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ABSTRACT 

Ultrasound imaging through tissue suffers from a loss of 

image quality with increasing layer thickness, which is 

mostly due to acoustic attenuation, including absorption 

and scattering. The reconstruction of a propagated wave 

form to the shape as it would have been without 

attenuation is an ill-posed inverse mathematical problem. 

This is due to the second law of thermodynamics, which 

states, that dissipative processes, such as sound 

absorption, are not reversible, leading to a loss of 

information. This information is strongly related to the 

achievable resolution in acoustic imaging. In a power-law 

attenuation model higher frequency components 

experience higher damping than the low frequency 

portions of the wave leading to a broadening of the initial 

pulse. 

In this work we are presenting a new method to 

overcome these limitations for piezoelectric ultrasound in 

biological media utilizing positivity and sparsity 

constraints for the inversion within a Douglas-Rachford 

regularization schema. This requires accurate knowledge 

of the frequency dependent acoustic attenuation in the 

medium. Reference measurements in a medium with 

negligible attenuation, such as water, allows the 

incorporation of the measurements systems transmit and 

receive characteristics. The method is demonstrated 

experimentally with A-Mode piezoelectric through-

transmission measurements in liquids. For a first 

demonstration glycerol as a liquid with rather high 

viscosity and therefore high acoustic attenuation is used – 

approximately 100 times higher than in water. 

1. INTRODUCTION 

Super resolution acoustic imaging has been previously 

shown by Burgholzer et al. in  photoacoustic imaging 

with external broad-band plane wave laser-ultrasonic 

excitation and a coaxial piezoelectric receiver [1]. The 

same principles can be applied to ultrasonic plane waves 

generated by piezoelectric array transducers. 

The received attenuated pressure as a function of time 

at an axial distance of 𝑧 from the transmitting transducer 

array (𝒑) can be described by an algebraic equation 

system. 

 𝒑 = 𝑴z𝑴s𝒑i (1) 

 

𝑴𝑧 is the acoustic attenuation tensor, 𝑴s describes the 

systems input response and receive characteristics and 𝒑i 

is a short pulse excitation, ideally a Dirac delta pulse. 

Combining the ultrasound system response and the 

description of the wave propagation in one matrix 

𝑴 = 𝑴z𝑴s allows to use sparsity and positivity 

assumptions for the reconstruction of the ideal pressure 

signal 𝒑i from the measured 𝒑𝑧. This inversion of Eq. 1 is 

an ill-posed or ill-conditioned inverse problem. The 

spatial resolution degrades with increasing depth because 

higher acoustic frequencies, which have smaller 

wavelengths and allow a better resolution, are stronger 

attenuated than lower frequencies. Although acoustic 

attenuation defines the ultimate spatial resolution limit, 

other factors such as detector bandwidth, element size 

and the transmission and detection aperture can be 

additional limiting factors. Mathematically, the ill-posed 

inverse problem needs regularization to achieve stable 

solutions. Classically, the requirement of the smoothness 

of the solution is often used for regularization, which can 

be described in frequency domain by limiting the highest 

frequencies in the signal by a cut-off frequency 𝜔cut. The 

spatial resolution limit according to Nyquist is half the 

wavelength at this frequency 

 𝛿resolution =
𝜋

𝜔cut
𝑐, (2) 

with the sound velocity 𝑐. For a plane wave, a Dirac’s 

delta pulse δ after travelling a distance 𝑧 in a liquid, such 

as water or glycerol, the pressure 𝑝 can be described as 

(e.g. [2]) 

 𝑝(𝑧, 𝑡) =
1

2𝜋
√

𝜋

𝛼0𝑧
exp (−

(𝑧
𝑐⁄ −𝑡)2

4𝛼0𝑧
), (3) 

where 𝛼0 is the attenuation constant, and 𝑡 the time. 

According to [2], for a one-dimensional plane wave a 

relationship between the non-attenuated plane wave 𝑝i 

and the attenuated wave 𝑝 can be established: 

 𝑝(𝑧, 𝑡) = 𝑝𝑖(𝑧, 𝑡) ⋆
1

2𝜋
√

𝜋

𝛼0𝑧
exp (−

𝑡2

4𝛼0𝑧
), (4) 

where ⋆ denotes the time convolution, which is in vector 

notation the multiplication by 𝑴z in Eq. (1). 

In the frequency domain, acoustic attenuation in water 

is described by a power-law dependence, as can be seen 

by the Fourier transformation of Eq. (3): 

 𝑝̃(𝑧, 𝜔) = ∫ 𝑝(𝑧, 𝑡)exp(𝑖𝜔𝑡) d𝑡
∞

−∞
=

exp (𝑖𝜔
𝑧

𝑐
) exp(−𝛼0𝜔2𝑟), (5) 
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where the Fourier transformation of the time convolution 

is the product of the Fourier transformations. Acoustic 

attenuation in a liquid is proportional to the square of the 

frequency 𝜔. The Kramers-Kronig relationship states that 

for a power-law with an exponent of two there is no 

dispersion, and therefore the sound velocity 𝑐 does not 

depend on the frequency 𝜔. 

 

2. EXPERIMENTAL SETUP 

A custom 128 element linear array ultrasound transducer 

(Imasonic®) is coaxially aligned with a single piston-

shaped immersion transducer (NDTSystems®). The array 

transducer is driven by the Verasonics® Vantage 64 

research ultrasound system. A front plate adapter was 

built in-house to be able to connect the 160 pin 

Hypertronics® type plugs of the ultrasonic array probes to 

the multiplexed 260 pin ZIF (zero insertion force) socket, 

which is installed on the Vantage 64 system (Figure 1). 

