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Discrete and gradient Elasticity Cosserat Modeling of
Granular Chains

First A. Sina Massoumi, Second B. Noél Challamel, Third C. Jean Lerbet

Abstract— The present study theoretically investigates the free
vibration problem of a discrete granular system. This micro structured
system consists of uniform grains elastically connected by shear and
rotation springs. Such a granular structural system is confined by
discrete elastic interactions, to take into account the lateral granular
contributions. This discrete repetitive system could be considered as a
discrete Cosserat chain or a lattice elastic model with shear interaction.
First, from the vibration equation governing the model, the natural
frequencies are exactly calculated for the simply supports boundary
conditions. Then it is shown that the discrete equations of this granular
system, for an infinite number of grains, converge to the differential
equations of the Bresse-Timoshenko beam resting on Winkler
foundation. A gradient Bresse-Timoshenko model is constructed from
continualization of the difference equations of the granular system.
The natural frequencies of the continuous gradient Cosserat models are
compared with those of the discrete Cosserat model associated with
the granular chain. Scale effects and wave dispersion characteristics of
the granular chain are clearly captured by the continuous gradient
elasticity model.

Keywords— Cosserat continuum, Gradient elasticity, Granular
medium, Timoshenko beam, Vibration analysis.

. INTRODUCTION

N order to adapt a theory of continuous media to granular

materials, it is necessary to introduce independent degrees of
freedom of rotation, in addition to those conventional
translation. Indeed, the relative movements between the
microstructure and the average macroscopic deformations can
be apprehended by additional degrees of freedom. Such
enriched kinematics leads to non-classical continuous media
(Cosserat-type theories [1], [2]). Voigt [3] was one of the
pioneers in the development of these enriched environments.
He showed the existence of stress-couples in these materials.
Cosserat's continuum theories belong to the wider class of
generalized continuas which introduce intrinsic length scales
via higher order gradients or additional degrees of freedom ([4]-
[6]). Conversely, the classical mechanics of continuous media
does not incorporate a rotational interaction between the
particles, and does not allow to understand the size effects in
these media.
Furthermore, the Bresse-Timoshenko beam model takes into
account shear stiffness and the rotational inertia of the section
([7]-[9D). The effect of shear and rotary inertia can be significant
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in the case of the calculation of natural frequencies for short
beams or for which the shear modulus is sufficiently weak. The
Bresse-Timoshenko beam model is also a generalization of the
Euler-Bernoulli model, and admits kinematics with two
independent fields, a field of transverse displacement and a
field of rotation. Timoshenko [8], [9] calculated the exact
natural frequencies for such a beam with two degrees of
freedom resting on two simple supports. The calculation of
natural frequencies for a Bresse-Timoshenko beam with any
boundary conditions and in elastic interaction with a rigid
medium is also obtained by Wang and Stephens [10], Manevich
[11]-[13].

Another essential point is the equivalency of the theories of
continuous beams of a one-dimensional Cosserat medium and
a classical Bresse-Timoshenko medium. In fact, a Timoshenko
beam is an example of a Cosserat one-dimensional continuum
considering the independent double rotation-displacement
kinematics (see [14], [15]). There is therefore a link maintained
between the one-dimensional granular media of Cosserat and
the media of Bresse-Timoshenko. The present study focuses on
the vibration of the granular beam model resting on a linear
Winkler foundation [16]. Note that the difference equations of
this granular chain coincide with the difference equations of the
granular model of Pasternak and Mihlhaus [17] in the absence
of elastic foundation, but differ from the difference equations
of the discrete model with shear studied by Duan et al [18] or
the model formulated more recently by Bacigalupo and
Gambarotta [19].

This paper is organized as follows. First, a discrete granular
model is introduced from the elements interaction considering
rotation and shear. Then, from the dynamic analysis of the
beam, the deflection equations for the discrete granular beam
and the continuum beam are obtained. The exact solution for
the granular deflection equation leads to a fourth order linear
difference equation. For the continuum model asymptotically
by considering an infinite number of grains, the governed
equation would lead to a fourth order linear differential
equation. The natural frequencies are obtained for the both
model and are compared together.

