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Abstract

We propose a new strategy for best-arm identification with fixed confidence of Gaussian variables
with bounded means and unit variance. This strategy, called EXPLORATION-BIASED SAMPLING, is not
only asymptotically optimal: it is to the best of our knowledge the first strategy with non-asymptotic
bounds that asymptotically matches the sample complexity. But the main advantage over other algo-
rithms like TRACK-AND-STOP is an improved behavior regarding exploration: EXPLORATION-BIASED
SAMPLING is biased towards exploration in a subtle but natural way that makes it more stable and in-
terpretable. These improvements are allowed by a new analysis of the sample complexity optimization
problem, which yields a faster numerical resolution scheme and several quantitative regularity results
that we believe of high independent interest.

Keywords: Best arm identification - Fixed confidence - Multi-armed bandits - Sequential learning

1 Introduction

Many modern systems of automatic decisions (from recommender systems to clinical trials, through auto-
ML and parameter tuning) require to find the best among a set of options, using noisy observations obtained
by successive calls to a random mechanism (see e.g. Lattimore and Szepesvari, 2020). The simplest formal
model for such situations is the standard Gaussian multi-armed bandit, a collection of K > 2 independent
Gaussian distributions called arms of unknown means p = (f4)1<a<i € R¥ and variances all equal to 1.
They are sampled sequentially and independently: at every discrete time step t € N*, an agent chooses
an arm A; € [K] = {1,...,K} based on past information, and observes an independent draw Y; from
distribution AV (pa,,1).

Among the set G of all standard Gaussian multi-armed bandits with means in the interval [0,1], we
focus in this work on the subset G* of bandits g € G that have exactly one arm a*(p) € [K] with the highest
mean, that is f1. = g« () > MaXee[K]\{a*(u)} Ha, and we address the problem of optimally sampling the
arms in order to identify a*(p) as quickly as possible. We consider the sequential statistics framework
often called fized confidence setting (see Even-Dar et al., 2006; Kalyanakrishnanl et al., 2012): by defining
Fi: = o(Y1,...,Y;) the sigma-field generated by the observations up to time ¢, a strategy consists of a
sampling rule (A;);>1 where each A; is F;_;-measurable, a stopping rule 7 with respect to (F;);>0, and a
Fr-measurable decision rule a,. Given a risk parameter § € (0, 1), a strategy is called d-correct if, whatever
the parameter p € G*, it holds that P, (7 < 400, a, # a*(p)) < 6. The goal is to find a d-correct strategy
that minimizes the expected number of observations E,[75] needed to identify a*(p).
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The sample complexity of d-correct strategies cannot be arbitrarily good: it has been proved by Garivier
and Kaufmann (2016) that they essentially obey the lower bound E,[r5] > T'(u) log(1/6) for any p € G*,
where the characteristic time T'(p) is the solution of the following optimization problem

T(/,L)_1 = sup inf Z vﬂf(/‘a — )’ , (1)
vEN ¢ AEALL(1) oelK] 2

where Y = {v € [0,1]5 : v; + - +vg = 1} and Alt(p) = {X € G* : a*(\) # a*(p)} is the set of
bandit models with an optimal arm different from a*(p). Moreover, this bound is tight: the authors
introduced TRACK-AND-STOP, a strategy for which they proved that limsups_, E,[75]/log(1/6) = T'()
(see also Russo, 2016).

The information-theoretic analysis of Garivier and Kaufmann (2016) also highlights the nature of the
optimal sampling strategy: whatever the value of the risk J, one should sample the arms with frequencies
proportional to v = w(u), the (unique and well-defined) maximizer in the right-hand side of Equation (1).
Indeed, the TRACK-AND-STOP algorithm works as follows: at every time step ¢, an estimate fi(¢) of the
mean parameter p is computed thanks to the available observations. The optimal frequencies relative to
this estimate are computed, and used to determine which action is to be selected next: we pick the action
that lays the most behind its estimated optimal frequency, unless one action was severely undersampled
(in which case its exploration is forced). A formal description of the strategy is recalled in Appendix A
(see Algorithm 3). Some improvements were proposed: for example, Ménard (2019) proved that it is not
necessary to solve the optimization problem in every time step. Instead, they perform a single gradient step
in every round which enables them to prove a similar result while reducing the computational complexity
of their algorithm (see also Tirinzoni et al., 2020).

The TRACK-AND-STOP algorithm is not only a theoretical contribution, it also proved to be numer-
ically efficient, far exceeding its competitors in a wide variety of settings. It was improved in different
directions (Degenne and Koolen, 2019; Degenne et al., 2019; Shang et al., 2020), and also provides a simple
template for extensions, for bandit problems with structure (Kocék and Garivier, 2020), as long as the
optimization problem (1) can be solved. Yet, TRACK-AND-STOP suffers from certain shortcomings. First,
a close look into the proofs shows that the theoretical guarantees proved so far are really asymptotic in na-
ture. Second, the forced exploration appears very arbitrary, with a rate of /¢ that has no other justification
than lying somewhere between constant and linear functions. Third, the sampling strategy appears to be
pretty unstable, especially at the beginning: the target frequencies can vary significantly as the estimated
means fluctuate before stabilizing around their expectations. Fourth, TRACK-AND-STOP does not present
the intuitively desirable behavior to sample uniformly in the beginning, until sufficient information has
been gathered for significant differences between the arms to emerge. This is in contrast with strategies
like Racing (Kaufmann and Kalyanakrishnan, 2013), which are sub-optimal but intuitively appealing. Al-
together, these issues lead for example to unpredictable and irregular conduct at the beginning of multiple
A /B testing cases with many arms very close to optimal.

Contributions The present paper addresses the issues of TRACK-AND-STOP and proposes a new al-
gorithm that solves all of them. We focus on Gaussian bandits with known and equal variances. The
exploration is conducted very differently, in a statistically natural way that softens the fluctuations of
empirical means and avoids arbitrary parameters. It results in a stabilized sampling strategy, that is much
easier to follow and understand. We propose for this strategy a non-asymptotic analysis with finite risk
bounds. These results have required developing a careful analysis of the quantitative regularity of the
solution to the optimization problem (1). As a by-product, we obtain an accelerated algorithm for its
numerical resolution, allowing a significant speed-up for the TRACK-AND-STOP or the Gradient Ascent
algorithms in the Gaussian case. Actually, the algorithms discussed here apply equally to sub-Gaussian
arms with a known upper bound on the variances (in these settings, the sample complexity bounds proved
in this paper apply but are not necessarily optimal).

BARRIER, GARIVIER, KOCAK 2
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While the proven optimality of TRACK-AND-STOP is purely asymptotic, a different approach is followed
in (Karnin et al., 2013; Jamieson et al., 2014; Chen et al., 2017) for moderate values of §. The proposed
strategies are sub-optimal by a multiplicative constant, but are proved to satisfy explicit non-asymptotic
bounds. More recently, Degenne et al. (2019) obtained a general non-asymptotic bound, a remarkable
but hardly comparable result in particular settings. In this contribution, we try to make a link between
both approaches by introducing a strategy with a non-asymptotic bound that asymptotically matches the
sample complexity.

The paper is organized as follows. We present in Section 2 our new strategy with its main properties
and guarantees. We then turn in Section 3 to the analysis of the optimization problem (1) and to the
resulting new algorithm for its numerical resolution. Lastly, we illustrate the performance and behavior of
our strategy by numerical experiments in Section 4, and propose concluding remarks in Section 5.

2 The Exploration-Biased Sampling strategy

In this section, we introduce our new strategy called EXPLORATION-BIASED SAMPLING. Instead of TRACK-
AND-STOP’s greedy choice of actions based on a plug-in estimate of p, it relies on a specific estimator that
is biased toward uniform exploration.

For p € G, let A(p) = (ps — pa)ac(x) € [0, 1]% be its gap vector and a*(p) = {a € [K] : Ay(p) = 0}
its set of optimal arms. When p € G*, a*(p) has one element that we also denote by a*(p) and we recall
that the optimal weight vector w(p) is the unique maximizer of optimization problem (1). Otherwise,
when p € G\ G* has at least two optimal arms, we define w(p) = Wl*(u))(ﬂl@*(u)’ .. .JlKEa*(H))T.
Since these quantities play a special role in the sequel, we set wmin(p) = minge(x) wa (), Amin(p) =
Minge[g]:A, (u)>0 Do () (which is not defined when a*(p) = [K]) and Apax(p) = max,e[x] Aa(p).

Given a sampling strategy, let N (t) = >°,c(,; 1a,=a be the random number of draws of arm a € [K] up
to time t € N*, and if N, (t) > 1, let fi,(t) = No(t)~* > sef Ysla,=a be the maximum likelihood estimate
of y1 at time ¢. We use the vector notations N (t) = (Nu(t))acix) and fu(t) = (fia(t))aeik]-

In the rest of this section, we fix pu € G.

2.1 Conservative Tracking

The main idea of the algorithm is to design a sampling policy of arms that naturally encourages exploration
without forcing it like TRACK-AND-STOP does. To do so, the objective is to “wrap” the optimal weight
vector w(p) “from above”, by ensuring that we never under-estimate its minimal value. Indeed, even an
arm with low mean needs to be sampled sufficiently often until one is very confident that it is suboptimal.
The idea is to construct a confidence region CR,, C [0,1]¥ for g on which one can efficiently find a bandit
p € CR, maximizing the minimal weight wpin:

P € argmax, cor,, Wmin(V) - (2)

As long as p belongs to the confidence region CR,,, choosing the target weights w(ft) guarantees that
every arm is explored sufficiently, as wmin(ft) > wmin (). The exploration bias decreases with the number
of observations, as CR,, shrinks to {}, and in the end arms are sampled with frequencies close to the
optimal weight vector w(u).

