—o00 ﬁ n—o0
This result is direct application of Theorems 1 and 2 with o6}.1, = Ounis,» and by taking as

functions to study

LIS LIS -2
fusio) = 59 and fie(o) = SO =2V,
NG

ne

For the uniform case, one can see [23,29] for the convergence of fijs; in probability, Baik
et al. [5] for the convergence in L” of fiis; and Baik et al. [4] for the convergence of fis» in
probability. For the fluctuations, we prove a stronger result.

Theorem 8. Assume that (0,),>1 is conjugation invariant and
. : N P
— min D #iow) | + = > #i(0w) —— 0. )
j=1 J=itl
Then (TW). Here, #;(0) is the number of cycles of o of length j.
83
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We prove this result in Section 3.2.
A similar application is the length of the longest increasing (resp. decreasing) circular
subsequence.

Definition 9. Given o € G, a subsequence is said to be increasing (resp. decreasing) circular
if it is increasing (resp. decreasing) up to a circular permutation. We refer to Albert et al. [1]
for a rigorous definition and more details. We denote by LICS(o) (resp. LDCS(0)) the length
of the longest increasing (resp. decreasing) circular subsequence.

Corollary 10. If (H;  ,

LICS(o,, LDCS(o,
LICSOn) ® o g PSSOw ®

ﬁ n—o0o ﬁ n— 00
The uniform case is proved in [1, Theorem 1] for the LICS and the case of the LDCS can
be obtained by composition by the permutation i +— n — i + 1. and one conclude since, for
any permutation o and any transposition t,

) is satisfied then

ILICS(o 0 7) — LICS(0)| <2 and |LDCS(o o 1) — LDCS(0)| < 2.

We will give now a generalization for the universality for the LIS. Given o € G, let (1;(0));>1
and (A;(0))i>1 be respectively the shape of image of o by the RSK correspondence and its
transpose. One way to define it is the following. Let

Jie):={sC{l,2,....,n}; Vi, j€s, (i —j)o@i)—0(j)) =0},
Di(o):={s C{l,2,...,n} Vi, j€s, (i —j)o@)—o(j)) <0},
Jip1(@):={sUs’, s € T, 8" € Ty},
Do) :={sUs’, s € Dy, s’ € D).

For example, for

Oers = (5 ; f) 31(0exs) = 0. 1), 121, (3}, (1. 2)}

and
J2(0ex,3) = Daloer,3) = {0, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.

The RSK image is defined as follows. For any permutation o € G,

max card(s) = Z Ae(0), max card(s) Zkk(a) O]

5€3;(0) pn 5€D;(0)
In particular,

max card(s) = Ai(o0) = LIS(0), max card(s) = A}(0) = LDS(0).

s€Ji(o) s€ED (o)

A more general version of Theorem 6 is the following.

Theorem 11 (Borodin et al. [9, Theorem 5] and Johansson [IS, Theorem 1.4]). If o,
follows the uniform distribution, then for all positive integer k, for all real numbers sy, s;,
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s Sk

lim ]P’(Vi Z g Mo =2 ) — lim ]P’(Vi <y i) =2 > (Ai)

n—oo nﬁ n—oo n6
= F (51,82, ..., Sk),

where F, . is the CDF of the first k particles of the Airy Ensemble.

A direct consequence of the construction above is that for any permutation o and any
transposition t

|Ai(@)—Ai(coT) <4 and |AM(0)—A](co1)| <4 (10)

Consequently, we have

Proposition 12.
° If(?—l?m,‘z) is satisfied then for any i > 1
Mo ® o, Ai(ow) P
ﬁ n—o00 ﬁ n—o00

e For any p € [1, 00), under (H."

2.

inv,2

ri(o, A " p
©n) _1r 2 and '(U)———>L1 2

—_—
ﬁ n—o00 ﬁ n—oo
o Kammoun [19] If (HE,L,_()) is satisfied, then (Ai) holds true.

For the permutations satisfying the same assumptions as in Theorem 8, we have the same
asymptotics as in the uniform setting at the edge.

Theorem 13. Assume that (0,),>) is conjugation invariant and

| -

min > #i(ow) +— Z #;(0y) ——»0 (11)
n j=1 j=itl

Then (Ai) holds true.

A=

The typical shape of (A;(Gunifn))i=1 seen as a Young diagram was studied separately
by Logan and Shepp [23] and Vershik and Kerov [29]. Stronger results are proved by Vershik
and Kerov [30]. In 1993, Kerov studied the limiting fluctuations but did not publish his results.
See [16] for further details. Let L, be the height function of A(0) = (1;(0));> rotated by
5—” and extended by the function x +— |x| to obtain a function defined on R. For example, if
A(a) (7,5,2,1,1,0) the associated function L, is represented by Fig. 3. Our technique
can easily extend Vershik, Kerov, Logan and Sheep’s result but fails to give any universality

result for fluctuations.
Theorem 14 (Kammoun [19]). Under (HF

Licon (sv/21) = 2s)

inv,l1

sup
seR

1 P
» 0, (VKLS)
/2}1 n—00
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= Ot Oy 1 0o

77767574737271' 1234567

Fig. 3. L(7_5,211V1,@.

where

2
—(sarcsin(s) ++v1—s2) if|s| <1
T
Is] ifIs| = 1.

