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The three-dimensional flow past a fixed sphere placed within a uniform stream is investigated. This paper focuses

on the second bifurcation, which is responsible for the onset of the unsteadiness. Using the highly efficient Nek5000

parallel solver together with a recently developed numerical algorithm to stabilize and accelerate the numerical

solution, it was possible to identify the three-dimensional eigenmode responsible for the second bifurcation. The

characteristics of this eigenmode are analyzed in detail. The value of the critical Reynolds number ReIIcr � 271.8, as
well as the Strouhal number of the arising limit cycle, agree well with previous experimental and numerical

investigations. To further assess the nature of the instability, an adjoint-based sensitivity analysis is carried out.

The structure of the direct and adjoint modes are discussed, and then the core of the instability is localized. Finally,

the sensitivity of the instability to a generic base flow modification is investigated.

I. Introduction

T HE flow past a three dimensional bluff body is an important

topic of research due to its relevance in industrial processes.

Dedicated literature on such flows indicates that wakes produced

by cylinders can display different behaviors compared with those

produced by a three dimensional bluff body like a sphere. The

earliest documented experimental activity was performed by Taneda

[1], where the flow past a sting mounted sphere for Reynolds

numbers, based on the diameter of the sphere and the incoming

uniform velocity, ranging from 5 to 300 was investigated using flow

visualization techniques. He showed that a recirculating region

develops close to the rear stagnation point at about Re ≈ 24 and it

expands up to Re ≈ 130. Above this value, he observed a first

instability of the flow characterized by periodic oscillations of the

wake with a long time period. Achenbach [2] and Sakamoto and

Haniu [3], using the same experimental setup, documented the

characteristics of the sphere wake considering Reynolds numbers

up to 105. However, some discrepancies among the results from

these experimental investigations were found due to the different

experimental setups. In particular, Ormières [4] demonstrated that the

experimental measurements have a significant sensitivity from the

perturbations introduced by the supports of the sphere. Despite this

difficulty, the transition scenario in the range 150 < Re < 350 is

widely accepted. Table 1 summarizes the estimated critical Reynolds

numbers for the first ReIcr and second ReIIcr bifurcation found in the

dedicated literature [3,5 11]. Magarvey and Bishop [5] used dye

visualization to study thewakes of free falling drops of an immiscible

liquid in water and showed in detail the characteristics of the different

transitions. Natarajan and Acrivos [6] reported the presence of a
steady axisymmetric flow solution up to Re � 210, where another
steady state occurred, but characterized by an asymmetric flow field.
As Reynolds number is increased, the flow pattern changes again at
Re ≈ 280� 10. Above this threshold, an unsteady flow state is
observed. Several flow visualizations of the steady asymmetric
regime (see, e.g., Johnson and Patel [7]) confirm that the axial
symmetry of the flow field at low Reynolds number is replaced by
a planar symmetry, which is also preserved above the second
bifurcation.
For a long time, numerical computations of the flow behind

a sphere have been confined to axisymmetric configurations due to
the large computational costs involved in a fully three dimensional
simulation. Tomboulides et al. [8] were the first to perform accurate
three dimensional (3 D) direct numerical simulations (DNSs) by
using spectral methods. They provided the critical Reynolds number
for the loss of the axial symmetry at ReIcr � 212. Moreover, they
also observed the onset of unsteadiness between Re � 250 and
Re � 285. Natarajan and Acrivos [6] examined the linear instability
of the steady axisymmetric base flow to three dimensional modal
perturbations. They reported the occurrence of a supercritical
bifurcation, at a critical Reynolds number ofRe ≈ 210, characterized
by unitary azimuthal wavenumber. Subsequently, the numerical
study by Ghidersa and Dušek [9] allowed one to obtain a more
accurate characterization of the first and second bifurcation,
combining a Fourier expansion in azimuthal direction with a spectral
element discretization analogous to [8]. In particular, they identified a
breaking of axisymmetry at ReIcr � 212 and the onset of the
unsteadiness at ReIIcr � 272.3. In addition, using the same numerical
scheme, Bouchet et al. [10] have shown that the instabilities for the
flow past a sphere leads to the onset of a lift and also of a torque,
which become oscillating quantities when the secondary instability is
reached. Moreover, Pier [12] performed a local stability analysis on
the planar symmetric base flow, under the assumption of weakly
nonparallel flow, to predict the occurrence of the second bifurcation.
Unfortunately, as for the cylinder case, the nonparallel effects of the
wake region negatively affects the accuracy of the results. Fabre et al.
[13] introduced a model based on the theory of mode interactions in
the presence ofO(2) symmetry: They were able to build a consistent
bifurcation diagram. However, their assumption of simultaneous
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To localize the core of the instability (i.e., the region where the
instabilitymechanism acts on the base flow), the structural sensitivity
analysis introduced by Giannetti and Luchini [14] is carried out.
This analysis allows one to quantify the effect of a small localized
perturbation δL of the structure of the linear operator
δL�Ub; û;Re� � Ub ⋅ ∇û� û ⋅ ∇Ub − Re−1∇2û on the eigenvalue
λ. Introducing the adjoint operator L† (see Luchini and Bottaro [15]
for a complete review on the role of the adjoint), the instability core
can be determined by introducing the sensitivity tensor S, that can be
defined as