This approach to exploration requires two ingredients:

e the exploration-biased bandit fi needs to be efficiently computable. It turns out to be the case if
the confidence region is a product of confidence intervals on each arm (a mild requirement since the
arms are independent). We propose Algorithm 1, an efficient procedure for computing fi. Intuitively,

BARRIER, GARIVIER, KOCAK 3
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Figure 1: List of bandits (ﬁteSt(a))aepotentialBest tried by Algorithm 1 for the example confidence region in
red with PotentialBest = {1,2,3}. From left to right: @test(1) gtest(2) and gtest(3)

maximizing wmi, over CR(p) requires to increase and equalize all the positive gaps as much as
possible. The associated bandit will indeed be the one for which it is harder to identify the second
best arm and thus it will require to sample the worst arms more frequently. This gives a candidate
bandit for each potential best arm, and our algorithm compares those candidates. Figure 1 illustrates
on an example the principle of Algorithm 1, whose correctness is proved in Proposition 1. The
algorithm requires OPTIMAL WEIGHTS (Algorithm 4 of Appendix C.3), an efficient procedure for
solving optimization problem (1) (see also Section 3.2).

e the regularity of the mapping v — w(r) needs to be explicitly known. Indeed, the confidence
region will decrease with the number of observations, and g will come close to p. The continuity
proved by Garivier and Kaufmann (2016) for the asymptotic optimality of TRACK-AND-STOP is not
sufficient: the first quantitative bounds are given below in Section 3.4.

Algorithm 1: EXPLORATION-BIASED WEIGHTS

Input: confidence region CR = [, ¢ (K, : Fal

Output: exploration-biased bandit 1 € CR
exploration-biased optimal weight

vector w = w(ft)

maxLB < max,¢x) M, minUB < minge(x7

if minUB > mazLB then

| A+ (minUB,...,minUB) ; w < (%,..., %)
else
PotentialBest < {a € [K] : f, > maxLB}
w <« (0,...,0)
for a € PotentialBest do
ﬂ(tlcst(a) “ 7,
for b € [K]\ {a} do
‘ ﬁZeSt(a) < max(y,, minUB)
w'H @)« OpTIMAL WEIGHTS(f1tes4(@))
if minge (g w;eSt(a) > minye g wp then
w — ,wtest(a) : l]/ — ﬂtest(a)

One can remark that as long as the confidence intervals have a non-empty intersection, which means
the observations do not permit to exclude that any of them is optimal, the exploration-biased weights

BARRIER, GARIVIER, KOCAK
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returned by Algorithm 1 are uniform and the arms are sampled in a round-robin way (as in a Racing or
Successive Elimination algorithm like in (Even-Dar et al., 2006)).

Proposition 1. Let CR = [[,¢(x[K,: Fal C [0, 1]% and (ft,w) + EXPLORATION-BIASED WEIGHTS(CR).
Then w = w(ft) and i satisfies Equation (2).

The proof of Proposition 1 is given in Appendix C.4 and relies on the results of Section 3.3.

2.2 The Strategy

We are now able to introduce our strategy called EXPLORATION-BIASED SAMPLING. Given arisk § € (0, 1)
and a threshold function 3(¢, ), we compute at each time confidence intervals for each p, that will ensure
p to belong to each associated confidence region with probability at least 1 — -y, where v € (0,1) is a
fixed parameter. We can then ensure enough exploration by biasing the optimal weights w(u) using
Algorithm 1.

Confidence regions Confidence regions are designed to satisfy two requirements. First we need prod-
ucts of confidence intervals in order to use Algorithm 1, and then we will require a time-uniform confidence
guarantee as a key ingredient for the non-asymptotic analysis of EXPLORATION-BIASED SAMPLING. For
v € (0,1), we define for ¢ € [K, 75]

CRu(t) = Ilaep [f1a(t) £ Cr e (Na(t))] 3)
where C,(s) = 24/ %. The following Lemma, proved in Appendix B, states a time-uniform ~-

confidence guarantee for u.

Lemma 2. For any p € G and 7 €)0, 1], we have

Pu(3t € [K,75] : p ¢ CRL(E)) <.

Stopping rule Following Garivier and Kaufmann (2016), our stopping rule relies on the statistic

Z(t) = in Za (1)
(t) Inax min b(t)

where Z, ;(t) is the Generalized Likelihood Ratio statistic (see Chernoff, 1959), equal in the Gaussian case

w0 1 NJON()

Za,b(t) - §Na(t) ¥ Nb(t) (ﬂa(t) - ﬂb(t))

fra(t) — fu(t)] -

The EXPLORATION-BIASED SAMPLING strategy is summarized in Algorithm 2. As explained in Garivier
and Kaufmann (2016), one can either follow the exploration-biased weights directly (D-tracking) or their
cumulative sums (C-tracking). For the simplicity of the proofs, we use C-tracking in the analysis, but
we ran the experiments with both options, as D-tracking appears to perform slightly better (replace
> set] Wa(s) by tqe(t) in the description of Algorithm 2 for D-tracking).

It happens that the choice of confidence regions given by Equation (3) leads to a minimal exploration
rate for each arm of order y/t. What is surprising is that this is exactly the arbitrary rate used by
TRACK-AND-STOP for forced exploration, which appears here naturally.

Lemma 3. For any choice of parameters and p € G, EXPLORATION-BIASED SAMPLING satisfies

vt € [0,75],Va € [K], Nu(t) > %\/i - K.

BARRIER, GARIVIER, KOCAK 5
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Algorithm 2: EXPLORATION-BIASED SAMPLING

Input: confidence level §
threshold function §(t,d)
confidence parameter -y

Output: stopping time 75

estimated best arm G,

Observe each arm once ; t «+ K
for s=0to K —1do
| w(s)« (1/K,...,1/K)
while Z(t) < 4(t,d) do
CRu(t) = Tlaepilita(t) £ Cyyi (Na(t))]
(iu(t),w(t)) < EXPLORATION-BIASED WEIGHTS(CR (1))
Choose Ay11 € argming () No(t) — > Wa(s)
s€(t]
Observe Yy, , and increase ¢ by 1
Ts <t Gry < argMaxX,e (k] fla(t)

The proof of this lemma can be found in Appendix F.1.

The practical advantages of EXPLORATION-BIASED SAMPLING over TRACK-AND-STOP are discussed
in Section 4. On the theoretical level, we now show that (contrary to TRACK-AND-STOP) this exploration
strategy is adequate for obtaining non-asymptotic bounds.

2.3 Theoretical Results

A -correct strategy The J-correctness of our strategy, which relies on the same stopping rule as
TRACK-AND-STOP, is a simple consequence of Garivier and Kaufmann (2016, Proposition 12).

Proposition 4. For any 6,7 € (0,1) and o > 1, there exists a constant R = R(K,«) such that
EXPLORATION-BIASED SAMPLING with parameters §,~ and threshold

(t,6) = log () @

s §-correct.
Our main result is to obtain high probability bounds for 75 in finite horizon for EXPLORATION-BIASED
SAMPLING, which is summarized in the following theorem.

Theorem 5 (Non-asymptotic bound). Fizvy € (0,1), a € [1,2], n € (0,1] and let p € G*. There exists an
event £ of probability at least 1 — v and dg = do(, K,7v,m, ) > 0 such that for any 0 < & < dp, algorithm
EXPLORATION-BIASED SAMPLING with the threshold of Equation (4) satisfies

twmin(u) 1
Pu(rs >t N &) < 2Ktexp(— () 1og§(1/5)) (5)
for any t > (1 +n)T () log(1/0), and
27KT(u)4 Whnin (1) 1 2
B, [rsle] < (14 )T () log(1/6) + TR (_ TR (1/5)) log?(1/5) . (6)

BARRIER, GARIVIER, KOCAK 6
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Note that:

e using the results of Section 3, one can show that wpy, (@) > A"Té“) for any p € G* (see Lemma 28
in Appendix F.1),

e the proof of Theorem 5 provides an explicit expression for dg,

e the second term of Bound (6) tends to 0 when § decreases to 0, and hence negligible with respect to
the first term: the sample complexity is therefore arbitrarily close to the lower bound.

We additionally prove that, from an asymptotic point of view, the EXPLORATION-BIASED SAMPLING
algorithm presents the same guarantees as TRACK-AND-STOP (see also Theorem 30 in Appendix F.2):

Theorem 6 (Asymptotic optimality in expectation). Fizy € (0,1), « € (1,¢/2] and let u € G*. Algorithm
EXPLORATION-BIASED SAMPLING with the threshold of Equation (4) satisfies

. E.[T.
lim sup;_,, % <aT(u).

Appendix D will be devoted to the proof of Theorem 5 while the proof of Theorem 6 can be found in
Appendix F.3.

It is worth mentioning that the guarantees of EXPLORATION-BIASED SAMPLING presented in this
section hold true not only for Gaussian arms, but more generally for 1-sub-Gaussian arms with means
in [0,1] (in which case, of course, a better lower bound might hold); indeed, these proofs only rely on
sub-Gaussian deviation bounds.

3 About the sample complexity optimization problem

We now introduce a new method for solving the sample complexity optimization problem (1). It comes
with a new analysis that yields various bounds for the bandits characteristic constants together with
monotonicity and regularity results. Detailed discussions and proofs are deferred to Appendix C.

In this section, letters a, b, ¢ always refer to arm indices, that is elements of [K]. In subindices for sums
and infima, we sometimes omit to explicitly mention [K] for simplicity: for example, given a fixed arm b,
> _azp denotes the sum over arms a € [K]\ {b}.

For any bandit p € G and v € Y, we define:

. (Na - )‘a)z
9(w,v) = inf > v (7)
a€[K]
1 . Vg Vg 9
=—-min ——A . 8
2 a#a* Vg + Vg a(IJJ) ( )
The easy proof of the second equality can be found in Appendix C.1. Function g is twice useful, as the
solution to the inner optimization problem (1), and for the expression of the statistic Z(t):

T(p)™' = g(p, w(p)), (9)
N(t

and Z(t) =t g(;l(t), T(> (10)

with the convention T () = +o00 when p € G\ G*.

Let in this section p € G* be a fixed bandit parameter. For the simplicity of the presentation, let
a* =a*(p), A=A(p), w=w(p), Wnin = Wnin(p) and T = T(p).

BARRIER, GARIVIER, KOCAK 7
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3.1 Solving the Optimization Problem

We define 1

1
¢“:TE(A2 +oo)r—>zm—1. (11)

min a;ﬁa* a

Lemma 7. ¢, is conver and strictly decreasing on (1/A2; ,+00), and thus has a unique root.

