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We derive an explicit expression for the transition amplitude from black to white hole horizon at the end
of Hawking evaporation using covariant loop quantum gravity.

DOI: 10.1103/PhysRevD.104.066015

I. INTRODUCTION

The existence of a classical solution of the Einstein field
equations describing a spacetime in which the exterior of a
past black hole and a future white hole are connected [1]
indicates that the end of the evaporation of a black hole can
result in a quantum tunneling from a trapped to an
antitrapped region. The black to white hole transition is
receiving increasing attention in the literature [2—14]. In
[15], following the scenario developed in [16-25], we have
introduced a technique to study this transition. Here we use
this technique to derive an explicit expression for the
corresponding transition amplitude.

This transition amplitude is formally given by a path
integral over four geometries performed on a spacetime
region B bounded by a three-dimensional surface X (with
specified intrinsic and extrinsic geometry). The three-
dimensional surface X encloses the transition region. Its
specification and its geometry have been computed in [15].
The formal path integral is approximated and concretely
defined by the spin foam amplitude [26] associated to a
discretization of B. While the discretization of X was
defined in [15], here we construct the full discretization
of B and compute the corresponding transition amplitude.

The complexity of the calculation is given by the topology
of B, which is the product of a two-sphere and a disk (see
Fig. 1). The disk is the product of a finite time interval and a
finite space (radial) interval and it is delimited by an exterior
two-sphere S, that surrounds the horizon and by an interior
two-sphere S_ surrounded by the horizon (sitting on the
bounce radius of the transition of the internal geometry of the
black hole). The two two-spheres S, and S_ split Z into a
past component ¥ and a future component X/.

While X was discretized by means of a three-dimensional
triangulation, here we discretize B in terms of a two-complex
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C dual to a cellular complex which is not a four-dimensional
triangulation. This choice has the advantage of providing a
relatively simple discretization that respects the symmetries
of the problem.

Section II is devoted to the construction of the two-
complex C. The corresponding transition amplitude is
computed in Sec. III. Section IV offers a simplification of
the expression based on the symmetries of the two-complex.
Section V gives the amplitude in terms of coherent states.
The duals of I" and C, namely the triangulation of X and the
cellular decomposition of B, are discussed in Appendix A.
Appendix B offers a graphical representation of I" and C.
Appendix C recalls the basic formulas of covariant loop
quantum gravity.

II. DISCRETIZATION OF B

In this section we give the combinatorial definition of the
two-complex C as a set of vertices, edges and faces with
their boundary relations. To help the geometric visualiza-
tion, a graphical representation of the two-complex C and
its boundary I" is provided in Appendix B: we advise the
reader to consult it.

If Ny and N, are nodes, we write L = (N, N,) to denote
the oriented link with source N; and target N,. We denote
L~! = (N,,N,) the same link but with opposite orientation.
For the vertices and edges of the two-complex of the spin
foam (which form a graph), we use an analogous notation.
We denote the vertices as v; the internal edges (bounded by
two vertices) as e; the external edges (bounded by one
node) as E. Similarly, we denote the internal faces
(bounded by internal edges only) as f; the external faces
(with one link in the boundary) as F. We write f =
(eq,...,e,) to denote the oriented face f bounded by these
edges. The orientation of the face is given by the sequence

© 2021 American Physical Society
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FIG. 1. The region B in the time-radius space: each point of the
diagram is a two-sphere.

of edges. These are written oriented accordingly to the
orientation the face induces on them.

Let a, b, ¢, d be indices taking values in the set
{1,2,3,4}, t be an index taking values in the set {p, f}
(for past and future) and € be an index taking values in the
set {—, +} (for interior and exterior). In all the expressions
with several indices a, b, ... these are assumed to be all
different, that is @ # b and so on. Unless two indices are
separated by a comma, the order of the indices is not
relevant and exchanging the indices results in the same
element. If two indices are separated by a comma,
exchanging the indices results in a different element.

The graph I' dual to the three-dimensional triangulation
of Z constructed in [15] is defined by

Nodes N and N/ ;

Links L& = (N4, NJ),

LT, = (N, Np).