2(s) =

Proof. Let now F be the set of continual diagrams i.e. the set of 1-Lipschitz real functions g

from R to R, such that 3a, b > 0 s.t. Vx ¢ [—b, b], g(x) = |x —a|. For g, h € F, we denote

by dp(g, h) = supy |h — g|. For o € G,,, f(0) is the function s — Mﬂ%‘/ﬁ) f is a function

from &, taking values in the metric space (F, dr). If we choose 0., = Ounifn and x to be
the function {2, the convergence
P
f(aref,n) — X
n—0oQ

is proven by Logan and Shepp [23] and Vershik and Kerov [29]. Using [19, Lemma 3.7.], for
any 1 <k <n,

, [k—1
Enilf) =2/ —— (12)

Theorem | gives the conclusion. [
2.2. Local statistics

Definition 15. Given k > 1, we call a function f defined on G, a local function of type &,
and we write f € Locy, if there exist a positive integer m > 1, a Boolean function g defined
on N+Dk quch that, for any n > k+m — 1 and any o € G,

flo) = Z gliy, ..., ik, 0(y), 001 —1),...,00G —m+1),

I<i{<--<ig<n
o(i2), ..., 0 —m+ 1)).
We used the convention o (i) = 0 when i < 0.

Here are some examples of local statistics.

e The number of fixed points:
By choosing k =m =1 and g(x, y) = 1,-,, we obtain that tr € Loc;.
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o #; € Locy and o — tr(c¥) € Locy.

o The number of j-exceedances’:
For j € N fixed, we define for ¢ € &, and, we define -/\/exc‘j (0) :==card({i, 0; > i + j}).
We choose again k =m =1 and g(x, y) = 1,4 ;<, and we obtain again ./\fexcj € Locy.

e Longest alternating subsequence (LAS):
Given 0 € G, (0(iy), 0(i2), ..., 0,(iy)) is said to be an alternating subsequence of o of
length k if i} < iy < -+ < iy and 0(i}) > o(i2) < o(i3) > ...0(ix). We denote by
LAS(o) the length of the longest alternating subsequence of o. In particular, Romik [25,
Corollary 2] states that LAS(o) = 1 + Z;:ll M (o), where M (0) = 1,(1)>¢(2) and for
1 <k<n,

Mi(0) = Lok—)y>ot)<otk+1) T Lotk—1)<o()>ok+1)-
This implies in particular that LAS € Loc;. Here, k = 1, m = 3 and
0 ifi =0
1 ifi =1
Lyyoy, if i =2

1]<k>j + 1y3>y2<y] ifi > 2.

g, y1, y2,y3) =

e Number of peaks: For o € &,, we define N (o) = card({l < i < n,0( — 1) <
o(i) > o(i + 1)}). We choose again k = 1,m = 3 and g(x, y1, 2, ¥3) = L3l <yy5ys
and we obtain again N € Loc.

e Number of j-descents:

For j > 1,0 € G, we define NDj(a) =card{l <i<n—-1,0+1)+j <o0@)}. We
choose k = 1,m =2 and g(x, y1, y2) = Ly>>1,,>,,+; and we obtain again NDj e Locy.
When j = 1, the 1-descents are known as the descents. We also set

Np(o) :=card{l <i <n—1,0( +1) <o(i)} = Np,(0).

e Number of inversions and j-cliques of the permutation graph:
Let 0 € 6,. Let &(0) = (Ve(s), Es(s)) be the permutation graph of o defined by

Veo)=1{1,...,n} and Ege) = {0, j) e {l,2,...,n};(c@) —o () — j) < 0}.

For example, E¢ () = @ if and only if 0 = Id,, and for the permutation o : i — n—i-+1,
(o) is the complete graph with n vertices.
Given j > 2, we denote by

Kj(o) :=card({(i1, iz, ...,i;); 1 <ip <--- <ij <n,o() > >0(;)})
the number of j-cliques of &(o). In particular, /C,(o) is the number of inversions of o.
One can easily check that with K; € Loc;. Here,
g(xlv B S LI I yj) = ]1y1>y2>--~>yj~
o Let di(o) = card({i; (i, k) € Eg(s)}) be the degree of the vertex k in &(o). We have
di(o) € Loc,.

2 In the literature, j-exceedances is sometimes defined by the condition o; > i + j and othertimes by o; =i+ j.
In both cases, the number j-exceedances is a local statistic but only the first case is in interest for our purpose.
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Proposition 16. Given k > 1, f € Lock, a random real variable X, k — 1 < y < k and
(@n)n=0 € RY such that

f(o-unif,n) —day d

X,
nY n— 00
if (H" ) holds then
iV, o
f(gn) —ay d X,
nv n—o00
Proof. By counting the number of possible choices of 1 < i} < ip,--- < iy < n such that
{i, jyn{iy, ..., i1 —m+1,iy,...,ix —m+ 1} # @, it is easy to see that for any permutation
o € 6, and any transposition (i, j) we have
2km(n — 1)! b1
i, i) — < — 7 <2k )
@) = FO = Gy s < 2hmn

Consequently for & = L n_y“”, ea(h) < 2kn*~*~'m and one can conclude using Remark 3. [

One can then easily apply this result.

Corollary 17. Under (H. ), we have for any j > 2,

inv,1

Np,(on) w1 1 Np(oy) 1 1 Ki(on) L 1
n n—oo 2’ n n—soo 2’ nm n— 00 (m!)z’
Newej(0n) 11 1 Noear@y L' 1 LAS(o,) 1l 2
—_— 5, —_ — _— =
n n—oo 2 n n—oo 3 n n—oo 3

Moreover, under (H"

muv,

,), we have for any j > 2,

Np,(0) =5 4 1 Np(o) =5 4 1
ﬁ n—00 N (O’ E) ﬁ n—00 N (0’ E) ’
ICj(Un) - ﬁ d Noexe;(00) = 5 d 1
' N, v)), / 2 N(o, —) :
nji% n—00 ﬁ n—00 12
Npeak(an) - % d N (0 i) LAS(Un) - %I’l d ./\/ (0 i)
\/ﬁ n—o0o ’ 45 ’ \/ﬁ n—0oo ’ 45 ’

where
4j-2 2j—1)2
v = (2?—1) - 2( ]j )
/ 2((2m — 1)!)?

