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Abstract

A Boolean network (BN) with n components is a discrete dynamical
system described by the successive iterations of a function f : {0,1}" —
{0,1}™. In most applications, the main parameter is the interaction
graph of f: the digraph with vertex set {1,...,n} that contains an arc
from j to i if f; depends on input j. What can be said on the set G(f)
of the interaction graphs of the BNs h isomorphic to f, that is, such
that hom = mo f for some permutation 7 of {0,1}"? It seems that this
simple question has never been studied. Here, we report some basic
facts. First, if n > 5 and f is neither the identity or constant, then
G(f) is of size at least two and contains the complete digraph on n
vertices, with n? arcs. Second, for any n > 1, there are n-component
BNs f such that every digraph in G(f) has at least n?/9 arcs.

1 Introduction

A Boolean network (network for short) with n components is a finite dy-
namical system defined by the successive iterations of a function

/e {Ovl}n — {071}n7 L= (xlv'”wrn) = f(:L’) = (fl(x)77fn(x))

Boolean networks have many applications; in particular, they are omnipresent
in the modeling of neural and gene networks (see [4] for a review).

The “network” terminology comes from the fact that the interaction
graph G(f) of f is often considered as the main parameter of f: the vertex
set is [n] = {1,...,n} and there is an arc from j to ¢ if f; depends on input
J, that is, if there are z,y € {0,1}" which only differ in z; # y; such that
fi(x) # fi(y). For instance, in the context of gene networks, the interaction
graph is often well approximated while the actual dynamics is not. One is
thus faced with the following question: what can be said on the dynamics
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described by f from G(f) only. There are many results in this direction
(see [1] for a review). In most cases, the studied dynamical properties are
invariant by isomorphism: number of fixed or periodic points, number and
size of limit cycles, transient length and so on. However, the interaction
graph is not invariant by isomorphism: even if f and h are isomorphic, their
interaction graphs can be very different (by Theorem 1 below, G(f) can
have n? arcs while G(h) has a single arc). Surprisingly, this variation seems
to have never been studied, and we report here some basic facts.

Given a network f, let G(f) be the set of interaction graphs G(h) such
that h is a network isomorphic to f, that is, such that hom = wo f for some
permutation 7 of {0,1}". Hence, we propose to study G(f). For instance, if
f is constant, we write this f = cst, then G(f) contains a single digraph, the
digraph on [n] without arcs, and if f is the identity, we write this f = id,
then G(f) also contains a single digraph, the digraph on [n] with n loops
(cycles of length one) and no other arcs.

Our first result shows that, excepted few exceptions (including the two
above examples), G(f) always contains the complete digraph on [n], with n?
arcs, denoted K,,.

Theorem 1. K,, € G(f) for all networks f # cst,id with n > 5 components.

Our second result shows that, for n > 5, there are no networks f such
that G(f) only contains the complete digraph.

Theorem 2. G(f) # {K,} for all networks f with n > 5 components.

From these theorems we deduce the following property, which might seem
innocente but that doesn’t seem to have a one-line proof: If f is a network
with n > 5 components, then |G(f)| =1 if and only if f =id or f = cst.

Even if, for n > 5, G(f) cannot only contain the complete digraph, using
a well-known isoperimetric inequality in hypercubes, we show that, at least,
G(f) can only contain digraphs with many arcs.

Theorem 3. For everyn > 1, there is a network f with n components such
that every digraph in G(f) has at least n*/9 arcs.

Concerning short term perspectives, we checked by computer that the
first theorem holds for n = 3 (for n = 2 it fails; see the appendix) and that
the second holds for n = 2, 3. For n = 4 this is much time-consuming and we
didn’t do it, hoping to find instead dedicated arguments, since those given
for n > 5 do not work. A more involved perspective, related to the third
theorem, is to prove that, for any ¢ > 0 and n large enough, any digraph in
G(f) has at least (1 — €)n? arcs for some f. We also want to study networks
f such that G(f) is very large and ask: do we have, for any ¢ > 0 and n
large enough, |G(f)|/2"° > 1 — ¢ for some f?