La b — (ch’ N )

(See Fig. 6 of Appendix B.)
The two-complex C, whose boundary JC is given by T, is

defined by
Vertices v and v;
Edges  Ef = (v, N§),
Elab = (Vabthab)’
e;b = (V:lr’ Vuh)
e;b (Va s Vcd)
Faces Fo = (L, (Ef)~1, E),

Fop = (Lo (EH)_] € Eip)s

Fop = Ly (B ™ e i),

fap = (eder (€5.0) " eper (el )™,
This construction defines the orientation of every element
of the two-complex.

The geometry of B is invariant under both rotations and
the time reversal transformation that swaps £” and /. The
discretization reduces the rotational symmetry to a discrete
tetrahedral symmetry, realized by an even permutation of
the indices a, b, ¢, d. The time reversal symmetry is
realized by the swap of the indices p and f.

There is also a combinatorial symmetry defined by the
exchange of the exterior and the interior, namely by the
exchange of S, and S_. This is realized in the two-complex
by the invariance under the swap of the indices + and —.

This is however not a symmetry of the geometry we
want to study, as S, and S_ have a different geometry:
S, is larger.

III. TRANSITION AMPLITUDE

Following Appendix C, we assign group elements to the
edges and the links of the two-complex:

L& «— kS € SU(2);

L, «— h, € SU(2);

E’e —> ga e SL(2,C);

Eab —> gab e SL(2, C),

€p < Yy Yap € SL(2.C).

The group element ¢¢_,, is assigned to the oriented half
edge of ¢} , having a source in the source of ¢}, , and a target
in the middle of ¢, ,. The group element ¢, is assigned to
the oriented half edge of ef, , having a source in the target of
e;, and a target in the middle of e ;.

It is then straightforward to compute the covariant
loop quantum gravity transition amplitude for the black-
to-white hole transition by using the expressions reported in
Appendix C applied to the two-complex defined above.
The two-complex amplitude W, expressed in terms of face
amplitudes is

WC(h27h;€,b> :/ dg dgabdgaeb
SL(2,C)

X HAZULZ QZS)HAa,b (gjz_<—>c7 gl;_)c)
ab

XHA

tab

XHA

tab

(s 96" Gl Gaes)
(R 9 s s Gaesp)- (1)

To regularize the expression in (1) we have dropped the
integration over one SL(2, C) element per vertex. We have
chosen to drop the integrations over the gée and gfm
variables. The integral is independent from these.

To write the face amplitudes we use the following
notation. We introduce the (2j+ 1) x (2j+ 1) matrix

Dﬁ” (9), g € SL(2,C), with matrix elements

(DY (9))n = D2 (9), (2)

() are the matrix elements of the (p, k) unitary

where DY imjin
representation of the principal series of SL(2,C) in the

canonical basis that diagonalize the operators L and L, of
the SU(2) subgroup [26]. The matrix Df,j ) (g) should
not be confused with the SU(2) Wigner matrix DV)(h)
with matrix elements Dﬁ,{,l(h), h € SU(2). Using these, we

have
AqhG 95) = Zd Te[DY) (6 )P ()], (3)
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Aa b (gjz-<—>c s g[:<—>c)

=t Zd Tr[D

X D}(’ ) ((gj{ec)_lg;ed)p}(’j) ((g;—wl)_lg;—w)
DY (g50) " g (4)

)= d;Tr[Dy
J

x DY ((gi_,) ™ g ) DO (RS)],
(5)

ga—)d) lgj{—m)

(gt gt ot +\-1 .+
Aa.b<ha,b’gﬂ »Gabr Ja<sb a ) ga—»b)

Zd Tr[D.

x D£ (g7y) " g ) DO ()],
(6)

AL (Ml 972 9has Gass) ((95) " g0p)

The transition amplitude for the black-to-white hole
transition is then given by

(Welwnw) = / i,
SU(2)

x Wel(h, hif,b)‘//BW(ha’ ha b)s (7)

where |wgw) € Hr is the extrinsic coherent state peaked on
the classical boundary geometry of the black-to-white hole
transition that was constructed in [15].

For numerical calculations [27-30] and to use asymp-
totic techniques [31-33] it is more convenient to use the
amplitude written in terms of vertex amplitudes.