The uniform case for Np, N, peaks KCj, ./\/gm and LAS has already been studied. One can
find a proof respectively in [22], [13], [14], [12] and [25,28]. For the conjugation invariant
case, as we explained before, Np and N, peak are fully understood but, to the best knowledge
of the author, it is not the case for K; and -A/exc1~ For /\/exq , the special case of the Ewens
distribution is studied in [12]. Moreover, the results for N D; and ./\/m.j are direct consequences
of respectively Np and Ny, since for any conjugation invariant random permutation o,,,

=D —j—-bd=-Po,DH=1) _ i

1
n—1

0 < EWNp(0,) — Np, (o)) =
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and

0 =< E(J\/;xcl(an) - MXCj(Gil)) = .] - L
2.3. Number of occurrences of a vincular permutation pattern

Vincular Patterns also known as dashed patterns are introduced by Babson and Ste-
ingrimsson [3]. We use the same definition as in [12].

Definition 18. A vincular pattern of size p is a couple (7, X) such thatt € G, and X C [p—1].
Given o € G, an occurrence of (7, X) is a list i1 < --- < i, such that

i, =i+ 1 forany x € X.
e (o(i1),...,0(ip)) is in the same relative order as (t(iy), ..., T(ip)).

We denote by N, x)(o) the number of occurrences of (t, X) in o.

When X = 0, (7, X) is said to be a classic pattern. Here is some examples of vincular
patterns:

L4 A/(ZI,Q) = an
e Noiay =Np
o Nij.a1p =K,

o Nusopioy +Nasi iy = Npeak~

Remark that for any (z, X), Nz x) € L0¢p—card(x)-

For the uniform case, Bona [6], Janson et al. [17] and Hofer [15] proved a CLT for
monotone, classic and vincular patterns respectively. Féray [12] gives a generalization for the
Ewens distribution. In particular, Hofer [15] proved that for any t € &, and any X C [p — 1],
np—4

pi(p—q)! d N(O, VT’X)-
[o.¢]

nP—4-1 n—

-/\[(I,X)(O—unif,n ) -

Here, g = card(X) and V; x > 0. Using Proposition 16, we have immediately the following.

Proposition 19.  Under (H;,, ,), for any T € &, and any X C [p — 1]

ir
P—q
Mr,X)(an) — d

p(p—q)!
np—q—% n—

Here, g = card(X) and V; x > 0.

= N(O, V x).

3. Further discussion and improved bounds

In this section, we want to show that beyond Theorems 1 and 2, the technique of proof can
be useful to have improved bounds with minor adaptations.

3.1. A lower bound for fluctuations

For some statistics, one can obtain a better lower bound by using a different way to go
from ogy 0., to o,. Unlike the previous examples, the control of the error may depend on the
statistic. Our first example is the longest increasing subsequence. We give a lower bound for
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Fig. 4. The transition probabilities of Ty, 5.

the fluctuations for a conjugation invariant random permutation. Using this inverse walk one
can obtain the following results.

Proposition 20. If (Hiv ;) is satisfied, then for any k > 1, for any s1,..., s, € R,
Ai(op) — 2
lim sup P (Vi <K, (0)—1\/% < s,-) < Fo(51, 52, « -+, Sk)-
n—oo nE

In particular,

LIS(o,) — 2/n
—1 S Ky

ne

limsup P <

n—o00

) < Fa(s).

To do so, we define a new Markov operator. Let o € GS,A €eY,andi € {1,...,n}.}
We define T;;(0) = (e™171@), ..., o"172()) ... (azf'(=Ai 1)\f'(i), ...,0™@i) ). Now let o, be
a conjugation invariant random permutation and let T, be the Markov operator defined on &°
as follows. Starting from o € &9, choose i uniformly in {1, ..., n} and A randomly according
to the distribution of ):(a,, )* and then T, (o) returns T; ; (o). Here we define a different Markov
operator for every distribution. For example, the transition probabilities of Ty, .. are shown
in Fig. 4.

By construction, ):(Tgn (o)) = A and thus, for any cyclic permutation o € 62, )A\(T(,n (o)) <
i(o,,). This yields, X(T(,” (CEw.0.n)) < ):(on). Finally, since the construction depends only on the
cycle structure, 75, (0£yw,0,,) 1S conjugation invariant and

Ty (GEw.0.0) = O (13)

Our main argument is the following lemma.

