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Abstract In this paper, we consider a problem in calculus of variations mo-
tivated by a quantitative isoperimetric inequality in the plane. More precisely,
the aim of this article is the computation of the minimum of the variational

problem
/ ()2 — u2]do

inf =——C

ueEW 77 2
[

where a function u € W is a H'(—n, 7) periodic function, with zero average
on (—m, ) and orthogonal to sine and cosine.

Keywords Calculus of variations, Euler equation, Poincaré type inequality

1 Introduction

In this article we are interested in the following variational problem :

/F ()2 — u2]do

inf =——C 5
ueEW 77
{/ |u|d9]

where W denotes the subspace of functions in the Sobolev space H!(—m, )
that are 2m-periodic, satisfying the following constraints:

G. Croce
Normandie Univ, France; ULH, LMAH, F-76600 Le Havre; FR CNRS 3335, 25 rue Philippe
Lebon, 76600 Le Havre, France E-mail: gisella.croce@Quniv-lehavre.fr

A. Henrot
Institut Elie Cartan de Lorraine UMR CNRS 7502, Université de Lorraine, BP 70239 54506
Vandoeuvre-les-Nancy Cedex, France E-mail: antoine.henrot@univ-lorraine.fr



2 Gisella Croce, Antoine Henrot

(L1) /F w(®) do =0

T

(L2) /7T u(f) cos(0)dd =0

T

(L3) / " u(0) sin(6) db = 0.

T

Our aim is to compute the value of the minimum and to identify the minimizer.
The difficulty comes here from the nonlinear term in the denominator of the
functional together with the three constraints (L1), (L2), (L3). We will prove
the following result. Let

m=inf J(v), J()= W

1
Theorem 1 Let m be defined by (1). Then m = a—n) and the minimizer
-7

u of the functional J is the odd and 7 periodic function defined on [0,7/2] by
u(f) = cosf + sinf — 1.

(1)

We remark that the minimization problem (1) is a variant of the Wirtinger

inequality :
™
/ o' 20
el S—

) inf . = =1.
UEHPET(—TI',TF):fiﬂ_u:O / |U|2d9

At first glance, one could think that cos 26 is a minimizer of the functional in
(1), as for the Wirtinger-type inequality

. [ () =g

uew /ﬂ- u2d9 ’
-
but this is not true.

In the literature one can find various generalizations of the Wirtinger in-
equality, without our constraints (L2) and (L3). For example, the problem

/ |u'|Pd6
inf e
WEW (=) 7 ulr—2u=0 / [u[?d6

—T

for all values of p,q,r greater than 1, has been studied by several authors
in the series of papers [2], [4], [5], [6], [7], [10], [11], [14], [16], [17] (where a
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constraint on the average of v has been considered). We recommend the nice
recent paper [18] that makes a good survey on these problems.
We also mention [8] in which the authors study, in any dimension N > 1,

the inequality
/ |VulPw
19

m
uEWLP(£2): [, |ulP~2uw=0 /|u|pw
(9]

with a positive log-concave weight w, on a convex bounded domain 2 C RV,
In our article, the Rayleigh quotient that we minimise is not ”too nonlinear”
as in these cited papers. The difficulty comes from the orthogonality to sine
and cosine.

We will explain the strategy of the proof in the next section. The proof
will be developed in Sections 3, 4, 5 and 6. In the last section we will explain
the geometrical motivation of this minimization problem and how we used the
value of m to study a quantitative isoperimetric inequality.

2 Strategy of the proof of Theorem 1

The strategy to prove our result is the following. It is immediate to see that
the minimization problem (1) has a solution. Thus we write the Euler equation
that any minimizer u satisfies:

—u" —u=m-sgn(u) + o+ A1 cosf + Ao sinf.

For that purpose, we introduce the three Lagrange multipliers, related to the
three constraints (L1), (L2) and (L3) : they can be written as a function of

sgn(u). _
m

Ao = sgn(u(0))do

Cor o

™
M= sgn(u(8)) cos0do
™ —T
™
Ao = — sgn(u(6)) sin 6d6.
™ —T
By homogeneity, we can assume that the L!(—m, ) norm of u equals 1 and,
by a translation, that Ay is zero. Our aim is to prove that

and that u has four nodal intervals, of same length. This allows us to fully
determine the minimizer and compute the value of m. Indeed, by using the
explicit expression of u on any of the four nodal domain, as a function of the
endpoints of the interval, we can easily deduce the explicit expression of the
solution u on the whole interval [—, 7] and thus compute the value of m (see
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Section 6).

For that purpose, the most involved step is to prove that A; is zero (see Propo-
sition 4). We are now going to give an idea of the strategy.

Let Iy = [ak—1,ak); Ikt1 = [ak, akt1], T2 = [ar+1, aryo)s Tkt = [Grt2, apta]
four consecutive intervals of lengths (g, fiy1, lkt2, lxt3, respectively. We as-
sume that u is alternatively positive, negative, positive and negative on these
intervals. From the explicit expression of 4 on any nodal domain, as a function
of the endpoints of the interval, it is easy to deduce an equality involving the
length of an interval and its consecutive :

/ Y4 Y4 —/ A / /
Ao sinM —msin 2L TR AL g K cog 2R AT, Iy1) -
2 2 2 2

4 14 y4 —/ A y4 y4

Aosin T2 g Dhe — B A bk B2 g
2 2 2 2 2

14 y4 4 —/ A I 14

Aosmw _ msmw _ ?1608 k2+2 s%A(Im,IM),

where

by Lt
A, I = I S—
( k> k+1) sin 0y SN Gk —1 sin £p 1

(see Section 3.2). Assuming by contradiction that Ay # 0 and that ¢, #
ly2, k1 7 Lrts, this 3 x 3 system in (Mg, A1, m) has necessarily a null deter-
minant, that provides, after some manipulations the identity

Sin ag41

c lprr . lrgs . O+ Llryo L . liyo . lpp1 +Llrgs
—7 Z cO + Sin + Sin + -+ CcOs — sin + 1n + +

sin =5 cos 3 2 2 2 2 2 2
0 lors - Ln

lry1 Lrao cos 22 cos £F2 gin AL
2 2 2

= A(Ip, Ir41) cos — — A(lp42, Ir43) — ;
2 sin %

2(m + )\0)

where C' = . After proving that the length of each nodal domain is

less than 7, we V\}ﬂl be able to study the sign of each term and arrive to the
contradiction that C' is both positive and negative.
The proof that the length of each nodal domain is strictly less than 7 is more
difficult that we expected and is done in Section 4.

3 Preliminaries
3.1 Existence of a minimizer and Euler equation
The existence of a minimizer of the functional in (1) and the optimality con-

ditions follow easily from the direct methods of the calculus of variations.
Notice that we will assume that

[ = 2)

in all the paper.
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Proposition 1 The minimization problem (1) has a solution u. If K denotes
the set of points where u vanishes, then K has zero Lebesgue measure and u
satisfies the following Euler equation almost everywhere in (—mw, m):

—u" —u=m-sgn(u) + Ao+ A1 cosf + Ao sinf, (3)
where the Lagrange multipliers are given by

m ™
Ao = 3 ) sgn(u(0))do

AL = - ! sgn(u(@)) cos 0do (4)

Ao = — sgn(u(6)) sin 6d6.
T

—T

In particular, the function u is C*(—m, 7).