Il.GRANULAR MODEL

A granular beam of length L resting on two simple supports
is modeled by a finite number of grains interacting together.
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Such a model could be presented by considering the
microstructured granular chain comprising n+1 rigid grain with
diameter a (a=L/n) that are connected by n shear and rotational
springs, as shown in figure 1. It is assumed that the elastic
support springs are located at the center of each rigid grain.
Each grain has two degrees of freedom which are denoted by W;
for the deflection and @; for the rotation. This model is slightly
different with the one of Challamel et al. (2014) where the nodal
kinematics and the Winkler elastic foundation are located at the
grain interface. The aim of this paper consists in finding the
vibration equation of this granular chain and then trying to
obtain the natural frequencies.

Fig. 1 A discrete shear granular chain composed of n+1 grains of
diameter a and mass m; L=n.a

The total energy function of the system is given by

U=Us +Up + Uwinkter 1)

where Ug, Uy, and Uyinier are respectively the strain energy due
to deformed shear, rotational springs and Winkler elastic
foundations and are defined as follows

n-1
_1 Ois1 + 63\ )
U =325 (W = Wi =2 =)
n-1
1 3
Uy :EZ C(0141 — 0,)° ®)
i=0
(4)

1c
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where S i the shear stiffness and defined by s = =72 = 2522

is the shear modulus; A is the cross-sectional area of the beam
and Ks is an equivalent shear correction coefficient. C is the

rotational stiffness and can be expressed as ¢ = == = %=, where

E is Young’s modulus and I is the second moment of area. K=ka
is the discrete stiffness of the elastic support and is attached to
the center of each grain.

The kinematic variables are measured at nodes i located at
the center of each grain, which is consistent with the approach
followed for instance by Pasternak and Miihlhaus [17].

The total kinetic energy of the granular model may be
expressed as follows:

n n
1 ) 1 . 5
T:EZmiM@2+§Zlmi@f ©)
i=0 i=0
where 1, = I, =>1,and I, = 2= = pIa for i in [1,n-1] are the

second moment of inertia of the beam segment and. m; is the
mass term for each grain that is defined for the inter grains by
m; = pa and the half value for the boundaries.

The Lagrangian relation of the granular system may be
defined as L =T — (U; + Uy + Uyiner). The Euler-Lagrange of
such a granular system are given by

i—d(i)- "’—L—i("’—f) withi = 0,1,2,..,n (6)

aw;  dt\aw;/ ' ade;  dt \ao;

Using (6) based on the energy function leads to the following
difference equation system

K.GA(8,W) — K,GA(8,0) — kW, — pAW; = 0 7
EI(8,0) + K,GA(8,W) — K,GA(8,0) — pIf, = 0

Considering two fictitious grains connected by two shear and
rotational springs to the first and last grains and also by
introducing the following pseudo-difference operators

SOM/i — Wi+1+2‘:/i+Wi71’ 61]/'/1 — Wi+12*aWi71 , SZM/z — Wi+1*2:|2/i+Wi71 (8)
Assuming a harmonic motion W; = w;e/®* and 0; = 9,/ with
j*=-1, (7) may be written in a matrix form

K.GAS 6\ _ (0 9
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These difference equations system (9) have been obtained
by Pasternak and Mihlhaus [17] when neglecting the elastic
Winkler foundation (k=0). With consideration of an infinite
number of grains (n —» o) referring to the continuum beam, it
converges to the coupled system differential equations of (10)
which has been obtained by Bresse (1859) and Timoshenko in
absence of Winkler foundation (k=0) and assuming the shear
correction factor be unity (Ks=1). This equation valid for a
Bresse-Timoshenko beam on elastic foundation have been also
obtained by Wang and Stephens [10] and Manevich [11].

K,GAd 0
k—KSG;w}; —prw2> (w) - (g)

It is possible to introduce the following pseudo-differential
operators

EI8, — K,GAS, + plw?
K,GAS,

(Ela%; — K ,GA + plw? (10)

K,GAd,

s eWx 4 2 4 e x b2 ad,
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e — e ®x  sinh (ad,)
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e¥Wx —2 y e 4 ad
_ _ cro A0x 11
8, = ————— = —sinh? () (11)

The relation could be obtained between these operators as



8,680 = 8,8, = 6,° (12)
With consideration determinant of the matrix in (10) equal to
zero and using the property of (12) gives the fourth-order
difference equation for the deflection as follows:

kEI  Elpw?
[EI8,% + (plwz “xaeat KPG )52 + (k — pAw?)8, (13)
s s
kplw? p*lo* 0
Kea 't KG VT

Equation (13) is slightly different from the fourth-order
difference equation obtained by Duan et al. [18] for (k=0).