3 We recall that 62 is the set of cyclic permutations.
4 Xo) is the cycle structure of o.
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Lemma 21. For any permutation p € 62, for any conjugation invariant random permutation
oy, for any positive integer k, almost surely

k KT, k o) <
E ((Z 3 (T (P)) — x,(p)) ‘#(Tg,,(p») < Tl 550 £ 770300
_ =1 i—1

n
i=1

Proof. Leti; <ip < --- < iZf-;] () such that {il, i, < iZf;./\i(p)} C Ji(p). We have
then for any permutation o',

[ i <iga ) 0126 = p()) € )

and then
k k

Z)\j(ﬂ)/)_)\j(ﬁ) Scard{j < Zki(p); o) #p’(ij)}- (14)

j=1 i=1
Consequently, almost surely

k Y i)
E[[> 2T, 00— 200 '#(Ta,, O = > By #T,(0))
j=1 j=1

d (T,
YR L

i=1

Proof of Proposition 20. For any ¢ > 0 there exists ny such that for any n > ny,
k
P (Z 3i(OEw0n) < 9kﬁ> = V-
i=1
and by hypothesis for any &’ > 0 there exist n; > such that for any n > n;
n3
P | #(o,) fs/g >4J1 —¢.
Consequently,

E ((Zﬁzl 3T, @Ew0)) = 3@ Ew00)) ‘#(Tan (aEw.o,n»)
P - <g|>1-—c¢
ne

This yields

(X 2Ty o) = H@Ew0n)

Oa

=
3
|
3

n

. . d
which concludes the proof since T, (0gy.0,) = 0. U
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3.2. Proof of Theorem 8§ and of Theorem 13

Since Theorem 8 is the particular case k = 1 of Theorem 13, we will prove only Theorem 13.
Moreover (’Hir ;) implies clearly (11) and consequently, the first bound of Theorem 13 is a

direct application of Proposition 20. So it is sufficient to prove that under (#;,,) and (11), we
have

Ai(on
limianP<Vi§k’ kilow) =24 _ i>ze(s1,sz,...,sk). (15)

n—o00 n6

Sketch of proof. We will not go through all the details since we have already presented similar
techniques many times. The idea is to modify the random walk associated to T as following.
Given 1 < j <n — 1, we define f"j the Markov operator as following. f"j(a) is a permutation
chosen uniformly at random among the permutations obtained by merging all cycles of length
less than j to (one of) the biggest cycles of o to obtain a permutation with cycles of length
more than j. Since this construction depends only on the cycle structure, under (#,,,), f"j (o,)
is conjugation invariant. Therefore T”(fj(an)) is distributed according to Ew(0). Similarly to
the previous proofs, we have

a R R R HT:(00) e .
E ((Z M (T (Tj(on) — A ,~(T,~(on>>) ‘#(Tjwn))) < ’f D xilT(on)).

i=1

Let (j,)n>1 be such that

<Z#k<on)> + Y5 o —— 0.

" k=jp+1

o\—l —

We have then (T}, (0,))n>1 satisfies (F., ).

Z, 1)‘-( _]n(o'l‘l)) P

ﬁ n—o00 2k

and

E ((Zi‘_] M) = 2 (Fia) ‘#(f,-(on»)

n—0o0

(=

n
This yields (15). O

3.3. Lower bound for the longest increasing subsequence

Proposition 22. If (0,),>1 is conjugation invariant then for any ¢ > 0,
P (LIS(J,,) > V13 —6— e)ﬁ) —
n—0o0
This yields the following lower bound

E(LIS(c,
limint SO 5 A3 e~ 101.

n— 00 ﬁ
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Motivated by a conjecture of Bukh and Zhou [10], the author tried in a previous work to
prove an asymptotic lower bound on the expectation of the longest increasing subsequence of
a conjugation invariant random permutation without cycle conditions. In particular, under the
same hypothesis, it was proved in [20] that
. f]E(LIS(On))

lim in
n—oo ﬁ

>0.564..., (16)

Sketch of the proof of Proposition 22. The proof is an adaptation of the proof of [20, Thm 1].
Before we start, let

0 :=4—+/13 and 6" :=2(1 —0') =2/60' —2 =213 — 6.

In this proof, we use the following convention. Let A, B C &, and f : G, — R. If
P(o, € A) = 0, we assign P(o, € Blo, € A) =0 and E(f(0,)|0, € A) = 0.
We have,

E(LIS(0,)) = E (LIS(an) #1(0,) < e”ﬁ) P (#(0,) < 6"v/n)

+E <LIS(on)

(o) > ew) P (#1(0x) > 0" /)

> E (LIS(Gn) #1(on) < 9”ﬁ> P (#1(0,) < 6"/n)
0" VP (i(0) = 0" ).

Since the condition on the fixed points is conjugation invariant, it is sufficient to prove this
result in the case where almost surely #;(0;,) < 0”./n. Using the same argument and since the
condition on the number of cycles is conjugation invariant, it is sufficient to prove this result
in the two particular cases.

o If almost surely #(o,,) > no’.
We recall that

#,(0%) > 6#(c) — 3#,(0) — 2n.
Consequently, under the condition #,(0,,) < 6”./n, almost surely,
#1(02) > n(60' —2) —36'/n.

We can then conclude using [20, Proposition 15] that
E (LIS(0,))

liminf > 2.
n—oe /n(60' —2) —30"\/n
Thus,
E (LIS(o,,
fim inf —15(@n) > 260 —2=0".

n—00

o If almost surely #(o,,) < n6’. Using Lemma 21 for k = 1, we obtain that for any ¢, &’ > 0
there exists ng such that for any n > ng, for any conjugation invariant random permutation
o, such that almost surely #(o,,) < né’,

P(LIS(0,) > 2v/n(l — 60 — ) > 1 — &',
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Consequently,

liminf — 5@

n— oo \/ﬁ

2(1 -6 =0".
This concludes the proof. O
3.4. Universality for Loc

We denote by Loc the set of local functions f € Locy for some k that depends only on
a finite number of entries of o. For this class, it is simple to obtain the convergence of the
expectation. It can be seen as a macroscopic universality result.