Proof The existence of a solution to problem (1) is straightforward using the
classical methods of the calculus of variations. We are going to write the opti-
mality condition. For this purpose, we introduce the open set w = K¢ = {z €
(—m,7),u(z) # 0}. We fix now a function ¢ € H'((—m, 7)) satisfying

/ o(z)dz :/ () cos zdx :/ p(x)sinzdr =0.
Therefore v + t € W, that is, it can be used as a test function for our

SO (WP = o)

functional J(v) = =—"——————. We observe that

[/, 1]

[ tutel= [ furtel i [ ol
o w K

Now, on the set w where u is not zero, we have the expansion

/w|u+tvp|:/w|u|+t/wsz'gn(u)ga+0(t).

Therefore, we get

™

J(u-+t0) = J(u)+ 2t [/_W(u'@/wp /wmszgn ]2|t|m/K|ga|+o(t)

T

Let us denote by Iy the term (u'" — up) /mszgn CIf Ip > 0,

we choose ¢ < 0 small enough and get a contradiction. If Iy < 0, we choose
t > 0 small enough and get the same contradiction. Therefore Iy = 0 for all
admissible ¢ providing on w the desired Euler equation. At last, coming back
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to (5) we necessarily get [, |¢| = 0 proving that K has zero measure and the
Euler equation holds almost everywhere.

The expression of the Lagrange multipliers is obtained by integrating the
Euler equation after multiplication by 1, cos#, sin 6.

The C* regularity of the function u comes from the Euler equation that
shows that its second derivative is L, implying that u € W2 (—m, ) C
Cl(—m, 7).

Remark 1 Using (4) we see that

m+ Ao = % (1 sgn(u(6)))do > 0 (6)
and .
Cm Ao = 7%/7 (1+ sgn(u(8)))dd < 0. (1)

Up to a translation on 0, we can assume that one Lagrange multiplier is zero.
Indeed, by periodicity, replacing u(6) by (0 + a) amounts to replace Ag by
cosady — sinaA;. Thus we can choose a such that Ao = 0. Therefore in the
sequel, we will assume:

the Lagrange multiplier Ay is zero. (8)

We introduce the measure of the sets where u is respectively positive and
negative:

by =z e (=mm)ul@) 20}, (- =[{ze (-mm): ulz)<0}. (9)
With these notations, we can rewrite m 4+ \g and m — Aq:

mi_ ml m
m+X=—, m—A=-—=—2r—0_). (10)
™ ™ ™
Note also that if u(x) is a minimizer of our problem, then —u(x) or u(—x)
or —u(—x) are also minimizers. Therefore, without loss of generality, we can
assume, from now on, that

0y >0,

3.2 Expression of the solution

As usual, we call nodal domain, each interval on which u has a constant sign.
We observe that u can be zero in some points in the interior of a nodal domain.

By periodicity, there is an even number of nodal domains. A straight con-
sequence of the Sturm-Hurwitz theorem (see [13] and [12]) applied to any
minimizer (satisfying (L1), (L2), (L3)) is that

Proposition 2 A minimizer u has at least four nodal domains.
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The main difficulty will be to prove that there are exactly four nodal do-
mains with same length. It will be a consequence of the fact that the Lagrange
multipliers are all zero and will be done in Section 6.

On each nodal domain, we can integrate the Euler equation and get an
explicit expression of the solution. We are going to write explicitly v on two
consecutive intervals [a, b], [b, ¢|, where

and
u>0infa,b], uw<0in[b,c].

Assume that v > 0 on (a,b), u(a) = u(b) = 0. By integrating the Euler
equation on [a,b] and using that u(a) = u(b) = 0, we find

A
u(x) = Agcosx + Bosinz — (m + Ag) — émsinx, x € [a, b]

where
cos(“EL) A\, (b—a)sinasinb
Ag = (m+ o) =0 "2 sml_a)
in( o2} 2 (1)
By = (m + A )sm(%) +)\1 bsinbcosa — asinacosb
= m JEE—
0 0 cos(b52) 2 sin(b — a)

Assume that 4 < 0 on an interval [b, ¢], with u(b) = u(c) = 0. We find
A
u(x) = Ajcosx + Bysinz — (—m + Ag) — éwsinx, x € [b, (]

where

cos(“F?) A1 (c—b)sinesinbd
cos(52) 2 sin(c—b)
b

. . 12
Bi= (—mt A )sm(%) +£csinccosb—bsinbcosc (12)
b 0 cos(52) 2 sin(c — b)

Now we can obtain another expression of the solution on [b, ] using the C!
regularity of u in b. This gives

A
Aijcosb+ Bysinb= Mg —m + ébsinb

and
(AO — Al)SiHb = (BO — Bl)COSb.

We then get a different expression for A; and Bjy:

A
A; = (Ao —m)cosb+ ébsinbcosbf Bysinbcosb + Agsin®b

A
B; = (Ao —m)sinb+ ébsin2b+Bocos,2bfAosinbcosb.



8 Gisella Croce, Antoine Henrot

Replacing Ag, By of formulas (11) in the above expressions of 4; and By, one
gets:

atb 3b—a : :
== A b
A - )‘OCOS(bEG) B mcos( a ) M) sinasin
cos(%5%) cos(5%) 2 sin(b — a) (13)
sin(2£b) sin(222)  \; bsinbcosa — asinacosb
Bl = 0 b—a\ m b—a + = :
cos(25%) cos(%5%) 2 sin(b — a)
Expressions (12) and (13) of A; give
smbsm( ) sin bsin(2t5=22) RS b [(b —a)sina  (c—b)sin c]
-m = —sin — :
cos(252) cos(452) cos(252 a)cos(Tb) 2 sin(b — a) sin(c — b)

Let us assume now that b £ 0. If ;1 = b — a and 5 = ¢ — b, this equality can
be written as

A simﬂl—’—&—msim&_ﬂl—ﬁcosg—1 OSE—Q 2l sina — sinc
0 2 2 2 2 2 |sint sin £ '
(14)
Let us assume now that b = 0. Expressions (12) and (13) of B; give
& )\1 - a )\1
(—m + \g) tan (5) t5e= (Ao +m) tan (2) t5a

that is,

Ao sin (%) — msin (a—;—c) + %(c—a)cos (%) cos (g) =0

This is exactly equation (14) written in the case b = 0.
Here we have assumed the lengths of the intervals not equal to 7. The case
of an interval of length 7 will be considered in Section 4.

4 The length of the nodal intervals cannot be greater than =

In this section we prove that the length of any nodal interval of the solution u
is strictly less than w. We argue by contradiction, mainly by considering the
integral of u on a nodal domain.

We assume that there exists a nodal interval (a, b) of length ¢ greater than .
Without loss of generality, we can assume that

— u>0on (a,b);

—a € [-m,0] and b € (0,7] (since the function z — wu(x 4+ 7) is also a
minimizer satisfying Ao = 0);
a+b

T
< 0 (since u(—=x) is also a minimizer); this implies a < —5
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In the sequel we will call negative interval (resp. positive interval) any interval
where u is negative (resp. positive).
On a negative interval (a;, b;) of length ¢; # 7, we have

bj 0. A /. b 0
/ u(z)dr = (—m+Ao) <2tan—j Ej)Jr—l (251n—gcosm> {lJr / } ,

; 2 2 2 2 sin ¢;
(15)

while, on a positive interval (ag, bg) of length ¢; # 7, we have

b 0 A 0 b 0
/ u(x)dx = (m+Xg) <2tan§k - gk)+71 <2$in§kcos L?) {1 + & ] .

ar sin £},

(16)

In the case of a nodal domain of length 7, let (a,a + 7) be such an interval
where we suppose u > 0. Now the Euler equation

—u" —u=m+ X+ A cosz on (a,a+ )
u(a) =0, u(a+7)=0

has not a unique solution, since 1 is an eigenvalue on the interval. Moreover,
by the Fredholm alternative, the right-hand side of the equation must be or-
thogonal to the eigenfunction sin(z — a), providing the relation

A
m—+ A = Zlﬂ sin a. (17)

Lemma 1 The Lagrange multiplier A1 is negative.