S�x; y; z� � û† ⊗ û

hû†jûi (6)

Here, the inner product h⋅j⋅i between two complex vectors is
defined as follows:

hajbi
Z
Ω
a∗ ⋅ b dΩ (7)

where the superscript∗denotes the conjugate of the complex quantity
and Ω is the computational domain. Thus, following Giannetti and
Luchini [14], we localize the instability core by first evaluating the
spatial sensitivity map S�x; y; z� � kS�x; y; z�k2 and then inspecting
the region where it attains the larger values. It has been also shown
that this region is similar to that in which it is necessary to introduce
a small cylinder to control the dynamics of the wake [14].
However, the introduction of a small control cylinder in a bluff

body wake also modifies the base flow and thus alters the stability
properties of the flow. To take into account this latter aspect, the
concept of sensitivity analysis to base flow modifications has been
introduced first by Bottaro et al. [16] and then byMarquet et al. [17].
This procedure allows one to define the variation of the eigenvalue δλ
produced by a generic small amplitude modification of the base flow
δUb, evaluated as

δλ � hSbjδUbi
hû†jûi with Sb�x; y; z� � −�∇û�H ⋅ û† � ∇û† ⋅ û	 (8)

where H denotes the Hermitian matrix. Thus, the sensitivity
Sb�x; y; z� is a complex vector field, where the real part Sb;r and the
imaginary part Sb;i are the sensitivities of the growth factor and of the
frequency to a generic base flow modification, respectively.

III. Direct Numerical Simulation and Linear Time
Stepper for Global Instability Computations

The nonlinear DNSs are performed using the code NEK5000. It
adopts the spectral element method to discretize the governing
equations.We chose this code for its accuracy, efficiency, and flexibility
in treating complex geometries. For further details, we refer to Patera
[18] and Fischer [19]. Here, we adopt the classical PN − PN−2
formulation using a discretization that involves Lagrange orthogonal
polynomials on the Gauss Lobatto Legendre nodes.
When investigating the problem under the framework of linear

stability analysis, the first step consists of computing a steady three
dimensional base flow. As one requires to compute such a base flow
both below and above the stability threshold (where it is unstable),
one cannot simply use standard time integration of theNavier Stokes
equations up to convergence, and a specific numerical method is
required.
In the present work, the base flows are computed using our in

house stabilization algorithm called BoostConv (see Citro et al. [20]
Appendix A). The leading linear direct and adjoint modes are then
computed using the ParPACK implementation of the Implicitly
Restarted Arnoldi Method, which has been coupled to the direct
linear and adjoint time steppers available inNek5000 (see Tammisola
et al. [21] and Lashgari et al. [22] for further details).
For both DNS and global stability analyses, we have used four

different meshes consisting of multiblock grids, for which the
characteristics are given in Table 2.A representative sectional view of
the meshM4 is shown in Fig. 1b. Note that the meshes are symmetric