Let A C N* be finite, n > max(A) and (0,,),> satisfying (#,,,). Using again the random
walk associated to 7" and seeing that

C e . 1 ) ) 2#(o,)card(A)m
P@Ei e {ii —ini1 € A, 0<ip <m —1},(T" (0u)(0) # 0u(i)) < ————,

we obtain the following.

Proposition 23. Given f € Loc and assuming that (0,)n>1 and (Gref.n)n>1 satisfy (HEH‘_’]
we have

E(f(all)) - ]E(f(aref,n)) m 0.

Moreover, if f(0rfn) converges in distribution then f(o,) does also converge to the same limit.
We give now an application: Let n be a positive integer and o € G,,, we define
D) ={ie{l,...,n—1}; o+ 1) <o(@i)}.
When o is random, D(o) is known as a descent process. ~
Given A C N* finite, if we introduce D*(0') := 14cp(s), then DA € Locja; N Loc. Here,
|A]
(X1, X2, o, X|AL V1 V1 Y20 - Vil Yia) = Tacpg—ta=izian | [ Ly <y-
i=1
We further investigate the descent process. First, the descent process is well understood in the
uniform case.

Theorem 24 (Borodin et al. [8, Theorem 5.1]). For any positive integer n and any
AcC{l,2,....,.n—1},

P(A C D(Gltnif,n)) = det([k()(] - i)]i,jEA)7
where,

1

> ko) =

i€’

We say that the descent process is determinantal with kernel Ko(i, j) := ko(j — i).

In the non-uniform setting, the descent process is already studied for the Mallows law with
Kendall tau metric: it is also determinantal with different kernels, see [8, Proposition 5.2]. We
showed in [19] that for a large class of random permutations, the limiting descent process is
determinantal with the same kernel as the uniform setting. We obtain a weaker result than [19].
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Corollary 25. Under (H.,

mnv,

Jlim P(A C D(0y)) = det([ko(j — Dli jea)- (DPP)

\), for any finite set A C N¥,

Proof. Just apply Proposition 23 for the statistic DA, [J

The same argument can be applied for other local statistics but not necessarily in Loc. For
example, we have similar results for the degree of vertices of the permutation graph.

Proposition 26. Under (H.,, ),

d@) ®» 1 dy@) 5 1 do) = 1
—n _n—>oo> 2’ n 00 2’ n n—00 2
Moreover, under (H;, ),
dg (o) =5 4 M

— N, 1-0), {TZN(O’ 6),

2\/5 n—

di(on) — % d N, 6)
n—oo

Jn

where U is a uniform random variable on [0, 1].

Jn

Note that d) is a local statistic for fixed k but it is not the case for d,. The uniform case
is already studied by Giirerk et al. [14]. The problem for d, is that for any 2 < k < n,
&n(d,) = n — 1 since d,(Id,) = 0 and d,((n, 1)) = n — 1 and thus we cannot apply directly
our previous approach. The idea of the proof is the following. If we condition on the event

E,={T",T? ...,T" do not change o, (n)},

then d, changes at most by 2 every time we apply 7" and one concludes easily since

P(E,) > 1 —2]EG'&I(1—“”)).

4. Other groups
4.1. General idea and main results

The same technique of proof we presented in Section 1 can be applied to other sets having
a similar structure to the symmetric group. We will give applications in the next subsection. In

general, one can apply the same techniques when there exists a “nice” sequence of undirected
graphs G = (G, = (Vy,, E;))n>1° such that.®

Vn > 1, G, is locally finite. (17)

i
ne

(18)

Vn > 1, there exist a countable set I, and finite sets (Vni )ier, such that V, = Ui, V,

5 We use the usual notations i.e. V,, is the set of vertices and E, is the set of edges.
6 We use U to denote disjoint union.
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Fig. 5. The classes graph for the Cayley graph of &, generated by transpositions for n = 4.

For any n > 1, for any i, j € I,, for any o}, 07 € Vi,

card({o’ € V/; (o/,01) € E,}) = card(fo’ € V/; (¢/,02) € E,}) = eji. (19)

ﬂ ’

i.e. the number of nelghbors in v, of any element of V/ only depends on (i, j); we denote it
by e; ;. We denote by E,, = {1, Jj) € e,,‘,- > 0} and by Gn = (I,, E,l) the classes graph.
We need moreover in the sequel of thls Section | that

Vn > 1, the classes graph (f;: is connected. (20)

In the sequel of this section, we assume (17)—(20).
For example, if G, is the Cayley graph of the symmetric group generated by transpositions
we have

V, = 6n

E,={(0,00(, j);0 €6y, i #j}

I, =Y, (the set of Young diagrams of size n).

Vi={o €6, ko) =1i),

E:, the set of couples of Young diagrams such that one can obtain one from the other by
concatenating two arrows. For example, for n = 4, we obtain the classes graph in Fig. 5.

With analogy with Section 1, we will now construct a new directed graph for which we will
consider the uniform random walk. Let dg, be the usual graph distance and for o € V,, we
denote by Class(o) the unique i € I, such that j € Vi Let (if)n=1 € ]_[n>1 I, be a “nice”
sequence of classes. We denote by d(o) := min . « dg, (o, p). The random walk we use to
prove universality will be the uniform random gvalk on the directed graph G/, = (V,, E})
where

E, = (01,00 € E;:d(02) = d(o1) — J U [(0,0). 0 € V).