The validity of this approach requires 𝑴s to be 

constant over the whole measurement range, which 

implies plane wave conditions. The finite aperture of the 

source pulse generating transducer and the spacing 

between single transducer elements in the array creates 

complex refraction patterns in the sound field. Therefore, 

a region with approximate plane wave conditions must be 

identified.  

To this end the measurement setup was digitally 

modelled using the k-Wave toolbox developed by Treeby 

et al. [3]. The resulting cross-section image, which is 

included as background of the measurement path in 

Figure 1, indicates plane wave conditions after a 

propagation length of around 5 mm. The side lobes limit 

the maximal off-axis distance to around 12 mm within the 

simulated propagation distance range of 30 mm.  

 

 

Figure 1. Measurement set-up. Signals were acquired at a 

distance 5, 10, 15, 20, 25 and 30 mm. 𝑧 = 0 was chosen at a 

depth of 5 mm to guarantee plane wave conditions.  

3. RESULTS 

To be sure to have plane wave conditions 𝑧 = 0 was 

chosen to be at a depth of 5 mm. Further measurements 

were made at 𝑧 = 5, 10, 15, 20 and 25 mm. The signals 

are shown in Figure 3. 10 measurements were averaged 

for each distance to get a better signal-to-noise ratio. The 

time scale was shifted for each signal to allow plotting 

all the signals in the same plot. 

 

Figure 2. Measured time-shifted ultrasound waveforms in 

glycerol at acoustic path lengths from 5 mm to 30 mm (𝒑) 

acquired with the through-transmission setup shown in 

Figure 1. 

By Fourier transformation in time the amplitude in 

frequency domain for the signals was calculated (Figure 

4). The acoustic attenuation coefficient in dB was 

determined by 

  𝛼(𝜔)𝑧 = −20 log( |𝑝̃(𝑧, 𝜔)|/|𝑝ideal̃(𝑧, 𝜔)|), (6) 

Where log is the logarithm to base 10. It turns out that a 

power law  

 𝛼(𝜔) = 𝛼0|𝜔|𝑛,   (7) 

with an exponent 𝑛 = 2 and 𝛼0 = 0.4 𝑑𝐵 𝑀𝐻𝑧−2 𝑐𝑚−1 

fits the attenuation in a wide frequency range very well. 

Above the cut-off frequency 𝜔cut, which decreases with 

propagation distance, the signal amplitude gets lower 

than the noise level and the attenuation cannot be 

determined any more. 

 

 

Figure 3. Acoustic attenuation at a propagation distance of 

𝑧 = 5, 10, 15, 20, and 25 mm shown as dots. The black 

lines indicate the attenuation given by the power-law in Eq. 

6. This adequately describes the acoustic attenuation for the 

propagation in glycerol.  

Using these measured signals, Eq. (1) is now inverted 

by truncated singular value decomposition (T-SVD) [4], 

which allows negative values and does not enforce 

sparsity (Figure 4). The matrix 𝑴s is given by the 

measurement signal at 𝑧 = 0 and the matrix 𝑴z is the 

time convolution as shown in Eq. (4).  
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The second method for the inversion of Eq. (1) is the 

Douglas Rachford splitting algorithms (DR algorithm), 

which uses positivity and sparsity of the ideal signal 𝒑i 

[5-6]. This algorithm allows a better resolution than half 

of the wavelength at the truncation frequency, as given in 

Eq. (2) (Figure 5). This resolution enhancement is 

demonstrated in 1D here, but the same resolution 

enhancement is expected in axial direction in 3D by 

using spherical projection. In lateral direction the 

resolution enhancement might be less, due to limited 

angle effects. 

 

 

Figure 4. Reconstruction results using T-SVD for 

regularization to compensate attenuation after 15 mm (red 

dotted line) and 20 mm (yellow dashed line) propagation in 

glycerol. The matrix 𝑴𝑧 was multiplied by the convolution 

matrix of the water signal to get a positive 𝛿 - like pulse for 

the 𝑧 = 0 signal (blue solid line). 

 

 

Figure 5. Compensation of acoustic attenuation after 20 

mm propagation in glycerol: T-SVD (blue dotted line. 

FWHM of 120 ns), and DR method (red dashed dotted and 

line) with 60 iterations (FWHM of 13 ns). For the linear 

SVD reconstruction the width of the peak gives the spatial 

resolution, for the DR method, this is not necessarily the 

case. The signals are normalized to have a maximum of one. 

4. DISCUSSION AND OUTLOOK 

Especially in fatty tissue the acoustic attenuation limits 

the resolution in ultrasound imaging. Compensation of 

acoustic attenuation is an ill-posed inverse problem. 

Using sparsity and positivity of the signals allows 

iterative non-linear reconstruction methods for 

regularization. This gets possible by combining the pulse 

response of the ultrasound system (transducers, signal 

processing etc.) with the propagation matrix due to 

acoustic attenuation. Solving this together gives a 

significant increase in resolution.  

For a quantification of the resolution enhancement the 

imaging of small steps could help, as for a nonlinear 

reconstruction method the peak width, e.g. the full-width-

at-half-maximum (FWHM) is not directly related to the 

spatial resolution, as it is the case for linear 

reconstruction methods. This is planned for future work. 
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