Following the notation in Appendix C, we assign a spin
[an SU(2) irreducible representation] to every face in the
two-complex and an intertwiner, namely a basis element in
the space (each edge of the two-complex belongs to four
faces)

Hjl"'j4 = InVSU(Q) [Hjl ® & Hj4]’ <8)

to every edge of the two-complex:
F «— JS e N/2;
Fop < Jap €N/
fop <= jur €N/2;
E’€ I'f € Hepe
E%b — I+ € HJHJF ;
Cap < la b € H A >
b < lgp € H/m/'
Using this we can write the two-complex transition
amplitude in the following form:

WelhGhigy)=> " > [Hd’f Hd’m]

JoJe e, teab

(1 ® I,

tea  ta,b>a

teab

®D (Js) (he)®D ab (hte )>F

XWe(Jad g Ia i) ©)

where the bra-ket notation indicates the index contraction
dictated by I" [26]. The transition amplitude in the spin-
intertwiner basis reads

We(J5J€, 1,18,

a>"ab

_ZZH JabHAVZ(ja.INJZa ab,Iff, .Zb)

]ub luh ab

N (- [ I
XHHAVab(]a,C’]b.C’Ja,b’Jc,d’Iah’la.b’lc,d)'

a b>a

(10)

The graphical representation of the product of the vertex
amplitudes [whose analytical expression can be easily read
from Eq. (C16)] written using the graphical representation
of [31,34] can be found in Fig. 2.

Notice the relative simplicity of the expression in
Eq. (10). There are only two kinds of local vertex
amplitudes (see also Fig. 2): the amplitude associated to
the eight five-valent vertices v and the amplitude asso-
ciated to the six six-valent vertices v,.

For example, the amplitude of the five-valent vertex v
depends on the following quantities. Two ‘“vertical”

v3’ vy

FIG. 2. Graphical representation of the product of the local
vertex amplitudes entering the two-complex spin-intertwiner
transition amplitude in Eq. (10).
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(see Appendix B) boundary intertwiners, the past one I}
r +, and three “horizontal” internal

One vertical spin J, three

and the future one
intertwiners i{,, i3, if 4.
vertical past spins J{,,J{ 5, J7 ,, three vertical future spins

J'{’Z,J'1_3,J1’4 and finally three spins ji,,j;3, /14 of the
horizontal internal faces.

Similarly, the amplitude of the six-valent vertex vi,
depends on the following quantities: two vertical boundary

intertwiners 7, and 1{2 and four horizontal internal
intertwiners i}, i;,i34,i;5; four vertical past spins

I3 I8 I8 JhS, four vertical future spins J) 5. JL7,

Jg;, J;’;g and four spins jj 3, ji 4, j23, J2.4 of the horizontal
internal faces.

IV. USING THE SYMMETRY

Focusing on the transition amplitude in the spin-inter-
twiner basis in Eq. (10), a simplification of the model can
be obtained by restricting the computation to spin foam
configurations whose coloring respects the geometric
symmetries of the problem at hand. Namely, we can
simplify the amplitude by performing a symmetry reduc-
tion of the model.

In this scenario the boundary spins are fixed to just four
independent ones,

Jo=J, and J¥, =1, (11)
and the boundary intertwiners are fixed to just three
independent ones,

Ig=1, and I, =1 (12)

Furthermore, simple geometry shows that the symmetry of
the tetrahedra dual to the exterior and the interior nodes N’
(see Appendix A) implies that their geometry is fully
determined by the area of their faces [15]. Hence, the two
boundary intertwiners /, are actually uniquely determined
by the spins: 1, = 1,(J., J.). Finally, the symmetric trun-
cation of the model is obtained by restricting to symmetric
spin foam configurations, that is

Jap =7 and ig, =i (13)

The transition amplitude in the spin-intertwiner basis of the
symmetry reduced model is then given by

FIG. 3. The boundary graph [26] of the interior five-valent
vertices (left) and of the six-valent vertices (right) in the
symmetry reduced model.

WelJeTe D) =Y dPAS(j. o 1 i)

Jole

x [[AR . Te. T i), (14)

where A(j, J., I, i.) is the local vertex amplitude associated
to every v,, vertex and A.(j,J.,J.,i,) is the local vertex
amplitude associated to every v¢ vertex. This is a huge
simplification with respect to the transition amplitude
in Eq. (10).