The three theorems above are proved the in following three sections.
Before going on, we give some basic definitions. An element z of {0,1}" is a



configuration, and elements in [n| are components. We set 1(x) = {i € [n] |
x; =1} and 0(x) = [n] \ 1(x). The weight of = is w(x) = |1(x)|. We denote
by e; the configuration such that 1(e;) = {i}. For x,y € {0,1}", the sum
x4y is applied component-wise modulo two. Hence x and x + e; only differ
in component i. We denote by 1 (resp. 0) the configuration of weight n
(resp. 0). Thus  and x + 1 differ in every component. Given A C {0,1}",
we set A+x = {a+x | a € A}. Let f be a n-component network. A
fized point is a configuration x such that f(z) = x. Let I'(f) be the digraph
with vertex set {0,1}" and an arc from x to f(z) for every z € {0,1}". A
limit cycle of f is a cycle of T'(f). Hence fixed points correspond to limit
cycles of length one. An independent set of f is an independent set of I'(f),
equivalently, it is a set A C {0,1}" such that f(A)N A= 0.

2 Proof of Theorem 1

We proceed by showing that, for n > 5 and f # cst,id, we have K, € G(f)
if at least one of the following three conditions holds: f has at least 2n fixed
points; or f has at least n limit cycles of length > 3; or f has an independent
set of size > 2n. We then prove that, because n > 5, at least one of the
three conditions holds, and Theorem 1 follows.

Lemma 1. Let f be a network with n components, which is not the identity.
If f has at least 2n fized points then K, € G(f).

Proof. Since f # id we have f(c) # c¢ for some ¢, and since f has at
least 2n fixed points, it has 2n — 1 fixed points distinct from f(c), say
a®at, ... a™, b3, ..., b". Let ™ be any permutation of {0,1}" such that
m(a) = 0, w(a’) = ¢; for 1 < i < n, w(b') = e; + ez + ¢ for 3 < i < n,
7(c) = e1 + ez and 7(f(c)) = e +ea+1. Let h = mo for ! We will
prove that G(h) = K,,. For i € [n], we have h(0) = 7(f(a®)) = 7(a®) = 0
and h(e;) = w(f(a’)) = w(a') = e;, hence h(0) and h(e;) differ in compo-
nent i, and we deduce that G(h) has an arc from 7 to itself. It remains
to prove that G(h) has an arc from i to j for distinct i,j € [n]. We have
h(e1+e2) =7m(f(c)) = e1+e2+ 1. Hence h(ez) = ez and h(e; + ez) differ in
every component j # 1, and thus G(h) has an arc from 1 to every j # 1. We
prove similarly that G(h) has an arc from 2 to every j # 2. For 3 <i < n,
we have h(e; + ez +e;) = W(f(bl)) = ﬂ(bi) =e1 +ex+ej,s0 hep +e2+¢;)
and h(e; + eg) differ in every component j # i, and we deduce that G(h)
has an arc from ¢ to every j # 1. O

Lemma 2. Let f be a network with n components. If f has at least n limit
cycles of length > 3, then K, € G(f).

Proof. Suppose that f has n limit cycles of length > 3; this implies n > 4.
Let a',...,a™ be configurations inside distinct limit cycles of f of length



> 3. Fori € [n] let b’ = f(a') and ¢ = f(b°). Then a',...,a™, b',...,b",
1

ct ..., c" are all distinct. For i € [n], let 2° = e;_1 + ¢;, y* = ;1 and
2* = e;_1+1, where ey means e,,. Since n > 4, the configurations z', ..., 2",
y', ...,y 2b, ..., 2" are all distinct. Hence there is a permutation 7 of

{0,1}" such that, for i € [n], 7(a’) = 2%, 7(b!) = y* and 7(c’) = 2°. Let
h =mo for ! Fori € [n] we have h(e;_1 + ¢;) = h(z%) = 7(f(a')) =
m(b') = y' = e;—1 and h(e;—1) = h(y") = w(f(b")) = w(c") = 2" = ¢;—1 + 1.
Hence h(e;—1+e¢;) and h(e;—1) differ in every component, and since e;_1 +e¢;
and e;_; only differ in component i, we deduce that G(h) has an arc from i
to every j € [n]. Thus G(h) = K. O

Lemma 3. Let f be a non-constant network with n > 5 components. If f
has an independent set of size > 2n, then K,, € G(f).