The following proposition shows that solving ¢,,(r) = 0 directly gives a solution to Problem (1).
Proposition 8. Let r = r(u) be the solution of ¢, (r) =0. Then

1
Wa* = 1 ’ (12)
1+ Za;ﬁa* rA2—1
W, *
* — a 1

va¢a7 wa ’I"Ag—l, (3)
and T=2—" (14)

Wq*

Besides,

Y e (15)
aF#a*

Recall that in the case of 2 arms, w(p) = (0.5,0.5). Besides, the monotonicity of the optimal weights
with respect to the gaps follows from Equation (13).

Corollary 9. Assume that K > 3. Then

Va,b € [K], pa>pm = wg>wp.

Equation (13) also implies that

. Wq A%—l/r
Va,b#a, wf[)—w

Intuitively, it requires about A2 samplings of arms a* and a before being able to distinguish them, so that

one could expect + w” to be & AQ This would be the case if the comparisons between arms were independent.
In our problem, samphng the best arm benefits the comparison with all arms, so that it is worth sampling
the optimal arm a little more than any single comparison would require, and hence each sub-optimal arm
a little less. As a result, the ratio *¢ is closer to 1, and the factor can be seen as a “discount” on each
squared gap for sharing the comparisons. We now derive other important consequences of Proposition 8.

3.2 Bounds and Computation of the Problem Characteristics

By Proposition 8, it suffices to compute r to obtain the values of both 7" and w. As ¢,, is a strictly convex
and strictly decreasing function, Newton’s iterates initialized with a value rq < r converge to r from below
at quadratic speed. The procedure is summarized in Algorithm 4 of Appendix C.3. The number of correct
digits roughly doubles at every step, which implies that a few iterations are sufficient to guarantee machine
precision. The cost of the algorithm can hence be considered proportional to that of evaluating ¢, (),
which is linear in the number of arms.

It remains to show that it is possible to find g < r, and possibly close to . The next proposition offers
such a lower bound as simple functions of the gaps. This also yields tight bounds on the optimal weight
vector w and the characteristic time 7.

BARRIER, GARIVIER, KOCAK 8
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Proposition 10. Denoting by A2 = ﬁ Za?ﬁa* A2 the average squared gap,

2 1+VvK-1 1+vVK -1

e A?nin’ F S ' S Afmin ’ (16)
1 1
————— < Wnpax < 3 ) 17
1+vVK-1" 2 (17)
2
1+vK -1 1+vK -1

max( § 4 +7 )§T§2(+). (18)

Amin A2 AEnin

Note that all of these inequalities can be reached for certain parameters u, as discussed in Appendix C.2
after the proof of Proposition 10.

3.3 Monotonicity of the min-max Problem

We now show monotonicity results of the mappings v — T'(v) and v — w(v) when moving arm(s). When
K = 2, the optimization problem is simple and leads to w(u) = (0.5,0.5) and T'(u) = 8A%, so that we
assume in the remaining of this section that K > 3.

Let p/ € G* be another bandit problem sharing the same unique optimal arm a* as p and define A’,
w', w! . T and r’ similarly to problem p. The three following lemmas, which are the key ingredients to

min?

prove Proposition 1, are shown in Appendix C.4.
Lemma 11. Assume that A} > Ay for a fived b # a* while A, = A, for all a #b. Then

1. wy < wy,
2. wl, > w, for any a ¢ {a*,b},
3. T <T.

Lemma 12. Assume that A, = A, + d for every a # a* and some d > 0. Then wl,,, > Wmin, with strict
inequality whenever A, # Ay for some a,b # a*.

Lemma 13. Let B = argmin, ¢ (g fla (resp. B’ = argmin, ¢ pty) be the set of the worst arms of p (resp.
') and assume that B C B’ and A, < Amax, while A, = A, for alla ¢ B'. Then w! ;, > Wmin-

max min =

3.4 Regularity of w, 7" and g
Lastly, we show explicit bounds on the regularity of v — w(v) and v — T(v). We keep the notations of
the last section.
Theorem 14. Assume that (1 —)A2 < A/? < (1+¢)A2 for all a # a* and some ¢ € [0,1/7]. Then
(1-36)T <T' < (1+6e)T,
Va € [K], (1—108)w, <w) < (1+ 10&)w, .
Independently, we show the following property of g.
Proposition 15. Let v € Y. Then:

o1 0) = S (i) - 2/2)
) =1 +77 ’
B _ |wa (#4)—va|
where & = || — /||, and n = max, () et vel,

These results will prove to be essential to the proof of the non-asymptotic bounds of Theorem 5.

BARRIER, GARIVIER, KOCAK 9
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4 Numerical experiments

In this section, we discuss the behavior and performance of EXPLORATION-BIASED SAMPLING for prac-
tical values of confidence §. We propose a comparison with TRACK-AND-STOP, CHERNOFF-RACING and
LUCB++, and begin with a reminder on those strategies.

TRACK-AND-STOP  The strategy tracks the optimal weights w(u) by estimating it by w(fi(t)). Some
exploration rate is forced to ensure that bad initial observations does not lead to an under-sampling of
some arms (the strategy ensures that each N,(t) growths at least in v/#). The stopping rule is the same
as the one presented for EXPLORATION-BIASED SAMPLING.

CHERNOFF-RACING  The strategy is divided into rounds during which the arms of a currently active set
are sampled once. At the end of each round, a decision is made to keep or eliminate the current worst arm
from the active set. Several decision rules are possible, we will use the Chernoff rule presented in (Garivier
and Kaufmann, 2016), which eliminates arm b at the end of round r if Zs, 5(t) = % (fia, (t)—w(t))? > B(t,6)
where @, (resp. t) is the best arm (resp. the time) at the end of round 7.

LUCB++ The strategy (Simchowitz et al., 2017) (see also Kalyanakrishnanl et al., 2012; Howard et al.,
2021) samples two arms at each round: the one with the current best estimate and the one in the remaining
arms with the highest optimistic indice U, (t) which is an upper confidence bound:

3 1Og(log(Na(:;)) X 2K>

(constant /3 appeared to be empirically optimal). For the fairness of the comparison we will take the
same stopping condition as TRACK-AND-STOP and EXPLORATION-BIASED SAMPLING.

EXPLORATION-BIASED SAMPLING ~ We ran our experiments with confidence lengths C(s) = 4/ M7
and for all strategies we used the same threshold

p(t,0) = log((log(t) +1)/9) -

These choices are more aggressive than what the theoretical analysis suggests: yet, empirically, they
appears to guarantee the desired failure rate. Using the larger intervals of Section 2 would have increased
the number of rounds with uniform exploration, and using larger thresholds unnecessarily delays the
stopping for all strategies.

We now discuss the numerical pros and cons of EXPLORATION-BIASED SAMPLING.

Improving the Stability of Track-and-Stop In Section 1, we highlighted the weaknesses of TRACK-
AND-STOP, especially the forced exploration parameter and the non-interpretable and unstable sampling
strategy during the first rounds. On Figures 2 and 3 we see the improvements of EXPLORATION-BIASED
SAMPLING concerning those behaviours. During the first rounds, as for a racing algorithm, a uniform
sampling is observed as the learner has not collected enough information (the confidence intervals on all
arms are not separated), which is the expected behavior. Then the best arms are sampled more and more
often, but still in a more cautious way than TRACK-AND-STOP. We observe on Figure 3 the stability
of the sampling strategies comparing to TRACK-AND-STOP during the first rounds: the targeted weights
of EXPLORATION-BIASED SAMPLING are stable and separate from each other cautiously (note that the
three last arms still have the same weight at time 1200) whereas for TRACK-AND-STOP, we observe an
important variation of the targeted weights with time. As a matter of facts, there is a clear discontinuity
each time the estimated best arm changes, as we can see with the red and green arms. We also remark
that TRACK-AND-STOP uses forced exploration at regular rounds (giving the yellow and blue peaks),
which is unnecessary for EXPLORATION-BIASED SAMPLING as a natural exploration is always performed
(Lemma 3).
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Figure 2: Evolution of the Sampling Frequencies N(¢)/¢ on a Simulation of EXPLORATION-BIASED
SAMPLING and TRACK-AND-STOP. (§ = 0.01, v = 0.2, and pu = (0.9,0.8,0.6,0.4,0.4); the values of
w(p) = (0.477,0.476,0.028,0.010,0.010) are dotted)
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Figure 3: Evolution of the Targeted Weights w(t) (resp. w(ji(¢))) During the First 1200 Rounds on a
Simulation of EXPLORATION-BIASED SAMPLING (resp. TRACK-AND-STOP). (§ = 0.01, v = 0.2, p =
(0.9,0.8,0.6,0.4, 0.4))

Comparisons of the Strategies The cost of the the cautiousness of the algorithm (the exploration-
biased weights) is that it takes a little longer for the proportions of draws of EXPLORATION-BIASED SAM-
PLING to converge to the optimal weights. This results in a slightly larger stopping time than TRACK-AND-
STOP that occurs for every bandit parameter!'. This can be observed on Table 1, where we present the per-
formances of EXPLORATION-BIASED SAMPLING, TRACK-AND-STOP, CHERNOFF-RACING and LUCB++
with two scenarios and a set of parameters. EXPLORATION-BIASED SAMPLING globally performs correctly
but we see that the other strategies are always a little more efficient. Note that when increasing -, the
confidence intervals reduces so that the targeted weights are closer to w, improving the performance of
the algorithm. For similar reasons the initial cautiousness of the strategy disappears at long-term, thus
when ¢ is very small the relative performance of TRACK-AND-STOP and EXPLORATION-BIASED SAMPLING
gets closer. Of course, EXPLORATION-BIASED SAMPLING overperforms CHERNOFF-RACING in the long
run when the optimal weights are far from the sampling proportions of CHERNOFF-RACING (e.g. when
wy > ’UJQ).