The explicit dependence of the vertex amplitudes on the
spins and the intertwiners can be read from Fig. 3 or
from Fig. 2.

V. COHERENT STATE BASIS

Finally, we give also the expression of the transition
amplitude in the overcomplete basis on the intertwiner
spaces formed by the coherent intertwiners. This form of
the amplitude is useful to study the intrinsic quantum
geometry of the cellular complex dual to the two-complex.

Following again the notation in Appendix C, we
assign a normal to every couple (edge, face) in the
two-complex:

(B¢, F5) « N € 8%

(Bl F,) «— Niij € 8%
(Etb’F?-b) — Naba € S2
( F£d>(_)NabL€S2
(e Fl) s i, € 5%
(e € %
(e, € S

+
ub’fac) ¢ nahc

)(_)nabc

066015-4
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The change of basis gives

d e d_]’+ = d‘]l* N djle
€ €\ 2 xrte U5 2 Nt+ ab 2 Nyi— c.d 2 Nrte a.b
W (ha,h;b E [l |d,f | |d,u ] / (d N, in ) (d Napa i ) <d Nap.e in ) (d Na,bﬂ)

JFJ‘F ea teab

x [ [(75. N5 DV (he) |76 NI [ (L Nip ol DY) (R )5, NGty

tab

X H<‘]£l_b’ d£1|D ab (hta_b)l‘]a b’ :z_b>WC(J€Jta€b7NI€ Nuh a?Nflz,cvﬁfze,b)v (15)

tab

where the transition amplitude in the coherent basis reads

€ Jte te
W(Ja’ng’Na’Naba’ abc’
]ab ab

=2 114,

dye, d; d;
2>te a, 2=+ Ja.c 2= Jea
/ <d na,b Ar ) <d abc Az ) <d na,b,c 47,[)

XHA J‘lb"]a"]ab’qab’ abc’Nfle’N )

x H HAvab (jvab ’ Jvab ’ ﬁvab’ I_\;vab) (16)

a b>a

and the labels j,  ,J fy Nvab stand for the following

sets of variables:

Vab’ ab’

Jva = JacrJbets (17a)
Ty = e Ia}- (17b)
iy, = A g Ty o Tl g 0 (17¢)

Ny, ={Ngha N }- (17d)

The analytical expression of the coherent vertex amplitudes
in Eq. (16) is given in Eq. (C10). The contraction pattern
between the coherent states and the D}(/) matrices in the
coherent vertex amplitudes exactly matches the contraction
pattern between the intertwiners and the DJ(/ ) matrices in the
spin-intertwiner vertex amplitudes (it is just a change of

basis) and it can therefore be read directly from Fig. 2.

VI. CONCLUDING REMARKS

Starting from the results obtained in [15], we have
constructed a two-complex that discretizes the quantum
region in which the black hole horizon tunnels from a
trapping to an antitrapping horizon and we have explicitly
computed the transition amplitude associated to the phe-
nomenon using covariant loop quantum gravity.

The two-complex defined in Sec. II is complicated and
the corresponding transition amplitude computed in Sec. 111
may be difficult to studied analytically. However, the high
degree of symmetry of the two-complex should help in
the numerical exploration of the transition amplitude.

A numerical analysis of the transition amplitude is in
progress and it will be reported elsewhere.

Notably, the set of internal faces of the two-complex
forms a bubble, that is they form together a surface without
boundary with the topology of a two-sphere. The presence
of a bubble in a two-complex may in principle lead to a
divergence in the corresponding transition amplitude [26].
A preliminary counting of integration variables and con-
straints among those appearing in the large spin limit of
(16) appears to suggest that the amplitude is exponentially
suppressed for large spins, and therefore convergent.
A detailed analysis will be reported elsewhere.
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APPENDIX A: THE CELLULAR
DECOMPOSITION OF B

The triangulation of the boundary X of B was con-
structed in [15] and it can be summarized as follows.