Proof We first study the case where (a,b) has length ¢ > 7. Let us analyse
equation (16). We recall that m + A\g > 0 by (6); for ¢ > m, both terms
2tan(¢/2) — ¢ and 1 + ¢/ sin¥ are negative. If Ay > 0, the integral is negative:
this is a contradiction with the sign of w on (a, b).

In the case of a nodal domain of length 7, one has Ay < 0 by equation (17),
since m + Ao > 0 and sina < 0.

Lemma 2 The Lagrange multiplier A1 satisfies

A1 [l m 2 . L
< — | — = — — —+ m +
‘ 5 ‘ 28111( 5 > A s 5 (m )\0) < )\0, (18)

where £_ is the measure of {z : u(x) < 0}.
Proof Let us introduce the two numbers:

00 = |{t > b,u(t) < 0}, £ = |{t < a,u(t) < 0}|.

0_
Obviously ¢4 +¢* = ¢_. By (6), m + \g = m-, Now, since A\; < 0 by the
T

previous lemma,

A1

2

s
= ﬂ/ sign(u) costdt
2 J_,
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and

™ a b T
/ sign(u) costdt = / sign(u) costdt + / costdt + / sign(u) costdt.
a b

—T —T
a
By the bathtub principle (see [15]), the value of / sign(u) costdt is maximum
—T
when we choose sign(u) = —1 on the left, namely on (—m, —7 + £* ] (because
cos is increasing on [—, a]) and similarly for the last integral. Therefore, we

get

—n4eb T T
A1 s opa i pb
—| <= costdt+ cos tdt — costdt = 2(sin £® +sin¢?).
m -7 — LY T—L%
(19)
Since
. b . [l e — b A
sinf® 4+sinf? =2sin| — Jcos | ——— | <2sin| — | </_,
2 2 2
we finally get estimate (18), using (6) and (19).
Let us introduce the following positive quantity :
[A1/2]
A= . 20
P (20)

Our strategy to get a contradiction is based on the following

Proposition 3 If A < % or Acos(%t) < %, then we cannot have a nodal

2
interval of length £ > m.

Proof Let us start with the case b — a = ¢ = 7. In that case we have
2
A = ——— by (17). Therefore the assumption A < 2 provides immedi-
7| sin al ™
ately a contradiction. In the same way, if Acos(%t2) < 2 we deduce |sina| >
a+b

cos(44) = cos(4H4ET) = —sina that is also a contradiction.

Now, let us assume that b — a = £ > w. We use the following claim: the
function g : £ — € — 2tan(¢/2) + 2 sin(¢/2)[1 + ¢/ sin (] is positive on (m, 27).
Indeed g is positive if and only if k(t) = tcost — sint + L[2t + sin(2t)] is
negative on (%, 7). Observe that k(%) = 0 and k(r) < 0. Now, the derivative
of k, k'(t) = —tsin(t) + 2[1 + cos(2t)], is the difference between two functions
which intersect in only one point to. Since &’ is negative near % and positive
near 7, k is minimal at ¢y and therefore £ < 0 on (%, ﬂ').

We are able to get a contradiction by using the expression (16) of the integral

of u on the interval (a,b), that can be written as

b
/u(z)dz:(er/\o) <2tan§€2Acosa;Lb sing[lJr .E })

Therefore, if A < 2 or Acos(%t2) < 2, we obtain f;u(x)dx < —g) <0
(note that 1+ ¢/sin¢ < 0 for £ > 7). Thus we have the desired contradiction.
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We are now going to find some estimates on A, in order to apply Propo-
sition 3. This is quite technical and for that reason, we postpone all these
computations to the Appendix. After proving an estimate on ¢_ (see Propo-
sition 6), we distinguish the cases where u has at least 6 nodal domains (see
Propositions 7 and 8) and u has exactly 4 nodal domains (see Proposition 9).

5 The Lagrange multipliers are zero and the nodal domains have
same length

Now we enter into the heart of the paper. We are going to prove that the
Lagrange multipliers Ao and Ay are zero (we already know that Ay = 0) and
that all the nodal domains have the same length. For that purpose, we will
use the relation (14) on different intervals.

Theorem 2 The Lagrange multipliers Mg, \1 are equal to zero and all the
nodal intervals have the same length.

The proof will be done in two main steps. First, we prove that \; = 0 in
Proposition 4. Then, we prove that A\g = 0 and the nodal domains have same
length in Proposition 5.

Let us first introduce some notations and give a preliminary lemma. Let
I, = [ag—1,ax]) and Ixy1 = [ag, ar+1] be two consecutive intervals of length
respectively £k, i+1. We introduce:

4 4
A(Ik,IkJrl) = si kg Sinak,1 — L

- Sin ag1.
n 4y, sin f41

Note that, using ax—1 = ax — ¢ and ag41 = ax + k1 We can also write

£y lrt1 .
A(I, I, = — — (¢ 15 . 21
Lk, Irt1) (tanék Tty ) Sk (0r + Crs1) cos ap (21)

Lemma 3 There exist three consecutive intervals, say I;, 111,112, such that
A(L;, Iiy1) >0, A(Ij11,I42) > 0 and there exist three consecutive intervals,
say Ii,IiJrl, Ii+2, such that A(Ii,IiJrl) <0, A(Iz'+17]i+2) < 0.

PTOOf Let us consider I; = (ai,l,ai),fzurl = (ai,ai+1),li+2 = (ai+1,ai+2),
with a; < 0 < a;41. Without loss of generality we can assume that I; U [;11 U
Iito C [—m, @ (up to consider u(—z) instead of u(x)). Since sina;—; < 0 and
sin Aiqy1 > 0

I livh
A(Ii,IiJrl) = — ! SINA; 1 — — Las sina;; < 0.
sin /; sinf; 41

Since sina; < 0 and sina;yo > 0

g-Jrl . £+2 .
A(Ii+1,]i+2) = — ! sma; — — ! SinGjpo < 0.
sin ;41 sin ;4o
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Let us consider I; = (aj_1,a;),lj+1 = (aj,aj+1), iy = (a;+1,aj42), with
a; < —m < a;y1. Assume that I; U Ij1q U 1o C [—2m,0]. Since sinaj_1 > 0
and sina;j+q <0

¢ Cir1
A(l;, I; =— sina;_1 — —X——sina;4; > 0.
(L5 1) sin ¢ I sin 4 7+

Since sina; > 0 and sina;1o <0

4 l;

J+1 . J+2 .

A(Ij+17lj+2) = .781110,]' — %Smaﬁrg >0.
Sln€j+1 S €j+2

Proposition 4 The Lagrange multiplier \1 is zero.

