N

HAL

open science

The flow past a freely rotating sphere

David Fabre, Joél Tchoufag, Vincenzo Citro, Flavio Giannetti, Paolo Luchini

» To cite this version:

David Fabre, Joél Tchoufag, Vincenzo Citro, Flavio Giannetti, Paolo Luchini.
a freely rotating sphere. Theoretical and Computational Fluid Dynamics, 2017, 31, pp.475-482.

10.1007/s00162-016-0405-x . hal-03240776

HAL Id: hal-03240776
https://hal.science/hal-03240776

Submitted on 28 May 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

The flow past


https://hal.science/hal-03240776
https://hal.archives-ouvertes.fr

OATAO

Open Archive Toulouse Archive Ouverte

Open Archive Toulouse Archive Ouverte

OATAO is an open access repository that collects the work of Toulouse
researchers and makes it freely available over the web where possible

This is an author’s version published in: http://oatao.univ-toulouse.fr/27837

Official URL:
https://doi.org/10.1007/s00162-016-0405-x

To cite this version:

Fabre, David and Tchoufag, Joél and Citro, Vincenzo and
Giannetti, Flavio and Luchini, Paolo The flow past a freely
rotating sphere. (2017) Theoretical and Computational Fluid
Dynamics, 31 (475-482). ISSN 0935-4964

Any correspondence concerning this service should be sent
to the repository administrator: tech-oatao@listes-diff.inp-toulouse.fr



mailto:tech-oatao@listes-diff.inp-toulouse.fr
http://oatao.univ-toulouse.fr/27837
https://doi.org/10.1007/s00162-016-0405-x

David Fabre - Joél Tchoufag - Vincenzo Citro(® |
Flavio Giannetti - Paolo Luchini

The flow past a freely rotating sphere

Abstract We consider the flow past a sphere held at a fixed position in a uniform incoming flow but free to
rotate around a transverse axis. A steady pitchfork bifurcation is reported to take place at a threshold Re9S =
206 leading to a state with zero torque but nonzero lift. Numerical simulations allow to characterize this state
up to Re = 270 and confirm that it substantially differs from the steady-state solution which exists in the
wake of a fixed, non-rotating sphere beyond the threshold ReSS = 212. A weakly nonlinear analysis is carried
out and is shown to successfully reproduce the results and to give substantial improvement over a previous
analysis (Fabre et al. in J Fluid Mech 707:24--36, 2012). The connection between the present problem and that
of a sphere in free fall following an oblique, steady (OS) path is also discussed.

Keywords Freely moving bodies - Fluid—structure interactions - Weakly nonlinear expansion

1 Introduction

Free falling and rising of particles in Newtonian fluids play an important role in many industrial and natural
applications, such as the settling of sediments in lakes, buoyancy-driven bodies in the atmosphere or the
dynamics of catalysts in chemical reactors. The particle motion is caused by the buoyancy force that is
balanced by the hydrodynamic resistance. The resulting wake dynamics can lead to completely different
regimes, such as tumbling, zigzag or steady oblique paths [1]. The mechanisms leading to path destabilization
are related to intrinsic wake instabilities which induce lift and torque forces on the bodies. Yet, in general, the
relation between wake instabilities around a fixed body and path instabilities around a body in free fall is not
straightforward as the latter problem is fully coupled and the wake dynamics are modified by the motion of
the body (as discussed for instance in Assemat et al. [2] and Auguste et al. [3]). Thus, it may be useful to
consider intermediate problems in which only some degrees of freedom of the body are allowed. This is the
objective of the present paper, where we will consider the flow past a sphere allowed to rotate but not to
translate. In an experimental setup, this configuration may correspond, for instance, to the case of a sphere
held by a thin transverse wire.
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The case of a sphere is among the simplest and most generic geometries and has thus already made the
object of a number of studies (see [4] for an up-to-date review). When the sphere is fixed and not rotating, the
flow remains axisymmetric at low Reynolds numbers, but bifurcates toward a steady-state (SS) solution with
a planar symmetry and nonzero lift at RSS =212. A subsequent Hopf bifurcation then occurs at Re =~ 276
leading to a periodic vortex shedding mode [5]. The case where the sphere is fixed but rotating in an imposed
wag was recently considered by [4]. They showed that in the presence of weak rotation, the bifurcation at
Re>S becomes an imperfect one. They also showed that rotation has a strong effect on the secondary Hopf
bifurcation. The case of a sphere in free motion also made the object of a number of studies, both experimental
[6-8] and numerical [9, 10]. For Reynolds numbers in the range beyond 300, up to four unsteady regimes were
discovered, but for smaller Reynolds, all studies show that the first bifurcation is toward an oblique, steady
(OS) path which bears some similarity with the steady state (SS) existing for the fixed, non-rotating sphere.
However, the connection between both states is not that straightforward, and Fabre et al. [11] showed that the
OS state results from a bifurcation at a threshold Re®S = 206 which is different from the value ReSS = 212
for the SS state. Fabre et al. [11] also pointed out that the OS state is characterized by zero torque exerted on
the sphere, so this state is also directly a valid equilibrium solution for the present problem where the sphere
is free to rotate but not to translate. The study of [11] was done using an asymptotic approach which is valid
under the assumption that the rotation rate is weak. However, a major drawback of this approach is that it fails
in the vicinity of Re3S = 212 and beyond, while numerical and experimental results show that the OS path
still exists above this value of Re.