The surface X is formed by a past component ¥ and a
future component X/, joined inside the black hole at the
two-sphere S_ and outside the black hole at the two-sphere
S, (see Fig. 1). A simple triangulation of it is obtained by
placing four (equidistant) points p, on S_ and four
(equidistant) points p; on S_.
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The triangulation is then defined by the points p¢, the
segments s¢, and s! ,, the triangles L; and L[, the
tetrahedra N and N!,, and their boundary relations:

Osep = (Pl PY)s (Ala)
sy, = (Pa- py)'s (Alb)
OLG = (She Sear San)- (Alc)
aLZJ,rb = (SjwsZ,cvSZ,d)a (Ald)
OLey = (SeqrSear Saa)> (Ale)
ON' = (L;G’b,Lﬁf’C,Lif’d,LZ), (AIf)
ON' = (L[Jr Lt L= L) (Alg)
ab a,b’ ~ba’ “ec,d Hd,c)

The indices a, b, ¢, d, t and € follow the rules discussed in
Sec. II. Partial graphical representations of this triangula-
tion can be found in Figs. 4 and 5.

The graph I' dual to the triangulation of X, which is
formed by nodes (dual to the tetrahedra of the triangulation)
connected by links (dual to the triangles of the triangula-
tion), is represented in Fig. 8. Using the same label to
denote dual objects, it is straightforward to check that the
notation in Eq. (A1) is consistent with the notation given in
Sec. II for I

The cellular decomposition of B can then be obtained
defining internal two-dimensional surfaces f,,, internal
three-dimensional cells eg’ »» internal four-dimensional cells
v§ and v,,, and their boundary relations:

»f

FIG. 4. Elements of the triangulation of £ seen as embedded
objects in the four-dimensional spacetime.

(b)
(e

FIG. 5. The triangulation of X' (not X) seen as a topological
three-dimensional object. Each subfigure has different elements
highlighted: in (a) the triangles L are highlighted; in (b) the four
tetrahedra N, are highlighted; in (c) three tetrahedra N;* out of
four are highlighted; in (d) three tetrahedra N’, out of six are
highlighted; in (e) the remaining three tetrahedra N’, are high-
lighted; in (f) two tetrahedra N’;, two tetrahedra N%." and two
tetrahedra N’ are highlighted.

L
D

(a) ©)

>

(d)

®

Of up = (s .50 ,); (A2a)
des, ), = (LL5 Li,eh’fa,cvfa,d); (A2b)

O = (NL NI €6 €60 ). (A2¢)
Ovay = (N Nl gyl g eigoeqe). (A2d)

Notice that the internal two-dimensional surfaces are not
triangles, that the internal three-dimensional cells are not
tetrahedra and that the internal four-dimensional cells are
not four-simplices. The cellular decomposition of B is thus
not a four-dimensional triangulation.

The two-complex C, whose combinatorial definition is
given in Sec. II, can be equivalently defined (apart from its
orientation) as the dual to the cellular decomposition of B
specified by Eqgs. (A2) and (Al).

APPENDIX B: GRAPHICAL REPRESENTATION
OF I' AND C

The combinatorial characterization of the two-complex
given above is complete and compact, but it is difficult to
visualize. We give here some graphical representations to
help the geometrical intuition.

The graph I" dual to the triangulation of X is depicted in
Fig. 6. The lower part of the graph is on X7, the upper is on
>/, The left part of the graph, with the four brown nodes
N7, is the interior of the black hole; the right part of the
graph, with the four red nodes N, is the exterior of the
black hole. The six blue nodes N!, are intermediate (they
represent tetrahedra cut by the horizon).

066015-6
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-

|\ P NI+

OO00

=
S

Ly

a,b

ab

P— P+
La.b

(o
o
>

O000

Tp— p-+
NE NE

=
=CQQOOO0  QQOOOD 2
X =

o

FIG. 6. Two-dimensional representation of the graph I" dual to
the triangulation of X.

The structure of the vertices and internal edges of the
two-complex reproduces the structure of the past (or future)
part of the graph I'. This is depicted in Fig. 7, using for the
vertices the same color codes used for the nodes. The
boundary edges are all vertical: they connect the vertices in
Fig. 7 with the corresponding past and future nodes in
Fig. 6. All the internal faces are horizontal: one of them is
depicted in Fig. 7. All the boundary faces are vertical and
they are of course in one-to-one correspondence with the
links of the graph I'.