Back to the example of the Cayley graph of the symmetric group generated by transpositions
we have

e Class(c) = A(o),

e i = (n, 0) is the Young diagram with a unique row of length n,
o (Vu, E,) =Gs,

e d(o)=4#(0)—1.
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With analogy with the symmetric group, let T;; be the Markov operator associated to the
uniform random walk on G, V. = U,>V, and f be a function defined on V,, and having
values on some metric space (F, dr). With analogy with Section 1, for S C V,, and 0 € V,,
let

nextd (o)) if d(o) > 1

next(S) := {02; 01 € S and (oy,07) € E|}, final(o) := .
{o} otherwise

and for i € I, and p > 1, we define

1

3 dr(f@) fon _
Enip(f) = ( XV: pagg ard(v,;')card(next({a}))) ' Enplh) = ,Seuzp EniplS)
Eniool) = max  max | dr(f(©). f(p), Enno(f) = supe, ; L (f).
oV, pENe xt({o'} i€l
1
, _ dr(f©@), fo? \"
%”mﬁ(;%§wmwmmme’ Enicol) = M I, r @) S0

Finally, let (0,),>; be a sequence of random variables such that o, is supported on V,,. We
say that o, is G, invariant (with respect to the partition {V!};c;,) if for any i € I, and any
o,peV,

P(o, =0) =P(o, = P),

and we say that (0,,),>1 is G-invariant if o, is G,-invariant Vn > 1.

Definition 27. For a > 0 and p € [1, oc], we say that (0,,),>1 satisfies H¢_;,, o if

(04)n=1 is G-invariant and C_Z’Z") % 0, M inv.e)
we say that it satisfies Hg ,,, o if

(04)n=1 is G-invariant and C_ZZ") % 0. (MG o)

Interesting results can be obtained if the graph satisfies an additional symmetry property:

For any o € V,, for any 07, 03 € final(o;), the number of paths in G/, of length d(o)
from o to o is equal to that from o} to 03 i.e. Ay, the adjacency matrix of G, satisfies
the following:

d(o)

Vo, € 6,,3¢5 € Nsuch that Vp € G, Ag (01, 0) = oy L pefinal(oy)- 21

In particular, we have the following:

Lemma 28. Under (17)—(21), for any (0,),>1 G-invariant, for any P € [1, oo,

((dp (f(on) f( d(m( n))))p> E((&),. crasson), p)")-
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i€l gev;

(e =)

If (64)u>1 is G-invariant, then P(o, = 0) = mP(Class(an) = Class(o)). Moreover,
under (21),

((dp(f(an) f (T8 @n))”

Consequently, one can conclude since

Proof. For any random variable o,, we have

E((ar (£, £ (T, d““(nﬂ))p)==E(: (( (. £ (157"@0)))"
=> "> P, =0)

_ _ Zpeﬁnal(a)(dF(f(G)a f(P)))p
on = 0) - card(final(c)) '

E((ﬁ;,clam(dn),l’)p) =E <E((£;’C]am(dn)’p)p)‘ClaSS(an))
= Z P(Class(o,) = i)g,; )"

iel,
_ . (dr(f(o), f(p))?
= ;P(Class(an) =1) Z‘/i peg(g)CaId(V,f)Card(ﬁnal(o))'

Similarly, one can prove the following.

Lemma 29. Under (17)—(20), (6,)n>1 is G-invariant, for n > 1, for any P € [1, ool,
E ((dr(f (o), [ (Tg)0))") = BUE,. classion.p)’)-

This gives us a universality result.

Theorem 30. Assume that (17)—(20) and that (6,)p>1 and (0yef,n)n=1 are G-invariant. Suppose
that there exists some deterministic x € F and p € [1, oo[ such that

P L?
f(ai’é’f,n) > x  ( resp. f(aref,n) > X),
n—00 n—00

EnClassiorgmoolF) —= 0 (TEP &, classiop e ) ——> 0) (22)
and

EnClassionnolF) —= 0 (7D &, clusyiom el ) —— O). (23)
Then

flon) —— x (resp. f(on) ——> x).
n—0o0 n— 00
Moreover, under (21)—~(23) can be replaced by

’ P ,
&n Classtopeg 1 () = 0 (7D €} Classioyep.p(f) ——= 0)
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and

’ P ’ LP
én,Class(a,,),l(f) 100 0 (resp' Q,Class(an),p(f) 00 0)

Idea of the proof. The proof is identical to that of Theorems 1 and 2. Indeed, (19) guarantees
that under the G-invariance, for any n > 1, T (0,) is G, invariant and by construction almost
surely

d(Tg;, (0n)) = max(0, d(0,,) — 1).

Consequently, by induction, Tg,(a")(a,,) is distributed according to the uniform distribution on
n

V,f" and almost surely

dr(f(TE0,0), FO0) < Entassiomocl ) O

Similarly to Remark 3, by the triangle inequality and using that the arithmetic mean is
smaller than the p-mean, we have’

d(on)

/
n

d(k)

Epp () < Zj;;}?;g[@ﬁ, () < d)El ().
i=1 770

Consequently, if there exists & > 0 such that

1
& ,(f)=0 <—1> )
no
P

then one can obtain (22) and (23) for the equivalent classes of (HL. ,, ) (resp.(H5 ;. ).

4.2. Some examples of finite graphs

In general, Cayley graphs are good candidates. An interesting case is when there exists
(i)n=1 € [ 1,21 In such that

L Z min dg, (0,0') =0 < max dg, (o] 02)>
Card(Vn) oV, (T/EV:’,;.; niTo 01,00€Vy n ’ s

in this case, the comparison with the uniform distribution can be done for reasonable statistics.

The first four examples we give are different ways to apply our results to the symmetric group.