CHERNOFF-RACING shows great performance with both g™ and pu(?). This strategy samples the two
last arms of the race equally often, thus can be optimal only when w(u) has its two highest components
of similar value, e.g. when the two best arms are well separated from the others : this is the case of bandit
p®. For u any strategy performs well as the problem is easy. However, CHERNOFF-RACING (whose
theoretical analysis remains to be written) leads to a few more misidentifications in our experiments
that might be linked to the stopping rule we chose here; for fairness reasons, it was taken identical to
that of the other algorithms. LUCB-++ presents similar performance with CHERNOFF-RACING, which

INote that the cautiousness of our strategy is required to obtain the non-asymptotic bounds of Theorem 5.
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Table 1: Empirical Expected Number of Draws E,[75], Averaged over 1000 Experiments: ph) =
(0.9,0.8,0.6,0.4,0.4), w(p®) = (0.477,0.476,0.028,0.010,0.010); u?® = (0.9,0.5,0.45,0.4), w(p?) =
(0.375,0.286, 0.195, 0.144)

[Bandit [ 6 [ 7 [TKI(5,1—6) [ EBSC | TaSC [ EBSD [ TaS D || Racing [| LUCB++ |

u® 0.1 [0.05 1476 4727 [ 3597 || 4191 | 3477 3124 3353
p® 1001 |0.05 3782 7363 | 5664 6330 | 5584 5419 5549
p@ 1001 | 02 3782 7090 | 5664 6136 | 5584 5419 5372
p@ 1075 ] 02 9669 13801 | 12181 || 12376 | 11439 || 11557 11644
u® 0.1 | 0.05 135 476 367 470 322 405 365
w1001 [0.05 347 708 588 699 485 542 565

can be explained by the similar behaviour of the strategies: LUCB++ samples half time the best arm
asymptotically, and the worst arms are eliminated one by one once their indice fall under the two best
estimates.

Finally, note that D-tracking shows better performance than C-tracking, either for EXPLORATION-
BIASED SAMPLING and TRACK-AND-STOP. D-tracking indeed benefits directly of the current estimate
of p (thus the empirical proportions of draws converge faster to the optimal weight), while the impact is
diluted in time with C-tracking. However we did not prove theoretical guarantees for D-tracking.

Additional experiments showing and interpreting the dependence on parameter § of EXPLORATION-
BIASED SAMPLING are postponed to Appendix G.

5 Conclusion

We introduced EXPLORATION-BIASED SAMPLING, a new strategy for the problem of best arm identification
with fixed confidence. In addition to asymptotic optimal results, we proved non-asymptotic bounds for
this strategy in the case of (sub-)Gaussian bandits. Those finite risk bounds were made possible by a
new analysis of the sample complexity optimization problem, and by the design of our strategy which
tackles the shortcomings of TRACK-AND-STOP: the procedure ensures exploration in an unforced way and
stabilizes the sampling strategy, observing uniformly before having a high certainty that one arm is better
than another.

It would be interesting but it remains out of reach to generalize this approach to non-Gaussian models:
this requires to extend our results on the sample-complexity optimization problem, technically challenging
task for which the simple and clean arguments developed here are likely to be replaced by much more
involved derivations, if this is possible. In addition, it will be necessary to modify the confidence intervals on
the arm means in a way that ensures exploration. Another direction of improvement will be to investigate
if similar analysis and strategies are possible for the problem of e-best arm identification.
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Appendix outline

The appendix is organized as follows:

A. Precise description of the TRACK-AND-STOP strategy

Proof of the time-uniform confidence regions guarantees for pu (Lemma 2)

Proofs of the results on the sample complexity for Gaussian arms (Section 3)

Proof of the non-asymptotic result (Theorem 5)

Technical results associated to the proof of Theorem 5 (complements to Appendix D)

Asymptotic analysis of EXPLORATION-BIASED SAMPLING (Theorems 6 and 30)

@ = = U aw

Additional experiments to see the dependency of EXPLORATION-BIASED SAMPLING in §

Without loss of generality (see Garivier et al., 2019), we assume that for any a € [K], (Xqn)n>1 is a
sequence of random variables independent and identically distributed with distribution N (pg, 1), we set
flan = %Zpe[n] Xgq,p for all n > 1 and assume that

Vt > K,  fia(t) = fla,n, ) - (19)

A The Track-and-Stop strategy

We recall the description of the TRACK-AND-STOP strategy in Algorithm 3. We use the notations of
Section 2 and algorithm OPTIMAL WEIGHTS (Algorithm 4 of Appendix C.3) which efficiently computes
the solution of optimization problem (1).

Algorithm 3: TRACK-AND-STOP
Input: confidence level &
threshold function S(¢,0)
Output: stopping time 74
estimated best arm a,,

Observe each arm once ; t + K
for s=0to K —1do
| w(s)« (1/K,...,1/K)
while Z(t) < 5(t,9) do
if Uy ={a€[K]: Nu(t) <Vt—K/2} # @ then
| Choose Ayy1 € argmin, gy, No(t) /* forced exploration */
else
w(t) < OPTIMAL WEIGHTS(f1(t))
Choose Ayy1 € argmingeg No(t) — X oscp Wal(s) /¥ C-tracking */
Observe Yy, , and increase ¢ by 1
Ts <=t 3 Gry < argmax,e (g fla(t)

The presented algorithm uses C-tracking (the cumulative sums of the weights are tracked), but one
can consider D-tracking for a direct track of the current weight (by replacing »_ . Wa(s) by twa(t)).
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B Proof of Lemma 2

By union bound we only have to show that for any v € (0,1) and a € [K]:

Pu(3t 2 K 5 alt) — ptal = Cy(Na(®))) <7

Fix v € (0,1) and a € [K]. Note that as all arms are observed once at the beginning (see Algorithm 2),
we have N,(K) = 1. Thus using Equation (19):

Pu(3t > K ¢ [ita(t) = pal = Cy(Na(®))) = P (3 2 K ¢ [fta,va(oy — t1a] = C(Na(t)))
P, (Eln eEN": |fign — fal > C’W(n)) .

Then we use a peeling trick (see for instance Boucheron et al., 2013):

P, (Eln € N*: |flam — fa] = cy(n)) < Z]P’(Eln € 2k, 2k +1) . \% 3 Koy — a)| = C’,Y(n))
k>0 p€E[n]
_ ZIP(EIn € [2F, 25+, ‘ S Xap — tta| > nC'v(n))
k>0 p€En]
B 3P <3n € [0, 281 - ‘ 3" Xap — 1| = 2°C (2’“))
k>0 p€E(n]
®) (20, (29))*
= 2Z>:eXp( 2 x 2T )
=2 Zexp — log( 2k+2/'y))
k>0
1
=27) 53
k>0

(a) is obtained using the fact that n +— nC,(n) is non-decreasing and (b) is a well-known inequality for
the sum of sub-Gaussian variables, see for instance Lattimore and Szepesvéri (2020, Theorem 9.2).

C Proofs of results presented in Section 3
In this appendix, we first prove Proposition 8, then we focus on the consequences developed in Section 3.

For the sake of simplicity, we assume that o«* = 1, except in the last section where there is
no uniqueness assumption on the best arm of the bandits.

C.1 Solving the Optimization Problem
Proof of Equation (8). Let v € ¥ k. One has:

o . (,ua - )\a)2 _ 1 2 _ 2
g(p,v) = inf Z Vg————— = —min _inf v1(u1 — A1)° + va(tta — Aa)

AeAlt(u)ae[K] 2 2 a#l A1<Aa

min it v — A 4 vt — A2 = 5 min—20 (1 — pi,)?
= _min inf v — Vg (tha — = —min — Uy

2 ast pagp, L a 2 att vp +vg Pt M
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since the minimum is reached at A\ = ”“jjii# O
a

Proof of Proposition 8. Let us define, for some v, € [0, 1]:

C(v1) = max_ min Ulla A2 (20)
vk VEXK aFl U1 + Vg
so that 1
T7' = max g(p,v) = = max C(vy) . (21)

vEX K 2 v1€0,1]

Fix v1 € [0,1]. The maximum in Equation (20) is reached for vs.5 such that all the (-2%-A2) . are
V1 +vVa alaF
equal, which happens when the (vy)q,21 equalize those costs: C is such that

V1Vq

Ya#1, C= A2
a # T
and hence: o
Va # 1, Ua_ile?L—C’. (22)
The fact that v € Xk yields:
Py— vlC _
a#1
By the implicit function theorem, there exists a mapping C(v1) such that ®(v1,C(v1)) = 0 and
C(v) (01 A2 —C(v1))—v1 C(v1)AZ 1
, G (01,C(01)) 1+ X0 =Tty 1= 2art miaz/ow) 12
C(Ul):*a@ C = - 2 A2 = - 9 A2 .
ac (11, C(w)) U Datl BTG U Dot BTG

Hence C'(v1) is a smooth non-negative function with a continuous derivative. By Equation (21), it vanishes
when v; — 0 and v; — 1, and hence its maximum is reached at a point wy where C’'(w;) = 0. Define
r = wy/C(wy) by the relation

Cllw) =0 1—2;20

2
7 (ctanda—1)

r is the unique solution of ¢, (r) = 0.

Equations (12), (13) and (14) can be respectively derived from (23), (22) and (21). It remains to obtain
Equation (15) by combining Equation (13) and the characterization ¢, (r) = 0:

1

> w? :wfz:m = wi(pu(r) +1) = wi .
a#l a#1 a

O

Proof of Corollary 9. When a,b are suboptimal, the result is a direct consequence of Equation (13) of

Proposition 8. It remains to see that wy > maxg21 w,, which is a direct consequence of Equation (15) and
the fact that all weights are positive. O
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C.2 Proof of Proposition 10

Defining ¢, = ;x3— for a # 1, we will use that, as ¢, (r) = 0, the (¢2)a1 are positive and sum to 1,
hence for any a # 1 one has g, < 1 (with strict inequality when K > 3).