To visualize the faces, it is more convenient to shift to a
three-dimensional representation and give up the radial
ordering from interior to exterior. The graph I" can be then
represented as in Fig. 8. The upper part of the picture still
contains the future objects and the lower part the past
objects. The blue dots represent the nodes N!, . the brown
dots represent the nodes N’ and the red dots represent the
nodes N’F, as in Fig. 6, but the interior-middle-exterior
order is not respected. The links L¢, vertically connect the
nodes N%° in the past to the nodes N/ in the future. The
pattern of the links L!¢,, which is the same on both the past
and the future components of the graph, can be better
appreciated restricting only to the past (or future) compo-
nent depicted in Fig. 9.

Vab

FIG. 7. Two-dimensional representation of the internal com-
ponent of the two-complex.

FIG. 8. Three-dimensional representation of the graph I" dual to
the triangulation of X; each node is represented as a sphere
colored consistently with its dual tetrahedron in Fig. 5.

/=

P .E p+
. . N

_ — | N _
N? 2,4 13 N
p p—
L2 @ L4,1

FIG. 9. Two-dimensional representation of the past component
of the graph I dual to the triangulation of Z.

The one-skeleton of the two-complex is represented in
Fig. 10. Be careful: in Fig. 10 the dots of the upper and
lower layers are nodes, while those of the intermediate layer
are vertices. The past (lower) and the future (upper) layers
are in fact the past and the future components of the
boundary graph I' in Fig. 8. The intermediate layer
represents the vertices and the internal edges of the two-
complex.

The boundary edges Elf and E/, can be recognized in
Fig. 10 as the edges connecting the internal component of
the two-complex to both the past and the future components

FIG. 10. Three-dimensional representation of the one-skeleton
of the two-complex C; notice that although the internal vertices
and the boundary nodes are graphically depicted in the same way,
they are two very distinct objects (the same applies also to edges
and links).
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FIG. 11. Graphical representation of the boundary faces (in red)
Fi1, Fy3, FY{, F; and (in brown) F} |, F}5, Fi3, F;.

(a)

FIG. 12.  Graphical representation of the internal faces f 4, f4;
[in (a)] and £, ,, f3; [in (b)].

of the boundary. This construction completely specifies the
one-skeleton of the two-complex C.

The graphical representation of the boundary faces F
and Fy, is easily obtained using their definition given in
Sec. II. Some of them are depicted in Fig. 11.

The internal faces, although slightly more difficult to
represent, can be found in the same way. Some of them are
reported in Fig. 12. The strange nature of their graphical
representation (some of them intersect each other and some
of them have strange shapes) is just a consequence of the
fact that we are representing a four-dimensional object in
three dimensions and it has no physical meaning.

APPENDIX C: TRANSITION AMPLITUDES IN
COVARIANT LOOP QUANTUM GRAVITY

We briefly review how transition amplitudes are
expressed in covariant loop quantum gravity focusing on
the EPRL-KKL transition amplitudes. For more details, we
refer the reader to [26,34,36,37].

Given a compact region of spacetime B with boundary
Y = 0B and an arbitrary oriented graph I € X, the boun-
dary Hilbert space of a truncation of the complete quantum
theory that considers only the degrees of freedom coming
from I"is Hp = L?[SU(2)X/SU(2)"]r, where L and N are
respectively the total number of links and nodes in I'. A
boundary state, i.e., an element of the boundary space, is a
square integrable function (/) that is gauge invariant at
every node n € I'. Each h, € SU(2) can be seen as the

holonomy of the Ashtekar-Barbero connection between
two nodes of I'.

A transition amplitude associated to each state in the
boundary Hilbert space can then be given in terms of an
arbitrary oriented two-complex C whose boundary graph is
I'. Let f, e, v € C denote respectively a face, an edge and a
vertex of C. To each internal edge e linking two vertices v
and Vv’ are assigned two SL(2, C) elements g,, = g5, and
Joyy = g;,}:. To each boundary edge E, edges that link an
internal vertex v and a node n is assigned one SL(2,C)
element g,, = gn..

