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Distributed transfer function-based unified static
solutions for piezoelectric short/open-circuit sensing and
voltage/charge actuation of beam cantilevers

Majed A. Majeed, Ayech Benjeddou, Mohammed Al-A jmi

Abstract Closed-form unified solutions using the distributed transfer functions (DTFs) method are presented
for the first time for the static short/open-circuit sensing and voltage/charge actuation of moderately thick
beam cantilevers with co-localized surface-bonded piezoelectric patches. For this purpose, the smart beam
is divided into three segments, of which the clamp and free sides parts are elastic, while the middle one is
made of an elastic core sandwiched between two electroded piezoelectric patches. The latter can be different
in material properties and thickness but should have the same length, and their widths can be different from the
host elastic beam. The theoretical formulation is based on Timoshenko’s first-order shear deformation theory
for the kinematics and piezoelectric constitutive equations and the principle of virtual works for the variational
equations. The latter integrate explicitly the physical equipotential constraints on the patches electrodes. The
balance equations and boundary conditions are derived for the three segments independently and then connected
at their interfaces by the equilibrium equations and continuity conditions. The unified static solutions for the
resulting four problems are derived analytically in closed form using the DTF approach. These are validated
against only open literature benchmarks having tabulated results or analytical formulas in order to avoid curves
induced inherent additional deviations. Very good correlations were obtained in comparison with the found
reference two-dimensional (2D) plane strain/stress analytical and 2D plane strain/stress and three-dimensional
finite element results.

1 Introduction

Piezoelectric unimorph and trimorph (bimorph with elastic core) cantilevers find wide use in smart structures
applications. This is the case in vibration energy harvesting [1] and shunted damping [2], while beam can-
tilevers with surface-mounted piezoelectric patches are common for structural active vibration control [3]. One-
dimensional (1D) or two-dimensional (2D) models of such smart beams are reduced from three-dimensional
(3D) ones after various first- or higher-order electromechanical assumptions [4]. They differ by the retained
distributions of the mechanical displacements and transverse shear stress or strain and the electric potential and
the reduced constitutive equations. Various methods can be used for solving the corresponding electromechan-
ical partial derivative equations (PDE). This includes analytical closed-form solutions (CES), semi-analytical
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state space methods (SSM), among which is the distributed transfer function (DTF) approach, and finite
element methods (FEM) [3]. The latter are usually validated using either of the former. These can be also
used for parametric analysis in the aim of understanding coupling effects or optimization for performance
maximization.

The DTF approach used in modeling elastic beam cantilevers dates back to the early nineties [5] but
only to the last decade for piezoelectric ones, as reviewed in [6]. It was often used for solving dynamic
problems, particularly for vibration analysis [7]. In the latter two works [6,7], the smart beam cantilever, with
different piezoelectric surface-bonded patches and having different thickness than the host was divided into
three segments, representing the cantilevered (segment 1), smart (segment 2), and free (segment 3) parts. For
each of the latter, the PDE was derived using Timoshenko’s first-order shear deformation theory (FSDT), along
with the plane-stress reduced constitutive equations as given in [8], from the principle of Hamilton extended to
piezoelectricity [9], then connected by the inter-segments continuity conditions (CCs) and balance equations
or boundary conditions (BCs). The DTF was then used for deriving the eigenvalue problems under short-circuit
(SC) and open-circuit (OC) electrodes fulfilling automatically the equipotential (EP) physical constraints.

It is worth noticing that, from the above literature reviews, the different patches and beam widths and EP
constraints were not considered simultaneously. Besides, the DTF approach was not used for the static sensing
and actuation of elastic beam cantilevers with surface-bonded piezoelectric patches or layers. It is then the
objective of the present work to extend the authors’ earlier works on vibration analysis of asymmetric [6] and
symmetric [7] beam cantilevers to their static voltage or charge actuation and SC or OC sensing. Also, only
two references [10, 11] were found about charge actuation [10] and sensing [11] of piezoelectric trimorphs;
they will be then used for the validation of the corresponding DTF CFS. Similarly, for OC sensing with a
single piezoelectric patch, fulfilling the EP physical constraints, only one reference [ 12] was found in the open
literature; it is also used as a validation benchmark for the corresponding DTF CFS. However, no reference
was found in the open literature about realistic (practical) configurations of beam cantilevers with different
widths of patches and host. Thus, only benchmarks with same widths [10—14] will be used for validating the
DTF CFS.

Therefore, in the following, the DTF-based static unified solutions for piezoelectric SC/OC sensing and
voltage/charge actuation of beam cantilevers are presented. For this purpose, the three segments equilibrium
local PDE, BC and inter-segments CC of a cantilever elastic beam, having two different piezoelectric patches
on its top and bottom and with different width from that of the host, are first derived from their corresponding
variational equations based on Timoshenko’s FSDT of beams, but using the principle of virtual work (PVW),
extended to piezoelectricity [9], and various FSDT-compatible 1D reductions of the 3D constitutive equations,
including that proposed in [8] and used earlier in [6,7] and [12]. Then, the static sensing and actuation problems
are derived using the DTF approach for voltage and charge inputs (actuation) and outputs (sensing). Next, in
order to avoid inherent additional errors from comparisons to graphical results, the presented CFS are validated
only against available tabulated results [10—12,14] or analytical formulas [13] in the open literature. Finally,
some conclusions and perspectives of the present work are provided as a closure.