Proof. Let A be an independent set of f. We first prove:
(1) If |A] > n+k and | f(A)| = 2k for some 1 < k <mn, then K,, € G(f).

Suppose these condition holds. One easily check that there is an independent
set A with |A| = n+ k and |f(A)| = 2k for some 1 < k < n. Let us write
f(A) ={a',...,a®}, and let A, = f~1(aP)NA for p € [2k]. Let X1, ..., Xo
be disjoint subsets of {0, 1}" of size |A1],...,|Asx| such that, for all i € [n],
there is p € [k] and x € Xy, 1 with z + ¢; € Xgp; that these sets exist is the
“technical” part of the proof, given by Lemma 8 in appendix.

Let X = X7 U---UXog, let Y be the set of y € {0,1}" with y; = 0, and
let Y’ be the set of y € Y such that y,y +1 € X. Since n > 5 and n > k:

Y|> Y- |X|=2""~(n+k)>2""'—2n>n> k.

Thus there are k distinct configurations in y!,...,y* € Y’ and by construc-
tion, Y = {y',...,%*} and Y” + 1 are disjoint and disjoint from X.

Hence there is a permutation 7w of {0,1}" such that, for all p € [k],
m(a®?71) = yP, w(a®) = yP + 1, 7(Agp—1) = Xop—1 and m(Azy) = Xop.
Let h = mo f om~!. By construction, for every i € [n] there is p € [k] and
x € Xop_1 with z+e; € Xy,. Since 7 l(x) € Ag,_1 and 7Y z+e;) € Ay, we
have h(z) € 7(f(Azp1)) = {n(@~)} = {5} and hz +e;) € 7(f(4zy)) =
{n(a*)} = {y? + 1}. Thus h(z) and h(x + e;) differ in every component,
and we deduce that G(h) = K. This proves (1).

We next prove another condition on A to obtain the complete digraph.
(2) If |A] > n and |f(A)| =1, then K,, € G(f).

Let a € {0,1}" such that f(A) = {a}. Since f # cst, there is b € {0,1}"
with f(b) # a, and thus b ¢ A. We consider three cases.

Suppose first that f(a) # a. Since |A| > n, there are n configurations
a',...,a"in A distinct from f(a). Then a',...,a",a, f(a) are all distinct, so



there is a permutation 7 with 7(a) = 0, 7(f(a)) = 1 and 7(a’) = ¢; for 1 <
i<n.Let h=moforn L Foric€ [n], we have h(e;) = n(f(a’)) = w(a) =0
and h(0) = 7(f(a)) = 1, so h(e;) and h(0) differ in every component, and
thus G(h) = K,.

Suppose now that f(a) = a and f(b) = b. Let a',...,a" € A, all
distinct. Then a',...,a", a,b are all distinct since b = f(b) # a. So there
is a permutation 7 with 7(a) = 1, 7(b) = 0 and 7(a’) = e; for i € [n]. Let
h=mo forn Ll Forallié€ [n], we have h(e;) = 7(f(a*)) = n(a) = 1 and
h(0) = w(f(b)) = w(b) = 0, so h(e;) and h(0) differ in every component,
and thus G(h) = K,.

Suppose finally that f(a) = a and f(b) # b. Since |A| > n, there is
A" C A\ {f(b)} of size n. Then A" U{b} is an independent set of size n + 1
and |f(A"U{b})| = |{a, f(b)}| =2 so K, € G(f) by (1). This proves (2).

We can now conclude the proof. Suppose that |A| > 2n. Then we can
choose A so that |A| = 2n. Suppose, for a contradiction, that K, & G(f).
If | f(A)] is even then K, € G(f) by (1) and if |f(A)| = 1 then K,, € G(f)
by (2). Thus |f(A)] = 2k + 1 for some 1 < k < n. Let us write f(A) =
{at,...,a®**1} and let A, = f~%(a?) N A for 1 < p < 2k + 1. Suppose,
without loss, that |A;| < |Aa| < -+ < |Agg41]. Then A" = A\ A is an
independent set with |f(A’)| = 2k. Setting m =n+k — 1, if |A’| > m, then
K, € G(f) by (2). So 2k|As| < |A'| < m, thus |4;| < |As] < m/2k. We
deduce that 2n = |A| = |A1]| + |A'] < m/2k +m. However, one easily checks
that 2n > m/2k+m when 1 < k < n, a contradiction. Thus K,, € G(f) O