An internal face is denoted as f € B and a boundary face,
a face that contains a link, is denoted as F € I". Given an
arbitrary boundary state |y/) € H, the theory associate to it
the amplitude

(Wely) = /S oy Wl i), (D

where the two-complex amplitude W (h,) is defined as
(neglecting the normalization constant)

Welhe) = | N dthH5<thv) T4 ).

feC vef veC

(€2)

The vertex amplitude A, (hg,) is given by

A) =3 [ g
— JsL.c)

x [Tl (DY (gervgve,) DY (Re,)). (C3)

foav

The prime on dg,. means that, fixing v, the integration is
over all possible g., except one. The edges e; and e} are the
two edges in f that have the vertex v as, respectively, target
and source. The matrix DV) is the Wigner matrix of the
dj-dimensional (d; = 2j + 1) representation of SU(2) act-
(/)

ing on H;. The matrix D" is the d; X d; matrix

(BF @) =Dpis0).  9€5L2.0). (C4)

where Dﬁf; jk,)n are the matrix elements of the (p, k) unitary

representation of the principal series of SL(2,C) in the
canonical basis that diagonalize the operators L? and L, of
the SU(2) subgroup. Finally, y is the Barbero-Immirzi
parameter.

This is the two-complex amplitude expressed in terms
of elementary vertex amplitudes. Inserting Eq. (C3) in
Eq. (C2) and performing the integrations over Ay, it is
possible to express the two-complex amplitude in terms of
elementary face amplitudes. The result is
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WC(hrf’) = /SL(ZC HdeeHAf(gve)

) vec feB
X HAF(hfFv gve)v (CS)
Fer
where the amplitude of an internal face is
¢(gve) Zd THDY (geyver)
x Dﬁ-’f><ge/vrgvfe~> DY (geomgyn)] (C6)

and the amplitude of a face with one link in the boundary is

Zd Tr[D

X DJE]F) (gc’v’gv’e”> e
x DUr) (hfp)]

ht’F gve gn vOve' )

DY (Gyoryin Gy,
(C7)

The quantities ng and n, represent the nodes that are,
respectively, source and target of the link #. The value of
the label (n) in e and v is fixed for each face by the
topology of C and I'.

A third way to express the two-complex transition
amplitude is the coherent representation in terms of
SU(2) coherent states |j,7) € H;. Starting from either
Eq. (C2) or Eq. (C5), the two-complex transition amplitude
can be expressed in its coherent representation by explicitly
performing the traces in terms of coherent states and
inserting coherent resolutions of the identity on H,

d -
= [l

between all the matrices. Rearranging the result in terms of
elementary vertex amplitudes the coherent two-complex
transition amplitude can be written as

=S II o]

jg feC eeC foe

, (C8)

X H<jfw fg, 1,|D Uie) (hy) i, fg, 1)

cer
X HAv(jf’ et)s (€9)
veC
where the coherent vertex amplitude is
M) = [ ade
SL(2,C)
X H(jﬁ ﬁefflpi(/]f) (gefvgveQ |jf7 ﬁe’ff>’ (CIO)

foav

The label E, is used to denote the boundary edge that has
the node n in its boundary.

A priori, this construction assigns to each half-edge ev
(assuming the same orientation for each face f having e in
its boundary) the state

Rljr). s € QH;,.

foe foe

(C11)

However, due to SU(2) invariance induced on the half-edge
ev by the integration over g., € SL(2, C), the state assigned
to ev can be seen as a coherent intertwiner [38],

/ dh®h[>|]f>, '_ief (S InVSU(z) |:®H/t:| . (C12)
SU(2) foe

foe

This suggests a fourth way to express the transition
amplitude: instead of using the overcomplete basis of
the coherent intertwiners we could use a basis of inter-
twiners,

| > S InVSU |:®HJI:| s (C13)
fae
giving the following resolution of the identity:
(C14)

1=l e

The two-complex transition amplitude can be then sche-
matically rewritten as

=S Lo (TTwlT0% )

Jp.ie f€C EeC cer

x [TA G i)

veC

(C15)

where the spin-intertwiner vertex amplitude is

A i) = /S o, e
<H16|HD & (gefvgve >

esv  fov

(C16)

and the bra-ket notation indicates the index contraction
(between the intertwiners and the matrix elements) dictated
by the topology of the two-complex.
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