2 Piezoelectric beam cantilevers problem formulation

The considered piezoelectric smart beam cantilever and its decomposition into three segments, where the
extreme ones (1,3) are for the bare parts and the middle one (2) is for the sandwich part made of an elastic
core and piezoelectric skins, are shown in Fig. 1. The beam lies in the x-z plane, where the x-axis is along the
length and the z-axis is in the thickness direction (upward). The coordinates originate at the intersection of the
beam’s clamped edge and reference mid-plane. The beam is of length L = x3 — xo, where x( and x3 are the
abscissa of the clamp and free edge. It is of width By, thickness #;, and elastic orthotropic behavior with material
axes (1, 2, 3) coinciding with the Cartesian coordinate system ones (x, y, z). The surface-bonded patches have
outward opposite polarizations along the thickness and a 2-mm crystal class piezoelectric behavior. They
can be different in material properties, thickness f, and width B,,, where u and / superscripts will be used
for specifying the characteristics of the upper and lower patches. However, the latter have the same length
L, = xp — x1, where x| and x; are the positions (from the clamp) of their left and right edges. They can
be actuated by applied voltage V or charge Q, and both can be sensed when the beam’s tip is subjected to a
downward concentrated force, F,. Note that when grounding the patches interfaces with the beam, the upper
V* and lower V! voltages are, respectively, positive and negative, see Fig. 1a.
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Fig. 1 Cantilever beam with two co-localized surface-mounted piezoelectric patches

2.1 Kinematics and constitutive equations

The cantilever smart piezoelectric beam is supposed moderately thick and can be modeled using Timoshenko’s
FSDT. Thus, the axial u and transverse w global displacements can be written in terms of the mid-plane axial
u,, transverse w, and bending rotation ¥ generalized displacements

ux,z2) =uo(x) +zy¥(x),  wlx,z) =wy(x). ey

Consequently, the linearized strain—displacement relations reduce to these axial and transverse shear (TS)
strain—generalized displacement relations,

Ex = ”0/ + ZW/’ )/XZ = 1// + wO/v (2)

where the prime (.)’ denotes the derivative with respect to the spatial coordinate x.

As the piezoelectric patches are electroded and thin, it can be reasonably assumed that the transverse
electric field component, E,, dominates the in-plane ones and can be written in terms of the voltage and patch
thickness so that £, = —V /t,,. In this case, the axial and TS stresses, dual to the above strains, are functions
of the latter and the dominant electric field so that the 3D converse piezoelectric constitutive equations for a
thickness polarization reduce to

Ox Qﬁ 0 Ex 3l
= ~ — E 3
{ Txz } |: 0 K Qgs Vxz 0 ¢ )
where kg is the classical shear correction factor taken here equal to 5/6 [8], and QlEl, QSES and e3; are,
respectively, the axial and TS stiffness (under constant electric field) and stress piezoelectric coefficients,
modified or not depending on the considered 3D to 1D constitutive equations reduction.
Notice that Eq. (3) is a general form compatible with the FSDT so that any expressions for its stiffness and

stress piezoelectric coefficients can be used in the hereafter proposed theoretical formulation and DTF CFS.
These coefficients are usually taken as those derived in [8] and used in [6,7,12], i.e.,
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where C 1E], C 1E3 (& 353, and C sEs are the 3D elastic stiffness coefficients at constant electric field and e3; and e33
are the 3D stress piezoelectric coefficients.

The constitutive Eq. (3) is useful for actuation, while for sensing the 3D direct piezoelectric constitutive
equation is reduced to this expression of the dielectric transverse displacement component, D, dual to the
dominant electric field one, E-,

D, = &316, + E5; E-, (5)

where é§3 is the modified or not dielectric coefficient (at constant strain), which expression depends also on
the retained 3D-to-1D constitutive equations reduction.

It is worth noticing that Eq. (5) is a general form compatible with the FSDT so that any expression for its
dielectric coefficient at constant strain can be used in the hereafter proposed theoretical formulation and DTF
CFS. This coefficient is usually taken as that derived in [8] and used already in [6,7,12], i.e.,

~S S €33
€33 =€33 +e33CE (6)
33

where e§3 is the 3D transverse dielectric coefficient at constant strain.

2.2 Variational equations

For kinematically admissible independent virtual variables (mechanical generalized displacements and electric
potential), the PVW extended to piezoelectricity can be reduced to [9]

—8H +8W =0 (N

where § H and § W are, respectively, the virtual electromechanical enthalpy and virtual works done by external
electrical and mechanical loads.
For an FSDT-based piezoelectric beam, the virtual electromechanical enthalpy is written as [8]

0H = / (bex 0x + 8y Tx; — 8E; D;) dQ2 ®)
Q

where the integral on the volume €2 is separated into thickness, width and length single integrals in order to
handle separately the smart beam cantilever’s three segments. Thus, considering the latter, the integral along
the beam length can be decomposed as

L X Xy L
[(.)dx:/(.) dx+/(.) dx+/(.) dx. )
0 0 X X

Substituting the axial and shear strains and stresses, Eqs. (2) and (3), along with the electric displace-
ment, Eq. (5), in Egs. (8) and (9) and carrying out the width and through-the-thickness integrals, taking into
consideration different beam and piezoelectric patches widths and thicknesses, results in the following

o[ B+
5H = B! / / [(au; +280) (O1 ul +2 BTy — &) EY) + (50 +dwh) ks OL (v + w))
X1

p
2

b
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- ~ ~ ~pl ~pl -
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+ (5 +8w)) ks OFL (v +w))) — SEL (&5, ul, + 284, v/ + é%Eé)]dz dx,

b

L
+Bb/ /[(aug+z5¢’) (04 uly+2 08 v/) + (5% + sw)) ks 0% (w+w;)]dz dx. (10)
0 p
-2

Note that since the reference plane is taken as the beam’s mid-plane, the membrane-bending strains coupling
terms in the first product of the third integral of Eq. (10) vanish automatically. It should also be noted that
the first two thickness integrals in the above expression are only present in segment 2. Carrying out these
through-the-thickness integrations results in the following expression for the virtual enthalpy:

SH:/[A?’(S% O\ w, + Hy O} ' — & EY) + 8y (Aqu 0o+ 1, T Y - — A}, Hy &, EY)

00+ 0u) kA O3 (1 ) = OEY (AL %, + AL Y 25 0/ AL YY)
=~ pl = pl ~
+ [Af,,éu/ (Qll u, Hé Qfl v~ 6131 ) — 8y’ (AI Hz Q 1117 Qfl v - Alp Hé €31 Eé)

=~ pl ~ ~ -
+ (8 + dw)) ke AL OF (v +w)) — 8EL (AL &5 u), — AL Hy &4, v/ + AL eggE;)}dx
L

+ /[w; Ap Q8+ 8" 1, Q5 v/ + (8 + dw)) kyAp Q% (¥ + w;)]dx (11
0

with Ay = By 1, A}, = B, tz and Alp = Bi, tﬁ, being the cross-sectional areas of the beam and the upper and

lower piezoelectric patches, respectively. I}, is the cross-section quadratic moment of the beam, and 7% and / 117
are the cross-section quadratic moments of the upper and lower piezoelectric patches. These are defined as