Let us begin with Equation (17). As we assume a* = 1, wmax = wy by Corollary 9. Using Equation (12)
of Proposition 8 one has:

e on the one hand

1
wy = (1 Z Ao ) by Equation (12) of Proposition 8
75 ll
1
< <
—( thl)) 8 ga <1
a#l
== as ¢p(r) =0

2
giving the upper bound ;

e on the other hand, by the Cauchy-Schwarz inequality:

1 o 1
wlzcwm‘l@mm) S TVEST

a#1

We now prove Inequalities (16) :

e since g, < 1 or equivalently rA2 > 2 for every a # 1,

[\

e since A2 = K - Za# A2 by convexity of z W

1 Z 1 S 1 _ 1
K1 (a1~ (B=m -’ K1

and hence ¢, (—%=— 1+V =1) > 0, which by decreasing of ¢,, (Lemma 7) gives r > 1+LAI,§ 1ty K-l

e one can also check that

1+vK -1 1
(b“( A2, _Z(lJr\/iAQ )2 —1=0

min
a#l
# min

so that r < HT VzK_l

min

Finally, combining the obtained inequalities with Equation (14) yields Equation (18).

To conclude this section, we discuss about the tightness of the proven inequalities.

e First note that when K = 2, lower and upper bounds match in Inequalities (16), (17) and (18). In
that case the problem is easy as we always have w = (0.5,0.5).
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e In fact, equalities r = 2/A2. w; =1/2and T = 8/A2, occur if and only if K = 2. This is because

the (gq)az1 are positive and sum to 1 (thus go = 1 only when K = 2). The presence of other arms
thus increases r and T while decreases w1 .

e If there is at least 3 arms, then the remaining equalities w; = (1+vK — 1)~ ', r = (1+VK — 1)/AZ,
r=01+vK-1)/A2, and T = 2(1 + VK — 1)2/Aﬁﬁn are reached if and only if ALin = Amax,
or in other words As = --- = Ak. Indeed, the condition can be obtained by studying the equality
cases in the proof above, using the equality case of the Cauchy-Schwarz inequality for wy, the strict
convexity of = — ﬁ and the decreasing of ¢, for r and finally the link 7" = 2r/w; for T. Note

that in that case, T grows linearly with K.

C.3 Computing r

At the sight of Proposition 8, it suffices to compute r to obtain the values of both the optimal weight
vector and the sample complexity.

The function ¢,, is convex and strictly decreasing on (1/A2 | +00) (Lemma 7). Hence, when initialized
with a value ro < 7, the iterates of a Newton procedure remain smaller than r. The lower bound of
Inequalities (16) of Proposition 10 permits such an initialization. The convergence is quadratic (the
number of correct digits roughly doubles at every step), which implies that a few iterations are sufficient
to guarantee machine precision. The cost of the algorithm can hence be considered proportional to that
of evaluating ¢, (), which is linear in the number of arms. See Algorithm 4 for details.

Algorithm 4: OpTIMAL WEIGHTS
Input: bandit g € G* with best arm 1
tolerance parameter tol (typically 10~10)
Output: optimal weight vector w
characteristic time T’

for a =2 to K do
| Ag  p1 — Ha
A

1 : :
Ou(r) = Az~ L% < 2> pae
a#1 a

a#l a

2 1+vK -1
7 4 max , —
(Agnin A2 )
while |¢,(r)| > tol do
rerqsf‘ég
©w
1 -1
we (145 )
a#l
for a =2 to K do
v o W
‘ “T o rAZ -1
T2

C.4 On the monotonicity of the min-max problem

In this section we prove Lemmas 11, 12 and 13, and then use those Lemmas to prove Proposition 1. We
recall that we assume K > 3 in this section (note that Proposition 1 is trivial when K = 2).
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Proof of Lemma 11.

1. Since

1 1
< = 1 5
2 (rAL? —1)2 ; (rA2 —1)2

a#1
it holds that " < r. It implies that for a ¢ {1,b} one has:

1 S 1
r’Ailz—l TA%*I.

As K > 3, such an arm a exists and hence as ¢, (1) = 0 = ¢, (r'):

1 < 1
r’A;}Z -1 ’I’A% —1

or equivalently T’Agz —1>rAZ -1.
Combining those inequalities with Equation (13) of Proposition 8, we have for all a ¢ {1,b}:

2
wh, rAT-1_ rAI—1  w,
wy, A1 rAZ—-1  wy

Besides, w} /w; = r’Ag2 —1>7rA? —1=w;/wy,. Hence,

l—u}b Z Z _1—wb

a;ﬁb a;ﬁb

and thus wj < wy.

2. For any v € G* with best arm 1, one can see w(v) or its components as a function of A?(v). Fix
a ¢ {1,b} and define F,(A?(v)) as

R(8% ) = s = TS a2 -y 30 MR

wq (V) w (V) gt
where the right-inequalities are derived from Equations (12) and (13) of Proposition 8. Recall that

r(v) also depends uniquely on the gaps, as the unique solution of ¢,, = 0. In the following calculations
we write r for r(v) but the dependency with respect to the gaps is crucial.

Fix dy = 0 and d, = A2 for ¢ # {1,b}. We want to see the change of F, with respect to d, = AZ.
We can take the partial derivative:

Or_ d . _
JOF, or o Z ad, rd, — 1 ﬁdc B rd, — 1 .
adb 8d 21 Tdc —1 (Tdc - 1)2 8db (T’db — ].)2
or 1 rd, or de rd, — 1
- aszd“(l +; rdo—1  (rd.— 1)2) + adb; (rde — 12 (rdy — 12

_Or 1+ (rde —1)—rd. Or d. rd, — 1
- adbda; rdo—12 ' od, ; (rdo— 12 (rdy—1)2"

_Or de rd, — 1
= 9d, ; (rde—1)2  (rdy—1)2"
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(to obtain the third equality, we used that > TaoTE = = 1 by definition of 7).

c#1 (rd
It remains to see that BT is nonpositive, that is that r is nondecreasing when A increases. In fact,

we already noticed that by showing that ' < r in the first part of the proof of Lemma 11. Note that
one can also use the implicit function theorem to obtain
or r(rd, —1)73

oy S derde—1)F

Hence %5: < 0, so that as Ay > Ay:

1 2 ..
= F,(A%) > F, (A7) = — eiving wy, > W -
3. Using Equations (9) and (8):
T = 1 min Wit 12> 1 min Wit A2 > 1mm % A2 =T71
2 a1 Wi + W, 2a¢1w1+w 2 a#1 w1 + w,

the first inequality comes from the assumption on g and p', and the second is a consequence of the
uniqueness of the optimal weight vector w and the fact that w # w’, as previously obtained.

Before proving Lemmas 12 and 13, we show the following result.

Lemma 16. Assume that there exists k > 0 such that Al, = kA, for any a # 1. Then w' = w.

Proof of Lemma 16. As r is the unique solution of ¢, (r) = 0, one has:
1 1 1 r
0=0u() =Y g5 1= a3 1= e~ 1= bw(y
A Y cv 1D D) o v e AR DYy vy v ()
and thus 7’ = r/k2.
This implies 7A2 = r/A’? for any a # 1, hence w’ = w by Equations (12) and (13) of Proposition 8. [

Proof of Lemma 12. Let us rescale the gaps of g’ to obtain the same maximal gap, by multiplying by
constant kK = AA‘¢ Denoting by p” the obtained bandit, with A” = A(p”) = kA’ and w” = w(u”),

me

we have w'’ = w xby Lemma 16. Let a be (one of) the worst arm of y, such that A, = Apax. Then

A
" " o_ o a
Amax Aa - HAa - Aa 4 d

(Aa + d) = Aa = AInax

and for any b # 1, one has A, < A, so that the nondecreasing of x — ¥ leads to:

Aq
A, +d

= KA}, = (Ap +d) > (Ap+d)= Ay

Ay
Ap+d
Now we can apply Lemma 11 to every arm b ¢ {1, a} to go from p to p”, and by Point 2 we know that
those transformations can only increase w,, so that by Corollary 9

w:nin = w:; = wg Z Wq = Wnin -
If in addition there exists an arm b for which A, < A,, then strict inequality A, < A} occurs in the above

inequality and hence Lemma 11 gives a strict increasing of wpin. O
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Figure 4: Transformations in the proof of Proposition 1, for some instance bandit v. From left to right:

v, v, p@ @) = plest(2)

Proof of Lemma 13. Using scaling argument from Lemma 16, like in the proof of Lemma 12, we can scale
p' to keep gap between arm 1 and arms of B unchanged. That would increase the gaps of all the other arms
which in consequence, using Point 2 of Lemma 11, would mean that corresponding wy,;, increases. O

Finally we can prove that Algorithm 1 correctly computes the optimistic bandit.

Proof of Proposition 1. We stick to the notation of Algorithm 1, and first observe that w = w(f1). When
minUB > maxLB the algorithm returns a constant bandit and w = (1/K,...,1/K) which is its optimal
weight vector by convention. As all weight vectors belong to X, the result is clear.

Now assume that minUB < maxLB and fix v € CR. If v as several optimal arms, then wpi, () = 0 so
that trivially wmin(v) < Wmin (). Assume now that v has a unique optimal arm denoted by a. Note that
a € PotentialBest, so that we will show that Wiy (V) < Wi (A1) by transforming v to @'*%®) with
changes that will only increase the quantity of interest wpi,. Remark that the value of wy,;, is the vector
value associated to any of the worst arms of a bandit due to Corollary 9. The procedure, illustrated in
Figure 4, is the following:

1. Transform v into v") by increasing arm a so that uff) = 7i,. Using Lemma 12, one has wp, (v()) >

Wmin (V) .

2. Transform v into v by decreasing, for each arm b # a, pp to max(ﬁb, Vnmin). By several appli-

cations of Lemma 11, one has wpyin (®) > wmin(v(M) (remark that imposing to stay above vyin
ensures that the associated worst arm stays one of the worst arms at each modification).