Considering infinite number of grains (n — o) for the
continuum beam, the fourth-order differential equation valid for
a Bresse-Timoshenko beam on Winkler elastic foundation is
given by (14) which also could be compared well by [10], [11]
and [20].

d*w [(pw? E k \d*w
(B (14 —) -— )=
dx* E k,G/ k,GA/ dx?
pw ( k pw

K
E\1"kea GA_k(;)__)]w 0

(14)

I1l. EXACT SOLUTION
A.Resolution of The Difference Equation

The exact solution for the fourth-order linear difference
eigenvalue problem of (13) is investigated (see [21], [22] for
the general solution of linear difference equations).

The boundary conditions of the system could be supposed as
follows [25]:

At i=0: wy=0; 6,wy=0 (]_5)
Ati=n: w,=0; 6w, =0
The non-dimensional quantities may be introduced
ﬂzzmzp,q,}’”s:s = L,r*zz,k*zk—” (16)
EI Ks G A L EI

0 is a dimensionless frequency; y, is inversely proportional to
the shear stiffness; and * is proportional to the rotatory inertia.
The solution of the linear difference equation is thought in the
w; = BA' form, where B is a constant. Therefore, the
characteristic equation could be obtained as

1 1
(/1+z)2+(/1+z)e+t=0 (17)
where the parameters e and = can be defined as
r*Zﬂz 1 T*zk*ﬂs k* (18)
P L)
n? 41*2n? nz 4n*

202 " 2
] k 0
T= ( —HsT *zk*+”s *202)+2(4n4 4n4>
2 2 2K
n
-2 1+p,) - S)+4]

Solving (17) leads to the following equation

gl et V& —at (19)
Tz
Equation (19) admits four solutions written
—e+VF—dT | e-va—az (20)
A = 2 + |( 2 )2 —
(21)
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where j2 = —1. On the other hand, it is important to notice that
according to (19) the results of ;1+% are in the ranges of

(—oo, —2]0Or [2, +0).

The limited cases when 2 +§ = 42 would be happened for 1 =
+1 which refers to the critical frequencies. The critical
frequencies of the system are inconsistent condition with the
general supposed form of the deflection and would be obtained
by assuming:

T=42e—4 (22)

Replacing T and € by using (18) ones could be obtained as:

*2 12
e - ) -9 =0 (23)
n

% (2% — k) (7 0% - 1)) = 0 (24)

Therefore, two branches of critical frequencies would be
obtained as follows

2n 4n? . (25)
'0“‘11 = * erip = ”Sr*z +
1 (26)
9572,1 =Vk* 'chz,z = u e
s

The critical frequencies of the first branch depend on the
grain  number (microstructure parameter), mechanical
properties and beam geometry (macrostructure parameters)
while the second branch critical frequencies are only defined as
a function of the beam mechanical properties and geometry. On
the other hand, comparing these critical values with the those of
the Timoshenko continuum beam resting on the Winkler
foundations [10], leads to the equivalency of the second branch
critical values (26) to the Timoshenko continuum beam’s. For



infinite number of grains, since the first branch critical
frequencies (2., and a,,) leads to infinite values and
consequently disappear, so only the second branch would
remain. These critical values could be shown as follows

k (27)
Bcrys = Ocrrimoshenko1 — pA ’
K, GA
Dcrys = Dcrrimoshenkoz — pl

It can be obtained, the behavior of the beam deflection solution
would be separated by the critical frequencies into different
regimes and depending on the frequencies values, the results
would be in distinct manner.

For finite number of grains, four regimes would be occurred
categorized as follows: when 0 <0 <., there are two
exponential terms and two travelling waves since 4, , are real
and 1, , are imaginary. In this case the deflection equation form
would be obtained from (38).

When 0., <2<, , A1234 are all imaginary and
therefore all terms represent travelling waves and for this case
the deflection equation form would be obtained from (39) .