3 u
By 1,

14 BY t! B! 2
Iy=—2L, [v=2_2 | 4> 3(t t) ;1= ly? 3<t t’) .2
b D » v [()+ b+ » B (1,)"+3 (0 +1, (12)
Note that the quantities H}' and Hé in Eq. (11) are defined as
u 1 u 1 1 1
HY = S(p +15). Hy= (5 +1)). (13)
Expanding the integration over the beam length and collecting terms with common integration limits yields
X1
SH = /[au; Ap Oy uly + 69" Iy 08 v/ + (5w + sw)) keAp Q%5 (v + w;)]dx
0
x

+/{5u;[(AbQ L ALOT 4 AL O ) ul + (HY OFY Al — Hy OF AL, ) w' — (&4 ALEY + 8, 4, El)]

X
+aw’[(A”H2 o — Al Hy QP! )u +(1hQ11 +14ON + 1507 )w’— (A;Hgé31Eg —AlpHéénEé)]
(50 + dw)) ks (Ap O + Alp OL + A, OFF) (v + w)) — SEY (A2, uf, + Al HYSY, o + AUEHEL )

L
—8E! (Al Sy, — AL HLEL '+ AL ESLE )}dx+/[3u’0 Ap O uly+ 8" Iy 08 v + (8v + sw))

X2

ksAp 025 (v + w;,)]dx. (14)



The virtual works done by the surface electrical charges of the upper and lower surfaces of the upper and
lower piezoelectric patches, & W(“2 and 6 Wé, are given by

X2

SWe = _/Sq” SpdS = —B;/ q"8V*dx = —Q"sV", (15)
X1
X2

3W’Q=—/q’3¢ds:3§,/ g svidx = Q'sv! (16)
N X1
where g, ¢, and S are the electric surface charge, electric potential, and electrode surface, respectively. The
patches interfaces with the beam are considered grounded.

The virtual work done by the applied external mechanical load at the tip of the structure is given by

SWr = —F.8w,(L). (17)

The virtual work § W of external electrical and mechanical loads is then the sum of those given in Egs. (15)
to (17) so that
SW =Wy + 8Wy, + W (18)

2.3 Segments equations

The above variational Eqgs. (14) and (18) are used to derive the balance equations and corresponding elec-
tromechanical boundary and continuity conditions that will later be used to describe the DTF approach.

The balance equations are obtained by back-substituting Eqs. (14) and (18), into Eq. (7) and integrating
by parts and then collecting terms with common virtual generalized displacements, resulting in three balance
equations for each segment.

The balance equations for segment 1 are given by

Sup s Ap Q8 ull =0, (19)
Syt I, 0% v — kg Ap Q% (v +w)) =0, (20)
Swe: ks ApOls (W' +w!) = 0. 1)

For segment 2, the balance equations are given by

suo: (Ap Ofy+ A OTY + AL, O )y + (Al Hy O — AL H OF)) ¥ =0, (22)
sy o (A Y O — Al HY O ) )+ (1 O + 13 O + 1, 011 ) v

—ky (Ap O+ Aty QL + AL Q1) (v +w)) =0, (23)
Swy: k (A;, 0%+ A% Q1Y + AL Qg’é) W' +w!) = 0. 24)

The following electrical equations hold also for segment 2:

X2 VM
~S ~ ~

e [ (A;z e A, — A HY w’) ar =01}, e3)

P

I. 2l gV Il I gl sl 1,1 )
(SV . Ap€33t_[_Ape31u0+ApHZe3lw dx=—Q tp. ( 6)
X1 P
Finally, for segment 3, the balance equations are given by

Sup i Ap Qbull =0, (27)
Syt I, 05 v — ks Ap Q% (¥ +w)) = 0, (28)
Swy: ks ApQls (¥ +w!) = 0. (29)



To simplify the previous balance equations, the following C; quantities are introduced:
Co=ch+cl+cll, cl=cr-cl, c=ci+cl+cl, ci=ci+c+cl 30
where C j? and C }D ¥ are defined as
(b, pk) k  Ab.pk) pk k prk APk (b, pk) k  Ab.pk)
Co =Ab,pQ11 ’ G :ApH2 11> G, :I(b,p)Qll >
(b, pk) k A (b, pk) k k sk k k grk sk
Cy " = kA, 055", CJ" =B,&,, CY =B H &, (31)

with j running from O to 5 and k taking the values « and / according to the considered patch.
If considered independent, the mechanical BCs associated with segments 1 and 3, i.e., those associated
with Egs. (19) to (21) and Egs. (27) to (29), are given by

X1

chu| =0 Or du,| =0, (32)
0 0
X1 X1
cty'l =0 or sy | =0, (33)
0 0
X1 X1
(s w+w)]| =0 or sw,| =0 (34)
3 0 0
0 0
and
L L
cbu| =0 Or du,| =0, (35)
X2 X2
L L
Ayl =0 or sy| =0, (36)
X2 X2
L
€5 (v +w)) - F] ‘ —[twHuw)]| =0 or sw,| =0 (37)
L X2 X2

while those of the smart beam part (segment 2), if considered independent, are

(Couy+ Py’ +cq v+ c'v!) Y0 o su| —o, (38)
o o

(cf’ )+ Cyy’ +Cl v — ¢l V’) —0 Or sy| =o, (39)
- o

[C3 (v + w;)] —0 Or Sw,| =0. (40)
X1 X1

The CC at sections between segments 1 and 2, at x1, and that between segments 2 and 3, at x, (with
i=1,2)are

(o) = (uo)i—i-l s (41)
Wi = Wit (42)
(wo); = (wo)i+l . (43)
Besides, the equilibrium conditions at the section connecting segments 1 and 2, i.e., x1, are

Chuy| = (Cou+cly' +cf virc'v)| (44)

X X1
chy'| =(clu,+ Gy +clve—ct'vl) | (45)

X1 X1
[ wrw)]| =[e@ru)]] (46)

X1 X1




and those at the section connecting segments 2 and 3 are

(Couy+Cly +cpve 'Vl | =chuy | 7)
X2 X2
(cluy+ oy +ctve—cl'Vl) | =chy'| (48)
X2 X2
(63 (w+w)] | =[ch (v +w)] (49)
X2 X2

Itis worth noting that the C f stiffness parameter couples the membrane-bending adaptive beam responses. It
should also be noticed that this coupling parameter is present only in segment 2, which contains the piezoelectric
patches, because of the asymmetric (different thickness) configuration of the adaptive beam (see Fig. 1).

