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ABSTRACT

The newly introduced algorithm named Direct Estimation
of Residues from Rational-fraction Polynomials (DERRP),
is useful for computing a dynamic system’s modal param-
eters in a single step. This algorithm is applied in the fre-
quency domain and leverages the computation of numera-
tor coefficients to compute partial fraction residues using a
recursive computation. In the presented work, key features
of the algorithm are emphasized under the well-established
Unified Matrix Polynomial Approach framework. The al-
gorithm is applied to an experimental frequency response
function data-set obtained from a lightly-damped metallic
plate and the results are discussed. It is concluded that
the estimates of all the modal parameters, namely, natu-
ral frequencies, mode shapes, modal participation factors
and modal scaling factors, are well characterised even in
the presence of (pseudo-) repeated roots. The positive re-
sults build a high confidence for further use of the DERRP
algorithm for experimental modal analysis.

1. INTRODUCTION

Modal parameter estimation (MPE) refers to system iden-
tification of vibrating structures from experimental or dig-
itally acquired data. The parameters that define the dy-
namic behavior of a mechanical structure are defined in the
“modal” domain and are namely the resonance frequen-
cies, damping ratios, mode shapes and (for multi-reference
cases) participation vectors [1,2]. Current state of the art
algorithms utilize (experimental) frequency response func-
tion data-sets to fit an a-priori mathematical model that is
nonlinear in the said parameters 1. This process is carried
out in two distinct steps. First, a rational-fraction polyno-
mial is fit to the data in a least-squares sense. The poles
are estimated via an eigen-value decomposition of a com-
panion matrix constructed using the estimated denomina-
tor polynomial coefficients. The eigen-vectors thus ob-
tained represent the participation vectors, while the com-
plex eigen-values include the damping ratio and the reso-
nance frequency information. This process is carried out
for increasing model orders of the rational fraction model.
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Once the resonances and associated vectors are obtained,
valid structural poles must be filtered out from a larger set
of computed poles, typically from a stabilization or con-
sistency diagram. Using these selected eigen-values and
vectors, in the second step, the remaining set of vectors i.e.
the mode shape vectors, the modal scaling factor and the
out-of-band residuals are estimated by fitting the subset of
poles selected and the initial data-set [3,4]. As highlighted
by Allemang et al. in [5], the dimensions may be decided
by formulating the using a left or right matrix description,
depending on which eigen-vectors obtained in the first step
may alternately represent modal vectors. Subsequently, in
the second-step post the user’s selection of valid poles, par-
ticipation vectors may be computed.

The recently introduced algorithm labeled as Direct Es-
timation of Residues from Rational-fraction Polynomials
[6] is shown to utilize the previously discarded or unused
numerator polynomial coefficients to compute the com-
plete set of modal parameters in a single computation step.
The advantage lies in the fact that the second-stage compu-
tation of a subset of modal parameters (namely, the scaled
modal vectors) is eliminated and the consistency or the sta-
bilization chart can be plotted with complete modal in-
formation. This increases the confidence of the user in
the pole selection phase, which is essentially transformed
to the model validation step if multiple frequency bands
of interest are not merged. In this paper, the algorithm
is applied to FRFs obtained from a square plate, where,
due to symmetry in the geometry of the structure, pseudo-
repeated modes are expected to be observed.

2. THE DERRP ALGORITHM: AN OVERVIEW

This section provides a brief overview of the steps involved
in the DERRP algorithm for computation of modal pa-
rameters from experimentally (or simulated) frequency re-
sponse function (FRF) data. For a more detailed descrip-
tion of the algorithm, the reader is directed to [7, 8]. Since
the paper discusses an impact testing campaign, the num-
ber of inputs represents the long dimension of the data-set
and the the number of outputs represents the short dimen-
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sion per frequency. However, it must be noted that a sim-
ilar appraoch is possible for both the right-matrix descrip-
tion and for the case of transposed FRFs in the left-matrix
description as shown. Additionally, the formulations dis-
cussed are valid for displacement-force type FRFs (com-
pliance FRFs) for linear, time-invariant systems.

