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ABSTRACT

This communication is part of a study consisting in analyz-
ing vibroacoustic behaviour of assembled structures. The
study is focused on a system of two beams partly over-
lapped and whose junction is modelled by a distribution of
linear stiffeners and dampers so that flexural and compres-
sional motions are coupled. The model is constructed from
a modal decomposition based on the uncoupled free/free
beams and is solved in the frequency domain by a standard
inversion method. The approach is validated by compari-
son with reference results from finite element simulations.
The importance of modal coupling terms on the vibroa-
coustic behaviour of the assembly are then analyzed. The
results obtained show the junction as a signature that can
be linked to impact on vibroacoustic indicators of the as-
sembled structure.

1. INTRODUCTION

Junction modelisation and their consequences on the as-
sembled structure is an open scientific problem [1]. The
junctions have different natures (bolted, glued, crimped,
clipped,...) and get various mechanical properties on the
assembled structure as induced damping and stiffness.
With geometrical configuration, there is also wave conver-
sion phenomenon when a movement turn to another move-
ment.

To study these phenomena, the junction is defined as
a linear viscoelastic pad and the substructures are beams
in a non face-to-face configuration for studying wave con-
version. Movement is a split between bending and com-
pression wave as x(t) =

(
w(k)(x) u(k)(x)

)
with (k), a

supercript which designed the studied substructure.
This paper focus on the study of the modal coupling

of two beams and the phenomena of wave conversion into
bending and compression and their incidence on beam ra-
diation. This study is based on a modal approach by a
modal synthesis method. First step is to study the uncou-
pled dynamic substructure. Then, the junction is fully de-
fined. Finally, the steady-state response is studied and the
radiation power is calculated. The system is a assembled
of beams linked by a viscoelastic pad,
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Figure 1. Assembled beams with double semi-infinite
space radiation. Junction is defined with a Kelvin-Voigt
model [2]

2. FROM UNCOUPLED DYNAMIC TO
ASSEMBLED STRUCTURE RADIATION

2.1 Governing equations

In the physical space, with harmonic assumption, the
Euler-Bernoulli is expressed as,

(
E∗I∇4 − ρSω2

)
w(x)+

∫
Γs

(fφ(x) +mφ(x)) dx = fF (x0),

(1)
and the wave equation is,

(
E∗∇2 − ρω2

)
u(x) +

∫
Γs

fψ(x) = fL(x0), (2)

where ρ is the density of the material, L is the length
of the assembly, S, is the cross-section (considered as con-
stant according to x), E∗ is the complex Young’s modulus
and I is the quadratic moment. This is equal to I = bh3

12

where b is the base of the section and h, its height. With
sharing beam length Γs, it is necessary to integrate these
effort, moment. ∇4 is a spatial operator. A field dis-
placement can be approached by a infinite sum of modal
solutions. It is called modal superposition. For bending
movements, w(x) = φS +

∑∞
i qiφi(x) with φS are body

modes shapes which are joined due to the boundary con-
ditions, in free space. In flexion, there are a translation,
φS1 = 1 and a rotation mode φS2 = 1x. Dynamic modal
shapes, φi(x), are obtained from homogeneous govern-
ing equation with free-free boundary condition, eq. 1, [3].
For compressive wave, this is the same mechanisms with
u(x) = ψS +

∑∞
j qjψj(x) with only one translational

body shape, [3].
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2.2 Model for linear viscoelastic junction

The interaction of the sub-structures is modeled using a
viscoelastic pad to model the linear induced stiffness and
damping mechanisms. The Kelvin-Voigt model is a one-
dimensional model describing the desired viscoelastic be-
haviour. The mechanisms on the normal axis are also con-
sidered to be close to those on the tangential axis. Thus,
the viscoelastic pad is a combination of two Kelvin-Voigt
models. Junction forces are linear as, f = k∗δ, with k∗ a
complex stiffness where the damping is injected in a har-
monic assumption. The relative displacement, δ, is a dif-
ference of expansion series expressed before. The junction
forces are not located on the neutral fiber. This is a cause of
modal conversion. Moreover, due to the non face-to-face
configuration of the beams, there is also a lever arm mo-
ment in the bending equation which depends on the rela-
tive displacement in the longitudinal direction. By express-
ing these junction forces and lever arm moment, it then
come links between the bending and compression equa-
tions which are the modal conversion mechanisms.