Proof Let Iy, = [ax—1,ax], Ikt1 = lag,axt1], Tkre = [agy1, apra], Tors =
[ak+2,arts] four consecutive intervals of lengths i, lk11, lk12, kts, respec-
tively. We assume that u is alternatively positive, negative, positive and neg-
ative. In Section 3 we have seen that (see (14))

O+l N e . N S S s

Ap Sin —————— — msin ———— = — cos — €08
2 2 2 2

Alg, Iy1) . (22)

We can reproduce this identity for the other intervals:

14 14 Liyo — 1 A 14 14
Nosin L Oht2 g Deee = Bk A Ot TR )
2 2 2 2 2
(23)
14 4 Lpys — 4 A 14 14
Ap sin w — msin % = ?1 cos k2+2 cos %A(Ik.’.Q, Iit3) .

(24)
Assume by contradiction that A; # 0. We divide the proof into three cases,
according to the lengths of the nodal intervals.

1. Let us assume that £ # lxio and €r11 # li+3. Equations (22), (23) can
be seen as a system in Ay and m from which we get

o lpya—b bopn o Lep1—Le
N A Lp4q COS %’“ sin =255 A(Iy, I y1) 4 cos =52 sin =45 Ay 1, Ing2)
0= 5
2 2 i in Ler2—te
sin £g41 sin =45
Y. ‘ Ll

_— A lri1 fcos%’“ sin wA(Ik,IkJFl) + cos = sin HITHA(I]CJFl,IkJFQ)

2 2 sinﬁkﬂsinek%*e’“

We observe that

‘
\; cos & cos 2

Ao +m = 7W[A(Ik+1, Iito) — Ak, Ii1)] . (25)

Similarly, if one chooses equations (23), (24) to solve with respect to Ao,
m, he gets
A cos fex2

Ao +m=— 2
. 0 . lpis—0
2 sm%sm%’““
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1 14 1 14
x | cos 2L gin ﬁA(IkH, Ij42) — cos 3 Sin ;A(Ik_i_g, Iiys)| . (26)
2 A
We now set C' = w. We use (25) to get A(Ij11, Ir42) in terms of
1
A(Ik,IkJrl):

C'sin 7&“*2_@’“

A, D) = AL, Depr) + — & cos ek2+2 ' (27)
We also use (26) to get A(lp+1, [x+2) in terms of A(Ixyo, Ipts):
Lrt1 et oo Lpyz—Lrya
tan C tan &2 gin A3 k4l
_ 2 2 2
A(lis1, Te2) = s A(lky2, Tegs) + i 2 o B (28)

Since m is non-zero, the 3 x 3 determinant of the system in (m, Ao, A1) given
by equations (22), (23), (24) has to be equal to zero. Now, the computation
of this determinant with respect to its third column gives the following
equality after some simplification:

Lrt1—Lrys
2

ATy, Tys1) cos % cos 252 sin £ o sin

¢ loin .
+A(Ipy2, Iry3) cos =52 cos =5 sin £ 1 sin

Lrio—Lg
2

L1 Ltz 29
—A(Ipy1, Ing2) cos *5+ cos =52 (29)
X (sm bria 28’““’ sin e’“Jrf’““ + sin e’“”;e’“ sin e’““;e’““) = 0.

Now we replace A(Ii41, Ix+2) in (29) by using both (27) (for the first term),
(28) (for the second) and we get, after use of trigonometric formulae

0= A(Ik,lk+1)c0 bt

Lyo—4y +

lig2 s Lip1—leys
) Sin 3 Sin )

2

sl
Liy2 Lrts Lpys—lry1 ;o Lryo—p Sin —5
+A(Ip 42, Iry3) cos =52 cos =52 sin 5 sin =5 —— s
sl 1 kg3 o Lyl
sin sin V4 4 L+2 [ 4 Lpoy s
- 2 cos ~H sin 5 sm% + cos & sin 52 smw
sin £F8 cos 2k
(30)
e o Ly ) o . .
Simplifying by sin ##H5-42 sin #4+5—~ (this is possible since we are as-

suming 1o # £ and lgy3 # lr+1) we finally get

C
. ék+3 Ly (31)
sin =55 cos 3
I y4 I 4 y4 I y4 14
X |cos kil sin ki3 sin b S +cos—ksin k2 in kit ¥ Chts
2 2 2 2 2 2
Lt Zk+3 €k+1
fk 1 fk 2 CO sin
ZA(Ik,Ik_H)COS + COS + —A(I}H_g,fk_,_g) 2 : 8‘2, 2
2 sin %

Note that C' has the same sign as A1, since by definition of Ay (see section
3), Ao+m > 0. Moreover, in equation (31), the coefficients of C'; A(Ix, Ix+1)
and —A(Ix12, Ix+3) are all positive, since the length of each nodal domain
is less than 7, as we have seen in Section 4.

Now we claim that we can choose four consecutive intervals such that
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— A(Ij, Ir11) is positive and A(Ij12, Ix+3) is negative (with u positive on
Ii).

and we can choose four intervals such that

— A(I;,I;41) is negative and A(I;42, [j43) is positive (with u positive on
I;).

If this claim is true, we get a contradiction since (31) would show that C'

(and then A1) is both positive and negative. To prove our claim, we set

T ={Ix, Ip41) : ALk, Ii1) <0}, Ty = {(Ig, Iit1) = ALk, I+1) > 0}

We have seen in Lemma 3 that both Z_ and 7 contain pairs of consecutive
intervals (or triplet of intervals). Let us now consider the last triplet of
intervals for which A < 0. the second one. Let I;,_1, I, I;+1 be these three
intervals. Therefore A(Ijq1,Ik42) > 0. If u > 0 on Iy_; we are done,
because we can consider (Ix—1, Ix), (Ix+1, Ig+2). If u is negative on I_q we
have u negative on Ij_1, Ixy1, I+3 . .. and positive on Iy, Ix42, [x4q . ... We
can consider (Ij, Ix+1) for which A < 0. If A(J42, [x+3) > 0 we are done.
If A(Iry2,1Ix43) < 0, then A(Ip437,,,) > 0 (otherwise the last triplet
in Z_ would be Ijyo,lkis; Igta). If A(Ijya,Ikys) > 0 we are done. If
A(lpya, Inys) < 0, then A(Ixy5.1,,,) > 0...after some steps we will get
necessarily four consecutive intervals I,,—o, Ln—1, I, Im+1 (with u positive
on Ip,—2) such that A(L,—2, I;m—1) <0, A(I;,, I;nt1) > 0 (because we have
to stop before the first triplet of Z, ). Therefore, we have proved the first
part of our claim. The second part is proved exactly in the same way,
starting from the last triplet in Z, .

In conclusion, we get a contradiction.

Assume ¢, = lp42. Since the left-hand sides of equations (22) and (23)
coincide, the right-hand sides are equal that implies necessarily (since we
are assuming A1 # 0)

by : Lry1
(sinag—1 +sinagy2) = +

(sinag + sinagy1).

sin £y, sin fg41

Now, we observe that since ¢ = fp42, one has (ag—1 + agt2)/2 = (ar +
ak+1)/2. Replacing sinag—1 + sin ag42 by 2sin(ag—1 + ag+2)/2 cos(agta —
ar—1)/2 and sinay + sinagy1 by 2sin(ag + ag+1)/2 cos(ag+1 — ax)/2 the
above equality gives

€k+1)7 4 Cosngrli Lrt1 (32)

2 7 sinlpyy 2 2sin e’

cos(lg +

sin ¢y,
Assuming ¢, fixed, we can study the function
g: x> lgsinxcos(l + x) — xsin by,

Since ¢'(x) is negative and ¢(0) = 0, it is not possible to find £4; > 0 such
that (32) holds. Therefore we have a contradiction.