We are ready to prove Theorem 1. Let f # cst,id with n > 5 compo-
nents. Suppose, for a contradiction, that K,, € G(f). Let F' be the set of
fixed points of f, and let L be a smallest subset of {0, 1}" intersecting every
limit cycle of f of length > 3. Let I'” be obtained from I'(f) by deleting the
vertices in F'U L; then I” has only cycles of length two, thus it is bipartite.
Since K, &€ G(f), by Lemmas 1 and 2, we have |F| < 2n and |L| < n, thus
I” has at least N = 2" — 3n + 2 vertices. Since I" is bipartite, it has an
independent set A of size > N/2. Then A is an independent set of f and
since K, € G(f), we deduce from Lemma 3 that |A| < 2n. Thus 2n > N/2,
that is, 7n > 2" + 3, which is false since n > 5. Thus K,, € G(f).

3 Proof of Theorem 2

We first give a necessary and sufficient condition for the presence of a digraph
in G(f) that misses some arc with distinct ends. It has been obtained with
Kévin Perrot, whom we thank, and its proof is in appendix. Given an
n-component network f, and 1 < k < 2771 a k-nice set of f is a set
A C{0,1}" of size 2k with |f~1(A)| and |f~1(A) N A] even.



Lemma 4. Let f be an n-component network and distinct i,j € [n]. Some
digraph in G(f) has no arc from j to i if and only if f has a (2" 2)-nice set.

Hence, to prove Theorem 2, it is sufficient to prove that, for n > 5, f has
always a (2" 2)-nice set. To use induction, it is more convenient to prove
something stronger: if n > 4 and 8 < k < 2"~! then f has always a k-nice
set. In particular, if n > 5 then 272 > 8 thus f has a (2"~ 2)-nice set and
we are done. So it remains to prove:

Lemma 5. Let f be a network with n > 4 components and 8 < k < on—l,
Then f has a k-nice set.

Proof. We proceed by induction on k, decreasing from 2"~! to 8. For the
base case, observe that {0,1}" is a (2"~ 1)-nice set of f. Suppose that 8 < k <
2"~! and suppose that f has a k-nice set A. We will prove that f has a (k—
1)-nice set included in A, thus completing the induction step. For that, we
will define an equivalence relation on A, with at most 8 equivalence classes,
and show that, since A > 18, there always are two equivalent elements
xz,y € A such that A\ {z,y} is a (k — 1)-nice set of f. This relation is
defined through 3 binary properties on the elements of A, defined below.
Let a, 8,7 : A — {0,1} be defined by: for all x € A,

1. a(z) =1 if and only if f(z) € A,
2. B(z) = 1if and only if | f~!(x)| is even,
3. v(z) = 1 if and only if |(f~(z) N A) \ {z}] is even.

We say that x,y € A are equivalent if a(z) = a(y) and S(z) = B(y) and
v(x) = y(y). We say that z,y € A are independentif f(z) # y and f(y) # =.
It is straightforward (and annoying) to check that if z,y € A are equivalent
and independent, then A\ {z,y} is a (k — 1)-nice of f.

Suppose now that f has no (k—1)-nice set. By the above property, there
is no equivalence class containing two independent elements. Let Ay =
a~1(0) and A; = a~1(1). Each of Ag, A contains at most 4 equivalence
classes. If z,y € Ao, then f(z), f(y) € A, and thus = and y are independent.
We deduce that each of the classes contained in Ay is of size < 2, and thus
|Ag| < 4. Also, one easily checks that any class of size > 4 contains two
independent elements. Hence each of the classes contained in A; is of size
< 4, and thus |A;| < 12. But then |A| = | 41| + |A2| < 16, a contradiction.
Thus f has a (k — 1)-nice set. O

4 Proof of Theorem 3

If 1 <n <9and fis the identity on {0,1}", then G(f) contains a unique
digraph, which has n = n?/n > n?/9 vertices. This proves the theorem for
n < 9. We treat the other cases with an explicit construction.