The balance equations and associated BC, Egs. (19) to (40), are now transformed into first-order state
space form using the DTF approach in order to derive the two piezoelectric adaptive beam static sensing and
actuation problems, which depend on the electric BC.

It can be seen that, for segment 2, the first two balance Eqgs. (22) and (23) are coupled and need to be solved
for u) and ¥”. Hence, for simplicity, they are first rewritten as

Sup: Coul) +Cly" =0, (50)
¥ Clul+Coy" —C3 (Y +w,) =0, (51)
Swy: C3 (Y +w!)=0. (52)

The corresponding mechanical BC and CC are those of Egs. (38) to (40).
From Eq. (50), u], can be written as

c?
1 1 Y
— Ly 53
u, Co v (53)

Back-substituting this result in Eq. (51) and collecting common terms yields the following expression for ¥

¥ = C; o S+ o sl ). (54)
C2Co = (C7) C2Co—(CY)

Now, back-substituting ¥ from Eq. (54) into Eq. (53) and collecting common terms results in the following
expression of u):

” _C{? _C{) ’
u0=C3 pzlﬂ—i- p2w0 . (55)
C2Co — (CY) C2Co— (CY)
As similar expression for w/, can be obtained by solving Eq. (52), namely
W) = —y’ (56)

Using the result of ¢ from Eq. (54), u/, from Eq. (55) and w), from Eq. (56), the balance Egs. (50)—(52) are
rewritten as follows:

uy = Cy (¥ +w;),
w// = 62 (1// + w(/)) s
w, =~y (57)
where C; are given by
. clc - CoC
C”:_1—32’ Cz=%. (58)
C2Co = (C7) C2Co = (C7)



Note that C f’ ensures the membrane-bending coupling, inherited by the presence of C?, that is present only
in segment 2, which contains the piezoelectric patches. Hence, it vanishes for segments 1 and 3, for vanishing
C f , and the bare beam local Egs. (19) to (21) and Eqs. (27) to (29) are automatically recovered, as

u, =0,
Iﬁ// = Cg (‘(ﬁ + w;}) N
w) =y’ (59)
where C_’é’ is given by
~_ G5
e =3 (60)
3

3 DTF-based unified static solutions

Applying the appropriate changes to accommodate the new assumptions, the DTF solution [5] is obtained
by having the balance equations, and corresponding boundary/equilibrium conditions of the three segments
satisfy the following first-order state space equations:

Y;(x) =F; Yi(x), i=1,2,3 61

where Y;(x) = {D(x), D; )T with D(x) = {uo, ¥, wo}! is the generalized displacements vector and
D! (x) = {u), ¥', w,}” its x-derivative.

Following the same procedure as in [6,7] and from Eqgs. (57) and (59), the expressions for F;,i = 1, 2, 3,
modify to

0 0 01 0 O 0O 0 01 0 O
0O 0 0 0 1 0 0 0 0 0 1 0
0O 0 0 0 O 1 0 0 0 0 O 1
B2=lo ¢c» o0 o |- Fi3=lo 0 00 0o o0 (62)
0 G 00 0 G 0 C, 00 0 (&
0O 0 0 0 -1 O 0O 0 0 0 -1 0
The solution of Eq. (61) is obtained by having Y; (x) expressed as
Yi(x) =Hi(x) py; (63)
with H; (x) being a 6 x 6 matrix given by
-1
H;(x) = % [ My e 4 Ny eFiov] i=1,23 (64)
and M;, N; are linked to p; by the following matrix boundary/continuity equation:
yi=M; Yi(xi—1) +N; Yi(x;), (65)
Hence, fori = 1, Eq. (65) reduces to
yi=M;Yi(x) + Ny Yi(x)) (66)
which represents the boundary/continuity conditions at the edges of segment 1, x, and x,.
Since the beam is clamped at x, = 0, the product M; Y (0) must have the following form:
1 0 000 0 O uo(0)
01 000 0 O ¥ (0)
10 0 1" 0 0 O wo(0) | _ (L0 | D(x,)
MIYiO =145 0 0 0 0| )uo [~ [0*0} {D/l(xo) : 67)
00 0000 0]y
0 0 000 0 O w, (0)



From the displacements continuity at x1, Eqs. (41)—(43), the following N Y (x,) must be satisfied:

00 0,0 0 07 (ulx)
00 000 0w
1o 0 00 0 ofwe|_[00]]Dx)
NI =17 07 0 00 0 | ) wloxy) —[1*0]{D/1(x1)} ©8)
01 000 0 0w
00 1'0 0 0 |w)x)

where I 'is a 3 x 3 identity matrix.
The resulting expression of p is therefore

_|(ro D(x,) 00 D(x,)
i8Rl
which, when expanded, results in
yi= {D(’CO)} (710)
1 Dx) "

Note that the upper part of Eq. (70) satisfies the BC at x = 0, the right hand side of Egs. (32) to (34), and
hence the expression D(x,) is identically equal to zero. Therefore, y reduces to

0
Vi = {D(xl)} . (71)

It should be noted that y; vector represents the displacement BC and CC at the edges of segment 1 with
the upper vector representing the generalized displacement BC at x,, and the lower vector representing the
generalized displacement CC at x; .