with respect to both plane z � 0 and y � 0 and are refined in the
vicinity of the surface of the sphere to correctly resolve the boundary
layers. To validate our method, we performed several numerical tests
to study the effects of the resolution and of the size of computational
domain on the flow stability. A grid convergence analysis was
performed to select the best grid in terms of speed and accuracy. We
found that the leading eigenvalues vary less than 0.05% when the
number of elements and the polynomial order Np are increased and
the inlet or the outlet regions aremoved apart. The results of such tests
are reported in Tables 2 and 3.
As presented in Table 2, it is possible to perform a p refinement,

increasing the polynomial order of the spectral elements, or an h
refinement by increasing the total number of elements inside the
computational domain. Tables 3 and 4 show that the length of the
computational domain does not influence the leading eigenvalues,
whereas the polynomial order weakly affects the results. It should be
noted that the size of the computational domain generally affects the
numerical results. However, as discussed in [14], we emphasize here
that, to accurately compute the eigenvalue of interest, it is sufficient to
have enough resolution in the corresponding “wavemaker” region.

IV. Results

A. Direct Numerical Simulations

Thewake flow past a fixed sphere has been initially characterized by
using DNSs. For Reynolds numbers smaller than ReIcr � 212.4, the
base flow is axisymmetric with the same spatial structure in every plane
that passes through the x axis. The flow topology consists of
a toroidal recirculation region with closed streamlines. As the Reynolds
number is increasedbeyond the thresholdvalueReIcr, the system loses its
axial symmetry and anewasymmetric base flowwith aplanar symmetry

Table 2 Meshes used in the present
study to validate the numerical setupa

Mesh Lx Ly Lz Ls Np Nelem.

M1 40 20 20 10 10 8,510
M2 47 24 24 12 10 12,920
M3 47 24 24 12 13 12,920
M4 52 28 28 14 13 15,160

aNp is the degree of the polynomial used in

Nek5000 and Nelem. is the total number of

elements; see Fig. 1 for the nomenclature.

Table 3 Influence of spatial grid
resolution and domain extension on the
critical Reynolds numbers ReIcr and ReIIcr

Mesh ReIcr ReIIcr
M1 212.8 272.9
M2 212.5 272.1
M3 212.4 271.9
M4 212.4 271.8

Table 4 Strouhal number computed
by using DNS and linear global 3-D

stability analysis at Re � 275a

Mesh StStab StDNS
M1 0.128 0.1296
M2 0.129 0.1303
M3 0.129 0.1306
M4 0.129 0.1307

aThe present Strouhal number computed by using

DNS is extracted using a probe measuring the

velocity norm at (3.5D; 0.1D; 0.1D).



emerges. The critical Reynolds number obtained for the first bifurcation

is in good agreement with the results obtained using a 2.5D analysis by

Meliga et al. [23].However,we are heremainly interested in the onset of

the unsteadiness (i.e., in determining the occurrence of the second

bifurcation).Direct numerical simulations of the full 3 DNavier Stokes

equations are used to perform a parametric analysis of the wake flow

past the sphere at larger Reynolds number. Results show that, for

Re > ReIIcr � 271.8, the flow becomes unsteady. A typical snapshot of

the unsteady flow field at Re � 280 is depicted in Fig. 2.

Figure 3 shows the spatial distribution of the base flow for the

unstable steady state at Re � 275. In particular, Fig. 3a depicts the

isocontours of the velocity modulus in the x z plane (see Fig. 1 for

the frame of reference), together with representative streamlines. In

this top view, we can clearly observe that the flow is symmetric.

Figure 3b shows the velocity distribution in the inherent symmetry

plane x y. The streamlines in the symmetry plane are no longer

closed, but are spiraling toward a converging focus in the upper half

and outward from a diverging focus in the lower half. Johnson and

Patel [7] described this flow feature: It indicates a three dimensional

flow along the toroidal structure, with streamlines diverging in the

third direction from the upper focus and converging toward the lower

one. The pressure distribution is also depicted in Fig. 3c. The arising

asymmetric pressure field causes a net lift force acting on the

sphere [24].