For Q.. , <0 <1, again there are two exponential terms
and two travelling waves since 4, , are imaginary and A , are
real and the deflection equation form would be obtained from
(40).

Finally, for 2., , < 2, since all parameters of 4, , 5, are real,

thus whole terms represent exponential terms which leads to the
deflection equation form of (41).

For specific value of grain number (ny) 2., and Q.
would be equal together. This leads to the reduction of the four
regimes to three.

K, GA (28)
El

1 L
s = 2r*\/E 2

The results are shown for a case study of 50 grains and the
dimensionless parameters of u, = 4.28, r* = 0.029, k* = 15in
figure 2. In this example the values of the critical frequencies
are respectively 0., = 34641, 0., =16737, Q,, = 3.87
and £, =5798.
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Fig. 2 Schematic behavior of the wave vector regarding to the eigen
frequencies for finite grain number (n=50). The left and right panels
correspond to the real and imaginary part of the wave vector.

For infinite number of grains, since the first two critical
values converge to the infinite, so the previous different
regimes reduce to two regimes: when 0 < 2 < 0, , there are
two exponential terms and two travelling waves as 4, , are real
and 15, are imaginary and thus the deflection equation form
would be obtained from (38).

When 0,,,, <,all 4,5, are all imaginary and all terms of
represent travelling waves. This case leads to the deflection
equation form of (39). These two regimes correspond to the
ones obtained for the continuum beam of Timoshenko resting
on Winkler foundations.

Therefore, 4,, can be rewritten for 2 <0, and 0., <2

([23] for a similar presentation applied to the finite difference
formulation of Euler-Bernoulli beams) as

A2 = cosh9 + sinh 9 (29)
where
L [ (30)
cosp=—-—3 (2 T
hﬂ—_e 1 [,—€\2 _—€ (31)
cos —T+E (7) —T—7—COS(p

while 2, , would be obtained for 2., <2 < 0,

A2 = cos? * jsind (32)

where



2 (33)

On the other hand, 45, would be defined for 2 < o, , by

A34 = cOSQ * jsing (34)
where
e 1 [ e (35)
@ = arccos (T_E (7) - 1)
And for 2., <0
A34 = coshe + sinhe (36)
e 1 [—ev (37)
@ = arccosh (T 32 (7) - 1)

There are three possible general solutions for w; depending on
the critical values of the frequencies which may be represented
as

w; = Ay cosig + A, sinip + A; coshid + A, sinh id (38)
GRS
w; = By cosigp + B, sinigp + B;cosi¥ + B, sinid (39)
(’chz,z <N < ‘(207’1,1 )
w; = C; coship + C,sinhigp + C3cosid + C,sinid (40)
(‘(207’1,1 <N < chl,z )
w; = D; coshig + D,sinhigp + D;coshid + D, sinh i (4]_)

@, < 0)

Considering simply supported boundary conditions, the
deflection of each grain could be obtained by following
equation while 2 < 0., ,

w; = B sin (%) (42)

where p is the mode number or natural number (1 <p <n for
w;) and i is the grain number (0 <i<mn). Using non-
dimensional eigenfrequency parameters and (35)

w .2 o
T . 2T 1 prty  p,rk (43)
[ nt ]'Q + [ n2 (1 tHs 4r*2n2> cos (7) T
1 2r? )
Tt 2 A +p)|0
2
r°k'u, k*
2(—
+[ ( n? 4n*
pm k* Zr*zk*us
—4) cos (T) + ot 2 +4

+ 4(cos (%))2] =0

The natural frequencies of the granular chain represented in
figure 1 could be presented in a single form

vy |EI
w=— |—
L% [pA

where the dimensionless parameter y would be substituted by
the following equation:

L (1+ 1 ) (p")+k~+ Lo ™ s |y
= |- = Veos(PE) 4+~ 4~ 4+ N [
14 = Bs = pinz ) 2 Tapart " pr? Hs) T _

By considering low mode number (p<<n) and for the continuum
case whenn — oo, the assumption of cos (%) ~1-— % (%)2 could
be applied to (43). This leads to

(44)

(45)

(46)