Similarly, for i = 2, Eq. (65) reduces to

Y2 = M2 Ya(x) + N2 Yao(x,). (72)

Since the displacements are continuous at both edges of segment 2, namely at x, and x,, the following
expression of y, vector must be satisfied:

SEEANS

which when expanded reduces to
y= {g& i} . (4)
Here, the upper vector of Eq. (74) represents the generalized displacement CC at x, and the lower vector

represents the generalized displacement CC at x,.
Finally, for i = 3, Eq. (65) reduces to

Y3 =M3Y3(x,) + N3Y3(x; = L) (75)

where the expression for p 5 is obtained by satisfying the generalized displacements continuity at x, and the
vertical force end conditions at x, = L, Egs. (41) to (43), and left of Eqs. (35) to (37).
Thus, from the generalized displacements CC, the product M3 Y3(x,) must have the following form:

10 00 0 07 (ux)
01 0000 0] v
o 0 110 0 offuwen| [ro7fpey
Ms Y3 =157 0707 0 0 0| )l —[O*OHDg(xQ)}' (76)
00 000 0 0f]v¢(x)
00 0 0 0 0] |wix

10



Since the generalized displacements at x, = L are unknown, the left hand side of Egs. (35) to (37) must
be equal to the natural BC; thus, the product N3 Y3(x, = L) changes to

0 0 0 0 0 07 (uL)

0O 0 0 O 0 0 Y(L)

0.0 000 0 01wl 0, 07D
N Ys(l) = cr™0 0 | ULy :[BgBi,]{Dg(L) ' 7"
00 c& oo ||vw |
¢, 00 0 0 il lw,(D)

Using the results from Egs. (76) and (77), y 5 reduces to

10][DGx) |, [ 007D
el ] [ w [ 0r0)]

which simplifies to
D(x,)

WZ{QD@yH%Dam}' (79

Note that the lower part of Eq. (79) should satisfy the natural BC at x3 = L, Eq. (35) to (37); hence, the
expression Bf) D(L) + Bz/ D’3(L) is identically equal to F, with F = {0, 0, FZ}T.

Therefore, y 5 reduces to
D(x
Y3 = { (Fz)} . (80)

From Egs. (44) to (49), the equilibrium conditions at the boundaries of segments 1, 2, and 3 can generally
be expressed (after considering the CC (41)-(43)) as

B D(x) + B Di(x)+ Vi =B"'D0x) + B D i) + Vi i=1,2. (81)

Note that V exists only for segment 2, and from Eqgs. (44) to (46), it is given by

|G, ¢y’
V=qclrvis s _ert v (82)
0 0

For i = 1, the equilibrium conditions at x, between segments 1 and 2 expand to
B!D(x1) +B! D)(x)) =B D(x) + B, Dy(x) +V (83)

: 1 pl Rp2 2 :
with B D BD,, B Y and BD/ obtained from Egs. (44) to (46) as

0 0 0 ct 0 0 0 0 0 Co C! 0
B,=(0 0 0|, B =0 ¢, 0/[,B,={0 0 0f,B =|cl ¢ 0
0 ¢c% o 0 0 ct 0 G 0 0 0 G
(34)
Similarly, the equilibrium conditions at x, between segments 2 and 3, i.e., i = 2, expand to
B2 D(x2) + B? Dy(x2) + V =B D(x2) + B} Dj(x2) (85)

with Bf), and Bi, obtained from Eq. (77); it can be noticed that they are equal to those of segment 1 which is
normal since both segments represent the bare beam parts.

The vectors D (x1), D'2(x1), D'2(x2), and D'3(x2) of Egs. (83) and (85) can be written in terms of vectors
D(x1) and D(x;) by expanding Eq. (63) in the following form:

D(x) | _ [H, () H,,(0) ],
{W@J_[mamHim]“J' (86)
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Thus, for segment 1 Eq. (86), written at the segment’s right end, is (after Eq. (71))
[0 -Gl o,
Dl('xl) H;a(x]) be(xl) D(xl)
from which D' (x,) is found to be

1) = Hp, (x,) D(x). (88)

Similarly, for segment 2 and using Eqs. (74), (86) written at this segment’s ends, x, and x,, provides,
respectively

D(x) | _ [H2,(x) H2, (x) ] [ D(x,)
(e | = Lt e o} )
D(x,) | _ [HZ,(x,) H2,(x,) ] [ D(x)
l | = [ mee | o o
from which D/ (x,) and D} (x,) are deduced, respectively, as
D, (x,) = H},(x)) D(x,) + H}, (x,) D(x,), 1)
D/ (x,) = H}, (x,) D(x,) + H}, (x,) D(x,). (92)

Finally, for segment 3, Eq. (86), written at the segment’s left end, is now (using Eq. (80))

D(x,) H}, (x,) H2, (x,) ] [ D(x,)
/ | 3 3 ©3)
D (x,) H;  (x,) Hy, (x,) F
from which D (x,) is
D} (x,) = H},,(x,) D(x,) + Hj, (x,) F. (94)
Substituting Egs. (88), (91),(92), and (94) back into Egs. (83) and (85) and collecting terms yields
KSC K€ | | D(x2) B’ H),(x,) F -V

where the SC, for V = 0, stiffness matrix is given by

1 1 1 2 2 2 2 2
[Kflc Kfzc} ~ |:BD +B! H!, (x,) - B2 — B2 H,(x,) B2 H2, (x,) } o6
K3¢ K3¢ Bi,lem (x,) B2 + Bi, HZ, (x,) — B3 — Bf) H; (x,)

Carrying out the integration at the left hand sides of Egs. (25) and (26), using Definitions (31) and solving
for V* and V!, yields

Vi = —— { [CF" o (x,) + C5 Y ()] = [C1" uo(x) + CE yr(x))] + Q“}, ©7)

and

vio {[sz to(x,) — Cg’l w(xz)] _ [Cfl o (x,) — Cé” w(xl)] - Ql}, (98)

T p 2SI
Bpe33 L,

Equations (97) and (98) can be rewritten as

T2 uo(x,) uo(x,)
Vi = u~§7u ([Cfu CSPM O] lﬂ(xz) _ [Cfu Cém 0] w(xl) + Qu) (99)
Bjexs Ly wo(x,) wo(x,)

12



and

tl u()(-xz) uo(xl)
vi= l~+([cf’ —co]{wew b -ler —c o] wen) - Q’).
BPES3 Lp wo(.x2) wO(xl)
Back-substituting the voltages (99) and (100) into V., Eq. (82), yields
€y el 07 [ uolxy) €y’ el 07 [ uolx,)
V=cg| | crmer @y oy v p— | cter «ty oo |y ve)
0 0 0] Lwolxy) 0 0 0] Lwolx))
=l c? 07 [ uolx,) €’y —cl'c? o7 [ uolx))
+HCo | | —ct' et 'y o |y v | —clel @y oo | Ve
0 0 0] Lwoelxy) 0 0 0] Lwolx)
ch cl
+Co 0" —Coq ¢ 1 O
0 0
with C¥ and C. defined as
ty z 7
Cg = Ce