Given A C {0,1}" with 0 € A, we denote by f4 the n-component
network such that f4(A) = {0} and fA(b) = b for all b ¢ A. We will
prove, in the next lemma, that if the size of A is carefully chosen, then,
independently on the structure of A, G(f*) has at least n?/9 arcs. It is
then easy to prove that this lower bound holds for every digraph in G(f4).

Lemma 6. Let n > 9 and A C {0,1}" of size [2"/*] with 0 € A. Then
G(f*) has at least n?/9 arcs.

The key tool is the following lemma, which can be easily deduced from
the well-known Harper’s isoperimetric inequality in the hypercube (see the
appendix). Let @, be the hypercube graph, with vertex set {0,1}" and an
edge between x and y if and only if x and y differ in exactly one component.

Lemma 7. Let A C {0,1}" be non-empty, and let d be the average degree
of the subgraph of Q,, induced by A. Then |A| > 2¢.

Proof of Lemma 6. Let f = f4 and let m be the number of arcs in G(f).
Suppose, for a contradiction that m < n?/9. Let I be the set of i € [n] with
a; = 1 for some a € A. Note that [I| > n/4. Indeed, let B be the set of
b € {0,1}" such that b; = 0 for all i ¢ I. Then A C B, and |B| = 2/,
thus |I| = logy |B| > logy |A| > n/4. From that observation, we can say
something stronger:

1) |I| > n/2.

Let i€ T and j ¢ I. Let a € A such that a; = 1. Since j € I, a+e¢ej € A,
thus f(a) =0 and f(a+e;) = a+e;, and fi(a +ej) = a; = 1 since j # i.
Hence G(f) has an arc from j to i. We deduce that |I|-(n—|I]) < m < n?/9,
son/4-(n—|I]) <n?/9. Thus |I| > 5n/9 > n/2. This proves (1).

We deduce that some a € A has a large weight.
(2) There is a € A with w(a) > 3n/4.

Suppose that w(a) < 3n/4 for all a € A. Let i € I. Let a € A with
a; = 1, and w(a) maximal for that property. Then, for all j € 0(a), we have
a+ej ¢ A. Hence f(a) =0 and f(a+e;) =a+ejso fila+e) =a;=1
since ¢ # j. Thus G(f) has an arc from j to . We deduce that the in-degree
of i in G(f) is at least |0(a)| = n —w(a) > n/4. Hence m > |I|-n/4 and
since |I| > n/2 by (1) we obtain m > n?/8 > n?/9, a contradiction. This
proves (2).

Let A’ be the set of a € A with w(a) > n/3 — 1, which is not empty by
(2). For a € A, let J(a) be the set of j € [n] such that a +e; € A, and let
J'(a) be the set of j € [n] such that a + e; € A’. Let H be the subgraphs
of @, induced by A’. If a € A’ then d(a) = |J'(a)] is the degree of a in H.
We will prove in (3) and (4) below that each vertex in H has large degree.



(3) Ifa € A" and w(a) > n/3 then d(a) > n/3.

Indeed, since w(a) > n/3, for j € J(a) we have w(a + e;) > n/3 — 1 thus
j € J'(a). Hence J(a) = J'(a) so d(a) = |J(a)|. For all i & J(a) we
have f(a) = 0 and f(a + €;) = a + ¢;, thus G(f) has an arc from i to
each component in 1(a + e;). Thus the out-degree of ¢ in G(f) has at least
w(a +e;) >n/3 —1. We deduce that (n — |J(a)|) - (n/3 — 1) < m < n?/9,
so d(a) = |J(a)| > 2n/3 — 3 and since n > 9 we obtain d(a) > n/3. This
proves (3).

(4) Ifa € A" and w(a) < n/3 then d(a) > n/3.

Let K =0(a)\ J'(a) and i € K. We have w(a+ ¢;) = w(a) +1 > n/3, thus
if a+e; € A then a+e; € A’; but then i € J'(a), a contradiction. Thus
a+e; & A, so f(a) =0and f(a+e;) = a+e;. We deduce that the out-degree
of i in G(f) is at least w(a + ¢;) > n/3. Thus |K|-n/3 < m < n?/9 so
|K| < n/3. Since w(a) < n/3 we have |0(a)| > 2n/3. So |K| > 2n/3—|J'(a)]
and thus d(a) = |J'(a)| > n/3. This proves (4).

