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Diameter mean equicontinuity and cellular automata

Luguis de los Santos Bafios and Felipe Garcia-Ramos

Abstract

Mean and diam-mean equicontinuity are dynamical properties that have been of use
in the study of non-periodic order. We show that the Pacman automaton is not almost
diam-mean equicontinuous (it is already known that it is almost mean equicontinuous).

1 Introduction

In this paper we study cellular automata (CA) in the context of topological dynamical systems
(TDS), i.e., pairs (X,T), where X is a compact metric space and 7' : X — X a continuous
function [14, 2]. In particular, we are interested in understanding what types of non-periodic
local order can CA exhibit.

In the context of cellular automata (and symbolic dynamics in general), periodicity is
linked to the concept of equicontinuity. A TDS is equicontinuous if the family {T"},cy is
equicontinuous. A CA is equicontinuous if and only if it is eventually periodic [14].

One may also study this notion locally. A point x € X is an equicontinuity point if the
orbit of a small ball around z will always stay small, that is if for every € > 0 there exists
§ > 0 such that diam(T*Bs(x)) < € for every i € N. We say a TDS is almost equicontinuous
if the equicontinuity points are dense. Given a CA; it is not difficult to check that a point
is equicontinuous if and only if it is locally eventually periodic; that is, if every column is
eventually periodic (Proposition 2.5). For CA, almost equicontinuity is more natural than
equicontinuity since it can be used to classify CA using sensitivity to initial conditions [13].

A weaker notion of equicontinuity, diam-mean equicontinuity, requires the diameter of small
balls to stay small on average (see Definition 2.2). The notion of diam-mean equicontinuity
has been used to characterize regularity properties of the maximal equicontinuous factor [9],
which are natural in the context of aperiodic order. A weaker property, mean equicontinuity,
is connected with the concept of discrete spectrum [8, 12, 5, 7] and almost periodic functions
[11] (for a survey on mean equicontinuity see [15]). Nonetheless, the view point of this paper
is not quite the same as in the study of quasicrystals and aperiodic order as in [1]. Because
almost mean equicontinuous systems are only required to be ordered locally almost everywhere
(not every point is mean equicontinuous), and they may exhibit chaotic properties like positive
entropy.

In [4], the authors constructed a CA that is almost mean equicontinuous but not almost
equicontinuous. In this paper we will show that this CA is not almost diam-mean equicontinuous.
The question of whether there exists an almost diam-mean equicontinuous but not almost
equicontinuous CA will be addressed in another paper [3].

Sensitivity to initial conditions (or simply sensitivity) is a notion of chaos that can also
be studied in mean and diam-mean forms. A cellular automaton that is neither almost mean
equicontinuous nor mean sensitive can be constructed [4] (hence Kurka’s dichotomy is not
satisfied on the mean forms).

In summary; almost equicontinuous CA exhibit eventually periodic behaviour. CA are
either almost equicontinuous or sensitive. Among sensitive CA, there exists very chaotic
CA, like the shift, which satisfy all the sensitivity type properties. Nonetheless, among the



sensitive CA, there exist almost diam-mean equicontinuous CA and CA that are neither almost
diam-mean equicontinuous nor diam-mean sensitive. Among diam-mean sensitive CA, there
exists almost mean equicontinuous and CA that are neither mean sensitive nor almost mean
equicontinuous.

We do not know if there are natural hypothesis that imply that a CA must be either almost
mean equicontinuous or mean sensitive.

2 Preliminaries

We say (X, T) is a topological dynamical system (TDS) if X is a compact metric space
(with metric d) and T : X — X is a continuous function. Given a metric space X, we set
Bs(z) ={y € X : d(z,y) < d}, and the diameter of a subset A with diam(A). A subset of a
topological space is residual (or comeagre) if it is the intersection of a countable number
of dense open sets.

Definition 2.1. Let (X,T) be a TDS and z € X.

1. The point x is an equicontinuity point if for every € > 0 there exists 6 > 0 such that
diam(T'Bs(z)) < e
for every i € N. The set of equicontinuity points of (X, T) is denoted by EQ.
2. (X,T) is equicontinuous if EQ = X.
3. (X,T) is almost equicontinuous if EQ is a residual set.

The concept of mean equicontinuity first appeared in the work of Fomin[6] and Oxtoby[17].
We say z is a mean equicontinuity point if for every € > 0 there exists § > 0 such that for
every y € Bs(x) we have that

Z?:l d(Ti:L’, Tiy)

lim sup <eEe.
n—00 n

A related concept, diam-mean equicontinuity, was introduced in [8] and studied in [9]. For
a survey on recent results see [15].