Assuming li 1 = lr+3 we get a contradiction in the same way as in the
previous case (£ = liy2).
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Therefore, we conclude that necessarily A\; = 0.

To finish the proof of Theorem 2, we need the following proposition.

Proposition 5 The Lagrange multiplier Ao is zero and the nodal domains
have same length.

Proof Since A\; = 0 by the previous proposition, from section 3 we deduce that

0+ ¢ Cpr — 1
Ao sin (%) — msin (%) =0, (33)

/ 12 / -/
Ao sin (W) + msin (%) =0.

The determinant of this homogeneous system is zero, as m # 0. This means

(e =l . (ler o (g — ko o (el
Sin T Sin f = SIn f Sin f

that is,

<2€k+1 — U, + €k+2) B <2€k+1 + 0 — €k+2)
cos 5 = cos 5

which implies ¢ — lgyo = —Llg + liy2, that is, lx = fli1o. With the same
argument on 1, iy, lpys we find €41 = Ciys.

Therefore all the intervals where u is positive have the same length, say /1;
all the intervals where u is negative have the same length, say ¢s. The sum of
these lengths give n(¢; + f3) = 2.

2
On the other hand, A\ = —m/ sign(u) = —mn(fl — ¢3) which gives us
2m J, 2m
27’()\0

b=ty =220, (34)

If we replace this equality in (33), we have

Ao sin (%) = msin (;—)\2) .

T 7r
We now study the function f(xz) = msin (%) — xsin (E), for x € [0,m)
(recall that A\g < m). Since f(0) = 0 = f(m), f(0) > 0, f/(m) < 0 and
f"(x) < 0, we deduce that the only zero of f is zero. This means that f(A\g) =0
if and only if Ay = 0. This argument proves that Ay = 0. We deduce from (34)
that 61 = 62.
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6 Conclusion

We are now in position to prove Theorem 1. We have seen in the previous
section that all the nodal intervals have same length, say ¢ < m, and the
Lagrange multipliers Ag, A1, A2 are all zero. We recall that if (a, b) is an interval
where u > 0, one has

cos( &t sin(axb
u(x) = Apcosx + Bysinz —m, Aozm#,Bo:m ( 2@)
oS 5 oS 5
if (b, c) is an interval where u < 0, one has
btc . bte
cos(2te sin(bte
u(x) = Ay cosz + By sinz + m, Alz_m(ii),Blz_m ( 2@)
Cos 5 Cos 5

(see subsection 3.2). The solution of the system

u(x) = Agcosx + Bysine —m =0
u(z) = Ajcosx + Bysine +m =0

is

cos(z — o) = cos £, tan(pg) = tan (242)
cos(z — 1) = cos 5, tan(yp;) = tan (4¢)

with & — oo = £(7m 4+ & — ¢1) + 2k7. Since x = a + ¢, the only possible solution
is £ = §. Therefore u(z) is symmetric with respect to a, and

w(z) = mcosz+msinxfm,z€[a,a+§]
~ | —mcosx —msinz +m,z € [a+ZF,a+n]| .

1
We now compute m defined in (1). Recalling that / [u] =1 (see (2)), we
0

[/O%Iulrzm [/+ |u|r:16m2 (Q_g)Q .,

1
24 —m)

have

Therefore m =

7 Motivations and final remarks

The minimization of the functional in (1) is motivated by a shape optimiza-
tion problem and more precisely from a quantitative isoperimetric inequality.
Indeed, for any open bounded set of R", let us introduce the isoperimetric
deficit:

(35)
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where |B| = |{2|. Let the barycentric asymmetry be defined by:

|[2AB,c|
Ao(02) = —5—
|£2]
1
where B,c is the ball centered at the barycentre z¢ = m / xdzx of 2
Q

and such that |£2| = |B,c|. Fuglede proved in [9] that there exists a positive
constant (depending only on the dimension n) such that

5(2) > C(n) N2(£2), for any convex subsets §2 of R". (36)
Now, the constant C(n) is unknown (as it is the case in most quantitative

inequalities like (36)) and it would be interesting to find the best constant.
This leads to consider the minimization of the ratio

among convex compact sets in the plane, in particular. In the study of this
minimization problem, one is led to exclude sequences converging to the ball
in the Hausdorff metric. The strategy is to prove that on these sequences Gy
is greater than 0.406 which is the value of Gy(S) where S is a precise set with
the shape of a stadium, as computed in [1].

If a convex planar set E has barycenter in 0, it can be parametrized in
polar coordinates with respect to 0, as

E={yeR*:y=tr(l+u(z)),zeS", te0,1]}, (37)

where u is a Lipschitz periodic function. Then the shape functional Go(E) can
be written as a functional H of the function u describing F, as follows :

VT aeE -
Go(E) = H(u) = 5 —=

? {% /_: (14 u)? — 1|d9]2

The constraints of area (fixed equal to 7 without loss of generality) and
barycentre in 0 read in terms of a periodic u € H!(—m, ) as:

(38)

1 T
NL1) — 1 2d6 = 1;
LY o= [ 0w =

(NL2) / " cos(O)[1 + u(B)do = 0;

—T

(NL3) /ﬂ sin(0)[1 4 u(0))>do = 0.

—T
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The computation of the minimum of H, under the constraints (NL1), (NL2)
and (NL3), seems very difficult. However, for sequences of sets converging to
the ball in the Hausdorff metric, the limit of

me = inf{H (u), |ul|p~ = &, u € H'(—x, «) periodic, satisfying (NL1), (NL2), (NL3)}
as € — 0, equals the limit of the shape functional Gy for these sequences. Thus,

a possible strategy consists in estimating from below the minimum of H by a
simpler functional, namely its linearization. Define

/ﬂ ()2 — u?]df

— T

m = inf 5
uew ™
[/ Md@]

where W is the space of periodic H'(0, 27) functions satisfying the constraints:
(L1) / udfd =0
(L2) / ucos(f)df =0

(L3) /j usin(f) df = 0.

In [3] we proved that
liminf m, > %m. (39)

e—=0

The value of m found in Theorem 1 allows us to conclude that

liminfm. > ~m > 0.406.
e—0 4

Remark 2 We observe that one can easily get an estimate from below of m by
using the Cauchy-Schwarz inequality

T 2 T
(/ |u|d9) §27r/ u?do.

Then, a Wirtinger-type inequality (or Parseval formula) shows that

/ [(u/)2 - u2]d9 3
m > ingv - = > o
e 271'/ u2df T

—T

Unfortunately this estimate on m is not sufficient to prove the desired inequal-
ity lim i(l)qf me > 0.406.
E—r
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Remark 8 One could be tempted by looking for an approximation of the value
of m, considering the subset of W composed by piecewise affine functions,
which are 0 on the same set of zeros as a minimizer u. Unfortunately this
strategy would give an estimate from above of m. Instead, we need an estimate
from below for our quantitative isoperimetric inequality.
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8 Appendix

In this section we prove the most technical results of Section 4, under the
assumptions given at the beginning of that section. We recall that our aim is to
prove that A < % and thus to get a contradiction, as explained in Proposition
3.