The other four examples are different graphs. Our eight examples satisfy (17)—(21).

e The Cayley graph of symmetric group generated by transpositions: We recall that
- (Vau, E}) = Gen,
-1, =Y,
- Vi={0 €&, ko) =i},
- Class(o) = Mo),
— i¥ = (n, 0) the Young diagram with a unique row of length n,
—d(o) =#(o)— 1.

7 There is here a notation abuse. Since d is constant in any class, we denote by d(k), d(o) for some o € k.
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Ids Ids

7\ 7N\

(1,2) (2,3) (1,2) (2,3)

{ } } }
\

1,3,2) (1,3,2 1,2,3)

) (
N/
(1,3) ,
Y U

Fig. 6. G; obtained by the transpositions (1, 2) and (2, 3).

e Even permutations: A permutation o € G,, is said to be even if n —#(o) is even. Cycles
of length 3 are a generator of &,. When n is odd, &Y is a subset of the set of even
permutations. One can choose for example.

— G, the Cayley graph of &,,4; generated by cycles of length 3
=1, ={X € You115 €(A) = 1 (mod 2)},

=V, = {0 € Gyi1, M0) =i},

- Class(o) = i(o),

—-ir=02n+1,0),

- d(o) = "5,

e G, seen as a Coxeter group: Here we take the right (or the left) Cayley graph generated
by transpositions of type (i,i + 1). Depending on the choose of the right or the left
composition, one can obtain a different universality theorem. The classes are the same
but the graph (and consequently error controls) are different. In this case we have:

— G, the right (or the left) Cayley graph of G,, generated by {(i,i+1);1 <i <n—1}.
- In ={071’.'.7”(an1)}7
- V,f = {o; Ky(0) = i}, where we recall that (o) is the number of inversions of o.
— Class(o) = Ky(0),

+ %k l‘l2
—ir= [T'|, .
—-d) = [71—Kao)l

For example, G is represented in Fig. 6. Corollary 17 guarantees that i = fé] is a good
candidate if we want to compare with the uniform distribution. But also it is possible to
choose i = 0 when looking for universality results for random permutations close to the
identity. For this graph, the Mallows law with Kendall tau distance is G,-invariant and
one can obtain a first order universality for all local statistics we already studied in the
previous sections and for the limiting shape

e Using the same previous graph (same G,) but with only two classes even and odd
permutations® i.e. I, = {even, odd} we obtain that, if f(c,) converges in probability
(or L') when o, follows one of these three distributions

8 Here, the choice of i’ is not important but the reader can take i = even.
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9

— Uniform law of G,
— Uniform law of even permutations
— Uniform law of odd permutations

it converges also for the two others as soon as

min (Y, oo, 1< dr(f(0 0 (i + 1)), f(0)); Xpees, 1<ian Ar(f (i + 1) 00), f(0)))

nl(n —1) =o().

e Another possible application is the hypercube (Z/27Z)*". In this case, we set

- G, = (Z/22)*
-1,=1{0,1,...,2n}
- Vi is the set of edges of the graph such that the graph distance from (0, ..., 0) is i.

Pk
-1, =n.

e (Z/dZ)" : Let R, be the equivalent relation defined as follows: For any

X = (X)1<i<nds ¥ = Oi)i<i<na € (ZJALY", xRyy & 30 € Gra, ¥y = (Xo(i))1<i<nd-

‘R, define naturally the classes of the vertices. The central limit theorem guarantees that
the class i* where we have exactly n coordinates equal to k for any k in Z/dZ. is a good
candidate. By choosing fixed and different proportions of every element of Z/dZ for i,
one can obtain different universality results.

e Let (H,),>1 be a sequence of non-commutative and finite groups and (A,),>; such that

A, is a conjugation invariant subset of H,.’

— G, be the Cayley graph generated by H,.
— I, is the set of conjugacy classes
-Vi=i

In this case, G-invariant random variables are conjugation invariant variables. The choice
of i is specific to the choice of G,.

e Dihedral group D,, For our study, one can admit that

]D)zn = {S(), ey Sp—1,T10, - .- ,I‘nfl}
and

Y =Ty, I;S; = Si4+j, SiT; =S8i—j, S;S; =TIi—j.
Here, (i, j) are in Z/nZ. One can choose either

— G, the Cayley graph generated by {s;,0 <i < n},

- In = {r,S},

- V2 ={s;,0 <i < n} is the set of transpositions and V| = {r;, 0 <i < n} is the set

of rotations,

—ir=r
or keep the same graph and choose conjugacy classes as classes (as in the previous
examples) In the second case, we require that f(o,) convergences for any sequence of
rotations and a transposition does not change a lot the statistic.

Colored permutations: A less trivial example is the set of signed permutations and
more generally the set of colored permutations. Given two positive integers n and m,

ie. if 0 € A, then ¢ C H,.
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a colored permutation is a map 7 = (o, ¢) such that ¢ € &, and ¢ € {1, ..., n}lm,
A subsequence mw(xy),...,m(x;) of mw is called increasing of length m(k — 1) + p if
o(x)) < o(xp) < -+ < o(x) and @(x1) = P(x2) = -+ = ¢(x) = p. We denote by

LIS(sr) the length of a longest increasing subsequence.

Theorem 31. Let (mw, = (0,4, ¢u))n>1 be a sequence of random colored permutations and
assume that:
— 0, is independent of ¢,,
— ¢y is distributed according to the uniform distribution,
— oy Is conjugation invariant,
P
— om0,
ng
then,
LIS(w,) — 24/nm
m3.Ynm

Proof. The uniform case is proved by Borodin [7]. To apply our theorem, choose the graph
where two colored permutations are related by an edge if only the first components differ by
a transposition, i.e.