Definition 2.2. Let (X,T) be a topological dynamical system.

e We say x is a diam-mean equicontinuity point if for every € > 0 there exists § > 0
such that

lim sup Zi:l diam(T" Bs()) <e€

n—00 n

We denote the set of diam-mean equicontinuity points by EQPM .
e (X,T) is diam-mean equicontinuous if EQPM = X
e (X,T) almost diam-mean equicontinuous is EQPM is residual.

It is trivial to see that every equicontinuity point is a diam-mean equicontinuity point, and
that every diam-mean equicontinuity point is a mean equicontinuity point.

Now we will give the basic set up of symbolic dynamics.

Given a finite set A (called an alphabet), we define the A-full shift as A%. If X is the
A-full shift for some finite A we say that X is a full shift. Given z € A%, we represent the i-th



coordinate of = as x;. Also, given 7,7 € Z with ¢ < j, we define the finite word z; j = ;... z;.
Let AT be the set of all finite words.
We endow any full shift with the metric

B 270 ifx Aty where ¢ = min{|j| : z; # y;};
d(z,y) = { 0 otherwise.

This metric generates the same topology as the product topology. For any full shift AZ,
we define the shift map o : AZ — A% by o(x); = x;4+1. The shift map is continuous.

Definition 2.3. We say that (X,T) is a cellular automaton (CA) if X is a full shift and
T: X — X is continuous and commutes with o, i.e., coT =T oo.

Remark 2.4. Note that T'z; represents the ith coordinate of the point 7'z, and T'z|y ) the
word extracted from the [0, n]-coordinates of the point T'z.

The following fact can be extracted from the proof of [13, Theorem 4].

Proposition 2.5. Let (X,T) be a CA. If x € X an equicontinuity point then x is locally
eventually periodic, i.e., for every i € Z we have that T™x; is an eventually periodic sequence

(of ).

3 Pacman CA

In [4], the Pacman CA was defined using radius 1 rules. Let A = {{_][ 1, &, & C,[®]}. We
will define the CA formally and then use a more heuristic explanation of the CA. We define
the function T : AZ — AZ locally as follows

I if (e e {LL BB A (2 e {8 A iy € (L 0LGY
V(z; =[BIA 21 ¢ {[LI,[RI}H)])
V(zi—1 € {1 [0} A [(=; € {188} A iy € {L11LIG])
V(z; =[G Az ¢ {1 [RI))),

Zf T; € {[D’ } A xiJrl ¢ {@’ }7 )

if (@i € {LLBLE} Az € (LB A 2iyy € (B[R]}

V(zi—1 € {1180} A z; € {L], } A zipr = [R]),

(Tig1 = &= A [(zi1 € {D» &), } Nz € {Dv &, })

V(zi—y € {IL[RI} A 2; € {1 &0)

V(g1 =GNz, ¢ {[D, R} A 2ip1 € {M, [®]})

V(z; =BIA 241 € {IL[R]}),

if  (zior =LA (2 € LB A2y =) v, =@0)

V(zioy =BIAzi, 211 ¢ {[1,[R]}), and
@B if aic{[R} Az, c {5 R}

This CA has memory and anticipation 1. We will call the members of the alphabet as follows:

B

Tl‘i =

»‘4
8

H
.
~

e [ ] empty space,

e [ ] empty door,

. pacman,

. ghost.

. keymaster ghost, and

e [®] door with ghost.



We will now explain the main properties of this map so the reader gets intuition on the
dynamics. The reader does not need to know the rules of the game Pacman. One only needs
to understand that pacmans eat blue ghosts.

e A door always stays fixed in the same place (a ghost might cross it); that is, z; € {1, R[]}
if and only if Tx; € {[L,[®]}.

e Pacmans [(3 move to right (one position per unit of time) if there is no door; that is, if

z; =@ and xit1, ziyo ¢ {{LI,[R]} then Tz;11 =[Gl

e If a pacman encounters a door (on the right) it is transformed into keymaster ghost B
that is, if z; = (@ and z; € {1, @]} with j € {i + 1,7 + 2} then Tz, ; = B

e Ghosts (@) always move to the left (one position per unit of time) if there is no
pacman or a door on the left; that is, if z; = Bl(z; = @), ;-1 € {{ ][, B} and
zi—p € {1, B B} (zi2 #Q)), then Tz;_y = [@(Tz;—1 = &).