Figure 4a shows the evolution of the Strouhal number StDNS �
fDNSD∕U∞ predicted by DNS as a function of the Reynolds number,

fDNS being the frequency of the limit cycle evaluated from a probe

measuring the velocity norm in the flow field located at

(3.5D; 0.1D; 0.1D). Our results are in good agreement with [10].

Finally, the saturated amplitude of the lift coefficient

CL � Fy∕��ρU2
∞∕2��πD2∕4�� as a function of the Reynolds number

is evaluated from the DNS results and it is reported in Fig. 4b. Here,

we can easily confirm the presence of a square root scaling such

behavior (CL ∝ Re − Recr
p

), which is a typical footprint of a

supercritical Hopf bifurcation, as already discussed in [10]. By using

a polynomial (quadratic) fitting of this DNS data and extrapolation,

we estimate a critical Reynolds number of Re ≈ 273.

Fig. 2 Representative a) isosurface of the λ2 criterion for the unsteady flow field solution atRe � 280; b) cross section atx � 5D. Color contours show the
x velocity,white arrows show the in-plane velocity, andblack thick lines are representative contour of the vortical structure highlighted by the λ2 criterion.

Fig. 3 Stabilized supercritical base flow around a sphere forRe � 275:
a) top and b) front view of the velocity magnitude in the median planes
(white solid lines are representative in-plane streamlines); c) front view of
the pressure field for a section at z � 0.
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Fig. 4 Graph of a) Strouhal number as a function of Reynolds number: Comparison between DNS data and global stability results; b) saturation
amplitude of the oscillating part of the lift coefficient measured as a function of Reynolds number. Dashed line represents the second-order polynomial fit
(pol. fit) to the DNS data. The ∗ symbols are adopted to report the results discussed in [10].



B. Stability and Sensitivity Analysis

To confirm that the occurrence of the onset of unsteadiness is
effectively due to a Hopf bifurcation, we apply a full three
dimensional stability analysis on top of the stabilized steady base
flow. As explained in Sec. II.B, this approach allows one to compute
the eigenvalue of the leading mode under the form σ0 � iω0. The
inspection of the growth rate σ0 allows prediction of the threshold of
the second bifurcation. As discussed in Sec. III, we used different
meshes to perform a grid convergence study. Results reported in
Table 3 clearly indicate a threshold at ReIIcr � 271.8.
Because the dynamics of the flow is driven by the leading unstable

eigenmode, the imaginary part of the eigenvalue ω0 provides an
estimation of the Strouhal number StStab � ω0D∕2πU∞ of the limit
cycle arising from the bifurcation. This quantity is plotted in Fig. 4a,
together with the Strouhal number effectively observed in the DNS
and those from the literature (see, for instance, [25]). The results show
that the global stability analysis is able to predict the DNS Strouhal
number only near the ReIIcr: Nonlinear interactions and saturation
become rapidly important, increasing the Reynolds number.
Figures 5a 5c show the spatial distribution of the leading direct

global mode by using representative isosurfaces of the three velocity
components. We can note that the structure of this global mode is
dominated by streamwise velocity fluctuations located downstream
of the bluff body.As shown in Fig. 3, the base flow is plane symmetric
with respect to the x y plane. The streamwise u and transverse v
velocity components of the global mode have the same planar
symmetry: They are symmetric with respect to the x y plane. The
spanwisewvelocity component is antisymmetricwith respect to such

plane. From a physical point of view, the resulting unsteady flow
(which derives from the superposition of the base flow and the
perturbation) preserves the planar symmetry. This finding is in
agreement with the results reported by Tomboulides andOrszag [25].
The adjoint mode is depicted in Fig. 6. The spatial structure of this

field is localized near the sphere surface with the maximum peak
attained in the lower part of the near wake. The adjoint mode has the
same planar symmetry as the direct mode. We recall that the adjoint
can be used to study the receptivity of the mode to a generic initial
condition or forcing term. In particular, if the forcing function (added
to the right hand side of the momentum equation) or the initial
conditions are localized in space, the amplitude of the resultingmode
is proportional to the local value of the adjoint field. Figure 6 can be
interpreted as the component of Green’s function for the receptivity
problem [15].
Finally, we underline that there exists a large difference between