We are now in position to finish the proof. Let d be the average degree
of H. By (3) and (4), we have d > n/3. Using Lemma 7 we obtain 2"/ <
2¢ < |A'| < |A| = [2/*], which is false because n > 9. O

We are now in position to conclude. Let n > 9 and A C {0,1}" of size
[27/4] with 0 € A, and let f = f4. Let m be any permutation of {0,1}"
and h = mo f or~!. We will prove that G(h) has at least n?/9 arcs. Let b/
be the n-component network defined by h'(x) = h(x 4+ 7(0)) + m(0) for all
x €{0,1}". We have G(h) = G(I'). Let A’ = n(A) + m(0). We have 0 € A’
and one easily check that h' = f4". Since |A’| = |A| = [2"/*], by Lemma 6,
G(Rh') = G(h) has at least n?/9 arcs.
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A Examples

Consider the 6 following networks with two components, denoted from f!
to f9 (each is given under three forms: a table, a graph, and formulas).

X 1 X
00 f1(0 ) 01 <11 |
filx) =z +1
01| 00 l T
fr(z)=x
10 11 00 — 10 2 =21
11| o1
z | f(z)
— 01 =11
001 10 — fi(x) =21 +1
01| 11 )
10| 00 00 = 10 f3(x) =z
11| o1
x 3 T
00 fo(o ) 01 =11 5
fi(z) =21+ 22
01| 10 \ T
fla)=2
10| 11 00 10 2 1
11| o1 @)
z | fA(2)
— 01 = 11
00100 fi(x) = z1 + 9
01| 11 \
10| 10 00 10 fo(@) =z
11| o1 OO
x| fo(x)
— 01 = 11
ol n ] ] A@mmee
5 _
10| 11 00 10 fi(@) =
11| o1
z | fO(x)
01 11
0000 flx) =2
01| 00 l l
f3(x) =0
10| 10 00 10 2
11| 10 O O

One can check that, given a network f # cst,id with 2 components: Ky ¢
G(f) if and only if f is isomorphic to one of the networks given above. Thus



these 6 networks are the counter examples of Theorem 1 for n = 2. For
instance, there are 6 networks isomorphic to f!, denoted from h' to hS
(with k! = f!, given below with their interactions graphs. We deduce that
G(f1) contains three digraphs, each distinct from K.

r | hl(x)

001 10 01 «— 11
01| 00 l T
10| 11 00 — 10
11| 01
x| h3(z)

0] ot 01— 11
01] 11 T l
10| 00 00 «— 10
11| 01
z | h3(x)

00 10 01 — 11
01| 11 ><
10| 01 00 — 10
11| 00
z | hi(x)

001 11 01 «— 11
01| 10 ><
10| 00 00 «— 10
11 01
z | WS ()

0] 01 o u
01| 10 T >< T
10 11 00 10
11| 00
z | hS(2)

00| 11 or 1l
01| 00 l >< l
10| 01 00 10
11 10

hi(z) =1 + 1

hi(z) =21 +1
h3(z) = z1 + 79

hi(z) =21 + 1
hy(z) = x1 + 29+ 1

h?(:c) =1z + 29

h3(z) = z2 + 1

hS(z) = 21 + 29 + 1
hS(z) = z2 + 1

G(hY)

OO

G(h?)