e If a ghost or keymaster ghost encounters a pacman (on the left) it will disappear (get
eaten); that is,
— if x; € {@, B} and z;_1 =[G, then Tx;_; ¢ {[@],&}; and
—ifx; € {,}, Ti_o = and z;_1 ¢ {[D,}, then T'z;,_1 = al.

e If a ghost 8| encounters a door it transforms into a pacman; that is,

— if z; =@ and z;_; € {{[1,[®}, then Tx; = [@; and
— if Tr; = , Ti—2 = {[D, } and Ti—1 ¢ {[D,,}, then Txi_l = .
e If a keymaster ghost encounters a door he will enter the door, lose its key, and (in

the following step) proceed to the left; that is, if z; = B and x;_; € {[L],[®]}, then
Tl‘z;l = and

— if Tr;—3 = D, then T2SCZ',2 = and

— if Ti—3 = , then T2xi,2 = .
When describing a point in A% we will use a point (.) to indicate the zeroth coordinate, for
example if x = [ J[GQ [, it means that zq = [3] and x; =[] for every i # 0. We will now

provide some examples on how the Pacman CA works. Notice that time flows downward on
the diagrams.

Example 3.1. Let m > 2, and w = [ []" [I. We will show a section of the orbit of
2 :=>[ | wi™. In this example we can observe that the space between two doors is acting
like a some sort of “filter”, because many ghosts disappear.
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Theorem 3.3. [4] The Pacman CA is almost mean equicontinuous (the set of mean equicon-
tinuity points is dense).

Lemma 3.4 (Lemma 3.5 [4]). Let (X,T) be the Pacman CA, m > 0, w € A™ and z =
[l 1. There exists N > 0 such that for alln > N,

Tz, € {D,M} Vi>0.
Lemma 3.5. Let (X,T) be the Pacman CA, i >0 and w € A" a finite word. We define the

points ' '
o' =] TR
There exist N, M > 0 such that for every j € Z>o we have that TNH:E(J)VIH € {[&, &, (=0} .

Proof. First assume that w € {{_],[]}*. By simple application of the rules one has that there
exists No > 0 such that 7"z} € {{@), 88 [R]}. Furthermore, since T2’ = 2~!, we obtain the
result for M = 0, that is, for every j € Z>( we have that TVo iz € {[@), &, []}.

For the general case, let w € A™ and z = *°[_Jw[ ][ . Lemma 3.4 implies that there
exists M’ > 0 such that

™ 2 e LI} Vi > 0.



Since points 3y := TM zM'+i 1ook exactly like the cases presented on the first part of the
proof, we conclude that there exist N, M > 0 such that for every j € Z>o we have that

TN+ig)"™ ¢ (@], B, [}
O

We are now ready to prove that the Pacman CA is diam-mean sensitive. Actually it even
satisfies a stronger property.
The strongest form of diameter sensitivity is called cofinitely sensitivity [16].

Definition 3.6. Let (X,T) be a TDS. For U C X and 6 > 0, let
Nr(U,6) :=={n e N: diam(T"U) > 6}.

We say that (x,T) is cofinitely sensitive if there exists § > 0 such that for every nonempty
open set U C X, we have that Nr(U, ) is cofinite (complement is finite).

It is not difficult to see that every cofinitely sensitive TDS is diam-mean sensitive.
Theorem 3.7. The Pacman CA is cofinitely sensitive.

Proof. Let w be a finite word and let # € [w]y such that x = [ Jwl ] [ . Now, let
(y")2, C [w]o such that

y' =<l T8 .
By Lemma 3.4, there exists M > 0 such that for all n > M we have that
T e {{L LI} Vi>o.
Hence, by Lemma 3.5, there exists N > 0 such that
d(TN+jx,TN+ij+j) =1
for all j > 0. Therefore, the Pacman CA is cofinitely sensitive. O

Corollary 3.8. There exists an almost mean equicontinuous CA that is not almost diam-mean
equicontinuous.

Using a similar strategy it can be shown that the Pacman Level 2 CA from [4] is also
cofinitely sensitive.

Another example that lies within the context of this theory was constructed in [18]. This
CA is non-equicontinuous, uniquely ergodic and the unique measure is supported on a fixed
point. By [10, Theorem 1.2] this CA must be mean equicontinuous.

The question of whether there exists a CA that is almost diam-mean equicontinuous but
not almost equicontinuous is being addressed in another paper.

Theorem 3.9. [3] There exists an almost diam-mean equicontinuous CA that is neither almost
equicontinuous nor mean equicontinuous.
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