Let us denote by m; the midpoint of a nodal interval (a;, b;).
T

5 2}, then

Lemma 4 Let (a;,b;) be a negative interval. If m; ¢ [—

A< Z2r—1()

= 120_|cos(m;)| (40)

T T
For a positive interval (ay,by), whose midpoint my, € (75, 5), one has

i

~ 12cos(myg)’ (41)

b
Proof For a negative interval (a;,b;), as soon as % ¢ [fg, g] the fact

bj
that / u < 0 implies
M/l _ k()
= a:.+b-
m =0~ Joos(%444)|

)

2tan(5) — o
2sin(%) (1+ %)

sinx

where h(x) = . We claim that for z € [0, 7], one has h(x) <

f—;. By using (6), (7), (10) and this bound on h we have the following estimate
on A:
Z2m—1-)
T 120 | cos(%tbay|

We now prove our claim, that is, the bound on h. The statement is equivalent
to the positivity of f(x) = ”f—;(x + sinz) — 2sin(x/2) + x cos(z/2) in [0, 7].
Observe that f(0) = 0. The result will follow if we prove that the derivative
of f is positive, that is, k(z) = 3z + 2sin(z) + x cos(x) — 6 sin(x/2) is positive.
We remark that £(0) = 0,k(%) > 0,k(m) > 0. We will split the analysis into
two cases.

L. If z € [0, §] it is easy to see that k" < 0 and therefore k(z) > 0 in [0, F].

2. In the case where x € [, 7], k is decreasing. Indeed it is easy to see that
k' is negative, since k" is convex, k'(m) = 0,k'(5) < 0.

In the same way, using (16), we can prove that, on a positive interval (ay, b)
(my, being its midpoint):
2
Ui
~ 12cos(myg)’

).

when my, € (-5,

B
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Estimate of A involves the midpoint of nodal domains, as we have just seen.
The next lemma gives us important information about nodal domains whose
midpoint is between —m/2 and 7/2 or outside this interval.

Lemma 5 There are no negative intervals on the ”left” of Iy = (a,b) whose
midpoint is between —w /2 and w/2. There is at most one negative interval on
the "right” of Iy whose midpoint lies between —m /2 and 7/2.

7r
Proof Since a < 3 there are no negative intervals on the ”left” of Iy whose

™ 0
midpoint is between —— and —.

We prove the second statement by contradiction. If there were two negative
intervals, say I; and I3 with a positive interval Iy = (ag,b2) between them,
mw— €2

T
its midpoint would satisfy mgy < . Moreover, since by < 5 and 0 < b <

ay = by — Uy < g — {5, we infer £ < g Now using (41), we see that

0 0
< < .
~ 12cos(mz) ~ 12sin(¢2/2)

Now, it is immediate to check that x +— 2%/ sin(x/2) is increasing. Therefore

the previous inequality would imply for > < Z: A < 7%/(24v/2) < 2 implying
b2

/ udt < 0, that is, a contradiction.

az

We are now going to find a lower bound for ¢_, the measure of {u < 0}.

We know that
/ u(x)dx + / u(z)dr =0,
{u>0} {u<0}

/7; |u(x)|dx = /{u>0} u(zx)dx — /{KO} w(z)de = 1.

1
/ u(x)de = —/ u(z)de = =. (42)
{u>0} {u<0} 2
The following proposition gives a lower bound for ¢_.

Proposition 6 /_ > 1.55.

while

Therefore

Proof We start with a simple estimate on m that will be useful in the proof.
Using the explicit function given in Theorem 1 as a test function in the func-
tional defined by (1), we get

m< ———.

~2(4—m)
We now prove the estimate of the statement. We can assume that the length of
all negative intervals is less than 1.6 (otherwise, if there is a negative interval
of length ¢; > 1.6, the estimate ¢/_ > 1.55 is straightforward). By Lemma 5,
we can split the analysis into two cases:

(43)



22 Gisella Croce, Antoine Henrot

1. no negative interval has its midpoint in [-F, T];
2. the midpoint of only one negative interval, say I, belongs to [-%, T];

that we are now going to develop.

T
1. Assume that no negative interval has its midpoint in [—5, 5} We are

going to estimate the sum of ff (—u(x))dz on all negative intervals I;. We
J
observe that on all (but possibly one) negative intervals I; whose midpoint

m; ¢ [—g, g}, we have
/IV —u(z)dz < (m — Xo)[2tan(€;/2) — ¢;] (44)

by (15), since the second term of the right hand side is negative. Now, it
is easy to prove that

0.4523
2tan(z/2) — x < 4$, 0<z<0.S8. (45)

Therefore inequalities (44) and (42) imply
1 045(m — )\0) 3
5= %:/Ij(—u(x))dx < #zj:zj.

The maximization of the convex function ¢ € RT — 3 and the fact that
the sum of the lengths ¢; of all negative intervals is /_ give

doa<e.
J

By (10) and (43), we end up with

0.45(2m — £_) ,

= 8r(4—m)

1
2
This polynomial inequality provides finally the inequality ¢_ > 1.74.

2. Assume that the midpoint of one interval, say I;, belongs to [fg, g]
Notice that by Lemma 5, such a negative interval is unique. We are going
to estimate the sum of flj (—u(x))dz on all negative intervals I;. For j # 1,
T
33
flj (—u(x))dx,j # 1 can be estimated as in the previous case, that is, using
(15) and (45). Instead, [, (—u(x))dz can be estimated by

the midpoint of I; does not belong to [f } Therefore the integral

(m — Xo)[2tan(¢1/2) — 1]+ P, P = 7%2 sin <%1) cosm; <1 4 15 )

sin fl

(46)
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by formula (15). We thus obtain, for the sum of [, (—u(z))dx on all nega-
J
tive intervals I;

%;/}j(u(x))dxg W;@w,

using (42) for the first equality. By the same argument as in the previous
case, we get

1 04527 —4_)
2 8r(4 —m)
We are going to distinguish two cases, according to the values of #1:

(a) Assume ¢; > 0.228. In this case, we look at the first negative interval

—/
I_1 on the left of Iy. Since b < T ! < g —0.114 and ¢ > 7, we have

< ¢ +P. (47)

f_4 {4 T+l
1=q— —=b—¥0— —<-0.114 — .
m_1=a 5 b—+¢ 5 = 0 5

e, > g then ¢_ > g 40.228 > 1.75. If, on the contrary, £_; < g
5 l_
then m_1 > —Iﬂ- necessarily (otherwise a = m_; + 71 < —m which

cos (0.114 + il +2£_1) ’} =C.

Using this estimate and ¢_ > 0.228 + ¢_; in (40) we get

2, (2r —0.228 — (_1)
= 12(0228 + (_1)C

is impossible). Therefore,

2
| cos(m—_1)| > min {%,

As a function of £_;, the right-hand side is increasing and for /_; <

2
1.322 we get the inequality A < 0.636 < —, that is, a contradiction.

T
Therefore, in this case, we deduce /_1 > 1.322and {_ > {1 +4_1 > 1.55.
(b) Assume ¢; < 0.228. Lemma 2 and inequalities (10) and (43) give

A LA SR
——=<m =m— < —.
2 - 0 T T 2n(4—7)

We can use these inequalities to estimate the positive term P defined

by (46) :
2sin(0.114) (1 + ﬂ) .

P
sin(0.228)

<=
~2n(d—m)
Therefore we get from (47)

104527 — () 4 A , 0.228
- < ¢ 25in(0.114) (1 + ——o ) |
25 Sr@—m) - T 2@y 2snO114) ( i sin(0.228)>

This polynomial inequality implies £_ > 1.55.
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In the next two propositions we will analyse the case where there would be at
least 6 nodal domains.

Proposition 7 Assume that u has at least 6 nodal domains and b > —. Then

b0l 3

A < 2/ and the length of no nodal interval is greater than .