- ~Su ’ = | =8I :
35633 L, Bpe33 L,

Equation (101) can be simplified to
V = [Bo] {D(x2)} — [Boe 1 {D(x1)} + Q
with B, given by

! crcro ' —cl'ct'o
Boe = C | clc (") o | +Cs| —clel 'y o
0 0 0 0 0 0
and Q given by
Cfu Cfl
Q=cyict o' —cey—cr'p 0.
0 0

Using Eq. (103), the electric contribution of the right hand side of Eq. (95) can be written as
B R B | i R
-V —Boe By D(x2) -Q
Back-substituting Eq. (106) into Eq. (95) and collecting terms yields
K9¢ K2 [ D) 0 Q
R ok B PR R Y
where, the OC for Q = 0, stiffness matrix is given by

0C K OC SC 1 SC . =B,
Ky K || Ky Ky Boc —Boc
kg wge ] T Lgr wg | B B
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3.1 Short-/open-circuit sensing

For both SC and OC static sensing problems, the applied tip force vector F has to be nonzero; thus, for SC
case (V = 0), Eq. (95) reduces to

KSCKS | [ D) B 0 109)
K¢ K3€ | | D(x2) B’ Hj,(x,)F |
As a result, the induced charges can be calculated using Eq. (106) by setting (V = 0), namely
Q Boc —Boc | [DOx1)
(= (110)
-Q —Boe Boc D(x2)
with the displacements D(x1) and D(x>) obtained from Eq. (109), namely
:Dm)} [Kff Kfzcr{ 0 } i
D(x2) KS5€ K3¢ B’ Hj,(x,)F |

The developed SC sensing electric charges on the patches electrodes are obtained by back-substituting
Eq. (111) into Eq. (110), namely

Q Boe —Boc | [K3F KiE ) ' (112)
—Q B —B,c B Kglc ngc Bz/ sz(x2)F ,

To determine the induced charge on the surface of any of the piezoelectric patches, an additional step is
required. This can be done by using Eq. (105) and assuming that the developed charges on the surfaces of both
piezoelectric patches are equal and opposite, namely 0" = Q and Q' = —Q. As a result, the charge vector
of Eq. (105) reduces to

(e —ciel!
Q=1 cicl +clc! 2. (113)
0

and the corresponding induced charge on the surfaces of any of the patches is

1 2
Q) 0 Q)

= e ol or e R (114)
cieyt —cley CLC" + CeCY
where Q(l) and Q(Z) are the first and second elements of the sensed electric charges Q of Eq. (112).
In the case of OC static sensing (Q = 0), Eq. (107) reduces to
s | oo |~ s e
= 3 g3 ’
Kglc ngc D(x2) BD, H;, (x,) F
The sensed electric voltages in this case are given by (see Eq. (106) with Q =0
V B, —B D(x)
{ V~ } _ oc oc (116)
-V _Buc Boc D(XZ)
where the corresponding displacements D(x1) and D(x;) are obtained by solving Eq. (115), namely
{D(x1) } |:K101C KIOZC:|_1 { 0 } )
= 33 :
D(x2) KY€ K&C B’ H),(x,) F

14



Back-substituting these displacements into Eq. (116) results in the following expression for the electric

voltages vectors:
\ Boc —Bo |[KGC K™ 0 (118)
| | Bue Bue || K9CKYC B H},(x,)F |

To determine the induced voltages by any of the piezoelectric patches, an additional step is required. This
can be done by using Eq. (82) and assuming that the induced voltages across both patches are equal and
opposite, namely V¥ = V and V! = —V. As a result, the voltage vector of Eq. (82) reduces to

o Cfl
V= cro4 Céﬂ v, (119)
0
and the corresponding induced voltage across any of the patches is
V) V)
or

V= u 1’ V= U i
cyt—ct c+ct

(120)

where V(1) and V(2) are the first and second elements of the voltage vector V of Eq. (118).
For both SC and OC sensing problems, the generalized displacements at the tip of the beam (x3 = L) can
be obtained using Eq. (63) for i = 3, namely

Y3(x3) = H3(x3) y3 (121)

where H3(x3) is given by Eq. (64) and y3 is given by Eq. (80), namely
-1
Hi(x3) = 3% [Mg ¢332 L Nl x3] , y3 = {D(lifz)} . (122)
Expanding Eq. (121) yields
{ D(x3) } _ [HR () HS,,,(xg)} { D(x,) } 123
D} (x3) H), () Hj,(x3) | | F
leading to the following generalized displacements at the tip of the beam:

D(L) = H} ,(x3) D(x2) + H3, (x3) F (124)

where D(x,) is obtained from Eq. (111) for SC sensing and Eq. (117) for OC sensing.

3.2 Voltage/charge actuation

Here, a non-mechanically loaded (F = 0) adaptive cantilever is considered for its voltage or charge actuation.
For the former, Eq. (95) reduces to

KT KT ] (pap) [V 125)
K3F K3C [P || v

where the voltage vector Vis given by Eq. (82).
Following an identical procedure as in Eqs. (121) to (124), the generalized tip displacement vector of the
beam is given by
D(L) = H, (x3) D(x2) (126)

with D(x) being obtained by solving Eq. (125).
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(a) Isometric view

X1 | Ly I

X

(b) Side View

Fig. 2 A cantilever beam with a top surface-mounted piezoelectric patch

For the case of charge actuation, the corresponding generalized displacements D(x1) and D(x;) are obtained
directly from Eq. (107) by setting F = 0, so that

D KIOIC Klozc B Q (127)
D(xy) | | KOC K9S Q)
Here, the generalized displacements at the tip of the beam, D(L), can be obtained using Eq. (126) with
D(x;) given by Eq. (127).