2.3 Modal bases assembled

By a modal approach, the assembled structure is dis-
cretized into a set of mass-spring systems coupled by gen-
eralized modal forces. It is now proposed to solve the equa-
tions of motion by frequency methods. From the equations,
by re-injecting the modal expansions and the definition of
the forces at the junction with a mass-normalization, the
final system becomes,(

diag
(
Ω2 − ω2

)
+ K̄∗JCT

)
Q = F̄e, (3)

where Q regrouped flexion and traction temporal terms
for both beams. The global junction stiffness matrix,
K̄∗JCT , matrix which take into account the viscoelastic pad
characteristics in term of induced stiffness and damping.
This matrix is full. The steady state frequency response is
obtained by inversing the dynamic rigidity from eq. 3.

2.4 Acoustic radiation from the beam

The beam assembly is placed in the air. The vibrations of
each beam are coupled to the acoustic by a sum of pari-
etal pressures, pe(x, 0), on the upper and lower surfaces of
each beam and can be expressed on the bending expansion
basis by using the continuity of speed principle. In addi-
tion, an infinite baffle is considered in the plane of each
beam so that the acoustic radiation from the coupled sys-
tem occurs in two semi-infinite spaces. One of the interest-
ing outcomes is the radiated power which is obtained from
bending velocity and the parietal pressure. By taking into
account the modal approach consequence, radiation power
is obtained as,

Πray =
ω2

2

∑
n

∑
q

q2
nNnZnq, (4)

where Nn is a modal normalization and Znn is the re-
sistance matrix. With a light fluid assumption, there is no

Figure 2. Waterfall representation of field displacement
responses (at the top) and of radiation power (at the bot-
tom) from a parametric study where the pad Young mod-
ulus, Ep changes from 0 (no contact between beams) to 1
GPa (10 times stiffer than strong caoutchouc). Lines rep-
resent responses and are classified as bending bending re-
sponse, (black triangle), pure compression response (green
dot) or a combination of both movements, called hybrid
responses (red square).

effect from a mode n to another q so it becomes diagonal,
Znn.

2.5 Parametric study

The following figure, fig. 2, has been obtained from a
parametric study where the pad Young modulus is variant
from 0 to 1 GPa (10 times stiffer than strong caoutchouc).
The structure is excited only in compression at the extrem-
ity on the first beam. Compression modes are non-radiant
but, with the modal conversion mechanisms, there are pure
bending response, (black triangle), pure compression re-
sponse (green dot) or a combination of both movements,
called hybrid responses (red square). The classification is
obtained by calculating the ratio of kinetic energy between
modal shapes.

As the parietal power is directly related to the displace-
ment field, the results obtained between the vibration and
acoustic data are close without considering the level. As
the junction stiffens, the responses separate (demarcation
of the response lines). This is a phenomenon of dynamic
coupling of the two substructures. Although the structure
is excited only in tension, there are also flexural responses
due to the existing modal conversion. The level of these re-
sponses increases with the value of Young’s modulus. One
of the effects of the modal conversion is the hybridization
of the resulting operational deformations. Indeed, as the
Young’s modulus value increases, the operational defor-
mations, considered as pure traction, become a combina-
tion of the two movements. These results obtained for the
displacement field are also reflected in the radiated power.
Thus, the junction has a direct impact on the radiation of
the assembled structure.
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3. CONCLUSION

The work consists in studying a viscoelastic pad connec-
tion between two beam with a Kelvin-Voigt model in order
to understand the induced dissipation, stiffness, the wave
conversion mechanisms and their impact on the radiation
behaviour of the assembled structure. By modifying the
pad stiffness, the waterfall representations, fig. 2, show
that the junction has an significant impact on the vibroa-
coustic behaviour on the assembled structure.
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