Proof We will consider the two negative intervals next to Iy = (a,b), namely
I_; on the left of Iy and I on the right, and prove that both have lengths £_
and /; respectively greater than 1.17.

— Assume by contradiction that £_; < 1.17. On one hand, the midpoint m_;
of I_; satisfies

l_ f_
m,lzaf—lg— 7—1.
2 2

vl 3

l_
On the other hand, m_; > f%r (otherwise a = m_q + 71 < —7 which

is impossible). Therefore we have
| cos(m )|>mim{i cos (W—’—E_l)‘}—min{i sin (f;l)}
-1)| = \/55 2 - \/53 2 .

Plugging this estimate in (40) and using Proposition 6 yields

2 _
4o 2, (27 — 1.55) |
12-1.55- min{%, sin(£,1/2)}

(48)

Now the right-hand side is increasing in £_; and its value for /_; = 1.17 is
2
less than 0.631 < — that is absurd, proving the claim.

T
— Assume by contradiction that ¢; < 1.17. In this case we are going to use
r
that b > 5 to estimate myq:

7T 61 61 61 1.17 5%
2+2_b+2 my b+2<7r+ 5 <4

One can now repeat the above argument to get a contradiction.

By the previous estimates on ¢_1, 01, we get /_ > {_1 + {1 > 2.34.
T
With the same arguments of the two steps above, we can prove that {_; > 5

and ¢; > g Indeed it is sufficient to replace 1.17 by g and 1.55 by 2.34 in the
2

estimate of A. This gives A < 0.49 < —, that is a contradiction. We deduce
T

that /_, > g and ¢, > g that implies /_ > m: this is a contradiction, since

€+>7T.

Proposition 8 Assume that u has at least 6 nodal domains and b < g Then

A < 2/ and the length of no nodal interval is greater than .
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The proof of this proposition follows analogous arguments to the previous one,
but uses three intervals on the right of (a, b), since we do not know the position
of mq.

Proof One can prove that ¢_; > 1.17, following exactly the same argument as
in the proof of Proposition 7. We will work with the intervals I; = [a1,b1], 2 =
[az, b2), Is = [as3, b3], with by = ag,bs = as, on the right of (a,b), with b = ay.

Y4
1. Assume that by < ﬁ. Observe that 0 < mq < g — 52 where we have used

that b > 0. Using (41) we get

A< L
~ 12sin(4/2)

smceb2§gandogb<a2:bre2 < gfeg, one has f5 <

3 oo

Therefore the right hand side of the above estimate of A is less than

that is a contradiction. -
2. Assume that by = a3 > 5 We start by proving that £_ > 1.93. Assume by

12 /

contradiction that /_ < 1.93. On one hand we have ms = as+ 53 > ng 33
5 l

On the other hand we claim that ms < Zﬂ We have ms = b+ 41+ 405+ 53

Observeﬁthat
-b< 5 by hypothesis,
—ly <m—1.55since o+ ¢ <0y =2m —0_ <271 — 1.55,

¢ ¢
— 0+ 53 < 0.76 since £_1 + {1 + 53 </ <193and ¢ ;> 1.17.

3 5
Thus m3 < ; —1.5540.76 < Iﬂ- We deduce from the previous bounds

7ol (57}

which provides, as in case (a)(i), ¢3 > 1.17.

We deduce that ¢_ > /_1 + /¢35 > 1.93.

We are going to prove that £_; > 1.532. Assume that this is not the case.
Using the same argument as in step (a)(i), one has a contradiction from
the following estimate :

on mg that:

| cosms| > min{

1.5322(27 — 1. 2
< 5322(2 — 1.93) L2 (19)
12-1.93- min{%, sin(1.532/2)} @

It is easy to prove that /_ > 2.67. Indeed, if this is not the case, replacing
1.93 by 2.67 in (49), we get a contradiction since A is still less than %
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We are going to prove that £_; > 7. Assume that this is not the case. By
the same argument as in step (a)(i), one has a contradiction from estimate
< (/2 )2(2m —2.67) 2
> < —.
12-2.67-v2/2 7

T
We are going to prove that £3 > 5 Assume that this is not true. Recall

/
that /_ < w. As above, on one hand we have ms = ag + 33 > 5 + —. On
5 12
the other hand ms < Iﬂ- Indeed ms =b+¥1 + 45 + 53 Observe that

-b< g by hypothesis,

—£2§7€T—2.67
T
“htgy<Tog

Thus ms < 27 — 2.67 < %r We deduce from the previous bounds on ms

1
that: | cosmg| > —=. This gives a contradiction since

V2
< (m/2)%(2m — 2.67) 2

< —.
12-267-v2/2 7

™
Therefore £3 > —.
This last estimate implies 7 > ¢_ > ¢_1 4+ 3 > m, that is, a contradiction.

We consider now the case of four nodal domains.

Proposition 9 Assume that u has 4 nodal domains. Then A < 2/m and the
length of no nodal interval is greater than .

Proof Assume now that u has four nodal domains: I_; = I3,1; (two nega-
tive ones) and Iy, Iz (two positive ones), that we write as Iy = (ag,a1), 1 =
(a1,a2), Iz = (az,a3),I-1 = Is = (a3—27, ag). We assume that mg, m1, ma, ms3
are the midpoints of each interval and ¢y, {1, {2, {3 are the lengths.

We are going to work with a more explicit expression of A, Ao. Without
loss of generality, we can assume that the lengths satisfy 0 < ¢ < {3 < 7 (up
to replacing u(z) by u(—zx)).

As in the proof of Proposition 7, we can get the lower bound ¢35 > 1.17.
We can assume —7 < mg < —g by Lemma 5. From Ay = 0 we have

0= / sign(u(x))sinzdr = 2 (cosag — cosay + cosaz — cosaz).  (50)

—T

Gathering — cosa; + cosay on the one hand and cosag — cosag on the other
hand, the right hand side of (50) can be rewritten

0 ¢
sin § sinmsg + sin 51 sinmy = 0. (51)
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In the same way, coming back to the definition of A (see (4)), we have

M 2m

L L
5 <sm 53 cosmsg + sin 31 cos m1> . (52)

Observing that cosmg < 0, by (51) cosmg can be rewritten as

sin? %1 sin® mq
cosmg = — 1—T. (53)
sin® 3
2

By using (52), (53) and (6), the quantity A defined in (20) can be rewritten
as a function of /1,3, m; as

5 = Sln2 é—l sm my — sin 4 COS My

A= A(l,¢ )2\/51” 2
= mi) =
1,43, 1 61 Eg

(54)

We use now the integral of u on the interval I3. We recall that

mly l3 A, . 03 ls
- - Bg) A fogin 2 1+ .
/13( u(x))dx - (2t n Eg) 5 [ sin - cosmg ( sinﬁg)}

1
Moreover 0 < / (—u(z))dx < 5 by (42). We now use the expression of \; /2
I3

and replace sin % cosmy by +4/sin’ %1 — sin? %3 sin®mg (with a

and a — if g < my < 1.9), thanks to (51). This provides an

expression of the integral as a function of the three variables ¢4, {3, ms:

given in (52
+ if my <

w|=1v

0< /1 (u(e))de = L (01, 05,ms).

More precisely, we have

Ii(€1,€37m3) = (271’ -l —63) (Qtan% —fg) — ...

L 14 14 14 14
4 (sin 33 cosmg + \/sin2 31 — sin? 33 sin? m3> sin 33 cosms (1 + sin3€3)

(with a + if m; < g and a — if g < my < 1.9). By Lemma 6 below, the

function I is negative, and thus we get a contradiction.