OO

A corollary of Theorems 1 and 2, stated in the introduction, is that,
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for any network f with n > 5 components, we have |G(f)| = 1 if and only
if f =1d or f = cst. This is also true for n = 3 (checked by computer)
and open for n = 4. But for n = 2, f? is a counter example, the only
one with two components. Indeed, there are 3 networks isomorphic to f?2,
denoted from ¢! to g% (with g! = f2), given below, and they have the same
interaction graph, with a loop on each vertex, as for the identity.

x gl(x) 01 = 11 G( 1)
1k domnn
10| 00 00 = 10 93(z) = @2 CO @)
11| o1
2
r | g°(z)
007 ol %i ﬁ (@) = 1 G(g?)
01| 00
10 11 0 10 B =n+1  CO @&
11| 10
3
r | g°(x)
— 01 11 Gl
TIRTRD N O "
10| 01 00 10 gg’(m) =z +1 O@ @Q
11| 00

B Lemma for the proof of Theorem 1

Lemma 8. Let 1 < k < n and let s1,..., S be positive integers with sum
equal to n+k. Ifn > 5, then there are disjoint subsets X1, ..., Xor C {0,1}"
of size s1,. .., Sa such that, for every i € [n], there isp € [k] and x € Xop—1
with x + e; € Xop.

Proof. Let I,...,Is be a partition of [n] (with some members possibly
empty) such that, for 1 < ¢ < 2k, the size of Iy is sy — 1 if £ is odd, and s,
otherwise; it exists since the sum of the sy is n + k. For 1 < p <k, select a
configuration x?P~! € {0,1}", a component js, € Io,, and let

Xgp_l = {.%'21071} U {JIQpil + €jiap + €; ‘ 1€ IQp_l},

Xgp = {:c2p—1 + €; ‘ 1€ Igp}.
Clearly, |X2p_1’ = |I2p—1‘ +1= Sop—1 and |X2p| = ’I2p| = S2p- Let i € [n]
Then i € I, for some 1 < ¢ < 2k. If ¢ = 2p — 1 then, setting z = 2P~ +

€j,, T €i, we have v € Xo, 1 and = + ¢; = x4 €jop, € Xop. If¢=2p
then, setting x = 2?71 we have x € Xop—1 and  + e; € Xgp. Thus we
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only have to prove that we can choose the configurations 2??~! so that the
sets X1,..., Xok are pairwise disjoint. This is obvious if £ = 1 (and it works
for any choice of x!). If k = 2, then, since n > 5, one easily check that
X1,..., Xy are disjoint by taking z! = 0 and 2% = 1. Suppose now that
k > 3 and choose 2! = ¢j, _, for all p € [k], where jo means jor. Then
each X, 1 contains configurations of weight 1 or 3 and each Xy, contains
configurations of weight 2. Hence, given 1 < p < ¢ < k, we have to prove
that Xo,_1NX9e—1 = 0 and X2,N Xy, = 0. Suppose that z € Xo,— 1N X4 1.
If w(x) = 1 then we deduce that x = ej,,_, = ej,,_, which is false since p # q.
If w(x) = 3 then x; = 1 for some i € Iy, 1 while y; =0 for all y € Xy,_1, a
contradiction. Thus X9, 1 N Xoq_1 = (). Suppose now that = € Xop N Xog.
Then x = ej,,_, + €iy, = €jp,_, + €iy, for some ig, € Iy, and igy € Iz4. Thus
t9p = Jog—2 and igq = jop—2. Hence jo,_o € Iop, and since p < ¢ this implies
g =p+1. Also, jop—1 € Iz4 and since p < ¢ this implies p = 1 and ¢ = &,
but then ¢ # p + 1 since k > 3. Thus indeed Xy, N Xa, = (. Hence the sets
X1,..., Xy are indeed pairwise disjoint. ]

C Lemma for the proof of Theorem 2

We prove Lemma 4, restated below. We first give some definitions. Given
X C{0,1}" and ¢ € [n], we say that X is closed by e; if X = X + ¢;. One
easily check that if X,Y C {0,1}" are closed by e;, then so is X NY. Also,
if | X| is closed by e; then | X| is even. Indeed, let X be the set of of z € X
with z; = 0 and X; = X \ Xo. We have Xy +¢; C X1, thus | Xo| < |X;| and
similarly, X + e; C X thus | X;| < |Xp|. Hence | Xo| = |X1]| so | X| is even.

Lemma 4. Let f be a n-component network and distinct i,j € [n]. Some
digraph in G(f) has no arc from j to i if and only if f has a (2"2)-nice set.