The modal representation of FRFs in a partial fraction
form is shown in Eqn. (1). The equation highlights the re-
lation of the modal parameters with the FRF matrix and
also includes the effect of out-band-modes in the form of
lower and upper residuals.
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Here, [H (w)] € CNo*Ni is the complex multiple-input
multiple-output transfer function in the Fourier (jw) do-
main, N, is the number of outputs, N; is the number
of inputs and N, is the number of conjugate mode pairs
A, A2 = 0 £ jQ). [A,] € CNoXNi represent the residue
at the modal frequency A,. The lower and upper residu-
als [LR] € CNexNi and [UR] € CNo*Ni represent the
out-of-band influence in the frequency range of interest.

The residue at the 7" modal frequency i.e. [A,] may
be decomposed into the modal scaling factor @, € C1*1,
modal vector 1, € CNo*1 and modal participation vec-
tor L, € CN:*1 as shown in Eqn. (2). The residue is of
unity rank, which is an important property for experimen-
tally obtained FRFs, since, in reality, truly repeated modes
do not occur. It is to be noted that from hereon, the modal
scaling factor may be omitted by incorporating it in the
mode shape vector, making it the scaled mode shape vec-
tor.

[AT}NUxNi = QT{wT’}Nuxl{Lr}?x N; )

The DERRP model identifies that the expansion of the

partial fraction model shown in Eqn. (1) leads to a rational

fraction description of the form shown in Eqn. (3). This

formulation is in a left-matrix descriptor form, but the al-

gorithm also holds true for the right-matrix description as
well.

S [t | = [ 0] @
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Here, [H(s)] € CNo*Ni represents the transfer func-
tion in the complex Laplace domain and the order of the
“numerator” ([3;] € CNe*¥i) and “denominator” (o;] €
CNoxNo) matrix coefficient polynomials is indicated by
m. The inclusion of residuals is ensured by defining the
numerator polynomial from a degree of —2.

An over-determined system of equations in the un-
knowns [c;] and [3;] may be defined by using Eqn. (3) for

2004

each independent frequency line. This system is solved in a
least-squares sense after normalizing the lowest model or-
der denominator matrix coefficient [ag] to an identity ma-
trix to limit the null-space solution.

Post the computation of the matrix-coefficients of the
left-matrix rational fraction description, a recursive algo-
rithm introduced by Vu is carried out on the denomina-
tor polynomial [9]. The result is that the inverse of the
square denominator polynomial matrix may be represented
in terms of an adjoint matrix-coefficient ([o/]) polynomial
and a monic (d;) characteristic equation. This allows the
transfer function to be represented in the form shown in
Eqn. (4) in the Laplace domain.
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Complex natural frequencies (A = ¢ + jw) are com-
puted as the roots of the characteristic equation [10]. The
imaginary part (w) represents the natural frequency and the
damping ratio () may be computed using the real part (o)
as shown in Eqn. (5).

C=m &)

Scaled residues ([A]x, xn,) are computed for each
complex natural frequency (or pole) by evaluating the limit
limg_,x[H(s)](s — A\) using Eqn. (4). The fractional limit
is of an indeterminate form as both the numerator (due to
the (s — \) factor) and the denominator (due to A being the
root of the characteristic equation) are undefined at \. The
explicit evaluation of the limit for an r*" pole is shown in
Eqn. (6) by applying the well known L-Hospital’s rule.

4] U ] ][ 32 1]
e Nén id N

(6)
The residues for each poles may be summed along
the appropriate dimension to result in the participation
({L,}nN,x1) and modal ({1,-}n,x1) vector estimates for
the respective poles. In the cases where a particular form
of modal scaling is required, the residue may be decom-
posed using singular value decomposition and the singular
value may be scaled appropriately [2].
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The out-of-band residuals can be computed as residues
with pole values s = 0 (for [LR]) and s = oo (for [UR)).