4 Numerical validation and benchmarking

The DTF CFS for static sensing/actuation of piezoelectric beam cantilevers have been implemented in
MATLAB®. The latter’s results are the induced potential/charge due to the static tip force, as solutions of the
SC and OC sensing problems, and the tip generalized displacements as the solutions of the static voltage/charge
actuation problems. In all benchmarks, the piezoelectric layers/patches are grounded at the interfaces with the
host beam. The DTF solutions are validated by benchmarks that reported tabulated results [10-12, 14] or ana-
lytical formulas [13], as comparison to graphical results may lead to unwanted deviations. Therefore, limited
benchmarks, namely patched asymmetric smart-beam [12], as in Fig. 2, unimorph [10,11], as in Fig. 3, and
trimorph [13, 14] as in Fig. 4, were found and used for validating and benchmarking the present DTF CFS.

4.1 Static sensing problems validation

One SC sensing (Fig. 3) and two OC sensing (Figs. 2 and 3) benchmarks are here analyzed. The piezoelectric
layer/patch and host beam in these benchmarks have equal width as the host structure, and the corresponding
material properties are recalled hereafter from [11, 12]. The static charge (SC) and voltage (OC) sensing results
are obtained for an applied tip force, F;, of 1 uN.
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(b) Side View

Fig. 3 Schematic diagram of a cantilever beam with a top surface-mounted piezoelectric layer (unimorph)

(a) Tsometric view

X

tp

(b) Side View

Fig. 4 Schematic diagram of a cantilever beam with surface-mounted piezoelectric layers (trimorph)

4.1.1 Short-circuit sensing

The proposed DTF CFS is compared to results from [11] obtained for the unimorph in Fig. 3. The latter has
a length L of 1000 um and a total thickness /#; of 6 um. The host beam, of thickness #, = nhy, is fully
covered with an equal width, B, = B, = 100 um, PZT-5A piezoceramic layer of thickness ¢, = (1 — n)h;.
It is made from poly-silicon with a Young’s modulus of 160 GPa and a Poisson’s ratio ofp 0.2. The used
PZT-5A elastic stiffness coefficients at constant electric field are C 1El = 120.32 GPa, CIE3 = 75.06 GPa,
Cf; = 110.84 GPa, and CSE5 = 21.05 GPa, the stress piezoelectric coupling coefficients are e3; = —5.35 C/m?
and e33 = 15.78 C/m?, and the transverse permittivity at constant strain is e§3= 7.31 nF/m [11]. Using
the reduction provided in [11], which is based on plate kinematics and accounts for thickness strain, the
piezoelectric layer modified axial and shear stiffness coefficients are calculated as Qﬁ = 69.49 GPa and

0 SES = 21.05 GPa, respectively, while the modified stress piezoelectric and blocked dielectric coefficients are
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¢31 = —16.04 C/m? and & 633 = 9.56 nF/m, respectively. The reduced axial and shear coefficients for the host
beam are Q? | = 166.67 GPa and Qb = 66.67 GPa, respectively. Reference [11] provides tabulated results
for a thickness ratio n = 2/3. Using Eqs. (112) and (114), the calculated induced charge is found as -10.105
x 10712 C. This value is 1.08% of relative deviation with regard to the 9.997 x 10~'2 C value obtained by [11]
using the 2D plane strain ANSYS® 4-node PLANEI13 element. The difference in sign is due to the difference
of the polarization direction. Furthermore, the corresponding SC sensed tip displacement w, (L), calculated
using Eqgs. (111) and (124), is computed as 1.692 pum. This value is of 0.12% deviation from the 1.69 um
value, which was also obtained in [11] using the ANSYS® 2D plane strain PLANE13 element.

4.1.2 Open-circuit sensing

A patched asymmetric smart beam [12] as in Fig. 2 is here considered as a first OC sensing benchmark. The
base aluminum beam is 79 mm long and has a thickness of 7, = 3.9 mm, Young’s modulus of E = 69 GPa,
and Poisson’s ratio of v = 0.3. The PZT PIC255 piezoceramic patch has a thickness of 7, = 0.3 mm, a
length of 50 mm, and is placed 18 mm from the fixed end. The host and piezoceramic patch are of equal width
B, = B, = 25 mm. The piezoelectric patch plane-stress reduced electromechanical properties were given

in [12] as OF; = 69.18 GPa, O = 21 GPa, &3 = —16.57 C/m?, and &3 = 9.52 nF/m. The reduced elastic

coefficients of the host beam are Q’l’ | = 75.82 GPa and Q’s’5 = 26.54 GPa. An OC sensed voltage of 3 V was
mentioned in [12] that was obtained using a plate discrete-layer finite element fulfilling the EP constraints on
the patch electrodes. Using Egs. (118) and (120), an OC sensed voltage of 3.1 V is obtained. This represents
a relative deviation of 3.33% from the above reference value of 3 V.

The second benchmark considered here is the same unimorph as in the SC sensing case. The OC sensed
voltage, calculated using Egs. (118) and (120), is equal to 0.0171 V. This value is 1.18% of relative deviation
from the -0.0169 V reported in [11] using the 2D plane strain ANSYS® 4-node PLANE13 element. The
difference in sign is due to the difference of the polarization direction. On the other hand, the corresponding
tip displacement is obtained, using Eqs. (117) and (124), as 1.705 pum. This value is identical to that (1.705
wum) given in [11] using the 3D ANSYS® 8-node SOLIDS element.

4.2 Static actuation problems validation

The voltage and charge actuation problems are validated here by four benchmarks, a unimorph [10] similar in
given dimensions and properties, including the calculated modified ones, as that used in the SC sensing case
of Fig. 3, and trimorphs [13,14] similar to that shown in Fig. 4. The DTF CFS voltage actuation problem is
validated using three benchmarks [10,13,14], while the DTF CFS charge actuation one is validated against
the unimorph benchmark results in [10].

4.2.1 Voltage actuation

The transverse tip displacement caused by an applied electric voltage is obtained here using Eqs. (125) and
(126). The first voltage actuation benchmark is the unimorph [10] used earlier for validating the SC sensing
problem. Itis actuated by a voltage of 1 V applied on the top surface of the piezoelectric layer, while the actuator—
beam interface remains grounded. The corresponding calculated tip displacement value is —10.0194 ;xm, which
is of 0.85% relative deviation from the 10.105 um 2D plane strain analytical value, reported in [10]. Again,
the difference in sign is due to the difference of the polarization direction.