3. Transform v® into v®) by increasing all the worst arms to minUB. By Lemma 13, one has
wmin(u(g)) 2 wmin(u(z))-

We now have v(3) = 1154 50 that wyin (V) < Wiin (#°4*)). We thus showed that

X _ . (ntest(a)y o
max Wpin (V) = max w =w ,
UEC% mm( ) a€PotentialBest mm(uf ) mm(IJ')
where the last inequality comes from the procedure defining . O

C.5 Proof of Theorem 14

We have that

oolie) =S ey S e

T /2 _
a#l (1+5Aa
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and ) )
r
e B D > 1000
l—e a#l (115A£12 - 1) a#l (%Ag(l - 6) - 1)
hence by monotonicity of ¢, and definition of '
r , r
<r < .
1+e 1-¢

Consequently, for every a # 1, " AL% < (1+n)rA2 for 1+n=(14¢)/(1 —¢), and

1 o 1 o1 ( nrAz )_ 1 1 1
PAZ 1T (pAZ1)(14+ ALy T AZ-IN T pAZ—1) pAZ-1 Az —1 Az -1)

so that

__1+-§: /AIQ

a#l

1
>14+(1—n ——
+( ) e Az ”Z(rAg,l)z

a#1 a#1
=1
1-3

= (1= = 7wt > (1= 3wy

r

Furthermore, rA2 > 2 (see the lower bound in Inequalities (16) of Proposition 10), hence %i_l < 2 by

decreasing of z +— —*5 on (2,+00). Thus, for every n < 1/4, u = nxzg A2 7 <1/2 and = <1+ 2u. One
has 7 A/? > (1 —n)rA2 for 1 —n = (1 — ) /(1 +¢), and one checks that n < 1/4 for & g 1/77 hence

1L 1 .1 (1+2 nrA2> Lo, 1
rfA;l2_1—(,,A3,1)(1,;Z2A_zl)—mg—l rA2—1) " rAz—1 Az o1 T Az e
Consequently,

_1+Z /A/2
a#1l
<1+(1+2nz A2 +2n2
a#1l a;ﬁl a
=1
1+5
=(1+2nw;t = + wa1§(1+5€)wf1

1+¢

To summarize, for ¢ < 1/7, by Equation (14) of Proposition 8, on the one hand:

T 1-3¢ _; 1-3¢
% —

T = 2w, ' >2x w =%
1+e 1-—c¢ 1+¢2

xT > (1-3e)T

and on the other hand

T 1+5 4 1+5¢

T =27 (') <2 x X =
riw) ™ < 1—¢ 1+5w1 1—¢2

x T < (1+6¢)T

as 1+ 5e < (14 6¢)(1 —&2).
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We also have

w1 ’ w1
1-5 < < < <(1+6
( 6)wl*14—55*1”1*1—36*(—i—s)wl

which yields by Equation (13) of Proposition 8, for any a # 1:

(1 -108)w, < wy /(1 + 5¢) < = wi/l
CTrAZ-DA+ ) T AP -1
wy /(1 — 3e) 1+¢
< — = we < (14 106)w, .
(rAZ —1)(1-27)  (1-3¢)?

C.6 Proof of Proposition 15

We will prove Proposition 15 by combining two Lemmas. Note that in this section g and p' are general
bandits, with possibly more than one best arm.

Lemma 17. Let p, i’ € G and v € X be any optimal vector. Then:
9w v) = g(p,v) —¢/2
where € = ||p — p'| o -

Proof.

e Assume first that g and p’ have a common best arm. Without loss of generality we assume that
this arm is 1. Then:

1 . v o 1 . vy .
/ a / 2
— ,V) = = - = A by Equat 8
9(p',v) — g(p,v) SRR s S B y Equation (8)
1. ViUq 4,2 VIVh 4o
= — Imin max a b
2 a#l b#1 V1 + U, V1 + vp
1 . V1Vq

Y

g min - (A;Z — A2) taking b=a .

Then for any a # 1, one has:
[Aa = AL =1(u1 = ph) = (e — po)l < lix — 4] + |1 — pi| < 2¢

from which we obtain, using that the gaps are in [0,1] in G

A2 AL = 1A, - AL (A + AL) < 4e

As v is an optimal vector, we have 0 < v, < vy < % using Equation (17), so that:

V1Vq <1 Vg <1va:1
T 2vi1+v, T 220, 4

V1 + Vg

hence
V1Vq

V1 + Vg

(AL —A2) > —.

e In case p and p’ do not share a best arm, define the family of bandits (H(t))te[o,l] by

vt € [0,1],Ya € [K], ul = (1—t)pa+tps, .

One can check that

BARRIER, GARIVIER, KOCAK 24



A NON-ASYMPTOTIC APPROACH TO BEST-ARM IDENTIFICATION FOR GAUSSIAN BANDITS

- p=p,
- =pl,
— ||t — u(m”w < |t1 — ta| e for every t1,ts € [0, 1].
Select the subdivision 0 = tq < t; < --- < ty = 1 of times at which the optimal arms of pu® are
modified. Note that N > 2 as g and p’ do not have a common best arm. Note that by continuity:
— for any n € [1,N — 1], u(*») has at least two best arms so that g(u*»), v) = 0,
— p™ and p have a common best arm,

Thus

—1 and g’ have a common best arm.

g, v) — g(p,v) = g1, v) — g(p,v) + g™V, v) — g(p,v)

I N T
- 2
(tl + (1 — tN_l))E >

2 D) 2

N ™

Lemma 18. Let p/ € G be a Gaussian bandit and w,v € Y be such that

for a fited 0 <n < 1. Then:

Proof. Without loss of generality, assume that arm 1 is one of the best arms of u’. Note that the condition
of the lemma can be rewritten as

Va € [K], (1—=n)us <ve < (14n)ug .

Then for every a # 1:
Uia (1 —n)%uqu,
vi+ve  (1+n)(ur +ug)

Thus: ( 2 ( v
. a 1- n . U1Uq 2 1- n
"o — min —1Y%_Ar? min = g(p,u
9(p',v) N 2 T i A o g(p',u)
O
Proof of Proposition 15. The result follows directly by applying Lemmas 18 and 17 with w = w(u):
1—n)? (1—mn)*
"v >(7 " w > , W —€/2).
9w v) 2 g w(p) = = (9 w(m) —</2)
O
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D Proof of the main result

The aim of this section is to prove Theorem 5. Let v € (0,1) and p € G*. We assume, without loss of
generality, that a*(u) = 1. We also write for simplicity A = A(p), w = w(p) and T = T'(w).

Recall that the confidence regions are defined, for ¢ € [K, 75], by
CRu(t) = Tacisy [f1a(t) £ La(D)]

where 4(t) = C.,/x (N, (1)) =2 W.

Let &€ denotes an event such that p belongs to all confidence regions:

s

€= {1 (neCRu)

t=K

and recall that the confidence regions defined by Equation (3) are chosen so as to ensure that P, (£) > 1—+~
(see Lemma 2). Furthermore, when £ occurs, EXPLORATION-BIASED SAMPLING has been designed so that
arms are observed with some minimal linear rate, specified by Lemma 19 and proved in Appendix E.1.

Lemma 19. On event € one has:

vVt € N*,  min N,(t) > twmin — K .
a€[K]

This inequality directly implies the following lower bound:
2K tWmin

Vit > in Ng(t) >
o wmin’ aIg[IE] (l( ) o 2

(24)

Proof outline
The proof is organized in 3 steps:

1. We first show that, on event &£, the optimal vector w and the sampling frequency vector N (¢t)/t are
very close for any ¢t > T3, where T} is a (problem-dependent) constant. To do so, we will make use
of the regularity results of Section 3.4 and the fact that the confidence regions shrink with time.

2. Then, we control the event (75 > t) N & for t > T'log(1/0) by another event for which we can easily
bound the probability using Hoeffding’s inequality. This inclusion relies once again on the regularity
results of Section 3.4 and on conditions on ¢, in particular we will require to have T'log(1/d) > Ty
with 77 obtained at Step 1.

3. Finally, we derive the two bounds of the theorem from Hoeffding’s inequality and elementary calcu-
lations.

The proof uses some technical lemmas introduced and shown in Appendix E.

Step 1: controlling the difference between vectors w and N (t)/t

In this step we assume that event £ occurs.
Let t > 25 Equation (24) implies that

vac K], L) = #wmw S %log@ﬁw e

Na (t) tWmin
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L(t) is an arm-independent bound on the half-length of the confidence interval of each p,. In other words,
1a(t) — o < L(t) as we are on event £. Note that L(t) is deterministic and goes to 0 as ¢ goes to +o0.
This control of ||f(t) — p||, together with Theorem 14 allows to control the difference between w and
w(t) for ¢ large enough, as the following Lemma claims.

Lemma 20. Let

2242 2 x 224%e KN\ 2K
To = max (A?ninwmin log (A%ninwmin'y ), wmin) . (25)
Then for every t > Ty, one has, introducing e, = SAOL@:
Va € [K], wa(l—g) <wa(t) <we(l+ey). (26)

Proof. Let t > u?K and assume that ¢ is such that 4L(t) < Apin. On event £, one has p € CR,(t) =
[oeix [Ha(t),ﬁa(tﬁ], hence for any a # 1:

py () = o (t) = iy = 2L() = (pa + 2L(1)) = Ag — 4L(t) > 0

so that the confidence interval for p; is strictly above all other confidence intervals. Hence fi(t) has a
unique optimal arm which is arm 1.

For each arm a # 1, define A, (t) = Ay (f1(t)) = fi1(t) — fiq(t). Then

Aa(t)? < (Mg +2L(1))% = Ag(l LA 4L(t)2> - Ai(l . 8L(t))

Aa ALZL Amin
~ 2
and A, (1) > (A, - 2L(1)* = A2(1 - %@) * L—ZA(? JEHE LL@) -

If ¢ is such that SAL—X: < 1/7 (this condition is stronger than 4L(t) < Api,), we can apply Theorem 14
which gives
Va € [K], we(l —g;) <wa(t) <we(l+ey).

It remains to understand when the condition SAL(O < 1/7 holds. We have:

8L(t) <17 log(4tK /) < A?ninwmin _ Afninwmin
Amin ~ t T (Tx8)2x8 2x1122

and this inequality is satisfied, by Lemma 26, for

2242 2 x 2242%2e K
t> og ( ) .

- AEninwmin Arzninwmin’y
Combining with the initial condition ¢ > j—K leads to the definition of Tj. O

As each N,(t)/t is nearly the Cesaro sum of the (@, (s))o<s<t—1 (see Lemma 25), and as &, —4— 100 0,
we are able to control the difference between w and N (t)/t after a deterministic time 77.