Hence, at the end of this computational step, the com-
plete set of modal parameters, and the lower and upper
residuals are available to be selected via the stabilization
diagram. The presence of the complete modal model
model as described in Eqn. (1) allows the user to inter-
actively select valid modes based on the error between
measured and reconstructed FRFs. Additionally, complete
model information in the stabilization diagram is also pro-
jected to allow for more robust automated pole selections
using the existing state of the art processes [11, 12].

3. EXPERIMENTAL AND ALGORITHMIC SETUP

An experimental campaign was carried out on a 22cm X
22c¢m x 2.1cm square metallic plate. As shown in Fig. 1,
a 8 x 8 grid was marked out on the plate to identify ex-
citation points for an impact hammer. The plate was sup-
ported on depressurized tennis balls to create a free-free
boundary condition environment and three accelerometers
were placed on the bottom side of the plate, as shown in
Fig. 2. The placement of the sensors in this manner al-
lowed for eliminating impact location errors for obtaining
driving point FRFs for the points marked in red (Fig. 1).

Tab. 1 lists the setup parameters used for the impact
testing of the structure. The acquired FRF matrix was
of the size [3 x 64 x 8192] and was exported from
Siemens TestLab® in the universal file format to be read
in MatLab®.

Spectral Lines 8192

Acquisition Time || 2 seconds

FRF Estimator Hy

Window Uniform (Rectangular)
Averages )

Table 1. Data acquisition setup for impact hammer testing
on the square plate using SCADAS front-end and Siemens
TestLab®.

Magnitude FRF

. 10° FRF:[Output:1(z)Input:54(2)]
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Figure 1. The aluminum alloy square plate used for the
impact test campaign showing the grid used to locate im-
pact locations and the response sensor locations, marked in
red.

Figure 3. Reciprocity check for measurement degrees of
freedom 1 and 54.

For model order determination, the Complex Mode In-
dicator Function (CMIF) [13] of the FRF set was used
(Fig. 4). The maximum number of closely spaced (pseudo-
repeated) modes was identified as 2 and for the construc-
tion of the stabilization diagram, a maximum denominator
model order (m in Eqn. (3)) of 20 was selected.

10.48465/fa.2020.0022

Figure 2. The structure in “free-free” boundary condition
along with the sensors placed on the bottom-facing side of
the plate.
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Figure 4. Complex mode indicator function (CMIF) of the
FRF data-set for estimation of the model order.
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The DERRP algorithm was deployed on the data-set in
two bands as indicated in Tab. 2. The definition of the fre-
quency bounds of these bands was arbitrary. The stabiliza-
tion charts obtained for these bands can be seen in Fig. 5
and Fig. 6. The solid points indicate the selected poles.
The consistency checks for the stabilization charts were
carried out using tolerances shown in Tab. 3.

Band ID 1 2
Frequency from 414 Hz 2500 Hz
Frequency to 2500 Hz | 4067 Hz
Expected number of modes || 5 5

Table 2. Band definition for computation of modal param-
eters.

0 0O< o0 0O o-®0 00000
00 o0 o000 ®O00000aO0

Model Order Iteration

o <
)< 0o oo GO o080 mM000O0O0aO0

< oo oo-8-0-B8-0 8000000

L L ~
1000 1500 2000 2500

Frequency [Hz]

Figure 5. The modified stabilization chart for Band 1,
showing poles with consistencies in modal and participa-
tion vectors only.

Model Order Iteration
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Figure 6. The modified stabilization chart for Band 2,
showing poles with consistencies in modal and participa-
tion vectors only.
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Conjugate (Hidden) 1%
Frequency (Hidden) 1%
Damping (Hidden) 5%
Modal Vector (Hidden) || 2%
Participation Vector 2%

Table 3. Stabilization chart tolerances for the DERRP al-
gorithm.

The vector consistencies are computed using the MAC
formulation [14], while for values of frequencies and
damping (including, conjugate check), a percentage differ-
ence formulation is utilized.