2 g2 1
m—[p A +p) +k" + ]92

psre? poret
k'p*n®  pimt K
= D t—g|=0
r per gt

Solving the quartic equation of (46) leads to the eigenfrequency
values of the continuous beam that would be obtained again by
(44) and with y expressed as follows:

(47)

I R S S Pl R L 24
V= Attt (G A ta) vyt )

The sensitivity analysis is performed for the granular chain

by assuming the following set of dimensionless parameters
U = 4.28, r* = 0.029, k* =15 (48)

In figure 4, the frequency results obtained by the exact solution
of the discrete lattice model have been compared with those of
Duan et al. [18] for four grain number values (n=5; n=20; n=35;
n=50). For some values of mode number (p) and grain number
(n), the two branch frequencies of Duan et al. [18] contain real
and imaginary part that physically doesn’t have any sense.
Therefore, this model can’t cover all eigenfrequencies existed
for the granular beam for certain amounts of mode number (p)
and grain number (n).
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Fig. 4 Comparison of the natural frequencies for the proposed lattice
model and the model of Duan et al. (2013) by using lattice exact
solution with respect to the mode number (p) and grain number (n €

{5, 20,35,50}) for u, = 4.28, r* = 0.029 and k* =

B. Continuum Solution

In the limit case for the continuum beam, the fourth-order
differential equation including the Winkler elastic foundation
could be considered in dimensionless form

d*w d?w 49
ot [r202(1 + pg) = 772k ] e (49)
1
_ [r*zﬂz (,usr*zk* *—g- ,usr*2122>
—k]w=0

Equation (49) is obtained by Wang and Stephens [10] and the
non-dimensional parameters can be introduced
x w  d%w d%w d*w d*w

= . _ 73
X=-,w=—,—=L— , —=L"—
L’ L' dx? dx? ' dx* dx*

(50)
For simply supported beam, the solution can be proposed by the
form w(x) = sin(prx). Substituting in (49) leads to the
following quartic frequency equation.

[usr ] 0% - [r*z (usr*zk* + %) +rip2m2(1 + us)] 0? (51)
+ [r 2k pp?n? + K + ptrt] = 0

The results for the two branches of eigenfrequencies have been
shown in figure 5, both for the equivalent continuum beam and
the exact discrete one with respect to the mode number (p) and
for four grain number values (n=5; n=20; n=35; n=50). It can
be concluded that the increase rate in the frequencies of the
second branch is more pronounced in comparison with the first
branch. Furthermore, the exact solution of the discrete model
always predicts lower frequencies than the continuum one. As
it is expected by increasing the ratio of n/p the results of the
discrete model converge to the continuous ones. The
coincidence of the results could be considered happen for the
second branch when the ratio of n/p is typically higher than
approximate value of 5 while this approximate limit value is

typically 3 for the first branch. In figure 6, the effect of length
ratio (beam thickness/beam length) regarding to the grain
number has been studied for two typical mode number (p=1 and
p=10). The minimum values of required grain number (n*) have
been also determined and reported when the difference of the
discrete and continuum results start to be smaller than 1%. It can
be concluded generally that in order to achieve the continuum
results from discrete solution, whether the length ratio decrease
or the mode number increase, the grain number value needs to
increase.
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Fig. 5 Comparison of the natural frequencies for the discrete exact
and continuum solutions with respect to the mode number (p) and
grain number (n € {5, 20,35,50}) for ug = 4.28, r* = 0.029 and k* =
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Fig. 6 Analysis of the grain number effect on the frequencies with
respect to the length ratio (r*, = 0.029) for u, = 4.28 and k* = 15

IV. CONCLUSION

This paper investigates the macroscopic free vibration
behavior of a discrete granular system resting on a Winkler
elastic foundation. This microstructured system consists of
uniform grains elastically connected by shear and rotation
springs. It is shown that the discrete deflection equation of this
granular system (Cosserat chain) is mathematically equivalent
to the finite difference formulation of a shear deformable
Bresse-Timoshenko beam resting on Winkler foundation. Next,
the natural frequencies of such a granular model with simply



supported ends are first analytically investigated, whatever
considered modes through the resolution of a linear difference
equation. The scale effects of the granular chain are clearly
captured by the continuous gradient elasticity model. This scale
effect is related to the grain size with respect to the total length
of the Cosserat chain.
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