Lemma 21. Fizn € (0,1) and let

max (6402, 8K) 2 x 640%eK
T, = ! I ( ) . 27
! 772A1?ninw12nin o8 772A12ninwmin’7 ( )
Then for any t > Ty one has:
N, (t
Va € [K], w,(l—n)< (*) <w.(1+mn). (28)
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Proof. Let Ty be defined by Equation (25). Let ¢t > Ty and a € [K]. Equation (26) of Lemma 20 gives:

To—1 t—1 t—1
Zwa — twg| < Z |Wa(s) — wa| + Z |1I)a(s)—wa|§T0+waZES.
SiTo S:Tg

By definition of ; one has:

AII]ll'l V wl’ﬂln

— VB o log 4sK/’y 80[«/10{; (4tK /) 1 80\/§\/tlog(4tK/fy)
> oS < >

S=TU Amln vV wmlll

so that we have, using Lemma 25:

N, (t)

ol < —

WMfm@

K+ Ty cw 80v/8/log( 4tK/7
o t a A1‘[‘111‘1 V mlIl

—u <K+To 80v/3+/log(4tK /) )

twmin Amm Vv W rnln

Thus the conclusion of the Lemma holds when:

(K+T0 80v/8/log(4tK/v) ) _n
twmln ’ AI’l’llIl\/ IIlll’l o 2

and this inequality is satisfied, using Lemma 26, when:

K+To 6402 | ( 2 x 640%2eK )) .

t > max (
2A2
7 Wmin 77 Ammwmln Ammwmin’y

The definition of Ty implies K + Ty <

4max(112 ) 1, 2x224%e K
A2 0g

min Wmin Arnmu}mm
Smax(1122 K) 2 x 224%eK 6402 2 x 640%eK
t= max( D) ( 2 ) IA2 0g ( IA2 ))
Amm min Ammwmin'}/ n Aminrwmin Ammwminry

and T is greater than this lower bound.

Step 2: a useful inclusion of events

f o Amin v/ Wmin

) hence the inequality still holds for

We want to control the event (15 > t) N & for ¢ > Tlog(1/d). For ¢ small enough, we have the following

inclusion of events.

Lemma 22. Fizn € (0,0.15] and let & be such that

Tlog(1/8) > Ty (1)
where Ty is defined by Equation (27) and
4 8eTRY/?
log(1/d) > —log (67> . (C2)
n
Then for any C € (0,1]:
(1+n)? X c
> B - — > — .
V2 (14 ) 5T log(1/0), (s>t) NE C (||u i) > T) ne
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1
log3 (1/8)

Remark 23. Latter, we will use this Lemma with C =

Proof. Assume in the following that T'log(1/§) > 17 and let t > Tlog(1/5). By definition of 77 and

Lemma 21, one has
— N,
wa“(t)/t‘ <. (29)

Wq

max
a€[K]

Then using Proposition 15 and Equation (9):

(rs>t) NE C (Z(t) = tg(u(t), N(t)/t) gﬂ(t,é)) ne

c (t(11_+n)(( w) — lp — u ) ) A e
o)

Consider now .
L+n B(t5)  14+n log (%)
(1-m2 ¢t  (1-n?2 t '

As « < 2, one can check that f is decreasing on (4, +00). Let us show that

ft) =

vC € (0,1], f((1+0>uT10g<1/5>) ﬁ

(1-n)?

Fix C € (0,1]. As a <2 and as < 0.15 is such that Eitzgz < 2, we have:

o §))?
+n log(R(4T1 £(1/9)) )
A=m?(1+0)G (1/6)

1 1 log (4R'2T1og(1/9))
§(1+CUT1+n(1 Tog(1/5) )

(1+n)?
(1-n)

F((+0) 5 T0g(1/6)) <

hence Inequality (30) is satisfied if

log (4R1/2Tlog(l/6)) <

NES]
—

og(1/0)
which is the case, by Lemma 26, when:

4 8eTRY?
log(1/d) > —log (T> .

Finally when Inequality (30) holds we have for ¢t > (1 4+ C’) 1+77) =T log(1/6):

2
1+C)T

(= i)l > 5) 0 e

(o> ne © (k- pblz 2 Grimm) 08

N

where we use C' < 1 in the last inclusion. O
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Step 3: bounding P, (7'5 >t N 8) and E,[r51¢].

Fix n € (0,1] and assume in the following that conditions (C1) and (C2) of Lemma 22 are satisfied with
n' =n/7<0.15. We set ¢ = M Let C € (0,1], t > (1 + C)¢Tlog(1/d) and define

= (a0l = 2) N €.

Lemmas 22 and 27 — a consequence of Hoeffding’s inequality — (note that Condition (C1) ensures that
t > 2K ) give the bound:

Wmin

Pu(rs >t N €) <Pu(&) < 2Ktexp (- tZ’IT“;“ c?). (31)

By taking C' =

L , we obtained so far that
log3 (1/9)

vt > (1+ %)ngog(l/(S)’ Pu(rs>t N &)< 2Ktexp<—

tWmin 1 )
log®(1/6)

AT 10g5(1/0)

giving Bound (5) as long as (1 + )C <1+ 7. Note that { <1+ 67" as ' <0.15 so that when

log 3(1/5)

1 / 3
— LT gy > 25T )
log?(1/6) ~ 2 n

the condition holds as

(1+ L)g < (14—77—/)(14—677’) <146.60 <1+7.
log%(l/d) - 2 N -

It remains to focus on the bound of E,[751¢]. Using Equation (31) we have:

L(1+C)¢T log(1/5)]
Eu[rsle] = > Pu(rs >t N &)+ > Pu(rs >t N &)
t=0 t>(14+C)CT log(1/6)

t min
<(1+C)Tlog(1/6) + 142K Z texp(— Z)T2 C2> .
t>(1+C)C¢T log(1/95)

Define

S(C) = Z t exp ( _ tmin C2> .

4772
t>CCT log(1/6)
With some technical calculations (see Appendix E.4), one can obtain that:
Lemma 24. One has
32T4 min
S(C) < — exp(— e

min

9 log(1/6 1
=4 1og(1/5))(gé72/> + @) .

Once again, taking C = leads to

log’3 (1/5)

sy < 2 exp(—%log%(l/é))(log%(l/é)—|—1og%(1/5))S?UZLQTAleXp( i og (1/5) ) log?(1/)

min min
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thus
7 i

2TKT Winin | 1 )
)Tlog(1/6)+1+ o eXp(— o log (1/5)) log2(1/5) .

substel < (4 s

Under Condition (C3) we get

(1 + logé(l/é))Tlog(l/& +1< (14 6.67)Tlog(1/6) +1 < (1+n)Tlog(1/5)

and obtain the Bound (6) claimed in the theorem. Combining conditions (C1), (C2) and (C3) together,
one can define oy satisfying:

73 x max(2 x 1602, K) ) (72 X 2 X 64026KR1/2)
o
2 772Ar2ninwmin’y ’

min

log(1 >
B0 = TR

with some simplifications allowed by Equation (18) of Proposition 10.

E Technical details for the proof of Appendix D

E.1 Proof of Lemma 19

We will use the following deterministic Lemma:

Lemma 25. One has:

t—1
— v < —1.
vVt >0,  ax ‘Na(t) gwa(s)‘ <K-1
Proof. Apply Garivier and Kaufmann (2016, Lemma 15) with p(s) = w(s). O

The claim is true for ¢ € [0, K] as Equation (17) of Proposition 10 gives

K
wminK_KSE—KSO.

Otherwise, fix ¢ € [K +1,75] and a € [K]. For any s € [0, K — 1], one has @,(s) = + by convention
(as all arms are drawn once during the K first rounds, the only request is Zf:_ol We(s) = 1), and thus
We(8) > Wmin (w € X implies wpyin < %) For any s € [K, 75 — 1], one has by Proposition 1 :

7j)a(s) Z ﬁ)min(s) = Vegl%x(s) wmin(’/) 2 Wmin
I

as € CR,(s) on event £. Hence by Lemma 25

t—1
N, (t) > We(s) — (K — 1) > twmin — (K — 1) > twmm — K .

S

Il
o

E.2 A technical lemma

Lemma 26. For any cq1,co > 0,

is such that cix > log(cox).

This is a direct consequence of Garivier and Kaufmann (2016, Lemma 18).
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E.3 Deviation bound
We prove the following simple consequence of Hoeffding’s inequality.

Lemma 27. For anyt > u?—K and x > 0, one has

tWnin
IP’( max |fiq(t) — pa| > N 5) < 2Ktexp(f LIQ) .
a€[K] 4

Proof. Fix t > % and z > 0. For any a € [K], one has with 7" = “pin.

P(|ﬂa(t) — fal > N 5) = ZIP’(\/fLa(t) —pal > N E N Ny(t) = s) by Equation (24)

s=T
t
< IF’( lfta,s — ta| > ac) by Equation (19)
s=T
! S
< 2 exp < — §x2> by Hoeffding’s inequality
s=T

giving the desired bound by union bound. O

E.4 Proof of Lemma 24

We have

S(C) = 3 texp (- tz};;“ c2) =3 1)

t>(1+C)¢T log(1/6) t>B
where f : ¢ texp(—At), A = %mpC? and B = (1 + C)(T'log(1/6). f is increasing until 1/A and then
decreasing. Let ng = |4 |. We will show that S(C) < 2fB+°° f(t) dt
o If B > ng then f is decreasing on [B,+oo[ and one has S(C) < ;oo f(t) dt.

e Otherwise, one has:

no—1
= > fO+ o)+ flo+ 1)+ > f()
t=[B] t>no+1
no—1 .41

< Z/ F(#) dt+ f(no) + flno+ 1)+ Y
t=[B1""* t>no+1
—+o0

g/ F(t) At + f(no) + Flno + 1)
[B]

where in the second inequality, we use the increasing of f on [B, ng] and its decreasing on [ng+1, +00].

The result will be true if oo

fmw+fmmu)§/ £t dt .

B
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‘We have:

o)+ fna 1) = | 5 el [ 2] el
< ( BJ - [H )e*AL%J
S(UJ %Jriz)e—f“tﬂ asA<%
- /L:T f(t) dt < /:O £(1) dt as B < UJ o

where in the last inequality, we used the simple calculation

e Y 1
/Y texp(—tX)dt = exp(—YX)(Y + ﬁ)

for X,Y > 0.