In the present paper, we will thus investigate the case of a sphere where rotation is allowed but not translation,
which is closely related to the situation discussed above. After setting the problem in Sect. 2, we will document
this situation in Sect. 3, through DNS results and compare with the case where both translation and rotation
are blocked. We then conduct in Sect. 4 a weakly nonlinear analysis of this problem, which will confirm that
a steady bifurcation occurs for the same value Re9S as for the case where both rotation and translation are
allowed, and overcome the difficulties encountered in the previous study of [11]. Finally, conclusions will be
provided in Sect. 5.

2 Problem definition and governing equations

The situation investigated here is sketched in Fig. 1. A sphere of radius R and density pj is placed in a flow
of velocity Uy of a fluid with density pf and viscosity v. The problem involves two dimensionless control
parameters, namely the Reynolds number Re = UgR /v¢ and the body-to-fluid density ratio p = pp/ps. We
formulate the problem in a fixed system of axes (x, y, z) with the unit vector x aligned with the incoming
velocity.

In the setup considered here, the only degree of freedom is the rotation of the sphere around its center. We
note 2 the angular velocity vector and decompose it over the basis as Q = 2,x + 2,y + 2;z.

The flow field [V, P] and the rotation rate €2 of the sphere are governed by the following equations:

V-V=0, (1a)
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Fig. 1 Problem configuration. The sphere is free to rotate (but not to translate) around the transverse axis



These equations are coupled in two ways. First, the rotation of the sphere results in a boundary condition
to be imposed for the velocity of the fluid at the surface of the sphere as V = © x r. Secondly, in Eq. (1c) the
sphere responds to the torque M exerted by the fluid on it. The latter and the associated force F are given by

F:/ T-ndS = Fix+ Fyy + Fz (2a)

4

M= / rx (T-n)dS = Myx+ M,y + M;z. (2b)
7

where r denotes the position vector relative to the body center of inertia and T = —PI 4+ Re™ ! (VV 4+T VV)
the stress tensor. Note that in the present case, the coupling only involves the torque M while the force F is
not coupled to the motion of the sphere, unlike in the more general case considered in [12]. Finally, this set of
equations is completed by the boundary condition V = Upx for |r|| — oo.

In the following, we will be mostly interested in the characterization of steady-state solutions of the
problem. According to (2b), such states imply the torque M exerted by the fluid on the sphere to be zero, and
the interesting, non-trivial solutions are those with nonzero rotation rate 2.

3 Numerical results

We have solved numerically the set of equations (1) using a combined finite-difference second-order immersed-
boundary multigrid code which is described in detail in Citro et al. [4].

The 3D steady solutions can be obtained, in subcritical conditions, by simply integrating the time-dependent
equations (1) over a sufficiently long time interval. However, since in the present paper we consider also
supercritical conditions, we use a stabilization algorithm to obtain directly the steady solution. The method is
based on the minimization of the residual norm at each integration step. It gives us steady-state solutions even
in the case where they are temporally unstable. The method is briefly described in Citro et al. [13] and was also
used in Citro et al. [4] for the case where the rotation rate of the sphere is imposed. Adaptation to the freely
rotating case simply adds the dynamical equation (1c) to the latter problem, and adaptation of the method to
this case is straightforward.