We recall that we assume that u has four nodal domains: I_; = I3, I; (two
negative ones) and Iy, I (two positive ones). We assume that mg, m1, ma, ms
are the midpoints of each interval and £g, f1, {2, {3 are the lengths. We recall
that

\/sin2 % — sin? é—l sin? my — sin % cosmq
)=2

O+ 43

A= A(€1,€3,m1
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(see 54) and

SlIl2 % SlIl ma
cosmsg = — 1-— W . (55)
2

Lemma 6 Assume f3 > 1.17 and 0 < {1 < l3 < w. Let mj be the solution to

. 4 !
| sin mg| sm;3 = sin 51 Assume that —m < m3 < mj.

1. Let

I+(€1,f3,m3) = (271‘—61 —63) (Qtan% _[3) -

l 12 12 12 12
4 ( sin = cos ms3 + \/sin2 2 gin? =2 sin? mg | sin =3 cos mg | 1+ — 3 .
2 2 2 2 sin /3

Assume €1 < T. Then I, ({1,£3,m3) <O.
2. Let

I_(€1,f3,m3) = (271‘—61 —63) (Qtan% _[3) -

l 12 {3 12 12
4 ( sin = cos ms — \/sin2 L sin? =2 gin? mg | sin = cos ms |14+ — 3 .
2 2 2 2 sin /3

Assume {1 < 0.62. Then I_(¢1,¢5,m3) < 0.

The proof of Lemma 6 is based on the following estimates on ;.

Lemma 7 Assume that u has 4 nodal domains. Assume that m. < —. Then

el<E

Proof Let us first look at the dependence of A with respect to my. The deriva-
tive of A(¢1,0s5,m1) with respect to m; has the same sign as

cos M sin Z—l

)
\/sin2 %3 — sin? e_1 sin? mq

sinmq | 1—

that is, the same sign as

sinm; [ sin? 6—3 — sin? 6—1
! 2 2 )"

T
The above quantity is positive, since 0 < m; < 5 and f3 > /1. Therefore, if

™
m1§§
T SIHQ%—SI2%
Al ¢ < A(ly, 43, =) =2 . 56
(17 37m1)_ (1) 372) £1+£3 ( )
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s 2
Assume by contradiction that ¢; > ra We are going to prove that A < —,
™

thus reaching a contradiction. We set

63 — fl £3 + ﬂl
T = and =

2 y 2

1.17
and observe that 0 < z < g, 5 <y < —. The quantity A(¢1, s, g) can be

™
. . 2
rewritten as a function of z, y:

v/sin x sin T 1.17 =«
G(:Cay) = %a (‘Tay) € [0, 5} X {7,5} .

The map x — G(z,y) is increasing while y — G(z,y) is decreasing on this

T
set. We remark that the assumption ¢; > 5 is equivalent to y > = + 5 In

1.17
the rectangle [0, g} X [T’ g} this implies that x € [0, %} Now, it can be
checked that

Vit € {0,%}, G(t,t+%)§%

Indeed the function ¢ — G(t,t+§) is first increasing then decreasing and satis-
fies the above inequality for its maximum that is approximately at 0.6627206.

From the properties of G, we infer that G(z,y) < — for all (z,y) such that
T

1.17
y >+ %,y € [T’ g], z €10, g], that is, 1 > % We have thus proved that
A < — assoon as {1 > %, that is a contradiction. Therefore ¢; is less or equal
™

s

G-

Lemma 8 Assume that u has 4 nodal domains. Assume that my > g Then
{1 <0.62.

Proof Let us suppose first that m; > 1.9, therefore |cosmy| > |cos1.9| and,
following (40) we infer

13(2m — 41 — (3)
A < — '
(41, 03,m1) < 12(¢1 + £3)| cos 1.9]

Now, this expression is decreasing in ¢3 and increasing in /1, thus it is always
b
less than its value for /1 = /3 < 5

ll(ﬂ'—fl) 7T2 2

Al bgyma) < A6, 6, 19) = 9000l S T8leos19] < 7

and the contradiction is obtained in this case.
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T
We can therefore assume that — < m; < 1.9. Expressing ms in terms of

m1, we have mz = mq — ?_ — ¥l < 1.9—7_ — 7, thus |sinmg| < sin(1.9—%)

(recall that —m < mg < —g) By identity (51), we have

12 14 14 L l_
| sin 1.9|sin§1 < sinmy sim;1 = |sinm3|sin53 < singsin (1.9 — 7) .

This implies, by (53)

sin? & sin® m, sin?(1.9 — &)
|COSm3|: 1_#2 1—27
S sin“ 1.9

Therefore, using (40) we can estimate A from above by

A< B2 —1-)
= 5 Z; .
190 11 Sn (1.9- %)
sin? 1.9

As a function of ¢_ the right-hand side is clearly decreasing. Now, if £; > 0.62
(and then ¢/_ > 1.17+ 0.62), we can see that A < % for any f3 € [1.17, 7 — {,]
giving the desired contradiction.

We are now able to prove Lemma 6.
Proof (of Lemma 6)

1. We look first at the dependence with respect to mg. The derivative of
I, (¢1,¢3,m3) with respect to ms has the sign of

L3

2
1/4 .
/1 /3 / sin 2 cosms
. -2 -2 .2 2
sinms sin 5—s1n 55111 ms + 7 7 5 /1 .
(sm 5 —sin” 3 sin mg)

. ™ . . . .
Since —m < mg < — sinma is negative. Therefore ms +— I(¢1,43,m3) is

decreasing, which implies
I_:,_(fl, fg, m3) S I+(€1, 63, —7T).

Now,

14 14 14 14
IJr(gl,gg, 77T) = (27’(761763) <2tan§3 — £3>+4 (Sin 51 — sin —3) sin—3 <1 +

2 2

Y4 Y4 Y4 ¢
The derivative with respect to £1 is £3—2 tan 3 +2 cos Len2 (1 + — 3
2 2 2 sin /3

0
that is decreasing in /1, thus greater than its value for ¢; = —:

aI+ (617 637 771-)
0,

This shows that I} (¢1,¢3, —7) is increasing in ¢1. We deduce that

/! / 14
263—2tan§3+2wsisin—3 <1+ 3 > > 0.

12 2 sin /3

(3
sin fg

).
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~for 117 < 3 < ‘%”,u(el,eg, m<I (%,63,4);

— for 63 S |:5%,7T> ,I+(£1,€3,77T) S I+(7T*£3,£3,77T).

The functions on the right hand side of the above inequalities are negative.

2. We look first at the dependence with respect to ms. The derivative of
I_(¢y,¢5,m3) with respect to ms has the sign of

2
. R4 o l3 1/4 sin%cosmg
—sinmsg sin g—sm gsm ms - 7 3 . 1]
(sm 5 —sin” 2 sin mg)

T
Since —m < mg < —5 sinmsg is negative. Therefore mg +— I_ ({1, {3, m3)

is increasing which implies
I (Zla 635 m3) <I (61; El’n mg) .

Now

I_(b1,03,m3) = (2m—l1—L3) (2‘5&1&%3 —fg) —4 (sin2 %3 — sin? %1) (1 + fs ) .

sin gg

This is a convex function with respect to ¢1. Therefore
I_(y,¢3,m3) <max{I_(0,¢3,m3),1(0.62,¢5,m3)}.

Now the functions £3 — I_(0,¢3,m%) and ¢35 — I(0.62, {3, m}) are decreas-
ing and negative.