In both cases we have:

S(C) < 2/oo te p( twmi“OQ) dt
= X -
(1+C)¢T log(1/5) 472

and using the same calculation as before

4(1 + C)CT? log(1/5) N 16T4i)
Winin C? w2, C4

min

S(C) < 2exp ( - sz;m (1+0)C%10s(1/8))

Bounding C € (0,1] and ¢ € [1,2] (remind that ¢ < 1+ 67/):

Wi 167% log(1/6) 167" 1

S(C)SQQXp(f AT CZIOg(l/é))(w ; éQ/ )+w2~ @)
3974 Winin o log(1/6) 1

< —5—exp ( - fc IOg(l/é)) (T + @) ’

Wiin

F Proof of asymptotic results

F.1 Proof of Lemma 3

We will need the two following lemmas. The first gives a lower bound of wpi, () and the second provides
a lower bound on the minimal gap of the optimistic bandit computed by Algorithm 1.

Lemma 28. For any p € G* one hase wyin(pt) > A"‘Q‘%I‘((”).

Proof. Let w = w(p), Wmin = Wmin(p) and A = A(p). We have

Wmin = % by Equation (13) of Proposition 8
TAmax —
1 1
> X by Inequalities (16) and (17
S VR 11 Ea, y Ineq (16) (17)
Amin
> (— ,m as Amax(t) <1
Amin
> .
- 2K
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Lemma 29. Let CR = [[,¢(x)lp,,Bal be a confidence region such that p < T, for a € [K] and
maXqe(r) b, = marLB > minUB = min,e(x) By, and (f1,v) < OPTIMISTICWEIGHTS(CR). Then

Amin(ft) = min 71, — p -
ac

K] —a

Proof. We proceed by contradiction: let us assume that g is such that

Amnin < min i, .
(&) aE[K]N -,

By the two hypothesis and the algorithm’s procedure, it is clear that @ has a unique best arm. Without
loss of generality let us arrange the arms so that fiy > fis > fi3 > -+ > fixr. Note that Apin(ft) = i1 — fio-

As 1 is the best arm, once again the algorithm’s procedure ensures that fi; = ;. In addition, our
assumption implies Amin(f1) < Hy — g, giving fip > p . Recall that fio = max(p,, minUB), so that we
split our analysis to the two possible cases:

e if fi = pu,, then we cannot have fi, <7y = fu otherwise Awyin(ft) > Hy — p,, which is impossible.

Then @i, > 71,. By defining v = (fi2, 1y, fi3, - - -, fixc ), one has v € CR and wyin (V) > wWmin () by
Lemma 12. Thus fi cannot maximize wy,;, over CR which is in contradiction with Proposition 1.

o if i, = minUB, then fiy = i3 = --- = [ix and thus all confidence intervals share a common point
equal to fio (recall that fis € [p , ul]), which is a contradiction with maxLB > minUB.

We can now prove Lemma 3. Let ¢t € [0, 75 — 1]. We want to lower bound @Wmin (t).

e If at time ¢ one has w(t) = (1/K,...,1/K) then Wyin(t) = %.

e Otherwise, by construction of Algorithms 1 and 2 we know that ¢ > K and the confidence region
CR(t) is such that at least two confidence intervals are separated. In that case, the optimistic bandit
£i(t) has a unique optimal arm and Lemma 28 gives

Amin (t)
2K

One can use Lemma 29 and note that as t > K, all arms have already been pulled at least once,

hence
~ 1 K log(4K 1 4
Aﬁn > min 2¢,(t) > 4 min 08(4Na(?) /’Y \/ og(4K/7) \/0g8 —
a€[K] a€[K)] (1) t N

Putting everything together one can obtain

'Lz}min (t) Z

In both cases we obtained:

t—1 t—1 1 t—1 1 1 t 1 2
Na(t) > a(s) — (K —1) > in(s) — K > — —K> /lﬁdstz?\/%fK.

S

Il
<
o
||
N
w
||
N
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F.2 Almost sure asymptotic bound

Theorem 30 (Almost sure asymptotic bound). Fiz v € (0,1), a € [1,e/2]. For any p € G*, Algorithm
EXPLORATION-BIASED SAMPLING with the threshold of Equation (4) satisfies

lim sup <aT(p) Pu-as..

75
50 log(1/6)
The result was obtained by Garivier and Kaufmann (2016, Proposition 13). The adaptation to
EXPLORATION-BIASED SAMPLING is straightforward, as soon as we prove the following result.

Proposition 31. For any choice of parameters and p € G*, the sampling rule of EXPLORATION-BIASED
SAMPLING satisfies:

N(t
lim a(t)=p Pu-as. and lim N =w(p) Py-as. .

t— 400 t—+oo t

Proof. Lemma 3 implies that N, (t) —— 400 +00 for all a € [K], so that the law of large number gives

lim at)=p Py-as..

t—-+o0

Remark that for a € [K] one has

maa>—ﬂaw|<caﬂdAza»:=/¢k%“““¥””) i 0

so that we also have
lim a(t)=p Py-as.

t——+oo

and thus by continuity of function w in g (as p has a unique optimal arm):

lim w(t) =w(p) Py-as..

t—+oo

Now for all ¢ € N* and a € [K] we have:

N (t) 1 — 1
I A ) -3 aa(s)] + | w
s=0 s:O
K-1, |1
< ; + n (Wq(s) — we () by Lemma 25
s=0
—t—to00 0
(using the Cesaro Lemma for the second term). O

F.3 Proof of Theorem 6

Once again this is a direct adaptation of Garivier and Kaufmann (2016, Theorem 14). Indeed, we can
follow the proof as long as the two lemmas shown in this section are satisfied.

Let us recall the notations of Garivier and Kaufmann (2016). We assume that 1 is the best arm of p.
Fix € > 0. By continuity of w in p, let £ < Apin(p)/4 be such that

— < h IEZ a,:t .
max () —w(p)|,, < where agy ¢]
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Let T € N and define h(T) = T'/* and the event
T

er=[) (At e.).

t=h(T)
Lemma 32. There exist two positive constants B,C (that depend on p and ) such that
P,(E%) < BT exp(—CTY®) .

Proof. We have by union bound

P”(S%) < Z Z PH(‘/:”a(t) - /~La| > 5) :

t=h(T) a€[K]

Then

By(lfta(t) — pal > €) = Pu(lfia(t) — tal > € N Nu(t) =5) by Lemma 3

‘MM“

s=2Vi-K
t
= P(|fta,s — Hal > €) by Equation (19)
s=2Vi-K
¢ ¢
<2 exp < — s?) by Hoeffding’s inequality
s=2Vit—-K
< 2exp(—(%\/f— K)&2)2) '
- 1 —exp(—£2/2)
e exp(K¢?/2) &
B:2KW and C:?,
one has

T
Pu(EF) < Y Bexp(—vtC) < BT exp(—/W(T)C) < BT exp(—CT"®) .

t=h(T)
O
Lemma 33. There exists a constant T. such that for T > T., il holds that on Ep
N, (t
VtZ\/T, max‘ ()—wa(u)‘g?ﬁ.
a€[K] t
Proof. For any t > /T = h(T)? and a € [K] we have:
N (1) 1 g Pt
R | EELAURD SENCI S S RO
s=0 s=0
K—-1 WT) |1 &
< ; + — + n Z (Wq(8) — wa () by Lemma 25
s=h(T)
K-1 1 .-
> W + m + e by definition of &p
K
S W +e€ S 3¢
whenever T > (K /2¢)* = T.. O
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G Additional experiments

In this section we present numerical experiments to compare the dependence on parameter § of three
strategies, namely EXPLORATION-BIASED SAMPLING, TRACK-AND-STOP and UNIFORM SAMPLING (that
samples arms uniformly).

On Figure 5, we plot for each strategy and several bandit parameters the estimate of E,[75] for different
values of § (using the same threshold § as in the experiments of Section 4 and v = 0.1 for EXPLORATION-
BI1ASED SAMPLING). We also plot in black the lower bound of Garivier and Kaufmann (2016) (~s_0

T()log(1/9)).
In term of performance, we observe that EXPLORATION-BIASED SAMPLING is always between UNIFORM

SAMPLING and TRACK-AND-STOP (which is always quite close to the lower bound). More precisely there
are different behaviours:

e when the problem is difficult (with small gaps), EXPLORATION-BIASED SAMPLING behaves almost
like TRACK-AND-STOP. Indeed for those parameters the uniform sampling phase of EXPLORATION-
BIASED SAMPLING is relatively small comparing to the required number of samples so that EXPLORATION-
BIASED SAMPLING has time to shrink its confidence regions close to parameter g and thus behaves
like TRACK-AND-STOP (see bandit p(1)),

e when the problem is easier (with large gaps), EXPLORATION-BIASED SAMPLING behaves like UNI-
FORM SAMPLING, as in almost all simulations the strategy does not have enough confidence to leave
the uniform sampling phase before the stopping condition is satisfied (see bandits 1? and u(?’)).
When § decreases, there is a separation between EXPLORATION-BIASED SAMPLING and UNIFORM
SAMPLING as more and more simulations reach the non-uniform sampling phase of our strategy. If
we continue to check for smaller values of 4, one can expect that EXPLORATION-BIASED SAMPLING
will come closer to TRACK-AND-STOP than UNIFORM SAMPLING, for the same reasons as before: the
confidence regions of EXPLORATION-BIASED SAMPLING have more time to shrink. This is what we
observe we bandit p®, for which EXPLORATION-BIASED SAMPLING has the behaviour of UNIFORM
SAMPLING for moderate values of § and then the behaviour of TRACK-AND-STOP for small values
of 4.
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Figure 5: Empirical Expected Number of Draws E,[75], Averaged over 500 Experiments. Top left: p) =
(0.9,0.8,0.6,0.4,0.4). Top Right: u® = (0.9,0.5,0.45,0.4). Bottom Left: p®) = (0.9,0.8,0.75,0.7).
Bottom Right: p®) = (0.9,0.8,0.7,0.6)
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