We discretized the computational domain using structured grids that are symmetric with respect to the plane
z = 0. These meshes are clustered near the sphere surface. We performed several numerical tests showing the
effect of the resolution and domain length on the flow field characteristics to validate our code. In particular, as
an example, we present here the convergence of the lift coefficient Cr, as the grid is refined. Tables 1 and 2 show
variations of Cr, less than 0.5 % when increasing the number of points and/or lengthening the domain. The
value of the lift coefficient, computed for the same Reynolds number by the Spectral element solver N ek5000,

Table 1 Meshes used in the present study to validate our numerical setup

Mesh Parameters
Ly L, L. Ny Ny =N,
M1 35 18 18 288 240
M2 38 21 21 364 320
M3 38 21 21 482 380

Ny, Ny, N, are the number of points used to discretize the computational domain in x-, y- and z-direction, respectively

Table 2 Influence of the spatial grid resolution and domain extension on the lift coefficient C1, at Re = 260

Mesh CL Method
M1 0.06490 IBM

M2 0.06589 IBM

M3 0.06608 IBM

- 0.06592 Nek5000

We compare also the results obtained by using the immersed-boundary multigrid (IBM) code and lift coefficient provided by
Nek5000
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Fig. 2 Lift coefficient CL as function of Re for both fixed (dots) and freely (plus symbol) rotating sphere

is also reported as validation. The numerical approach adopted in this code is described in Tammisola et al.
[14] and Lashgari et al. [15].

For Re < RS = 206, only axisymmetric solutions with zero rotation rate and only a drag force are found.
Above this threshold, depending upon initial conditions the numerical method yields either an axisymmetric
solution or a set non-axisymmetric solutions with nonzero rotation rate around an axis perpendicular to the
incoming flow and a nonzero lift. Because of the rotational symmetry, all orientations of axis of rotation are
theoretically allowed. In the sequel, we will assume a rotation rate €2, around the z axis. Accordingly, the lift
will be exerted along the y axis, and we define the lift coefficient as Cy, = 2F,/ (mpR?).

Figure 2 characterizes the rotating solution through a plot of the lift coefficient as function of the Reynolds
number up to Re = 240. The plot is characteristic of a pitchfork bifurcation occurring for Re = 206. In the
same figure, we plot the lift coefficient in the related problem of a non-rotating sphere, with data taken from
figure 3 of Citro et al. [4]. As expected in this case, the bifurcation occurs for Re”> = 212 and the two curves
notably differ up to Re =~ 230. For higher values of the Reynolds number, the two curves tend to approach
each other, suggesting that allowing rotation has only a mild effect on the structure of the flow.

4 Asymptotic expansion of the coupled fluid-sphere system
4.1 Analysis

Using notations similar to those used in [12] of the study of objects in free fall, the solution of Eq. (1) may be
considered as a state vector Q = [Qf ; Qb ]T, where Qf =[V{(x;:£) ' P(x5 r)]T describes the fluid local velocity

and pressure and Q? = Q(t) gathers the degrees of freedom associated with the body (here only the rotational
velocity).

Thus, we investigate the vicinity of Re. = ReOS by defining a small parameter ¢ = y/Re — Re./Re.. To
this aim, following [16,17], we introduce a multiscale time expansion procedure with a fast time scale 7 and a
slow time scale T = €2 so as to expand this solution in the form:

Q=Q0+€Ql(t, r)+€2Q2(t, T)+€3Q3(t, T)+--- (3)

Injecting these expansions in the system of governing equations (1) yields a nonlinear problem at zeroth
order and a linear problem at each order €’ for j > 1. The details are very similar to those given in [12],
except that the component Q7 of the state vector contains only the rotation and that the expansion is done in
terms of the Reynolds number, not the Archimedes number. We refer the reader to the supplemental material
in [12] for the detailed expressions. These problems are solved for increasing j, using the finite element solver
FreeFem-++- [18]. The numerical details regarding mesh refinement, polynomial interpolation of velocity and
pressure fields, etc. can be found in [19].

The base state Qg corresponds to the steady, vertical fall or rise with an axisymmetric flow field and is
computed using an iterative Newton method as described in [16]. At order €, q; is the solution of the linear
stability problem which is solved as in [19]. Taking advantage of the body axisymmetry, we express the fluid
velocity and pressure fields in the body frame using cylindrical coordinates (x, r, ¢) and seek this solution as
a superposition of eigenmodes of the form

g F
Qn = [Q,{x(x,r)e"""’, flfn] e



where m is the azimuthal wavenumber and A = A, 4 iA; is the complex eigenvalue. The generalized
eigenproblem to be solved at this order can be recast in the matrix form:

AZQ1 + 7 (Qp)Q1 = 0.

The solutions of this problem have to be examined for each value of the azimuthal wavenumber. The
case m = 0 corresponds to axisymmetric modes, and symmetry considerations show that the angular velocity
component of the eigenmodes is in the axial direction, i.e., (131 = wox. It is found that all these modes are
stable and that the least damped one is a non-oscillating one (A; = 0) corresponding to a motion where the
sphere initially spins around the axial axis and slows down due to friction. This mode also exists in the case of
a freely falling disk and was analyzed in appendix C of Tchoufag et al. [19]. In this reference, it was called the
back-to-zero-rotation mode (BZR). A mode with |m| > 2 does not exert any torque on the sphere and hence
is identical to those of the non-rotating ((]f;l = 0). Moreover, these modes are also found to be always stable
in the range of Reynolds considered.