the spatial distribution of the direct global mode and the adjoint one,
due to the nonnormality of the linearized Navier Stokes operator.
The same characteristic is observed in the flow past a circular cylinder
[14], and this suggests that neither the use of the direct nor the use of
the adjoint field separately can correctly identify the instability
mechanism. We therefore perform here a structural sensitivity
analysis of the governing operator (for details see, e.g., [14,26]). The
resulting structural sensitivity map is depicted in Fig. 7. This map is
localized in the region immediately past the sphere. In particular, the
maximum of the structural sensitivity field is attained at x∗ � 1.58,
y∗ � 0.48, z∗ � 0. We computed this map for several values of the
Reynolds number up to Re � 300: Results show that the spatial

Fig. 5 Unstable direct global eigenmode at Re � 275. Depiction of the real part of the complex mode: (left) representative isosurfaces for the velocity
components a) û, b) v̂, c) ŵ; (right) sectional contour plot at d) z � 0, e) z � 0, f) z � 0.25.



structure of the sensitivity is always very similar (not shown here for
sake of brevity) to the one reported in Fig. 7. Figure 7b displays the
evolution of the streamlines over the bluff body superposed to the
isocontours of the sensitivity field. The instabilitymechanism is driven
by the region outside the asymmetric wake: This region is the

wavemaker. The other parts of the flow field just respond to the
wavemaker excitation, spatially amplifying or dampening the
perturbation waves.
Another key point of information is finally provided by the analysis

of the sensitivity of the stability characteristics with respect to base

Fig. 6 Leading adjoint global eigenmode at Re � 275. Depiction of the real part of the complex mode: (left) representative isosurfaces for the velocity
components a) û†, b) v̂†, c) ŵ†; (right) sectional contour plot at d) z � 0, e) z � 0, f) z � 0.25.

Fig. 7 Structural sensitivity of the leading eigenvalue of the flow past the sphere atRe � 275: a) representative isosurfaces of S; b) sectional contour plot
at z � 0. Gray dashed lines are representative streamlines in the plane at z � 0.



flow changes. In fact, the evolution of perturbations is also affected by
modifications at the base flow level. Following the procedure
introduced by Marquet et al. [17], we compute the sensitivity to base
flow modifications for different Reynolds numbers. The results are
depicted in Figs. 8 and 9 for Re � 275, where the magnitudes of the
growth rate and the frequency sensitivities, respectively, are reported.
Both the maps show that the resulting sensitivities reach the highest
values in the nearwakeof the sphere, in regions close to thewavemaker
identified by the structural sensitivity map.

V. Conclusions

In the present paper, the stability and sensitivity analysis of the
secondary bifurcation occurring in the wake of a sphere has been
investigated. Direct numerical simulations show that, increasing the
Reynolds number, the flow undergoes a sequence of successive
bifurcations. The first pitchforkbifurcation arises atReIcr � 212.4, and
the inherent flow field is characterized by an asymmetric wake with a
single planar symmetry. This paper focuses attention on the secondary
instability, which drives the flow to an unsteady state. In particular, the
paper’s aim is to confirm the existence of a self sustained mode in the
asymmetricwake of a fixed sphere. The results discussed in the present
work are in agreement with previous numerical and experimental data.
An accurate convergence procedure has been carried out to determine

the critical Reynolds number of the second bifurcation ReIIcr. A very
weak influence of the grid size and resolution on the leading eigenvalues
was found. The resulting critical Reynolds number is 271.8. The spatial
distribution of the direct and adjoint eigenmode is analyzed in detail.
The direct field is localized downstream from the sphere, and it is
characterized by spatial oscillations. The adjoint field, on the other hand,
shows that the flow ismost receptive to a forcing or to an initial condition

localized in the region immediately downstream the bluff body. A

structural sensitivity analysis is then performed to identify the core of the

instability mechanism. The wavemaker for the second bifurcation is

found in the region immediately past the sphere, as for the von Kármán

instability of the circular cylinder wake. Finally, the analysis of the
sensitivity to a generic base flow modification has been carried out,

identifying the regionswhere the stability properties of the flowaremost

affected by generic modifications at the base flow level.
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