The second voltage actuation benchmark is a trimorph [13] as that shown in Fig. 4. It is 100 mm long
and made of 16-mm-thick aluminum host with two, 1-mm-thick, surface-mounted piezoceramic layers, all
having a unit width. The beam elastic properties are E = 70.3 GPa and v = 0.345, while the elastic properties
used for the PZT-5H at constant electric field are C 1E1 = 126 GPa, CE 13 = 84.1 GPa, C33 = 117 GPa, and

CSE5 = 23 GPa, the stress piezoelectric coupling coefficients are e3; = —6.5C /m and ez3 = 23.3C /m [13],

and the transverse permittivity at constant strain is 633— 13 nF/m[15]. Using the electromechanical coefficients
reduction in [13], which is similar to that presented here in Egs. (4) and (6), the modified elastic axial and

shear stiffness coefficients are calculated as Q11 = 65.55 GPa and Q55 = 23 GPa, respectwely, while the

modified stress piezoelectric and blocked dielectric coefficients are &3 = —23.25 C/m? and 633 = 17.64
nF/m. The reduced elastic coefficients of the aluminum host are Q11 = 79.46 GPa and Q55 = 26.02 GPa.
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Using the analytical equations provided by [13], the tip deflection for an applied voltage of 10 V is equal to
—0.5382 um, which is identical (—0.5382 pum) to DTF CFS calculated using Eqgs. (125) and (126).

The third voltage actuation benchmark [14] is a trimorph similar to that of the previous voltage actuation
case (Fig. 4), but with different material properties and dimensions. Itis 0.3 m long, with host beam thickness of
0.02 m and two 0.005-m-thick piezoelectric layers. The width for this benchmark was not given; however, since
all layers have equal width, it is factored out. The host beam is made of steel with £ = 210 GPa and v = 0.3,
while the piezoelectric layers are made of PZT-4 which used elastic stiffness coefficients at constant electric field
being Cf; = 139 GPa, Cf; = 74.3 GPa, CJ; = 113 GPa, and C% = 25.6 GPa, stress piezoelectric coupling
coefficients are e3; = —6.98 C/m 2 and e33 = 13.84 C/m 2 and transverse permittivity at constant strain
is €§3= 5.47 nF/m [14]. The corresponding modified elastic axial and shear stiffness coefficients calculated

using Eq. (4) are QlEl = 90.15 GPa and QSES = 25.6 GPa, respectively. The modified stress piezoelectric

and blocked dielectric coefficients using (6) are €31 = —16.08 C/m? and é§3 = 7.165 nF/m. The reduced
elastic coefficients of the steel host are Qll’ | = 230.77 GPa and Qgs = 80.77 GPa. For an applied voltage of
10V, the reported tip displacement in [14] is equal to 566.9 nm, while the tip displacement calculated using
Egs. (125) and (126) is equal to 609.95 nm with a relative deviation of 7.6%. When using the PZT-4 data from
eFunda [16] (CF, = 139 GPa, CE, = 74.28 GPa, CL = 115.41 GPa, CL = 25.6 GPa, e3; = —5.203 C/m 2,
e33 = 15.08 C/m 2, and e§3= 5.872 nF/m), the reduced electromechanical coefficients, according to Egs. (4)

and (6), are Qﬁ = 91.19 GPa, Q5ES = 25.64 GPa, e3; = —14.91 C/m2 and é§3 = 7.84 nF/m, and the
corresponding calculated tip displacement is 562.4 nm (compared to above 566.9 nm [ 14]) with a relative error
of 0.75%.

4.2.2 Charge actuation

The charge-induced transverse tip displacement is obtained here using Eqgs. (126) and (127). In the case of the
unimorph (Fig. 3) used above in the validation of the voltage actuation problem [10] and for the thickness ratio
n = 2/3, an electric charge of 6.5 x 1079 Coulomb is applied to the top surface of the piezoelectric layer,
while keeping the latter’s interface with the beam grounded. Using the above equations, the current DTF CFS
predicts a tip displacement of 11.04 um, which is of 0.01% deviation from the 2D plane strain, considering
the so-called induced potential higher-order effect [8] analytical value (11.039 um) reported in [10].

5 Conclusions and perspectives

Unified DTF CFS were presented for the static SC/OC sensing and voltage/charge actuation of beam can-
tilevers using top/bottom surface-mounted piezoelectric patches. These solutions can handle different material
properties, thickness and width, but same length, for the patches. Besides, the latter’s widths can be different
from the host elastic beam as is usually the case in practice, but not in most literature theoretical (numerical
or analytical) models. Therefore, the presented DTF CFS can handle unimorph and asymmetric or symmetric
patched or layered smart cantilevers, but not bimorphs (two bonded piezoelectric layers only) and laminated
hosts (the core layer of the trimorph). Another feature of the given solutions is that they can support various
reduced piezoelectric constitutive equations and satisfy automatically the physical equipotential constraints
on the piezoelectric patches/layers electrodes. The validation and benchmarking results showed very good
correlations with the 2D plane-strain analytical [10] and 2D plane-strain [11,14] /plane-stress [12,13] /3D [11]
finite element reference ones.

As a short-term perspective, the present work and earlier ones [6,7] can be extended to laminated and piezo-
electric hosts so that the above-mentioned layered composite host and bimorph limitations can be alleviated.
Also, considering higher-order electric potential distributions through the thicknesses of the patches/layers will
help gain higher accuracy. Next, as a mid-term perspective, a worthy extension could be directed to considering
the case of embedded shear (d;5) piezoceramic sensors and actuators; corresponding SC and OC free-vibration
solutions can be also investigated in order to assess the resulting dynamic electromechanical coupling. Finally,
the extensions to multi-segments can be sought as a long-term perspective. This can alleviate, in particular,
the above-mentioned patches same length limitation.
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Appendix: List of abbreviations

The following list of abbreviations has been introduced at their first appearance in the text and then used
through this document:

1D One-dimensional

2D Two-dimensional

3D Three-dimensional

BC Boundary condition

CC Continuity conditions

CFS Closed-form solutions

DTF Distributed transfer functions

EP Equipotential

FEM Finite element methods

FSDT First-order shear deformation theory
oC Open circuit

PDE Partial differential equation

PVW Principle of virtual work

SC Short circuit

SSM State space methods
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