Hence, the most interesting case corresponds to azimuthal wavenumbers m = =1, and as for the fixed,
non-rotating sphere, a Pitchfork bifurcation associated with a steady mode (A, = A; = 0) is detected for
Re = ReOS = 206. Following the assumption made by Fabre et al. [11], we consider these two modes adequate
to quantitatively describe the characteristics of the nonlinear oblique motion of the sphere for Re > Re.. Hence,
restricting the following analysis to these modes, the general O (¢) solution at the threshold (A, = 0) may be
expressed in the form

R . T
Q1 = A(7) [ﬁ{(x, r)e'?, (1?] +c.c., 4)

where A(t) is the O(e) complex amplitude of the global mode and c.c. stands for the complex conjugate
quantities, which shall be marked by a * symbol hereafter. Note that since the global mode m = 1 is real,
its complex conjugate directly corresponds to the mode m = —1. Therefore, there is no need to distinguish
between two amplitudes AT = Aand A~ = A* since the latter is completely determined once the former is.

Due to symmetry considerations (see [19]), the component of the m = 1 eigenmode corresponding to the

rotation of the body can be written as (jll’ = “’TJ“(Z + iy), so the orientation of the rotation axis is given by the
argument of Aw, . We choose to normalize the eigenmode as @, = 1, so that the norm of A directly gives the
rotation rate. Moreover, a real A will correspond to rotation around the z axis (and lift along the y axis), while
an imaginary A will correspond to rotation around the y axis (and lift along the z axis).

Terms of order € and € are the solution of linear inhomogeneous problems arising from the expansion of
(1) at the corresponding order. Details about the mathematical structure of these problems and the numerical
procedure used to solve them are given in the Supplemental Material in [12] where the weakly nonlinear
analysis has been performed for the more general case of an unsteady mode. It suffices here to say that at order
€2, the flow is modified by higher-order harmonics which obey the inhomogeneous linear system of equations

0, %8Q2 + 27 (Q0)Q2 = F2(Qo, Q).

The forcing term F; on the right-hand side is made of three independent terms expressing the effect of
a small variation of Re on the base flow and the interaction of one mode (Qa + c.c.) with itself and its c.c.
Using the linear superposition principle, we solve this inhomogeneous equation for each contribution to the
forcing. The e2-order solution then reads Q; = QSRe + |A|2()AA* + (AzéAAeZi‘/’ +c.c.).

The problem at order €3 isalso an inhomogeneous linear system, the forcing term F3(Qyg, Q1, Q2) depend-
ing on lower-order solutions. More specifically, F3 contains terms of the form ~ ¢'? which are resonant because
they excite the system precisely in the direction of the unstable steady eigenmode. In order to avoid the secular
responses caused by these terms, we use the Fredholm alternative and impose a compatibility condition: the
resonant forcing must be orthogonal to the adjoint modes. These modes are obtained either in a continuous or in
a discrete form. Here, we chose the latter option and compute the adjoint modes by solving for the eigenmodes
of the hermitian of <7, the linear operator of the O (¢) problem. The compatibility condition then results in the

following amplitude equation:

dA

5 = (Re = Rec)o A — pAlAP, 5)
where (Re — Re.)o is the exponential growth rate of Qq in the linear regime, while p is a real coefficient
responsible for the nonlinear saturation. The numerical value of i, contrary to that of o, depends on the nor-
malization of the unstable global mode. Solving for the steady solution of (5), the amplitude of the perturbation

from the axisymmetric flow field reads



(Re — Re.)o
A== [ ——, (6)
"

Having in mind that the solution at order 1 has been normalized so that the angular velocity of the eigen-
modes is 1, this equation directly yields a prediction for the rotation rate w. It is noteworthy that the coefficients
o and p appearing in the amplitude equation are actually independent upon the mass ratio p. This point will
be rediscussed in Sect. 5.

4.2 Results and discussion

As recalled in “Introduction,” a previous attempt at describing the bifurcation leading to the O S state for a
sphere in free fall was done in [20]. Unlike in the present approach, the analysis of [20] assumed the rotation
rate w to be small and expanded the flow around the sphere as follows:

q=1[V,Pl=qo+oq +o*q@+ao’q+--- 7

Injecting this ansatz into the incompressible Navier—Stokes equations, the analysis leads to a prediction of
torque exerted on the sphere under the form:

M = Moo+ M, 0° 8)

It was thus possible to predict the existence of a solution with a nonzero rotation rate given by

M,
M,z

o=+ ®

Note that the term M,, becomes positive for Re > Re©9S, while the term M, is negative in this range of

Reynolds; hence, Eq. (9) also predicts a supercritical bifurcation for Re > Re®S.