4. ESTIMATES OF MODAL PARAMETERS USING
DERRP

The stabilization charts obtained for “Band 1” and “Band
2” are shown in Fig. 5 and Fig. 6 respectively. The black
squares represent the poles with acceptable consistency in
terms of the complete residue i.e. both modal and partici-
pation vectors. The selection of the poles was carried out
manually in this case, however a cluster-based automated
approach to poles selection is also possible while minimiz-
ing the error between the measured and the reconstructed
FRFs (including residuals) in the frequency band of inter-
est.

The poles selected using the two bands are listed in
Tab. 4, according to their estimated frequencies, damping
ratios and modal vector mean phase correlation (MPC) [2].
For a proportionally damped system, the modal residue is
expected to be purely imaginary (mean phase of £90°) and
the scaling may performed such that the participation vec-
tors are purely real. As an example, for Mode 1 in Tab. 4,
the modal and participation vectors are plotted in Fig. 8.

Damping
Mode F‘;I'Z?uency Ratio g{le:;; ©

(€ %)
1 696.76 0.0293 87.388
2 1004.94 0.0445 88.345
3 1246.69 0.0376 87.334
4 1766.46 0.0329 87.351
5 1768.03 0.0426 87.346
6 3038.90 0.0500 88.433
7 3046.95 0.0192 89.252
8 3159.31 0.0215 -89.453
9 3360.03 0.0427 -86.424
10 3911.73 0.0359 -69.262

Table 4. Modal parameters of the poles selected in the
modified stabilization diagram.

The modal vectors thus obtained are also linearly inde-
pendent and this can be shown using the Modal Assurance
Criterion (MAC) plots in Fig. 7. The mode shapes are dis-
placement mode shapes, and may be converted to acceler-
ation mode shapes by using the respective squared-cyclic
frequency factors.
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Figure 7. The auto-MAC plot for the modal vectors
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Figure 9. Comparison of the measured and reconstructed
driving point FRFs at location 1.
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Figure 8. A plot of the modal and participation vectors
obtained for Mode 1 in the complex plane.

5. MODEL VALIDATION

Once the quality of the modal parameters was determined
to be satisfactorily good, FRF reconstruction was used as
the means for model validation.The merging of the two
bands involved re-computation of the residuals using the
traditional partial fraction model. The FRFs obtained from
the modal model can be seen plotted against the mea-
sured FRFs in Fig. 9 and Fig. 10. The two figures illus-
trate that the reconstruction of both the driving point and
non-driving point FRFs are of good quality. The driving
point FRF reconstruction is especially important since the
numerator (Eqn. (4)) must include all the zeros [10] of the
system at the particular degree of freedom. It is concluded
from the quality of the reconstructed FRFs that the DERRP
algorithm clearly facilitates high quality modal parameter
estimates for experimental structures.

10.48465/fa.2020.0022
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Figure 10. Comparison of the measured and reconstructed
FRFs at input location 31 and output location 21.

6. CONCLUSIONS

In the presented work, the recently introduced DERRP al-
gorithm was applied to a compliance FRF data-set (com-
puted from an accelerance data-set) to obtain its modal pa-
rameters in the complete bandwidth. The analysis was car-
ried out in two bands, and in each band, a well-defined
estimate of the modes included was evident. Even though
explicit out-of-band representations were estimated in the
form of lower and Upper residuals for each band, they were
recomputed due to combination of the bands. The key
contribution here is the validation of the algorithm on an
experimental data-set with (pseudo) repeated roots. The
results shown are highly encouraging, and model valida-
tion indicated that an accurate modal model was identified
using the method. The advantage of the method lies in
the fact that all modal information is made available while
plotting the “complete” stabilization (or consistency) dia-
gram. The use of residue information in the diagram not
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only provides a greater degree of statistical confidence in
the pole-selection process, but is also expected to allow for
complete and effective automation of the modal parameter
estimation process.
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