Proof. Let h = mo f o~ ! for some permutation 7 of {0,1}", and suppose
that G(h) has no arc from j to i. Let X be the set of x € {0,1}" with
z; = 0, of size 2" ! and let X~ = h~1(X). If z € X, that is, h;(z) = 0,
then h;(z + e;) = 0 since otherwise G/(h) has an arc from j to i. Thus
z+e; € X~. Hence X~ is closed by e; thus | X ™| is even. Since j # i, X
is also closed by e;, so X~ N X is closed by e; and thus |[X~ N X| is even.
Let A =7n"1(X). Then one easily check that f~1(4) = 7=1(X~) and that
A A NA=rYX"NX). So |f~'(A)| and |f~1(A) N A| are even, and
thus A is a (2"2)-nice set of f.

Conversely, suppose that f has a (2"2)-nice set A, thus of size 2" 1. Let
A~ = f71(A). Then |A], |A~| and |A~NA] are even, so |[A\ A~ | and |A™\ A|
are also even. Hence there is a a balanced partition (A1, A2) of ANA™, a
balanced partition (As, A4) of A\ A™, and a balanced partition (A5, A, ) of
A7\ A. Then (Ay, Ay, A3, Ay) is a partition of A and (A1, Ag, A3, Ay) is a
partition of A, and A;, Ag, A3, Ay, A3, A, are disjoint.

12



For k = 0,1, let Y}, be the set of x € {0,1}" with z; = k and z; = 0. Since
|A] = 2"~ we have | A1 |+|A3| = 272 thus there is a partition (X1, X3) of Yy
with | Xy| = |Ay] and | Xg| = | 4g|. Since |47 | = |A~\ A]/2 < (2" — | 4])/2 =
272 there is X3 C Y of size |[A5|. Let Xo = X1 + €5, X4 = X3+ ¢
and X, = X35 +e¢;. Then X1, X5, X3, Xy, X5, X are disjoint and of size
|A1],|Aal, |As|,|A4l, | A5 |, |A, |- Hence there is a permutation = of {0,1}"
that sends Aq, Ay, A3, A4, A5, Ay on X1, Xo, X3, X4, X5, X, , respectively.

Let h:’]TOfO’/T*l. Let X =X UXoUX3UXgand X =X UXoU
X3 UX, . One easily check that: X is the set of z € {0,1}" with z; = 0;
X~ is closed by ej; and X~ = h™1(X). We will prove that G(h) has no
arc from j to i. Suppose, for a contradiction, that there is = € {0,1}" with
hi(x) # hi(x 4+ e;). Without loss, we can assume that h;(z) = 0, that is,
h(z) € X. Sox € X~ hence x +e; € X, thus h(z + ¢;) € X, that is,
hi(x + e;) = 0, a contradiction. Thus G(h) has no arc from j to 1. O

D Lemma for the proof of Theorem 3

For X C {0,1}", let O(X) be the number of edges in @,, with exactly one
end in X; equivalently, it is the number of pairs (z,i) with z € X and i € [n]
such that x + e¢; ¢ X. We can regard | X| as the volume of X and §(X) as
its perimeter and ask: what is the minimum perimeter for a given volume?
The answer is Harp’s isoperimetric inequality, from 1964 [2]. We denote by
Ly, the first k configurations in {0, 1}" according to the lexicographic order
(e.g. for n = 4 we have Ls = {0000, 1000, 0100, 1100,0010}).

Theorem 4 ([2]). Ifn >1 and X C {0,1}" then 9(X) > (L|x)-
In practice, the following approximation is often used; see [3] for instance.
Corollary 1. If n > 1 and X C {0,1}" is non-empty, then
H(X) > |X|(n — log, | X]).
From this inequality, we deduce Lemma 7, that we restate.

Lemma 7. Let A C {0,1}"™ be non-empty, and let d be the average degree
of the subgraph of Q,, induced by A. Then |A| > 2¢.

Proof. For a € A, let d(a) be the degree of a in the subgraph of @,, induced
by A, and let d be the average degree, that is, d = > ., d(a)/|A]. Since,
for each a € A, there are exactly n — d(a) components ¢ € [n] such that
a+e; € A, we have, using Corollary 1,

o(A4) = 3 n—d(a) = |Aln — |Ald = |A|(n — d) > |A|(n — log, |A]),
acA

thus d < log, |A| as desired. O

13