- E, ={((0,¢), (000, ), 9);i #j},

) — FJ'(s). (24)

- In = Yn’
-V, ={(o,9);0 =i},
i =@.0. O

For our examples, a trivial choice of G-invariant elements is the uniform measure, or the
uniform measure on a given class. Since d is constant in classes, a natural way to generalize
Ewens measures is the following. Given g € R, the probability measure satisfying

qg(a)

Zo"e Vi qi(o',)

is G-invariant and for any statistic f such that f(p¢.0.,) converges, one can obtain a non-empty
universality result around pg o, since

erry = q > E(dr(f(TX69m (pg 4 1), F(0G.q.))

is continuous and err,(0) = 0. In fact, in the case of permutations, Ewens and Mallows
measures with Kendall tau distance are particular cases of pg g ,-

P(;OG,q,n = U) =

4.3. Infinite case

We take now G, = G an infinite graph. Example of “nice graphs:

e The infinite d-regular tree T,.

e The set of words of a finite alphabet of length d.

e The free group F; with its natural Cayley graph.

e The Cayley graph of B, the Artin Braid group.

e The Cayley graph of an infinite and finitely generated group H = (x1, x2, ..., X,).

102



M.S. Kammoun Stochastic Processes and their Applications 147 (2022) 76—-106

The classes here are indexed by N according to the distance to the root (or the identity). Let
G be such that

0 < liminf log(card({x; d(x) = n})) = lim sup log(card({x; dx) = n})) = log(}) < oo.

n— 00 n n— 00 n

In this case, Mallows laws are well-defined and G-invariant. It is the case for the first three
examples.
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Appendix. Ewens measures

Definition 32. Let 6 be a non-negative real number. We say that a random permutation
Ogw.0.n follows the Ewens distribution with parameter 6 if for all 0 € G,

9#(0)—1
[T/ +i)

Note that when 8 = 1, the Ewens distribution is just the uniform distribution on &,,, whereas
when & = 0 we have the uniform distribution on permutations having a unique cycle. For
general 6, the Ewens distribution is clearly conjugation invariant since it only involves the
cycle structure of 6.

We want to recall the interpretation of the Ewens distribution via a nice stochastic process

known as “the Chinese restaurant process”. Suppose that there are an infinite number of circular
tables with infinite capacity.

IP)(O—Ewﬂ,n = G) = (25)

e At ¢t =0, all tables are empty.
e At t =1, the person “1” comes and sits in the first table.

1

O

e At t =2, the person “2” comes and sits in the table near person 1 with probability ﬁ

()

and sits alone in a new table with probability %.

O O
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[T

e Att = n, the person “n” comes, she/he chooses to sit alone in a new table with probability
7 +271 and in an occupied table i with probability 03‘1 7» where B; is the number of
persons at the table i. In this case, she/he chooses her/his position uniformly in gaps

between two persons.

For example, if we have the following configuration
4 3
O O
at t = 5, the probability to switch to each of the following configurations
4 3 4 3
O O (O O O O
5 9 1 9
4 3
O O
5
ﬁ and the probability to switch to
0

g
4 3 5
O O O
is equal to .

To obtain the associated permutation to a configuration one reads the elements on each
non-empty circle counterclockwise to get a cycle. For example, to the configuration

oy

we associate the permutation (1,4,2)(3,5). For further reading, we refer to Aldous [2],
McCullagh [24] and Chafai et al. [11].

Using the Chinese restaurant process description of the Ewens distribution, it is obvious to
see that the number of cycles #(o gy ¢.,) is the sum of n independent Bernoulli random variables

with parameters {i The following classic result is immediate.

0+i }Ofifnfl'

is

Proposition 33.

¢ 4
E@# (0Fw.0) = and  B(#(Opno0) =1+ g =2t 0log(n).
i—2

n
n—1+86 1+60 —

In particular, for the uniform distribution, we have

# unif,n
#Ounign) _® (26)

log(n) n—00
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Proof. Since the number of cycles of the uniform law is the sum of n independent random
Bernoulli variables of parameters 1, %, cee % and using Chebyshev’s inequality, we obtain

n i—1

i=1 ;2

# unif,n n 1
P —(a f’)—1>a < log(n)? 2:O .
log(n) no1 log(n)
(O‘ +1- 550 >

Remark 34. This convergence holds almost surely. The proof uses martingale techniques. One
can find a proof of this result in [11].

In our work, we need the following two results.

Corollary 35. Let (6,)n>1 be a sequence of non-negative real numbers such that:

|
lim 9”0—?(") = 0. 7)

Then (0gw,0,.n)n>1 Satisfies (HE ).

mnv,a

Proposition 36. For any 0 > 0, > 0 and p > [1, 00, (Ggw.0.n)n>1 Satisfies (7—[7’/) ).

mv,a

Proof. Using Bernstein inequality, if 6 > 1,

P#(oEw,0.1) > Bp + 1 log(n) + 2) < P#HoEw,6.n) > E( #(0Ew,0,0)) + 3p0 log(n))

9n2..2 2
—20 log(n
< ex 30°p gg)
Var(#(GEw,O,n)) + ?179 IOg(n)
—36%p? log(n)>
< exp

(p+ )P log(n) +2
2
(0] (nzelﬁrl) =0 (n_%p> .
Consequently,

E(#(ozu0.)") < (3p + DB log(n) + 2 +n? O™ ¥) = O(log" (n)).

When 6 < 1, one can conclude since E#(ogy 0.,)") < E#(0Ew.1..)"). U
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