The results to be discussed now correspond to the case of a rotation around the z axis, thus resulting in
a lift force along y. In Fig. 3a, we compare the angular velocity w of the OS state as predicted by the new
e-expansion derived in the previous paragraph (Eq. 6), as predicted by the w-expansion of [20] (Eq. 9), and as
computed numerically in Sect. 3. We also compare in Fig. 3b the associated lift forces corresponding to the
three approaches. The comparison shows that, for both these quantities, the present e-expansion reproduces
much better the numerical results than the previous w-expansion. In particular, the failure of the w-expansion
at ReSS = 212 is not observed anymore in the present approach.

As discussed in [11], the angle y between the force F and the direction of the incoming flow x (given by
tany = F)/Fy) directly corresponds to the slope of the path in the corresponding situation where the sphere is
freely falling. This angle is plotted as function of Re in Fig. 3c). We observe again that the present e-expansion
reproduces much better the numerical results than the previous w-expansion.

Note that Uhlmann and Dusek [10] studied the case of a sphere in free fall with density ratio p = 1.5
and reported for Re >~ 243 a steady oblique motion characterized by a slope y =~ 5.2° and a rotation rate
o =~ 0.014. These findings thus corroborate quantitatively the results of Fig. 3.

5 Summary and discussion

In this paper, we investigated by using numerical simulations and a weakly nonlinear expansion the steady
flow around a sphere placed at a fixed place in a uniform fluid flow and free to rotate around a transverse axis.
A steady pitchfork bifurcation is reported to find place at a threshold Re®S = 206 leading to a state with zero
torque but nonzero lift. Numerical simulations allow to characterize this state up to Re ~ 270 and confirm
that it substantially differs from the steady-state solution which exists in the wake of a fixed sphere beyond
the threshold ReSS = 212. A weakly nonlinear analysis, formally valid for ¢ = (Re — Re.)/Re. < 1, is
carried out and is found to reproduce accurately the results up to Re ~ 225, giving substantial improvement
over a previous expansion conducted by [11] which was unable to predict the existence of this state beyond
Re > 212. The connection between the present problem and that of a sphere in free fall is discussed. It is
argued that the steady solution of the present problem is also an acceptable solution for the related problem
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of a sphere in free fall and corresponds to the oblique, steady (OS) path observed in both experiments and
simulations. A quantitative comparison against the data showed in Uhlmann and Dusek [10] was provided to
support this.

To conclude, we shall address two interesting points which require some discussion. First, we stress again
that, although the problem is characterized by two non-dimensional parameters, namely Re and the density
ratio p = ps/ ps, all results presented here are actually independent upon this latter parameter. The fact that
the steady solution computed by DNS or by the time-independent solution of the amplitude equation (5) does
not depend upon the mass of the sphere is actually not so surprising, since the parameter p is only present in
the term involving the angular acceleration (left-hand side of Eq. 1c). Hence, once the equilibrium is reached,
inertia of the sphere does not enter into play any longer. It is more puzzling to note that the parameters o and
(1 appearing in the amplitude equation (5) are also independent upon the mass. Therefore, in the vicinity of the
threshold, not only the properties of the final state will be independent upon the mass, but also the transient
dynamics experienced to reach it. This is somewhat counterintuitive, as one would expect that for a heavy
sphere the transients will be longer than for a light sphere. A complementary study, considering the limit of
very heavy objects (where a quasi-static approach is possible), is underway to explain this apparent paradox.



Secondly, the issue of secondary instability of the steady solution considered here is an open question to
be addressed in future studies. In effect, the ability of the sphere to rotate (or to both rotate and translate)
is expected to have an effect on the Hopf bifurcation which is known to occur in the range Re ~ 270. In
the time-dependent states resulting from this secondary bifurcation, the angular velocity of the sphere will
no longer be constant but will be given by the time-dependent solution of Eq. (1c). As a first step toward a
rigorous study of this problem, we may look at the stability of the flow around a sphere rotating at exactly the
angular velocity of the OS solution described above. This case actually constitutes a subset of a more general
study conducted by [4], who gave a stability map in the @ — Re plane of the flow around a sphere rotating at
a fixed, constant angular velocity. A more rigorous study of this problem, including the effect of the density
ratio, is left for future studies.
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